
Chapter 2
Maximum and Minimum Cost Flow
Finding in Networks in Fuzzy Conditions

The problems of the maximum and the minimum cost flow finding with zero and
nonzero lower flow bounds are relevant, since they allow solving the problems of
economic planning, logistics, transportation management, etc. In the area of
transportation networks flow tasks enable to find the cargo transportation of the
maximum volume between given points taking into account restrictions on the arc
capacities of the cargo transmission paths, choose the routes of the optimal cost
with the set lower flow bounds, which can be found after the profitability analysis of
the cargo transportation along the particular road section. In considering these tasks
it is necessary to take into account the inherent uncertainty of the network
parameters, since environmental factors, measurement errors, repair work on the
roads, the specifics of the constantly changing structure of the network influence the
upper and lower flow bounds and transportation costs.

2.1 Maximum Flow Finding in a Network
with Fuzzy Arc Capacities

The complex nature of environment factors, in particular, the inherent uncertainty is
the basis for considering the maximum flow tasks in fuzzy dynamic network
(Definition 2.1).

Definition 2.1 Fuzzy transportation network is a fuzzy directed graph [1, 2]eG ¼ ðX; eAÞ, where X ¼ x1; x2; . . .; xnf g is the set of nodes, eA ¼ l~Ahxi; xji=
�

hxi; xjig; hxi; xji 2 X2; l~Ahxi; xji—the fuzzy set of the arcs, where l~A xi; xj
� �

is a
grade of membership of the directed arc xi; xj

� �
to the fuzzy set of the directed arcseA. Fuzzy arc capacity is applied as l~A xi; xj

� �
:

The key notion of the maximum flow task is the fuzzy residual (incremental)
network, since we will search the maximum flow each time in the fuzzy residual
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network that changes its structure based on the flow values passing along its arcs.
Present the Definition 2.2 of the fuzzy residual network [3], modified for using in a
fuzzy way.

Definition 2.2 A fuzzy residual (incremental) transportation network eGl is a fuzzy

network defined as a fuzzy directed graph that sets two arcs: xli ; x
l
j

� �
with the

residual arc capacity ~ulij ¼ ~uij � ~nij and xlj ; x
l
i

� �
with the residual arc capacity

~ulji ¼ ~nij for each arc xi; xj
� �

of the original graph eG. Thus, a fuzzy residual network
contains only arcs with the positive arc capacities.

Then the model of the maximum flow problem in a fuzzy transportation network
[4] is defined as:

~m ¼
X

xj2CðsÞ
~nsj ¼

X
xk2C�1ðtÞ

~nkt ! max; ð2:1Þ

X
xj2CðxiÞ

~nij ¼
X

xk2C�1ðxiÞ
~nki ¼

~m; xi ¼ s;
�~m; xi ¼ t;
~0; xi 6¼ s; t;

8<
: ð2:2Þ

~nij � ~uij; 8 xi; xj
� � 2 eA: ð2:3Þ

In the model (2.1)–(2.3) ~m—the maximum flow value in the fuzzy network; ~nij—
fuzzy flow value passing along the arc xi; xj

� �
; s—the initial node of the graph (the

source); t—the terminal node of the graph (sink); C xið Þ—the set of nodes, arcs from
the node xi 2 X go to; C�1 xið Þ—the set of nodes, arcs from the node xi 2 X go from;
uij—the maximum amount offlow that can pass through the arc xi; xj

� �
(arc capacity).

It is necessary to perform the algorithm of solving the present task in fuzzy
conditions. Let us introduce the method of the augmenting path finding in the
network using breadth-first search [5] modified for using in fuzzy environment and
for finding the shortest fuzzy path.

Method of the augmenting path finding by the breadth-first search in fuzzy
conditions:

1. Form a queue consisting of the nodes Q. Initially Q contains only the
source-node s.

2. Mark the node s as visited but without predecessor. Mark other nodes as
unvisited.

3. Check the nodes in the queue:

3:1 If the queue is empty, then stop and exit the algorithm, since there is no
way.

3:2 If the queue is not empty and the first node in the queue is xi ¼ t, go to the
step 6.
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3:3 If the queue is not empty and the first node in the queue is xi 6¼ t, delete the
first node in the queue xi.

4. Check the arcs xi; xj
� 	 2 eA, such that the node xj has not visited yet.

4:1 If there are no such arcs xi; xj
� 	 2 eA that the node xj has not visited yet, go

to the step 3.
4:2 If there are arcs xi; xj

� 	 2 eA that the node xj has not visited yet, mark xj as
visited with the predecessor xi.

5. Insert the node xj at the end of the queue and go to the step 3.
6. Look through the nodes of the queue in the reverse order of t to s, each time

passing to the predecessor. Return the path in the reverse order.

An algorithm for the maximum flow task solving in the network with fuzzy
capacities

Consider the algorithm for the maximum flow finding in the network with fuzzy
capacities.

Step 1. Construct fuzzy residual network eGl ¼ Xl; eAl
� �

, where Xl—the set of

nodes of the fuzzy residual network coincides with the set of nodes of the networkeG and eAl ¼ fh~ulij=ðxi; xjÞig—fuzzy set of the arcs of the network eGl determined

depending on the flow values coming along the arcs of the graph eG. Fuzzy arc
capacities are used as the membership functions of the arcs. If ~nij\~uij, then

~ulij ¼ ~ulij � ~nij. If ~nij [ ~0, then ~ulji ¼ ~nij. Initially the residual network coincides with

the initial network (due to the equality of the arc flow to ~0).
Step 2. Search the shortest path ePl according to the criterion of the number of

arcs from the source to the sink in the constructed fuzzy residual network, starting
from zero flows. The selection is made using the breadth-first search in fuzzy
conditions.

2.1. If the path ePl is found, go to the step 3.
2.2. If the path is failed to find, then the maximum flow ~nij þ ~dlePl ¼ ~m is

obtained in the initial graph eG, the exit.

Step 3. Pass ~dl ¼ min ~ulij
h i

; xi; xj
� � 2 ePl flow units along the path.

Step 4. Update the flow values in eG: replace the flow ~nji along the corre-

sponding arcs xj; xi
� �

from eG by ~nji � ~dl from ~nji for arcs xli ; x
l
j

� �
62 eA, xli ; x

l
j

� �
2

eAl in eGl. Replace the flow ~nij along the corresponding arcs xi; xj
� �

from eG by
~nij þ ~dl from ~nij for arcs xli ; x

l
j

� �
2 eA, xli ; x

l
j

� �
2 eAl in eGl. Replace the flow value

in the graph eG: ~nij ! ~nij þ ~dlePl and turn to the step 1 starting with updated flow
value along the arcs.
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2.2 Method of Fuzzy Calculations with Fuzzy Numbers

It is necessary to perform sum, subtraction and comparing operations solving the
maximum flow tasks and other tasks in the book in networks with fuzzy arc
capacities. Conventional operations of the sum, subtraction are presented earlier in
this chapter. Present methods can be used for solving flow tasks in fuzzy conditions,
but they have some disadvantages.

