Chapter 2
Compensators of Random Times

Given a random time 7, we study the compensator of the default (indicator) process
A := ¢ oo and the associated compensated martingale M. As a financial applica-
tion, we establish properties of the intensity rate for a single default, and give pricing
formulae for defaultable derivatives.

2.1 Compensator of a Default Process in Its Natural
Filtration

Let t be a random time on a probability space (£2, .7, P). We work with the default
indicator process A := ll; o and its natural filtration A := (<7, t > 0), both intro-
duced in Definition 1.44. Equivalently, the filtration A is the smallest filtration sat-
isfying the usual conditions, which renders 7 a stopping time. It is important (and
obvious) to note that fot gw)dA, = f((),t] gw)dA, = (A, — Ap)g() where g is a
Borel function. We denote by F the right-continuous cumulative distribution func-
tion of 7, defined as F(r) = P(r <t) for any t € R and F(00) = lim,, F(t) =
1 — P(r = o0). Note that, unless t is P-a.s. finite, F'(c0) is not equal to one. As
AF(t) = F(t) — F(t—) = P(r = t), 7 is an A-totally inaccessible stopping time if
and only if F is continuous (see [77, Chap. IV]). Remark as well that the cag process
A_ is A-predictable.

Lemma 2.1 The filtration A satisfies of, = o({t <s}:s <t)V AT, where #T
is the set of P-null sets.

Proof Let us introduce an auxiliary filtration A? := (&7° : t > 0) defined by
A =c({r<s}:s<t)yvAsr

It is then enough to show that A? is right-continuous. Since &7 = o (t) any element
of &7 can be written as {t € B} for B € Z(R") such that B = B N [0, t]. Since for
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any {t € B} € ﬂ;‘}r, the Borel set B satisfies

BzﬂBﬂ[O,r]zBﬂ[O,t]

r>t

we deduce that &7, = 7. O
We present an important lemma, which explains the structure of .<7-measurable
random variables.

Lemma 2.2 A random variable Y is </;-measurable if and only if it is of the form
=hllyr) + g(v) Nz a.s. where h is a constant and g is a Borelfuncnon
Inpamcular ifAE€ A, then AN{t <t} = AN {t < t}for some Ac A (note

that IP’(A) =0or ]P’(A) =1).

Proof Let ¥ be the vector space of random variables defined as follows
= (Y =hllyory+ gDz :h €R, g:R — R isaBorel function}
Any random variable Y € ¥ is «7;-measurable since, for any B € #(R), we have
Y’I(B) ={w:heB,t<t(}U{w:g(t(w) At) € B, T(w) <t} € o,

as T At is an 7 -measurable random variable. On the other hand, since ¥ satisfies

1. 1e7v,

2. i Y" :=h" 17y + 8" (v) Uz <) Where, for each n, A" is a constant and g" is a
Borel function, Y" 7 Y and Y is finite, then ¥ = hll; .y + g(t) I {; <}, Where
h :=limsup k" and g := lim sup g" is a Borel function,

3. foreachs <tand N € /T, liylljr<y € ¥,

by the monotone class theorem [112, Theorems 1.2, 1.4], we conclude that #” contains
allo({t <s}:s <1t) Vv .4 F-measurable random variables.
Since 7, = o ({t < s} :s <t)Vv AT the proof is completed. |

2.1.1 A Key Lemma

The following lemma provides an essential tool to compute the conditional expecta-
tion of an integrable random variable given <.

Lemma 2.3 Let X be an integrable, F -measurable r.v. Then,'

ELX 1
BLX1) = 10+ BIX o (Dl @)

"Here, and in the rest of the book, we write %Il{;»o) for the quantity equal to % if b > 0 and equal
to0ifb = 0.
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Proof Let t* := inf{s : F(s) = 1}. Then 7 is bounded a.s. by t*Aand P(t > 1) is
positive for r* > t. Let A € ., then, by Lemma 2.2 there exists A € o7 such that
{t >t}NA={r>1t}NA, and we have

E[XP(t > D)lznla] =E[P(t > DIZE[X1jroy]] = E[E[X Lo M rsn U 4]

which leads to

E[X]l{r>t}]

E[X]l{r>t}|'52/t] = n{r>t} ]P)(‘L' - t) .

Lemma 2.2 implies also that
E[X1 <yl ] = E[E[X|o ()]l <] ] = E[X|o ()] r<.-

Thus, (2.1) is proven. U

2.1.2 Martingales and Predictable Representation Property

The Doob—Meyer decomposition of the increasing process A is derived in the next
proposition. Particular attention is given to its martingale part M, which is a fun-
damental martingale enjoying the predictable representation property (PRP) in the
filtration A, as proven in Proposition 2.7.

Proposition 2.4 The process M given by

dF(s)

M, = At —/0 T(S—) (22)

is an A-martingale.
If F is absolutely continuous w.r.t. the Lebesgue measure with density f, the
process

M, .= A, — /r A(s)ds = A, —/ A(s)(1 — Ay)ds
0 0

f(s)
1— F(s)

function, called the intensity rate of 7.

is an A-martingale, where \(s) = IL(F(s)<1) is a deterministic non-negative

Proof Note that

/f“ dF(s) /(1_A L _dF6)
o 1—=F(s—) 1—F(s—)
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Let ¢t < u. Then, on the one hand, we obtain

F) — F(t)

IE:[Au - At|'52{t] = E[]l{t<r§u}|f5yt] = 11{[<1:} 1— F([)

, (2.3)

where the second equality follows from Lemma 2.3 applied to 1{;>,}. On the other
hand, applying once again Lemma 2.3, we obtain

dF (s 1 dF(s
o R I T P LU
(AT, uNnT] 1 - F(S—) P(t < T) (t,u] 1- F(S—)

1 dF(s) F(u) — F(1)
=ljy=—— Po<t)———=ljcqy———F—
Pt <) Jou 1—F(s—) 1 — F(1)
In view of (2.3), this proves the result. O

Example 2.5 Let N be an inhomogeneous Poisson process with deterministic inten-
sity function XA and let 7 be the first jump time of N. Then the default indicator process
of tis A; = Nip;. Since N; — fot A(s)ds is a martingale, it is also a martingale when
stopped at time 7, i.e., A; — 0’ “T L(s)ds, is a martingale. Therefore A is the intensity

rate of 7.