The disadvantage of the conventional method of operating fuzzy numbers is
strong “blurring” of borders of the resulting number and, as a result, loss of
information content with such numbers. Standard subtraction operation of two
equal fuzzy numbers does not lead to zero fuzzy number, which is unacceptable for
flow tasks, where at least one arc must become saturated each iteration. It creates
problems of the correct display of uncertainty of the proper system. In this case, we
propose to use nonstandard subtraction operation [6], which does not lead to the
strong “blurring” of the borders of the resulting number and produces a fuzzy
number is equal to zero by subtracting equal fuzzy numbers. While specifying the
fuzzy numbers the fact that the degree of borders blurring depends on the size of the
center is not usually taken into account. Therefore, the more the center, the more
“blurred” the borders should be (while measuring 1 kg of material, we are talking
“about 1 kg”, implying the number “from 900 to 1100 g”, but while measuring 1 t.
of material, imply that “about 1 t.” is the number “from 990 to 1110 kg”).

Otherwise, if absolute values are small, and deviation borders are large, the
effectiveness of the fuzzy logic application decreases. Subtraction of fuzzy numbers
in the case where it is impossible to uniquely identify the largest can lead to
negative values, which is unacceptable for flows.

Let us represent two fuzzy triangular numbers: eA1 ¼ ð10; 2; 3Þ and eA2 ¼
ð9; 2; 7Þ of the form eA1 ¼ a1; c1; d1ð Þ and eA2 ¼ a2; c2; d2ð Þ, where a1 and a2—the
centers of triangular numbers, c1 and c2—the left deviations, d1 and d2—the right
deviations. Assume, it is necessary to determine the subtraction of such numbers. It
is necessary to determine the largest before subtraction of fuzzy numbers. We can’t
uniquely identify the largest number comparing fuzzy numbers eA1 и eA2, as
a1 [ a2, a1 � c1 [ a2 � c2, a1 þ d1\a2 þ d2, therefore, comparing them by the
center of gravity, we find that the center of gravity of the second number is larger,
therefore, it is estimated higher. Hence, the subtraction operation can be expressed
as follows (9,2,7)–(10,2,3) = (−1,5,9), i.e., we get fuzzy triangular number with a
negative center and, accordingly, the negative left border, which contradicts the
condition of non-negative flows values.

Therefore, a different approach to handling fuzzy numbers in the study of flows
is required, which is in operating the central values of fuzzy numbers during the
algorithm, and the operation of non-standard deduction will be used during the
subtraction; “blurring” of the resulting number will be provided once at the end of
the algorithm based on the basic values set by experts. It is considered that the
numbers with the large centers have large uncertainty bounds.
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Consequently, the following method [7] is proposed to use when operating
triangular fuzzy numbers. Suppose there are the values of lower, upper flow bounds
or transmission costs in a form of fuzzy triangular numbers on the number axis set
by the expert according to his experience, knowledge and information about the
particular road or its section. Then when adding two original triangular fuzzy
numbers their centers will be added: a1 þ a2, subtracted: a1 � a2, and a1 � a2. The
fact that the number with the larger center will have the larger deviation borders is
taken into account. To calculate the deviations it is necessary to define required
value by adjacent values. Let the fuzzy parameter (for example, arc capacity) “near
.~a0.” is between two adjacent values “near ~a1” and “near ~a2”, ~a1 � ~a0 � ~a2ð Þ which
membership functions l~a1 a1ð Þ and l~a2 a2ð Þ have a triangular form, thus, the borders
of membership function of fuzzy arc capacity l~a0ðaÞ of the fuzzy parameter “near
~x0” one can set by the linear combination of left and right borders of adjacent values
according to the method described in [8] and presented as:

lL ¼ a2 � a0ð Þ
a2 � a1ð Þ � lL1 þ 1� a2 � a0ð Þ

a2 � a1ð Þ

 �

� lL2 ;

lR ¼ a2 � a0ð Þ
a2 � a1ð Þ � lR1 þ 1� a2 � a0ð Þ

a2 � a1ð Þ

 �

� lR2 :
ð2:4Þ

In (2.4) lL—the left deviation border of the fuzzy triangular number with the
center a0; lR—the right deviation border of the fuzzy triangular number with the
center a0. It is shown in Fig. 2.1.

In the case when the central value of triangular number resulting by adding
(subtracting) repeats the already marked value on the number axis, its deviation
borders coincide with the deviation borders of the number marked on the number
axis. If required central value is not between two numbers, but precedes the first
marked value on the number axis, its deviation borders coincide with those of the
first marked on the axis. The same applies to the case when the required central
value follows the last marked value on the axis.

Fig. 2.1 Defining of the membership function l~a0ðaÞ
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The same method is used for calculations of the deviation borders of the
trapezoidal numbers. Let us introduce the following equation for the left lL and the
right lR trapezoidal deviation borders:

lL ¼ a2 � a0ð Þ
a2 � a1ð Þ � lLl þ 1� a2 � a0ð Þ

a2 � a1ð Þ

 �

� lL2 ;

lR ¼ b2 � b0ð Þ
b2 � b1ð Þ � lRl þ 1� b2 � b0ð Þ

b2 � b1ð Þ

 �

� lR2 :
ð2:5Þ

In the Eq. (2.5) lL—the left deviation border of the fuzzy trapezoidal number
with the center a0; b0½ �; lR—the right deviation border of the fuzzy trapezoidal
number with the center a0; b0½ �. It is represented in Fig. 2.2.

The present method allow us to avoid receiving of the negative fuzzy numbers,
which are unacceptable for the flows, simplifies the calculations and leads to the
strong “blurring” of the borders of fuzzy numbers.

Let us consider the numerical example that implements the algorithm for the
maximum flow finding in the network with fuzzy arc capacities.

Numerical example 1
Let that network is presented in the form of the fuzzy directed graph, given in
Fig. 2.3.

The arc capacities in the form of the fuzzy intervals set by the experts are
assigned to the arcs of the graph. It is necessary to find the maximum flow in the
graph and perform it in the form of the fuzzy trapezoidal number, if the basic values
of arc capacities in the form of the fuzzy trapezoidal numbers are given, as shown in
Fig. 2.4.

Step 1. Fuzzy residual network coincides with the initial network eG, shown in
Fig. 2.3 by the equality of the arc flows to ~0; ~0

� 

.

Step 2. Search the shortest path according to the number of arcs from s to t in
fuzzy residual network. Use the breadth-first-search for it:

The queue Q consists of the vertices s. Note s as visited without predecessors.

Fig. 2.2 Defining of the membership function l~a0ðaÞ
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Delete the first node in queue s. Form the set of nodes arcs from s go to and that
have not yet visited: x1; x2f g. The queue consists of the nodes x1; x2f g. The nodes
s; x1; x2 have been visited. The nodes x1; x2 have the predecessor s.

Delete the first node in queue x1. Form the set of nodes arcs from x1 go to and
that have not yet visited: x3f g. The queue consists of the nodes x2; x3f g. The nodes
s; x1; x2; x3 have been visited. The nodes x1; x2 have the predecessor s, the node x3
has the predecessor x1.

Delete the first node in queue x2. Form the set of nodes arcs from x2 go to and
that have not yet visited: x4; x5f g. The queue consists of the nodes x3; x4; x5f g. The
nodes s; x1; x2; x3; x4; x5 have been visited. The nodes x1; x2 have the predecessor s,
the node x3 has the predecessor x1, the nodes x4; x5 have the predecessor x2.

Delete the first node in queue x3. Form the set of nodes arcs from x3 go to and
that have not yet visited: ;f g. The node x3 is delete from the queue. The queue
consists of the nodes x4; x5f g. The nodes s; x1; x2; x3; x4; x5 have been visited. The
nodes x1; x2 have the predecessor s, the node x3 has the predecessor x1, the nodes
x4; x5 have the predecessor x2.

Delete the first node in the queue x4. Form the set of nodes arcs from x4 go to and
that have not yet visited: ftg. The arc x4; tð Þ is found and the algorithm terminates.
The queue consists of the nodes x5; tf g. All nodes have been visited. The nodes
x1; x2 have the predecessor s, the node x3 has the predecessor x1, the nodes x4; x5
have the predecessor x2, the node t has the predecessor x4. Go backwards by
predecessors and receive the path s ! x2 ! x4 ! t.

s

1x

2x

t

3x

4x

5x

ix jxiju

[25,35]

[20,28]

[30,41]

[10,14]

[15,21]

[45,61]

[17,24]

[70,92]

[40,54]

Fig. 2.3 The initial network eG

Fig. 2.4 Membership functions of the basic values of arc capacities of the network eG
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Step 3. Pass ~dl ¼ min ~ulij
h i

, i.e. ð½2~0; 2~8�; ½1~0; 1~4�; ½7~0; 9~2�Þ ¼ ½1~0; 1~4� flow

units along the path s ! x2 ! x4 ! t.
Step 4. Update the flow values in the graph eG.
The flow ~nij ~0; ~0

� 

goes to ½1~0; 1~4�. Construct the graph with the new flow value,

as shown in Fig. 2.5 and turn to the step 1.
Step 1. Construct fuzzy residual network eGl for the graph in Fig. 2.5 according

to the flow values passing along the arcs of the graph, as shown in Fig. 2.6.
Step 2. Search the shortest path according to number of arcs from s to t in the

fuzzy residual network eGl. Use the breadth-first-search and find the path:
s ! x2 ! x5 ! t.

Step 3. Pass ~dl ¼ min ~ulij
h i

, i.e. min ð½1~0; 1~4�; ½1~5; 2~1�; ½1~7; 2~4�Þ ¼ ½1~0; 1~4� flow
units along the path: s ! x2 ! x5 ! t.

Step 4. Update the flow values in the graph eG.
The flow ~nij = ½1~0; 1~4� turns to ½2~0; 2~8�. Construct the graph with the new flow

value, as shown in Fig. 2.7 and turn to the step 1.
Step 1. Construct fuzzy residual network eGl for the graph in Fig. 2.7 by the

flow values passing along the arcs of the graph, as shown in Fig. 2.8.

Fig. 2.5 Graph eG with the new flow value of [10,14] units

Fig. 2.6 Fuzzy residual network eGl
for the graph in Fig. 2.5
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Step 2. Search the shortest path according to number of arcs from s to t in the
fuzzy residual network eGl in Fig. 2.8. Use the breadth-first-search and find the
path: s ! x1 ! x3 ! x5 ! t.

Step 3. Pass ~dl ¼ min ~ulij
h i

, i.e. min ð½2~5; 3~5�; ½3~0; 4~1�; ½4~5; 6~1�; ½~7; 1~0�Þ ¼
½~7; 1~0� flow units along the path s ! x1 ! x3 ! x5 ! t.

Step 4. Update the flow values in the graph eG.
The flow ~nij ¼ ½2~0;2~8� turns to ½2~0;2~8� þ ½~7;1~0� ¼ ½2~7;3~8�. Construct the graph

with the new flow value, as shown in Fig. 2.9 and turn to the step 1.

Fig. 2.7 eG with the new flow value of ½2~0; 2~8� units

Fig. 2.8 Fuzzy residual network eGl for the graph in Fig. 2.7

Fig. 2.9 Graph eG with the new flow value of [27,38] units
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Step 1. Build fuzzy residual network eGl for the graph in Fig. 2.9 by the flow
values passing along the arcs of the graph, as show in Fig. 2.10.

Step 2. Search the shortest path according to the number of arcs from s to t in the
fuzzy residual network eGl in Fig. 2.10. Use the breadth-first-search and find the
path: the path doesn’t exist.

The maximum flow ~nij þ ~dlePl ¼ ~m is obtained in the initial graph eG of the value

of ½2~7; 3~8� units. Network with the maximum flow is represented in Fig. 2.9.
Let us define deviation borders of the obtained fuzzy interval ½2~7; 3~8� corre-

sponded to the maximum flow in the graph eG. The detected result is between two
adjacent basic values of the arc capacities: ½2~3; 3~1� with the left deviation lL1 ¼ 6, the
right deviation—lR1 ¼ 6 and ½3~9; 5~1� with the left deviation lL2 ¼ 8, the right devi-
ation �lR2 ¼ 10. According to (2.5) we obtain:

lL ¼ a2 � a0ð Þ
a2 � a1ð Þ � lL1 þ 1� a2 � a0ð Þ

a2 � a1ð Þ

 �

� lL2 ¼ ð39� 27Þ
ð39� 23Þ � 6þ 1� ð39� 27Þ

ð39� 23Þ

 �

� 8

¼ 6:5 � 7;

lR ¼ b2 � b0ð Þ
b2 � b1ð Þ � lR1 þ 1� b2 � b0ð Þ

b2 � b1ð Þ

 �

� lR2 ¼ ð51� 37Þ
ð51� 31Þ � 6þ 1� ð51� 37Þ

ð51� 31Þ

 �

� 10

¼ 7:2 � 7:

Therefore, the maximum flow in the fuzzy network in Fig. 2.3 is obtained,
which can be represented as a fuzzy trapezoidal number of (27,38,7,7) units, as
shown in Fig. 2.11.

According to the Fig. 2.11 the maximum flow with the degree of confidence
equal to 0.7 is within the interval [25,40], but anyway the maximum flow is no less
than 20 units and no more than 45 units.