Corollary 2.6 For any bounded Borel function h : [0, co] — R, the process M h
given by
dF(u)

5 INT
M = N <nh(T) — h(y) ———
: {r=nph (1) /0 (u) = Fuo)
satisfies thh = h(t)d M, where M is defined in (2.2) and is an A-martingale.

Proof This is indeed true since
t t dF t
M" :/ h(u)dA, —/ (11— A, )h(u) _drw =/ h(u)dM,, .
0 0 1=Fu-) Jo

The martingale property follows from the fact that & is A-predictable and
bounded. |

We will generalize the above results in Sect.2.2.3.

Proposition 2.7 Any A-local martingale can be written as a stochastic integral w.r.t.
the martingale M defined in (2.2); in other terms, M has the PRP in the filtration A.

Proof Using the fact that .«7,, = o (7), any bounded A-martingale Y can be written
as Y; = E[h(t)|<], where h is a bounded Borel function & : [0, co] — R. Then, by
Lemma 2.3, we have

Ly <qy
1—F@)

o
Yy = Elh(D)| ] = Wz <yh(7) + (/ h(u) dF(u) + h(c0)(1 — F(OO))) .
t
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Recallthatt < r*a.s.fort* := inf{¢ : F(t) = 1}. Therefore Y, = h(r) fort > t* and
the previous formula implies that Y« = lim; -+ Y; since lim, »+ ¥; = h(t). Then, it
is enough to show the integral representation of Y up to ¢ < ¢*. Note that, for r < t*,
onehasd(1 — F(t))~' = (1 — F(t))(1 — F(t—)))~'d F (t). By integration by parts
(see Proposition 1.16 (b)), for t < t*, we firstly deduce that

I—A; I_Ar— dAt
= dF(t) — ———
I=F@ (A=F@®O)1-=F@-)) 1= F()

and secondly that

a (=42 [T hwara) = - A hwara
(l—F(t) ] () (”))——m ®) (1)

00 1—A— 00 dA;
* (/, h(")dF(”)) A= Fona—Fa—y 0~ (/f h(”)dF(”)) I—F@)

Finally, denoting

1 o0
K@) := 1_—F(t)11{F(z)<1} (/t h(u)dF(u) 4 h(oo)(1 — F(OO))) ,

we conclude that dY, = (h(t) — K(¢))dM, for each t > 0. It is then standard, by
localizing argument that the PRP is valid for any local martingale. (]

2.2 Compensator of the Default Process in a General
Setting

In this section, a probability space (§2,.%#,P), endowed with a filtration F :=
(F;,t > 0) satisfying the usual conditions of P-completeness, right-continuity
and such that Z,, C .7, is given. We define two filtrations G := (4°),>¢ and
G := (% )i=0 by

G0 = F Vo and Y =009, (2.4)

or, equivalently G° := F v A and G := F VA (see notation on p. 1). In other terms, G
is the progressively enlarged filtration which is the smallest right-continuous filtration
containing [ and making 7 a stopping time.

From Proposition 1.46, the Doob—Meyer decomposition of the F-Azéma super-
martingale Z := *F(1 — A), or equivalently Z, = P(t > t|.%,), is Z =n — A?
where n is an [F-martingale and A? is the F-dual predictable projection of the increas-
ing process A := Iz oof-
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2.2.1 A Key Lemma

Lemma 2.9 provides an essential tool to compute the conditional expectation of an
integrable random variable given ¢, in terms of the conditional expectations given
Z,. Before we proceed to that key lemma we establish the following proposition
which gives the equivalent form of ¢°-measurable r.v.’s.

Proposition 2.8 For a fixed t, a random variable Y is 9°-measurable if and only if
it is of the form
Y = y]l{t<r} + y\(f)ﬂ{rft} (25)

for an F,-measurable random variable y and an %; @ $ (RJr)-measurable mapping
(w,u) = Y(w, u).

Proof Let ¥ be the vector space of random variables defined as follows

YV ={Y:Y =yl + Y(v) ;< for & -measurable r.v. y
and % @ 4 (EJr)-measurable mapping y}.

First note that any r.v. Y € ¥ is %,O-measurable since, for any B € #A(R), we have
Y'B)={w:yeB, t <t(@)}U{w:3(t(w)At) € B,t(w) <t} €9’

as T AtiSa %O—measurable random variable. On the other hand, ¥ satisfies that
(i) 1 e v, i) if Y" := y"Iy<r) + V' (1) M1 <;) Where y" and ¥ are respectively
Z,-measurable r.v. and .%; @ A (EJF)—measurable mapping, Y" /' Y and Y is finite,
thenY = yll;<q + Y(7)L{;<;, where y := lim sup y" and y := lim sup y" are mea-
surable accordingly; and (iii) for each s < ¢ and F € .%;, lpll;<, € 7. By the
monotone class theorem, we conclude that ¥ contains all o({t <s}:5 <7)V
Z;-measurable random variables which completes the proof. ]

Lemma 2.9 Let X be an % -measurable integrable r.v. Then, for any t > 0,

1
E[Xn{rm‘}lgt] = ]1{r>t}7E [Xﬂ{r>t}|<%] .

t

Proof The right-hand side of the above identity is well-defined since for each t > 0
one has 0 = ]E[]l[Z,:()}Z,] = E[H{Z,:O}ﬂ{r>t}] which implies {r >t} C {Z, > 0}.
By Proposition 2.8, forany G € ¥ thereexists F € #,;s.t. GN{t >t} = FN{t >
t}. Hence:

E[XUpenneZi] = E[XMronnr Zi] = E[E[XLrag| 7] 1rZ ]
= E[E[XNean | Z] 1FE M| Z]] = E [E[X Uiean| 2] Wprgen ]
=K []E [Xﬂ{r>f]|ﬁl] HGQ[T>Z}]
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which shows that
1
E [X]l{r>t}|gto] - ﬂ{r>t}7E[Xﬂ{r>t}|yt] .
t

By Theorem 1.10 the right-hand side in the above equality has a right-continuous
modification (as a process) and, by Theorem 1.11, the following equalities hold:

E[XUion|9] = E[XMean |9 ] = lim 2 [XUon|9)] = E[X1en14]].