Fig. 2.10 Fuzzy residual network eGl for the graph in Fig. 2.9
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2.3 Maximum Flow Finding in a Network with Fuzzy
Nonzero Lower and Upper Flow Bounds

Let the network considered in the previous section contains the lower flow bounds
besides arc capacities. It occurs in the case, when one deals with transportation
profitability. For example, a transport plane will carry out the flight at the lowest
feasible amount of load of 1 ton; passenger aircraft will fly if at least twenty tickets
will be sold. These figures are considered as lower flow bounds. Thus, nonzero
lower flow bounds must be considered in some flow problems. The capacity in such
problems is the upper flow bound. Thus, the flow must satisfy the constraint on
upper and lower flow bounds, i.e. expression (1.13).

The complexity of the problem statement of the maximum flowwith lower bounds
specified on the arcs (1.11)–(1.13) lies in the fact that the feasible flow cannot exist, in
contrast to the conventional problemof themaximumflowfinding (zero flow is valid).
Therefore it is necessary to solve two problems: on the admissibility of the flow, and
then—to find the maximum flow in the case of the existence of the feasible flow.
Considering the fuzzy nature of the upper and lower flow bounds, we come to the
maximum flow problem formulation in the network, taking into account the nonzero
lower and upper flow bounds, presented in the fuzzy form [9]:

~m ¼
X

xj2CðsÞ
~nsj ¼

X
xk2C�1ðtÞ

~nkt ! max; ð2:6Þ

X
xj2C xið Þ

~nij ¼
X

xk2C�1 xið Þ
~nki ¼

~m; xi ¼ s;
�~m; xi ¼ t;
~0; xi 6¼ s; t;

8<
: ð2:7Þ

~lij � ~nij � ~uij; 8 xi; xj
� � 2 eA: ð2:8Þ

In the model (2.6)–(2.8) ~lij—fuzzy lower flow bound for the arc ðxi; xjÞ.
To solve this problem one must turn to the fuzzy graph without lower bounds

flows [10], that is reflected in the introduced rule 2.1 of turning to the corre-
sponding fuzzy graph without lower flow bounds from the fuzzy graph with non-
zero lower flow bounds, modified for the using in the fuzzy form:

1

[ , ]a bμ

[ , ]a b20 4525 40

0,7

27 38

Fig. 2.11 The maximum
flow in the form of the fuzzy
trapezoidal number of
(27,38,7,7) units
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Rule 2.1 of turning to the corresponding fuzzy graph without lower flow bounds
from fuzzy graph with nonzero lower bounds flows for solving the maximum flow
problem with fuzzy nonzero lower flow bounds

Turn to the fuzzy graph eG� ¼ ðX�; eA�Þ without lower flow bounds from the
given fuzzy graph eG ¼ ðX; eAÞ with nonzero lower flow bounds. Introduce artificial
nodes s* and t*, the arc (t, s) with ~u�ts ¼ 1, ~l�ts ¼ ~0 in the new graph eG. For each
node ðxi; xjÞ in eG with~lij 6¼ ~0: (1) decrease ~uij to ~u�ij ¼ ~uij �~lij; ~lij to ~0. (2) Introduce

arcs ðs�; xjÞ and ðxi; t�Þ with flow bounds equal to ~u�s�xj ¼ ~u�xit� ¼ ~lij; ~l�s�xj ¼ ~l�xit� ¼ ~0.

Arcs without lower flow bounds are the same for eG�: for any arc ðxi; xjÞ with~lij ¼ ~0
is ~u�ij ¼ ~uij.

Thus, artificial arcs have capacities equal to the lower flow bounds in the gen-
erated graph without lower flow bounds and initial arcs with nonzero lower bounds
are introduced with a capacity equals the difference between the initial upper and
lower flow bound. Artificial arc from t and s defines the feasible flow in the original
graph.

Start to search for the maximum flow in the fuzzy residual network corre-
sponding to the graph without lower flow bounds [10] and constructed according to
the Definition 2.3, modified for use in a fuzzy way after the transition to the
corresponding graph without lower flow bounds from the fuzzy graph. The criterion
of the feasible flow existing in the initial fuzzy graph is finding the maximum flow
equals the sum of the lower flow bounds in the transformed graph without lower
bounds.

Definition 2.3 Fuzzy residual network for the graph eG� ¼ X�; eA�
� �

without lower

flow bounds for solving the maximum flow problem with fuzzy nonzero lower flow

bounds—the network eG�l ¼ X�l; eA�l
� �

, where X�l ¼ X�—the set of the nodes of

the fuzzy residual network with artificial nodes, eA�l ¼ ~u�lij = x�li ; x�lj
� �D En o

—

fuzzy set of the arcs of the network eG�l, constructed according the following rules:
for all arcs, if ~n�ij\~u�ij, then include corresponding arc in eG�l with arc capacity

~u�lij ¼ ~u�ij � ~n�ij. For all arcs, if ~n
�
ij [ ~0, then include corresponding arc in eG�l with

arc capacity ~u�lji ¼ ~n�ij.

Reverse transition to the initial graph with the feasible flow from the modified
graph with the maximum flow [11] is according to the introduced rule 2.2, modified
for the use in fuzzy terms.

The rule 2.2 of transition to the graph with the feasible flow from the graph
without lower flow bounds with the maximum flow for solving the maximum flow
problem with fuzzy nonzero lower flow bounds

Turn to the graph eG from the graph eG� as following: reject artificial nodes and

arcs, connecting them with other nodes. The feasible flow vector ~n ¼ ~nij
� �

of the
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value ~r is defined as: ~nij ¼ ~n�ij þ~lij, where ~n
�
ij—the flows, going along the arcs of the

graph eG� after deleting all artificial nodes and connecting arcs.
If the feasible flow is found in the initial fuzzy graph, transform it by finding the

maximum [10], according to the rule 2.3, presented in the fuzzy form. If the
maximum flow equals the sum of the lower flow bounds is not found in the modified
graph, therefore, there is no feasible flow in the fuzzy initial graph and the task has
no solution

The rule 2.3 of the fuzzy residual network constructing with the feasible flow
vector for solving the maximum flow problem with fuzzy nonzero lower flow bounds

For all arc, if ~nij\~uij, then include the corresponding arc in eGl ~n
� �

with arc

capacity ~ulij ¼ ~uij � ~nij. For all arc, if ~nij [~lij, then include the corresponding arc ineGl ~n
� �

with arc capacity ~ulji ¼ ~nij �~lij.

Let us represent the formal algorithm for solving the proposed problem based on
the defined rules and definitions.

Algorithm of the maximum flow finding in the network with nonzero lower
flow bounds in fuzzy conditions

Let us represent the formal algorithm for solving the proposed problem based on
the defined rules and definitions [9].