That completes the proof. (]

Combining Lemma 2.9 and the definition of dual projections provides us with the
following result.

Corollary 2.10 (a)Let h be a bounded F-optional process. Then
1 0
E[hr|gt] = hr]l{rst} + ]l{r>t}?E [/ hudAZ + hooZoo‘yt:| . (26)
t t
(b) Let h be a bounded F-predictable process. Then

1 00
E[htlgl] = hr]l{tgt] + 11{r>t}?IE |:/ hudAg + hooZoo‘yt] . (27)
t

t

Proof By Lemma 2.9 one has
1
E[hﬁ%] = hrﬂ{rst} + ﬂ{r>t}?]E[hrﬂ{t<r§oo}|yt] .
t

We note that h 11 ;) = j;oo hydA, + hooll z=. Then the assertion (a) follows by
Definition 1.39 (a) of the F-dual optional projection of t.

The proof of assertion (b) follows by an analogous argument, using the [F-dual
predictable projection of T (see Definition 1.39 (b)). O

2.2.2 G-Measurability Versus F-Measurability

Proposition 2.11 (a) For a G-optional process Y, the F-optional process y defined
asy:= "’]F(Yll[[o’fﬂ)ll{zw}% satisfies

11[[O,r[[Y = ]1[[O,rII y. (2.8)

The process y is called the (F, t)-optional reduction of Y.


http://dx.doi.org/10.1007/978-3-319-41255-9_1
http://dx.doi.org/10.1007/978-3-319-41255-9_1
http://dx.doi.org/10.1007/978-3-319-41255-9_1
http://dx.doi.org/10.1007/978-3-319-41255-9_1

36 2 Compensators of Random Times
(b)A process Y is G-predictable if and only if it is of the form
Y = ll[[O,rI]y + Il]]r,ool[ 3}\(‘[) (29)

where y is F-predictable and (w, t, u) S}}(a) u)isa P(F) ® ,%’(EJr) measurable
function. Moreover one can choose y := PFy Wyo,1) Wyz_0y 5 which is called the
(I, T)-predictable reduction of Y.

Proof (a) Stochastic processes of the form f(¢) X (w) where f is a Borel function
and X is an .%-measurable r.v. generate all stochastic processes by the monotone
class theorem (see Definition 1.1 where stochastic processes are required to be mea-
surable). Hence the processes of the form f () X, (w) where f is a Borel function and
X is a cadlag G-martingale generate all G-optional processes. It is therefore enough
to establish (2.8) for any cadlag G-martingale X. Lemma 2.9 implies that for any
t > 0 and integrable r.v. X,

a
thlt<1: = [ oo|gz] {t<t} = HT>I}M'
Z
Note that, by Theorem 1.10, the process E [ Xoo Ilir=1)|-% ] Z;7' 1l 7,-0; has a cadlag
modification x. Hence, since x is [F-adapted, x is also an F-optional process satis-
fying Lo, .fX = Ljo.ryx. Therefore, for any G-optional process Y there exists an
[F-optional process y such that Il ;¥ = 1o -y and taking F-optional projections:

(Mo, or¥) = (Mo, y) = “Myo) y = Zy.
Hence y is only uniquely determined on {Z > 0} and satisfies

~  (ligo,gY)
Liz-0y = %H

{2>0}-

The (I, T)-reduction y consists of choosing the process satisfying y1l{z—=o; = 0.
(b) A process given by the right-hand side of (2.9) where y,(w, u) = y;(w) f (u),
with a Borel function f : R" = R and an F-predictable process y, is clearly G-
predictable. The statement for a general y follows by the usual argument based on
the monotone class theorem.

To show that any G-predictable process is of the given form, also by the
monotone class theorem, it is enough to consider the elements from the generator of
G-predictable processes. Since, by Theorem 3.21 in [112], G-predictable processes
are generated by the processes of the form Y, (w) = f(s A T(w)) Fy(w)ll;=), where
s is a fixed real number, f is a Borel function and Fjy is an .%- measurable L.V., We
conclude that (2.9) holds.

The second part of the statement about the form of (IF, t)-predictable reduction
of Y follows by an argument analogous to the one used in the proof of (b). (]
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Corollary 2.12 For any G-stopping time S there exists an F-stopping time T
such that S At =T A t. For any G-predictable stopping time S there exists an
F-predictable stopping time T such that S At =T A T.

Proof 1In the first case it is enough to apply Proposition 2.11 (b) to the process 1L, sy,
and in the second case to Ly, sy. g

Remark 2.13 A characterization result analogous to (2.9) for optional processes does
not hold in general. We refer to Barlow’s counterexample presented in Example 5.13
and Corollary 5.12 which concerns the case of an honest time.

Lemma 2.14 The process Z is positive on the stochastic interval [0, T[[ and the

processes Z_ and Z are positive on the stochastic interval [0, t]).

Proof We shall use the optional section theorem to prove that the G-optional set
{Z =0} N[O, [ is evanescent. Corollary 2.12 implies that for any G-stopping time
S there exists an F-stopping time 7" such that S A t = T A t.For any F-stopping time
T, it holds 0 = E[ll{z,=0;Z7] = E[1{z,=0} I {r>7,]. Therefore the supermartingale
Z is positive on the interval [0, T[.

Using a similar argument based on the predictable section theorem and the fact that
0=E[llz, —yZ7r-] = E[1z, —oyl{r>71] for any F-predictable stopping time T,
we conclude that the G-predictable set {Z_ = 0} N [0, t] is evanescent. Therefore
the left-limit Z_ is positive on [0, T]]. The proof for Zis analogous. ]

2.2.3 Martingales

The generalisation of Proposition 2.4 to the case of a non-trivial reference filtration
[F is given below.