Step 1. Let us define if the initial graph eG ¼ X; eA� �
has the feasible flow. Turn

to the graph eG� ¼ X�; eA�
� �

without lower flow bounds according to the rule 2.1.

Step 2. Find maximum flow in eG� between artificial nodes. Build a fuzzy
residual network starting with zero flows according to the Definition 2.3.

Step 3. Search the shortest path eP�l in terms of the number of arcs from the
artificial source s� to the artificial sink t� in the constructed fuzzy residual network
starting with zero flow values. The choice of the shortest path is according to the
breadth-first search.

3.1. If the eP�l is found, go to the step 4.
3.2. The flow value ~/\

P
~lij 6¼0

~lij is obtained, which is the maximum flow in eG�,
if the path is failed to find. It means that it is impossible to pass any unit of flow, but
not all the artificial arcs are saturated. Therefore, initial graph eG has no feasible
flow and the task has no solution. Exit.

Step 4. Pass the minimum from the arc capacities ~d�l ¼ min ~u eP�l� �� 

,

~u eP�l� � ¼ min ~u�lij
h i

, x�li ; x�lj
� �

2 eP�l along the path eP�l
p .

Step 5. Update the fuzzy flow values in the graph eG�: change the fuzzy flow ~n�ji
along the corresponding arcs x�j ; x

�
i

� �
from eG� by ~n�ji � ~d�l for arcs

x�li ; x�lj
� �

62 eA�, x�li ; x�lj
� �

2 eA�l in eG�l. Change the fuzzy flow ~n�ij along the arcs

2.3 Maximum Flow Finding in a Network … 35



x�i ; x
�
j

� �
from eG� by ~n�ij þ ~d�l for arcs x�li ; x�lj

� �
2 eA�, x�li ; xl�j

� �
2 eAl� in eG�l.

Replace ~n�ij by ~n�ij þ ~d�leP�l.

Step 6. Provide a comparison of the flow vector ~n�ij þ ~d�l � P�l of the value ~r�

and the sum of the lower flow bounds
P

~lij 6¼~0
~lij of the original graph:

6.1. If the flow vector ~n�ij þ ~d�l � eP�l of the value ~r� is less than
P

~lij 6¼0
~lij, i.e.

not all artificial arcs become saturated, go to the step 2, i.e. to constructing of the
new incremental graph with the flow passing along the arcs until ~n�ij þ ~d�leP�l

becomes equal to
P

~lij 6¼~0
~lij.

6.2. If the flow value ~n�ij þ ~d�l � P�l is equal to
P

~lij 6¼0
~lij, i.e. all arcs from the

artificial source to the artificial sink become saturated, then the value ~n�ij þ ~d�l � P�l

is required value of maximum flow ~r� in eG� In this case the flow ~n�ts passing along
the artificial arc (t, s) in eG� determines the feasible flow in the initial graph eG of the
value ~r ¼ ~n�ts. Turn to the graph eG from the graph eG� according to the rule 2.2. The

network G ~n
� �

is obtained. Go to the step 7.

Step 7. Construct the residual network G ~nl
� �

taking into account the feasible

flow vector ~n ¼ ~nij
� �

in the graph eG according to the rule 2.3.

Step 8. Define the shortest path ePl according to the number of arcs from the

artificial source to the artificial sink in the constructed residual network G ~nl
� �

. The

choice of the shortest path is according to the breadth-first search.
8.1. Go to the step 9 if the augmenting path ePl is found.
8.2. The maximum flow ~nij þ ~dl � ePl ¼ ~m in eG is found if the path is failed to

find, then stop.

Step 9. Pass ~dl ¼ min ~u ePl
� �� 


, ~u ePl
� � ¼ min ~ulij

h i
, xli ; x

l
j

� �
2 ePl along the

found path.
Step 10. Update the fuzzy flow values in the graph eG: replace the fuzzy flow ~nji

along the corresponding arcs xj; xi
� �

from eG by ~nji � ~dl for arcs xli ; x
l
j

� �
62 eA,

xli ; x
l
j

� �
2 eAl in eGl ~n

� �
and change the fuzzy flow ~nij along the arcs xi; xj

� �
from

eG by ~nij þ ~dl for arcs xli ; x
l
j

� �
2 eA, xli ; x

l
j

� �
2 eAl, in eGl ~n

� �
and replace the flow

value in eG: nij ! ~nij þ ~dl � ePl and turn to the step 7 starting from the new flow
value along the arcs.

Thus the described algorithm allows to find the maximum flow in networks with
lower flow bounds in fuzzy conditions or show that the feasible flow doesn’t exist.

Let us consider the proof of the main provisions of the proposed algorithm.
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Let us show that if there is the maximum flow equals the sum of the lower flow
bounds in the graph eG�, there is the feasible flow the original graph. It is necessary
to introduce the Theorem 2.1.

Theorem 2.1 If the maximum flow in the graph eG� is equal to the sum of the lower
flow bounds ~r� ¼ P

~lij 6¼~0
~lij, therefore, there is the feasible flow of the value ~r ¼ ~n�ts

in the original graph eG.

Proof Let us assume that it is false, i.e. if the maximum flow in the graph eG� is not
equal to the sum of the lower flow bounds ~r� 6¼ P

~lij 6¼~0
~lij, therefore, there is the

feasible flow of the value ~r ¼ ~n�ts in the graph eG. Graph eG� is obtained by addition
of the parameter~lij to artificial arcs and subtraction of the parameter~lij from ~uij from
the arcs with nonzero lower flow bounds. The flow passing along the arc (t,
s) defines the feasible one. Applying the inverse transformation assume that the
flow is not equal to the sum of the lower flow bounds in eG� gives the feasible one ineG. Since the flow leaving the artificial arcs of the graph eG� can not be thanP

~lij 6¼~0
~lij, consider the case when the flow ~r�\

P
~lij 6¼~0

~lij Then, by subtracting ~lij

from the flow ~n�ij along the artificial arcs of the graph eG�, obtain negative flow

values (because the flow less than~lij is passing the artificial arcs), which contradicts
the non-negativity flow condition as well as the fact that during equivalent trans-
formations we had to get zero values of the flow and liquidate artificial arcs.
Therefore, our hypothesis is not true, and the theorem is proved.

Let us show that if the feasible flow in eG� is equal to the sum of the lower flow
bounds in the original graph, and it has a value of ~r ¼ ~n�ts and defined as
~nij ¼ ~n�ij þ~lij. It is necessary to introduce the Corollary 2.1.

Corollary 2.1 If ~r� ¼ P
~lij 6¼~0

~lij, than the feasible flow vector ~n ¼ ~nij
� �

of the value

~r and defining as ~nij ¼ ~n�ij þ~lij, is the feasible flow in eG of the value ~r ¼ ~n�ts.

Proof The proof follows from the Theorem 2.1 and the rules of transition to the
graph without lower flow bounds eG�. Since the lower flow bounds are deducted
from the arc capacities during transition from the graph eG to the graph eG�, then
artificial arcs are rejected and lower flow bounds are added to the flow value when
reverse transition to the graph eG. Thus, we subtract and then add the same amount.
The following flow is the feasible one because the addition of lower flow bounds
ensures that the flow greater or equal to the lower flow bound of this arc will pass
along any arc of the graph, i.e. conditions on the flow restrictions are satisfied for
any arc of the graph eG. The corollary is proved.

Let us show that the flow defined in a fuzzy form and received on the step 8 of
the maximum flow algorithm with nonzero lower flow bounds is the fuzzy maxi-
mum flow in the original graph eG based on the Theorem 2.2.
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Theorem 2.2 Fuzzy flow ~nij þ ~dl � ePl ¼ ~m obtained at the step 8 of the maximum
flow algorithm with nonzero lower flow bounds is a fuzzy maximum flow in the
original graph eG.

Proof To show that the fuzzy flow ~nij þ ~dl � ePl ¼ ~m is the maximum flow in the

graph eG, assume that it is not true. Then the incremental fuzzy path from the source
to the sink must exit in the graph eG. However, the algorithm terminates when the
path doesn’t exist, therefore, we have a contradiction. Thus, the obtained flow
~nij þ ~dl � ePl ¼ ~m is the maximum flow in a graph. The theorem is proved.

Let us show, if the maximum flow in the graph eG� is less than the sum of the
lower flow bounds of the initial graph, then the feasible flow doesn’t exist in eG, that
is reflected in the Corollary 2.2.

Corollary 2.2 If the maximum flow ~r� in eG� is less than the sum of the lower flow
bounds of the initial graph, i.e. ~r�\

P
~lij 6¼~0

~lij, then the feasible flowdoesn’t exist in eG.

Proof At the reverse transition to the initial graph from the transformed graph
without lower flow bounds the flow value ~r�\

P
~lij 6¼~0

~lij means that the maximum

flow in the original graph is less than the sum of the lower flow bounds, i.e. for any
arc which has nonzero lower flow bound the flow greater than or equal to it can not
be transferred. Hence, the feasible flow doesn’t exist. The corollary is proved.

Consider the numerical example, which implements operations of the maximum
flow finding algorithm in fuzzy network with nonzero lower flow bounds.

Numerical example 2
Let the network is represented in the form of the fuzzy directed graph given in
Fig. 2.12. Values of the upper and lower flow bounds in the form of fuzzy intervals
are assigned to the arcs of the graph. It is necessary to find the maximum flow in the
graph and represent it in the form of the fuzzy triangular number, if the basic values
of arc capacities in the form of trapezoidal fuzzy numbers are known, as shown in
Fig. 2.4.

Fig. 2.12 Initial network eG
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Step 1. Turn to the graph without lower flow bounds according to the rule 2.1,
as shown in Fig. 2.13.

Step 2. Fuzzy residual network eG�l at the step 2 coincides with the graph eG�

without lower flow bounds, presented in Fig. 2.13 by the equality of the arc flows to
~0; ~0
� 


.
Step 3. Find the shortest path according to the number of arcs from s* to t* in

the fuzzy residual network eG�l in Fig. 2.13 by the breadth-first-search. Obtain the
path s� ! x3 ! t ! s ! x2 ! t�.

Step 4. Pass ~d�l ¼ min ~ulij
h i

, i.e. min ½27;33�; ½48;59�;1; ½75;93�; ½40;49�ð Þ ¼
½27;33� flow units along the path s� ! x3 ! t ! s ! x2 ! t�.

Step 5. Update the values of flows in eG�
.

The flow ~n�ij ¼ ~0;~0
� 


turns to ~n�ij ¼ ~0;~0
� 
þ ½27;33� ¼ ½27;33�.

Construct a graph with the new flow value, as shown in Fig. 2.14.

Fig. 2.13 Graph eG� without lower flow bounds

Fig. 2.14 Graph eG� with the new flow value of [27,33] units
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Step 6.1. Turn to the step 2, i.e. to constructing the fuzzy residual network eG�l

taking into account the flow in Fig. 2.14, as the obtained flow is less than the sum
of the lower flow bounds

P
~lij 6¼~0

~lij in eG� (½27;33�\½40;49�).
Step 2. Define arc capacities of the fuzzy residual network eG�l according to the

flow values going along the arcs in Fig. 2.14.
Construct fuzzy residual network, as shown in Fig. 2.15.
Step 3. Find the shortest path according to the number of arcs from s� to t� in the

fuzzy residual network. Use the breadth-first-search and obtain the path
s� ! x4 ! t ! s ! x2 ! t�.

Step 4. Pass ~dl ¼ min ~ulij
h i

, i.e. min ½13;16�; ½53;65�;1; ½48;60�; ½27;33�ð Þ ¼
½13;16� flow units along the path s� ! x4 ! t ! s ! x2 ! t�

Step 5. Update the flow values in the graph eG�.
The flow ~n�ij ¼ ½27;33� turns to ~n�ij ¼ ½27;33� þ ½13;16� ¼ ½40;49�. Build the

graph with the new flow value, as shown in Fig. 2.16.
Step 6.2. As the obtained flow equals the sum of the lower flow bounds

P
~lij 6¼~0

~lij

in eG� ([40,49] = [40,49]), the maximum flow in eG� and, therefore, the feasible flow
in eG, defined by the flow passing along the artificial reverse arc (t, s) are obtained..

Thus, the feasible flow in eG is [40,49] units. Graph eG ~n
� �

with the feasible flow,

defined according to the rule 2.2, is presented in Fig. 2.17.

Step 7. Determine arc capacities of the fuzzy residual network eGl ~n
� �

according

to the rule 2.3 for the graph in Fig. 2.17 by the flow values, passing along the arcs
of the graph.

Build fuzzy residual network, as shown in Fig. 2.18.

Fig. 2.15 Fuzzy residual network eG�l for the graph in Fig. 2.14
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Step 8. Search the shortest path according to the number of arcs from s� to t� in

the fuzzy residual network eGl ~n
� �

in Fig. 2.18. Use the breadth-first-search and

obtain the path s ! x1 ! x3 ! t.

Step 9. Pass ~dl ¼ min ~ulij
h i

, i.e. min ([16,20], [65,79], [21,26]) = [16,20] flow

units along the path s ! x1 ! x3 ! t

s

1x

2x

t

3x

4x

ix jx

*[ ]ijξ

*t
*s

[27,33]

[27,33]

[40,49]
[13,16][13,16]

[40,49]

[40,49]

Fig. 2.16 Graph eG� with the new flow value of [40,49] units

Fig. 2.17 Graph eGð~nÞ with the feasible flow of [40,49] units

Fig. 2.18 Fuzzy residual network eGlð~nÞ for the graph in Fig. 2.17
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Step 10. Update the flow values in eG.
The flow ~nij ¼ ½40;49� turns to [40,49] + [16,20] = [56,69]. Construct the graph

with the new flow value, as represented in Fig. 2.19, and turn to the step 7.