Proposition 2.15 The process M given by

INT 1
M, = A, — / dA? (2.10)
0

u—

is a w.i. G-martingale. In other words, the process (1 —A,)%-A” is the

G-compensator of T, and its (F, t)-predictable reduction equals % Iz ~o * AP

Proof Note that, by Lemma 2.14, the process (1 — A,)Z—{ is well-defined. The
assertion is a consequence of Proposition 1.36 (a)as soon as we show the desired
form of the G-dual predictable projection of A (or G-compensator of A, since A is
G-adapted). It is equivalent to prove that, for any G-predictable bounded process H,

one has

dA?
IE|: HSdASi| =E[ Ho(l— A, )22 ]
[0,00) [0,00) Z

§—
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Let i be the (F, 7)-predictable reduction of H (see Proposition 2.11 (b)). By the
definition of the dual predictable projection,

E [ HsdAsi| =F [/ hsll{zx>o}dAs:| =E [/ hsﬂ{zﬁ>0}dAf:| :
[0,00) [0,00) [0,00)

Identities (1.9) and (1.18) imply that the last term equals

h h
E [ / - A_)sﬂ{zﬂmdAi’} —E [ / - As_>dA£’}
[0,00) Zsf ‘ [0,00) Zsf ‘

and the result follows by recalling that % is the (IF, t)-predictable reduction of H. [

Similarly to Corollary 2.6, the following result is in force.

Corollary 2.16 For a bounded G-predictable process H, the process M" given by

INT

H,

M":=H, A, —/ ——dA?
0 u—

satisfies dM!" = H, dM, where M is defined in (2.10) and is a u.i. G-martingale.

In the next proposition the distribution of the G-compensator of T sampled at time
7 is studied. We also refer to the connected result given in Sect.3.3.2.

Proposition 2.17 Assume that t is a finite random time such that A? is continuous.
Then the random variable A, = for %dAf: has a unit exponential law.

Proof Denote the G-compensator of A by A, i.e., A; = OIM %d Al (see Proposi-
tion 2.15) and note that the definition of r.v. A, is consistent with this notation. Let
¢ be a bounded Borel function, @ (¢) = fot ¢(s)ds and consider the martingale

t

t
/ (p(Ax)dMs = §0(Ar)n{r§t} _/ Qo(As)dAs = (p(A‘L')Il{‘L'SI} - (p(At) .
0 0

Then, with t — o0, using the fact that A, = A;, one has E[p(A,)] = E[®(A,)].
Taking ¢(t) = —ae™, one gets E[exp(—aA;)] = (1 +a)~! which characterizes
the unit exponential law. O

Proposition 2.18 Define the process ¥ by T := (1 — A)Z~ .

(a)Let X be a non-negative F-supermartingale. Then, X7 is a G-supermartingale.
(b) Assume that Z is positive and X is an F-martingale. Then X7 is a G-martingale.
(c)Ifthe process Z is positive, decreasing and continuous, then the G-compensator of
T equals AT := (A;pr, t > 0) where A := —1In Z. In other words, the G-martingale
M, introduced in (2.10), is M = A — A". Moreover T = 1y&(—M).
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Proof Note that 7" is well-defined since the random sets {Z = 0} and [[O, 7[[ are
disjoint as shown in Lemma 2.14.
(a)For s < t, one has

1

1
E[Y:X:|%]=E [n{m}zxt

1
%X] = Il{r>s}ZiE |:]1{T>I}ZXt‘ySi|
s

1 1
= H{I>S}7E [E[ﬂ{r>t}|yt] H{Z,>O}th‘ysi| =7T,E [XZH{Z[>O}|<7QZS] < TsXs,
s

where the second equality holds by Lemma 2.9.

(b) This is a consequence of similar computations as (a).

(c) Under the hypotheses on Z, Proposition 2.15 implies that the G-compensator of
Ais —(1 — A,)% - Z = A7, hence the first assertion holds true. It remains to show
that d7; = —7;_d M, which follows from integration by parts and A”? =1 — Z. [J

Remark 2.19 (a) We illustrate the difference between (a) and (b) in the above propo-
sition with a trivial example. Let v be an F-stopping time, then Z = 1o - and it
vanishes at time 7. The process 7" = (1 — A) is indeed a G-supermartingale but is
not a G-martingale.

(b) Assertion (b)in the above proposition seems to be related to a change of proba-
bility. It is important to note that here, one changes the filtration, not the probability
measure. Moreover, setting % |, = 7; does not define a probability Q equivalent to
P, since the non-negative martingale 7" vanishes. The probability Q would be only
absolutely continuous w.r.t. P. See Collin-Dufresne et al. [64].

(c) Assume that Z is continuous and positive. We recall that the Doob—Meyer decom-
position of Z is Z = n — A”. By integration by parts one obtains

_A’*d< N L aa
W
z3 tozo

1 » 1
dYy, = —(1 — At,)? (dn, —dAt) +
t
and it follows that

1 1 1 ¥
dr, + ZdM; =—(1- Az—)? (dn, - Zd(")t) .

t

Due to the G-martingale property of 77 and M, the quantity (1 — A,)% .
(n - % < (n)F ) must be a G-local martingale (stopped at 7). We shall see, in Chap. 5,
that the martingale property of n — % - (n)¥ stopped at 7 is a consequence of the

general Jeulin’s formula (5.1).

Definition 2.20 If there exists a G-predictable (resp. F-predictable) process A®

(resp. AF) such that
t AL
A, —/ )\;Gds = A, —/ )fds
0 0
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is a G-martingale, then AC (resp. AF) is called the G-intensity rate of t (resp. the
F-intensity rate of 7).

Remark 2.21 Assume that A? is absolutely continuous w.r.t. the Lebesgue measure,
i.e., there exists a measurable process @ such that A” = [/ @ds. Note that 7@ exists
since it is non-negative. Since (A”)? = AP, identity (1.9) implies that A? = fo asds
where a = Pa is F-predictable. It was proven in Proposition 2.15 that the process

INT t
A, —/ Audit = A, —/ (1 — Ay )rudu
0 0

where A, = 7 1l;z, -0} is a G-martingale. Therefore A is the F-intensity rate of t
and Xlluo ] 18 ‘the G-intensity rate of 7.