Step 7. Determine arc capacities of the fuzzy residual network eGl ~n
� �

according

to the rule 2.3 for the graph in Fig. 2.19 by the flow values, passing along the arcs
of the graph.

Build fuzzy residual network, as shown in Fig. 2.20.
Step 8. Search the shortest path according to the number of arcs from s� to t� in

the fuzzy residual network eGl ~n
� �

in Fig. 2.20. Use the breadth-first-search and

obtain the path s ! x2 ! x3 ! t.

Step 9. Pass ~dl ¼ min ~ulij
h i

, i.e. min ½35;44�; ½~8;10�; ½~5;~6�� � ¼ ½~5;~6� flow units

along the path s ! x2 ! x3 ! t.
Step 10. Update the flow values in the graph eG.
The flow ~nij ¼ ½56;69� turns to ½56;69� þ ½~5;~6� ¼ ½61;75�. Construct the graph

with the new flow value, as shown in Fig. 2.21 and turn to the step 7.

Step 7. Define arc capacities of the fuzzy residual network eGl ~n
� �

according to

the rule 2.3 in Fig. 2.21 by the flow values passing along the arcs of the graph.
Build a fuzzy residual network, as shown in Fig. 2.22.

Fig. 2.19 Graph eGð~nÞ with the feasible flow of [56,69] units

Fig. 2.20 Fuzzy residual network eGlðnÞ for the graph in Fig. 2.19
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Step 8. Search the shortest path according to the number of arcs from s� to t� in

the fuzzy residual network eGl ~n
� �

in Fig. 2.22. Use the breadth-first-search and

obtain the path s ! x2 ! x4 ! t.

Step 9. Pass ~dl ¼ min ~ulij
h i

, i.e. min [30,38], [67,84], [40,49] = [30,38] flow

units along the path s ! x2 ! x4 ! t.

Step 10. Update the flow values in the graph eG ~n
� �

.

Construct the graph with the new flow value, as shown in Fig. 2.23 and turn to
the step 7.

Step 7. Define arc capacities of the fuzzy residual network eGl ~n
� �

according to

the rule 2.3 for the graph in Fig. 2.23 by the flow values, passing along the arcs of
the graph.

Construct fuzzy residual network, as represented in Fig. 2.24.
Step 8. Search the shortest path according to the number of arcs from s� to t� in

the fuzzy residual network eGl ~n
� �

in Fig. 2.24. Use the breadth-first-search and

find that there is no such a path. Therefore, the maximum flow ~nij þ ~dlePl ¼ ~m of the
value [91,113] flow units is obtained in the initial graph. Network with the maxi-
mum flow is represented in Fig. 2.23.

Define the borders of uncertainty of the resulting fuzzy interval [91,113] cor-
responding to the maximum flow in a graph eG. The obtained result follows the

Fig. 2.21 Graph eGð~nÞ with the feasible flow of [61,75] units

Fig. 2.22 Fuzzy residual network eGlðnÞ for the graph in Fig. 2.21
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basic value of fuzzy arc capacity: [74,89] with the left deviation lL1 ¼ 16 and the
right deviation lR1 ¼ 18 in the form of the fuzzy trapezoidal number (74,89,16,18).
Therefore, the deviation borders of the fuzzy interval [91,113] coincide with the
deviation borders of the previous number.

Therefore, we can present the value of the maximum flow in the form of the
trapezoidal fuzzy number (91,113,16,18), as shown in Fig. 2.25.

Fig. 2.23 Graph eGð~nÞ with the feasible flow of [91,113] units

Fig. 2.24 Fuzzy residual network eGlðnÞ for the graph in Fig. 2.23

1

[ , ]aμ

[ , ]a 75 13188

0,8

11391 117 b

b

Fig. 2.25 The maximum flow in the form of the fuzzy trapezoidal number (91,113,16,18) of the
flow units
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The maximum flow with the degree of confidence equals 0,8 is in the interval
[88,117], but anyway the maximum flow will be no less than 75 and no more than
131 units.

2.4 Minimum Cost Flow Finding in a Network with Fuzzy
Arc Capacities and Transmission Costs

Suppose it is necessary to determine the minimum transportation cost of a certain
quantity of cargo from a given point to the terminal one, given the restrictions on
arc capacities of the road sections. Then we come to the problem of the minimum
cost flow determining in the transportation network. Considering the fuzzy nature
of arc capacities and transmission cost, we obtain the problem of determining the
minimum cost flow in the transportation network in fuzzy conditions. Thus, the
problem statement of the minimum cost flow finding in the transportation network
with fuzzy arc capacities and costs can be represented as follows [4]:X

xi;xjð Þ2eA
~cij~nij ! min; ð2:9Þ

X
xj2C xið Þ

~nij ¼
X

xk2C�1 xið Þ
~nki ¼

~q; xi ¼ s;
�~q; xi ¼ t;
~0; xi 6¼ s; t;

8<
: ð2:10Þ

~nij � ~uij; 8 xi; xj
� � 2 eA: ð2:11Þ

In the model (2.9)–(2.11) ~cij—transmission cost one the one flow unit along the
arc xi; xj

� �
; ~q—given flow value, which transmission cost should be minimized.

Basaker and Gowan’s algorithms [12] of the sequential search of the shortest
paths and M. Klein’s algorithm of the negative weight cycles detection and removal
are used for solving this problem in clear terms, as was described in the first chapter

Fig. 2.26 Initial network eG
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of the following monograph. Since the area of research is transportation networks,
the original flow transmission costs are non-negative, then, the original graph will
contain no cycles of the negative cost, therefore, it is inappropriate to apply M.
Klein’s at the first step of the minimal cost flow algorithm. It is also worth to notice
that Floyd and Warshall’s algorithm [13] operating routes from each node to any
node is traditionally applied for detection of the negative cost cycles, which is not
effective in this case because the it is sufficient to find the distance from the source
to the sink. Therefore, P. Basaker, R. Gowan’s algorithm and its modifications
should be considered to find the minimum cost flow.

The search of the minimum cost path and maximum flow transmission along it,
taking into account capacities of the arcs included in this path is carried out in the
P. Basaker, R. Gowan’s minimum cost flow algorithm. As the search of the min-
imum cost path is equivalent to finding the shortest path in the graph (in this case,
the cost is equivalent to the length of the path), there is a question of choosing the
optimal algorithm of the shortest path searching in the graph.