The Ethier—Kurtz Criterion establishes that, if there exists K < oo such that for
any s < t, E[A, — A;|%,] < K(t — s), then A? is absolutely continuous (see [93,
126)).

Lemma 2.22 The F-intensity rate process A, if it exists, satisfies

A = lim 1IP(t <1 <t+hlF)
>0 h P(t < %)

Proof The martingale property of M implies that

t+h
E[1<r<+m| 4] = / E[(1 — Ag)As|¥1ds .
t

It follows that, on {t < t}

1Pt <t <t+h|F)
A_l —IP’I t+h|9) = lim — .
" 1m (t<t<t+h|¥9) 1mh PG <217

O

Proposition 2.23 Suppose that the filtration F satisfies F C F. Denote by G the
Jiltration G =FvA, by Z the F-Azéma supermartingale of t and by A" F the
F-dual predictable projection of A. Suppose that the F-dual predictable projection
of A is absolutely continuous w.r.t. the Lebesgue measure, i.e., AP = fo asds for an
F-predictable process a. Then, the F—lntensny rate of T equals

Proof By virtue of the PrgpositionA2.15, Definition 2.20 and Remark 2.21, 1} is
enough to check that AP = [ 7Fa.ds which follows from (1.9) and A”F =
(AP)PE. g
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2.3 Cox Model and Extensions

This section is devoted to a particular construction of random times. It is a funda-
mental construction of a default time in finance. In a credit risk setting, the random
variable t represents the time when a default occurs. In the literature, models for
default times are often based on a threshold: the default occurs when some driving
process X passes a given barrier. Based on this observation, we consider a random
time in a general threshold model. Let X be a stochastic process and @ be a barrier
which shall be made precise later. Define a random time as the first passage time at
the level ®:
T:=inf{r : X, > ®}.

In classical structural models, a reference filtration I is given, the process X is
[F-adapted and represents the value of a firm and the barrier ® is a constant. So, T
is an [F-stopping time. If 7 is an F-predictable stopping time (e.g. if IF is a Brownian
filtration), the F-compensator of A := Ll o is A. The goal is then to compute the
conditional law of the default P(t > 0|.%,), for 6 > t.

In a reduced form approach (say, if t is not the first time where an observable
process passes a constant barrier) there are two sources of information: information
arriving from market prices modelled via a reference filtration IF and the information
about the default time, i.e., the knowledge whether the default occurred or not,
modelled via filtration A.

Atthe intuitive level, I is generated by prices of some assets, or by other economic
factors (e.g. interest rates). The case where I is the trivial filtration is studied in
Sect.2.1. Though in typical examples [F is chosen to be the Brownian filtration, most
theoretical results do not rely on such a specification of the filtration F.

2.3.1 Construction of a Cox Model with a Given Intensity

Let (82, .7, F, P) be a filtered probability space. Assume that X is a non-negative
F-adapted process and that there exists a random variable @, independent of F,
with a unit exponential law. In the Cox model, the default time t is defined as the
first time when the increasing process A, := fol Mg ds crosses the random level ©,
ie.,

t:=inf{r>0: A, > O}L

In particular, using the increasing property of A, one gets {t > s} = {A; < ©}. We
assume that A, < oo, for all # and A, = 00, in particular t is a finite random time.

Remark 2.24 (a)If a probability space (§2, .%, IP) is given, in order to construct ar.v.
© independent of %, one may need to enlarge the probability space as follows. Let
(82, .7, P) be an auxiliary probability space with a r.v. ® with exponential law. We
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introduce the product probability space (£, Z, P)=Q2x 2,7 Z P® f@).
(b) Some authors define the default time as

t=inf{r>0: X, > O} =inf [tzO:sustZ@]

s<t
where X is a given F-semimartingale.
(c)One can define the time of default as © = inf{r : A, > X'} where X is a non-
negative r.v. independent of .%,. Assume that the cumulative distribution function
of ¥, denoted by @, is continuous and increasing. This model then reduces to the
previous one: the r.v. @ (X') has a uniform distribution and

t=inf{t : @(A) = d(D)}=inf{t : ¥ ' od(A) > O}

where ¥ is the cumulative distribution function of the unit exponential law.

2.3.2 Conditional Expectations and Immersion

Lemma 2.25 The conditional distribution of t given %, fort € [0, o0] equals
P(t > 0|.%,) = E [exp (—A¢) | %] for 6 € RY.
Equivalently, the conditional density function of T given %, for t € [0, 00] equals
P(r €d6|.%) =E [)\.9 exp(—A(;)L%] do for 6 e RT.
In particular, the Azéma supermartingale Z = exp(—A) is decreasing, positive and

continuous and satisfies Z, = P(t > t|.%«) and the dual predictable projection of
T equals AP =1 —exp(—A).

Proof The proof follows from the equality {tr > 8} = {Ag < @} for § € R* and
the independence of @ and .%,. The .%,-measurability of A, for 6 < ¢, implies

P(t > 0|.7) =P (Ag < © | F;) = exp(—Ao).
The %#y-measurability of Ay for 6 > ¢, implies
P(r > 0|.7,) = E[P(z > 0|.F)|.7:] = E [exp (—Ap) | ]
and the result follows. In particular, we conclude that
Z, =Pt > t|.%) =P(r > t|F). (2.11)

Hence the Azéma supermartingale is decreasing, positive and continuous. O
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Corollary 2.26 The process M defined as M; := A; — A, is a G-martingale.

Proof This is an immediate application of Proposition 2.15 and the above lemma
since, in a Cox model,

t 1 INT
/ (1= A)_—dAl = / exp(A,)d(1 — exp(—A,)) = Ajnr.
0 s— 0

O

In a Cox model, Lemma 2.9 and Corollary 2.10 can be written as follow for r.v.’s
of a particular form.

Lemma 2.27 (a)Let X be an integrable Fr-measurable r.v. Then, fort < T

E [XH{T<T}|%] = ﬂ{r>t}E [Xe*(ArfA,)

F] . (2.12)

(b) Let h be a bounded F-predictable process. Then, fort < T
T
E[h:lie<r)|9] = helz< + Lie=ne™E [/ hu,\uemdu‘%} . (2.13)
t

The immersion between I and G (see Definition 1.20) holds in a Cox model.

Lemma 2.28 Let T be a default time in a Cox model. Then F is immersed in G, i.e.,
each F-martingale is a G-martingale.

Proof Since © is independent of .%,, by Proposition 1.21, we obtain that any FF-
martingale Y is an F°(®) := F v ¢ (®)-martingale. Since F ¢ G C F°® it follows
from Proposition 1.24 that Y is a G-martingale. ]

Remark 2.29 (a) We shall see in Sect. 3.2, Lemma 3.8, that the immersion in a Cox
model also follows by (2.11).

(b) Immersion has important implications regarding the PRP stability under filtration
enlargement. See Sect. 3.2.3 for progressive enlargement of filtration setting and also
Proposition 1.23.

2.3.3 Generalisation of Cox Model

Instead of absolutely continuous process A we consider an increasing [F-adapted
process I". We emphasize that not only do we not assume that I” is absolutely con-
tinuous, we are even interested in the case where I fails to be continuous. Similarly
to before, the default time 7 is defined as the first time when an increasing process
I' is above the random level ®,i.e., T :=inf {t > 0 : [} > ®}. An analogous argu-
ment to previously yields Z = e~!". However, since I" can fail to be predictable, the
G-compensator of A is no longer equal to I”, as we now demonstrate in an example.
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Example 2.30 Let I" be a compound Poisson process with positive jumps given by
I = Ziv’zl Y, where N is a Poisson process with intensity A and (Y,,),> are positive
random variables, i.i.d. and independent from N, and let I be the natural filtration
of I'. Assume that t is constructed as above.

For ¢ := f0°°(1 — e Y)F(dy) where F is the cumulative distribution function
of Yy, the process (i, := e "*"*¥ ¢ > 0) is an F-martingale. Then, from Z, =
e~V using integration by parts, one deduces that

dZ, = e ™du, — e ™ p,apdt

which provides the Doob—Meyer decomposition of Z. It follows, from Proposition
2.15, that
M, = ]l{fit] — (A T))\.lﬁ

is an F-martingale, in particular the F-intensity rate of t is Ay.

2.4 Compensators in a Two Defaults Setting

In this section, in order to underline the role of the filtration in the computations of
the compensator, the simplest model with two random times 7; and 7, is presented.
The similar methodology, with more complex computations, can be developed for
several default times.

Denote by A’ the natural filtration of the process A’ := I, oo fori = 1,2 and by
G the filtration G := A! VA2, Assume that the pair (7|, 72) has non-atomic law and
its survival probability function G : R x R — R, defined as G(¢, s) = P(1; >
t, 7o > §), is positive and continuously differentiable in both variables. Note that
G(t,0) = P(r; > 1) is the survival probability of 7;. We denote by 9;G the first
partial derivative w.r.t. the ith variable and 9;; G the second partial derivative w.r.t.
the ith and jth variables for 7, j € {1, 2}.

Proposition 2.31 (a)The A'-compensator of 1, equals —InG(t A T, 0), ie., the
process Al +1n G(t A ©,0) isa A'-martingale. Equivalently, _‘28’(6;0) is the intensity
rate of 1. R

(b) The G-compensator of T| equals fot(l — ADds, where

=~ _ 1 0G(t, 1) 012G (1, 12)
A T i e S

is A’-intensity rate of ti. Equivalently the process Al — fot(l - AS)/);Yds is a
G-martingale.

Proof Assertion (a)is a straightforward consequence of Proposition 2.4.
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(b) In order to apply Proposition 2.15 let us first compute the Doob—Meyer decom-
position of the supermartingale Z := 0,42 (ILjo, ;). By Lemma 2.9, one has that

P(ty >t,1p > 1)

_ A2 .2
Fo o = A?h(1, 1) + (1 — AD)Y (1)

Z, = A?P(1 > tlo () + (1 — A?)

where hi(t, v) = gjg(((’)f})) and ¥ (1) = g(((’)’t)) Using the integration by parts formula,
one obtains

dZ, = (h(t, 1) — Y (1) dA] + (A7d1h(t, ©) + (1 — ADY/ (1)) dt.

By the assertion (a), the process M> = A” + fo'(l — A?)Mdt isan A2-martingale

G(0,1)
and
0,G0,t) 0,G(t,1)

G(0,1) G(0,1)

V(1) = (h(t, 1) — (1))

It follows that d Z, = (h(t,t) — ¥ (t))dM? — d A? where

01G(t,1)
dAl = —A}3h(t, ©)dt — (1 — A})—————dt.
t 1 91 ( ‘52) ( z) G(O,f)
Finally the form of the G-compensator of t; can be concluded from Proposition 2.4
and the identity 200) — 9G(.n) O
Y ) T 06w

We refer to [194] for related computations.

2.5 Construction of Random Time with Given Intensity

One of the approaches in credit risk is based on the intensity rate, i.e., the knowledge
of a process A such that A — fd(l — A;)Agds is a martingale. In this formulation,
no reference filtration is given, which leads to the following questions. Given a non-
negative process A, is it possible to construct T such that the previous martingale
property holds? The most popular answer is the Cox model (see Sect.2.3). One can
give other constructions as soon as a random time t, such that the multiplicative
decomposition of the Azéma supermartingale is Ne~“, can be constructed. In this
section one such a construction is presented; we refer the reader to [133] for a
setting where there are infinitely many constructions with the property that the Azéma
supermartingale of 7 is Ne~“, even in the case N = 1. The problem is solved by
constructing a random time 7 and a probability measure Q on the product space
2 x R* such that the Azéma supermartingale of 7 under Q equals Ne~* and the
restriction to Q to %, is P. The random variable t is defined by 7 ((w, x)) = x,
and Q is constructed so that Y, (u) := Q(r < u|.%,) is a martingale for a fixed u,
increasing in u for a fixed t, and ¥;(t) = Q(r <t|.%) =1—-Ne 4 =1-Z,.
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Proposition 2.32 We assume that N and A are continuous and N is positive. Let
0 < u < oo be fixed and consider the process Y (u) defined for t € [u, 00) by

Yi(w) : =1 — Z,)exp [_/ 1 %Z dAX} .

Then, for any u, the process Y (u) = (Y;(u),u <t < 00) is a uniformly integrable
(F, P)-martingale and, for fixed t, the family (Y;(u), u < t) is increasing in u.

Proof Applying the integration by parts formula for # > u one gets

v = —exp |- [ 2 o
(u) = —exp l—ZdAS e "dN;.

Therefore, Y (u) is an (IF, P)-local martingale on [u, 00). Being clearly positive and
bounded by 1, it is a uniformly integrable martingale on [u, 00). O

2.6 Dynamics of Prices

The goal of this section is to give the dynamics of prices of some contingent claims.
We assume that the probability measure P is the pricing measure, i.e., discounted
prices are (G, IP)-local martingales. We assume that Z is positive, decreasing and
continuous and condition (A) holds. Denote by A the process A := —In Z. Then,
by Proposition 2.18 (c), the process 7" := (1 — A) exp(A) is a G-martingale which
satisfies 7" = 1 — 7_ « M. For discounting, the [F-adapted interest rate process r and
R, = fot rods are used.

A defaultable zero-coupon bond of maturity 7 pays one monetary unit at time
T, if the default has not occurred before T, and its price at time ¢ is denoted D, (T).

Proposition 2.33 Let m* be the F-martingale m{* := Ep [exp(—(Ry + A7r))|.%].
Then the price of the defaultable zero-coupon bond has the following dynamics

dD,(T) = —D, (T)dM, + T,_exp(R,)dm + D,(T)r,dt

Proof By Lemma 2.9 we obtain that the price D;(T) of a defaultable zero-coupon
bond with maturity 7 is

D(T) = Bp [ U7 ryexp (—(Ry — R) | 4]

= lie=nBe [exp (—(Rr + Ar = R = 40)) | 7] = m T exp(R).

Note that condition (A) implies that the process [m X, 7] is constant, since 7" is purely
discontinuous martingale with a single jump at 7. Then, by integration by parts,
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dD(T) = —m* Y;_ exp(R)dM, + Y,_ exp(R,)dm{ + m/'Y; exp(R,)d R,

= —D,_(T)dM, + Y,_ exp(R,)dm + D,(T)r.dt .

O

Corollary 2.34 Moreoverif A is absolutely continuous, i.e., A; = fot Asds, and both
A and r are deterministic processes, we have

dD,(T) = —D,_(T)dM, + D,(T)r,dt .

Proof In the particular case where A and r are deterministic, dm;* = 0 since m* is
a constant process, namely mA = exp(—(R7 + Ar)) and the result follows. |

Let K be a given F-predictable process. A claim with recovery payment at
maturity is a contract which pays K, at date T if t < T and there is no payment
in the case t > T. Its price at time ¢, for t < T is denoted V;. Instead, a claim with
recovery payment at default time is a contract which pays K, attime t if t < T
and there is no payment otherwise. Its price at time ¢, for ¢ < 7 is denoted U, .

Proposition 2.35 Let mX be the F-martingale mX := Ep [ fOT K.dA! |f/",] for a
given F-predictable process K. Assume that r = 0. Then:
(a) The process V has dynamics
V=Vo+(K—-V)eM+7T_-m¥.
(b) The process U has dynamics

U=Uy—U_-M+7_-mX —71_K.A".

Proof (a) Animmediate application of Corollary 2.10 (b) shows that the price at time
t of a claim with recovery payment at maturity is

1 T
V= Ep [K o<y |9 ] = K lljezyy + ]l{t<r}7]EIP’ |:/ K,dAl
t t

t t
=/ KudAu+7”,(—/ KudA5+m,’().
0 0

By integration by parts we obtain

Tm® =71 em® +mK 1 +[m*, 7).

As in the proof of Proposition 2.33, the process [mX, Y] is constant. Therefore,
applying integration by parts again, we deduce that

V=Vo+(K—-V)M+7_-m¥.
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5].

By applying integration by parts, we conclude that the dynamics of U are

(b) Similarly as for V we derive that

1 T
Ut = ]l[t<1:]E]P’ [Kr]l{t<r§T}|gt] = ]1{z<r}7EIP |:/ KudAg
t t

U=Uy—U_-M+7_-mX —71_K.A".

O

Remark 2.36 (a)Note that, from the definition, the process V is a G-martingale.
Therefore Proposition 2.35 (a)implies that m* stopped at 7 is a G-martingale. We
refer the reader to Sect. 5.5 where random times with this property are studied.

(b)Note that U +7_K « A =V is a G-martingale. Assume that the F-intensity
rate of t exists and is denoted by A. Therefore the process U; + fot nr K igds is a
G-martingale. The quantity K,A, which appears can be interpreted as a dividend K,

paid at rate A;, or with probability A, dt = P(t < t < t + dt|.%,)/P(t < t|.%).

The next proposition concerns pricing and hedging a defaultable call option in
a Cox model.

Proposition 2.37 Assume that F is the natural filtration of a Brownian motion B and
T is a default time in a Cox model such that the process X is deterministic. Letr = 0
and S satisfy dS; = S;,0d B,, where o is a constant. Then a defaultable call option,
with payoff Wiz <-y(St — K)T, can be perfectly hedged by investing an amount equal
to the price of this option in the defaultable bond.

Proof By Lemma 2.9, the price of a defaultable call option is

1
C =Ep[lir-r)(Sr — K)|9] = ]1{t<t}7E]P’ (27 (St — K)T|F] = Tim)

t

where m f = Ep [Z (St — K)* L%]. In the particular case where X is deterministic,

my = e MEp [(Sr — K)T|.F ] =e7C)

t

where C° the price of a call in the Black and Scholes model, is of the form ClS =
C5(t, S,), hence
C,=T,e " CS = D(T)C?.

Using the continuity of C5 and the fact that dC5 = A,dS; where A, is the Delta-
hedge (A, = 9,C5(1, S;)), we deduce that

dC, = e " (Y,dC? + C3dY)) = e (1, 4,dS, — C’Y,_dM,)
=e (N, AdS, — C3T,_dM,).
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Therefore, since by Corollary 2.34 dD,(T) = —e~"7Y,_dM,, we obtain

t—

dC, = e Y 1,A,dS, — C’dD,(T) = e "1, A,dS, + dD(T),
D,—(T)
hence a hedging strategy consists of holding DS’(’T) defaultable zero-coupon bonds
and e~477;,_ A, risky asset S. Note that, on {t < T}, one has C,_ = C,. ([l

The result obtained in Proposition 2.37 can be generalized to the case of stochastic
intensity. See the so-called balance condition in [35].

2.7 Bibliographic Notes

The basic case studied in Sect. 2.1 is presented in Brémaud [44] and Dellacherie [71,
72]. Dellacherie and Meyer [76, Chap. IV, paragraph 107] consider also the filtration
A* = (&7, t > 0) where the o-field .Z* is generated by t A ¢ and contains the set
{t > t} which cannot be split into two non-null sets from «7* (thus the set {t > ¢} is
an atom of ¢7;*). The filtration A* is not right-continuous: .¢7%, is obtained by splitting
the atom {r > ¢} into {r = ¢} and {r > t}. Setting </, = &7, the random time T is
an A-stopping time, but is not an A*-stopping time. Note that indeed A is the natural
filtration of the process 17 oo It is proved that any A*-stopping time is predictable
and that, if the law of t is atomic and not degenerated, then 7 is A-accessible and
not A-predictable.

The predictable representation property is important in a financial framework, and
some results (in particular the case presented in Sect.2.1.2) can be found in Chou
and Meyer [56].

The paper of Herdegen and Herrman [113] contains a systematic study of the
case presented in the first section of this chapter, in a very general setting (no specific
assumption on the regularity of the law of 7).

A deep study on extension of Proposition 2.11 (b)to optional processes can be
found in Song [201].

A chapter in Protter [189] is devoted to the study of compensators. Janson et al.
[126] and Zeng [220] present conditions which ensure that the compensator of A is
absolutely continuous w.r.t. the Lebesgue measure. Their approach is based on the
Ethier—Kurtz criterion. See Janson et al. [126] for an extension of Proposition 2.23
to absolutely continuous compensators.

Compensators can be computed using the Laplacien approché methodology (see
Dellacherie and Meyer [79, VII, 22] and Dellacherie [74]), also called Aven’s lemma
in credit risk [23] (see more details in Zeng [220]). As we shall see in Chap.5,
compensators appear in many places for progressive enlargement framework. See
also Coculescu [60] for some examples of compensators of default times and Last
and Brandt [166] for the more general case of marked point processes.
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The intensity based model was introduced in Jarrow and Turnbull [128], and
Jarrow et al. [127] (see also Bielecki and Rutkowski [39]). The problem which appear
in Sect. 2.5 is studied in Gapeev et al. [103], Jeanblanc and Song [133, 134] and in
Li and Rutkowski [168]. It is proven in Song [200] that, for a given supermartingale
valued in [0, 1] with multiplicative decomposition Ne~4, there exist various ways
to construct 7 so that Z = Ne~“, which implies that A" is the compensator of A.
Some constructions lead to immersion, the others do not.

A reduced form approach is presented in Bielecki et al. [36, 37], Elliott et al. [89]
and Kusuoka [163] among others. More information on pricing defaultable claims
can be found in Bielecki et al. [38]. General presentations of modeling credit risk
are done by Giesecke [105] and Bélanger et al. [32]. In particular, Cox models are
used in a great number of studies (see, e.g., Lando [164]).

Structural models are models for default time, in which the default time is defined
as a stopping time in the given filtration. These models do not involve enlargement
of filtration and are not presented here. Guo and Zheng [111] present some explicit
computation of compensators for hitting times and Okhrati et al. [187] study com-
pensators of processes of the form g(z, X,)1l(;~,) where T is a hitting time for a
Lévy process X. The structural approach faced some difficulties. One of them is
that, if the filtration taken into account satisfies condition (C), the random time t
is predictable, hence prices of defaultable zero coupon must go to 0 before t, and
this fact is not observed in the data. Another difficulty is to compute the conditional
law of 7, especially in the case of multidimensional default times (see Blanchet and
Patras [42]).

2.8 Exercises

Exercise 2.1 Let B be a Brownian motion and t = inf{r : B, = a}. Find the
FB-compensator of 7 and the A-compensator of 7, where A is the natural filtra-
tion of the process A.

Exercise 2.2 We are in the setting of Sect. 2.1 and we assume that F is differentiable,

F < 1and F(00) = 1.Set A(r) = [y 560

(a)Leth : Ry — Rbea(bounded) Borel measurable function. Prove that the process

INT
Y, == exp (Ljr<nh(v)) —/ ("™ — 1) dA(u)
0

is an A-martingale. Find an A-predictable process ¢ such that dY; = ¢,d M,.
(b)Let & : R, — R be a non-negative Borel measurable function such that the ran-
dom variable % (7) is integrable. Prove that the process

Y := (1 + Lr<ph(r)) exp (_/ T h(u) dA(u)) .
0
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is an A-martingale. Find an A-predictable process ¢ such that dY; = ¢;,d M, . Give
a condition on 4 so that Y is positive. In that case, find an A-predictable process ¥
such that dY, = Y,_¥,dM,.

Exercise 2.3 Assume that
dStZS[(rdt+UdBt), S()=l

where B is a Brownian motion and let t = inf{t : §; < «}, with o < 1. Define
H = (s7,t > 0) as the filtration generated by the observations of S at given times
t, ..., ty,1e.,fort € [t,, t,41), thatis, 7 = o (Ss,s <t,) fort, <t < t,41. Com-
pute the H-intensity rate of 7.

Exercise 2.4 (a)Prove that, in a Cox model, 7 is independent of .%, if and only if
) is a deterministic function.

(b) Prove that, in general, in a Cox model, A is not immersed in G. Prove that, if A
is deterministic, A is immersed in G.
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