There are many algorithms for finding the shortest path, such as algorithms by
Dijkstra [14], Bellman and Ford [15, 16], Floyd and Warshall [13], Levit [17],
Johnson [18]. Traditionally, Dijkstra’s algorithm [14] proposed in 1959 is used for
finding the shortest paths (paths of the minimum cost), it is in searching for the
shortest path from a given node to all the other vertices of the graph.

There are three sets that are supported during the algorithm: nodes distance to
which has already been calculated (but perhaps not entirely); nodes, distance to
which is calculated; nodes distance to which has not been not yet calculated. Time
complexity of E. Dijkstra’s algorithm depends on the data structure used to
implement the queues with priority and representation of the input graph. In gen-
eral, its running-time is O X2ð Þ [19]. Algorithm of Levit [17] is also looking for the
shortest path from a given node to all other vertices of the graph. Its running-time is
exponential in the worst case, but in practice usually indicates time [19]. There are
the same three sets that are supported during the algorithm. The nodes included in
the first set are divided into two ordered sets—basic and priority queue. Each vertex
is associated with a non-negative value of the length of the shortest of the currently
known ways in it from the initial node. The disadvantage of the B. Levit’s method
is the necessity of the reprocessing of the nodes, while the advantage is the best
running-time in graphs based on the real networks. But both methods are not
applied to the graphs with the negative arcs lengths (transmission costs). In general,
algorithm of B. Levit can be applied to such a graphs, but necessity to take into
account such arcs makes the method more difficult.

Method of Bellman and Ford [15, 16] searches the shortest path from the node to
other for the time OðXAÞ and can be used for the graphs with the negative arcs
lengths (transmission costs). The peculiarity of the algorithm is that it detects either
the presence of the negative weight cycles that can exist if the original graph has
arcs of the negative length (cost).

Algorithm of the authors Floyd and Warshall [13] looks for the shortest paths
between all pairs of vertices in time O X3ð Þ. The method can be applied to graphs
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with negative path length (costs). It is used either to identify the cycles of the
negative cost (for example, in the search algorithm of the minimum cost flow of M.
Klein). This algorithm allows finding the shortest distance between the nodes
without saving paths.

Algorithm of Johnson [18] looks for the shortest path between all pairs of nodes
in time O X2 logXþXAð Þ in general. It can be used for graphs with negative path
lengths (costs). The algorithm is in the use of E. Dijkstra’s algorithm for finding the
shortest path previously changing weights of the edges, escaping from the negative
lengths (costs). The new weights are introduced using the method of R. Bellman
and L. Ford

We look for the shortest path in the fuzzy residual network in the algorithm of
the minimum cost flow finding. Thus, arcs of the negative costs appear as in the
case of the passing the flow along the arc xi; xj

� � 2 eA with the transmission cost ~cij

the reverse arc xlj ; x
l
i

� �
2 eAl appears in the fuzzy residual network with the cost

�~cij. Therefore, we cannot apply an effective E. Dijkstra’s algorithm for finding the
minimum cost path. Therefore, to find the minimum cost flow it is appropriate to
apply the algorithm proposed by R. Busacker and P. Gowen, where L. Ford’s
algorithm is applied at the stage of finding the shortest chain, which allows oper-
ating negative parameters of costs, or algorithm, which reduces the negative
numbers to non-negative.

The method which allows turning from negative numbers to non-negative, is
based on the introduction of the potentials for each node of the graph. More
effective algorithms for searching the given minimum cost flow are algorithms of
the authors Edmonds and Karp [20] and Tomizawa [21], transforming the negative
cost of transportations via node potentials to non-negative. The main idea of the
method is that at each step of the fuzzy residual network construction transmission
costs are recalculated based on the values of the potentials assigned to nodes of the
graph such a way that they are non-negative. In turn, the node potentials are defined
by finding the lengths of the shortest paths from the source to the specific node,
where the length of the path is its transmission cost.

Thus, let us consider basic definitions of the minimum cost flow finding in a
network with fuzzy arc capacities and costs.

2.4.1 Potential Method for the Minimum Cost Flow Finding
in a Network with Fuzzy Arc Capacities
and Transmission

Let us consider basic concepts used in the method of the minimum cost flow finding
of Tomizawa’s [21] based on the algorithm of the potentials and modified costs
introduction described in [22] and modified for the case of application of fuzzy
numbers.
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The key concept of the method is the concept of fuzzy modified (reduced) costs
(Definition 2.4) which is a modification of the definition, taken from [22].

Definition 2.4 Let ~p xið Þ, xi 2 X; i ¼ 1; . . .; n—some specified node weights (node
potentials). We define the so-called fuzzy “modified” or reduced costs ~cpij associated
with the arcs of the residual network, such as:

~cpij ¼ ~clij � ~p xið Þþ ~p xj
� �

: ð2:12Þ

In (2.12) ~clij is the transmission cost xi; xj
� �

in the fuzzy residual network eGl, i.e.

~clij ¼
~cij; if ðxi; xjÞ 2 eAl; ðxi; xjÞ 2 eA;
�~cji; if ðxi; xjÞ 2 eAl; ðxi; xjÞ 62 eA:

�

For some cycle eHl in the residual network:X
xli ;x

l
ið Þ2eH l

~cpij ¼
X

xli ;x
l
ið Þ2eH l

~clij:

According to the condition from [22], let us consider the Definition 2.5.

Definition 2.5 The following equality is true for any path from s to t :X
xli ;x

l
ið Þ2ePl

~cpij ¼ ~pðtÞ � ~pðsÞþ
X

xli ;x
l
ið Þ2ePl

~clij: ð2:13Þ

According to condition (2.13) node potentials can’t change the path of the
minimum cost between any pair of nodes.

To prove the optimality of the flow, obtained after the introduction of the
potentials, let us present Theorem 2.3, which is a modification of the theorem
presented in [22].

Theorem 2.3 The flow ~n� is optimal when and only when there is a vector

potential, such as ~cpij � ~0 for all xli ; x
l
j

� �
2 eAl.

Proof Let us assume that there are such values ~p, that ~cpij � ~0 for 8 xli ; x
l
j

� �
2 eAl.

Let eHl be a cycle in eGl, then:

~c eHl
� � ¼ X

xli ;x
l
ið Þ2eH l

~clij ¼
X

xli ;x
l
ið Þ2eH l

~cpij � ~0:
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Consequently, a negative cost cycle in eGl does not exist and, consequently, the
flow is optimal. The theorem is proved.

Let us show that if there is no cycle of the negative cost in the residual networkeGl, then there is a flow vector with non-negative reduced costs.
Assume all nodes in the residual network eGl can be reachable from s. Let

~cl s; xj
� �

determines the length of the shortest path from s to xlj in eGl, assuming ~clij
are path lengths. If eGl has no cycle of the negative cost, then
~cl s; xj
� ��~cl s; xið Þþ~clij. Therefore, setting ~p xj

� � ¼ �~cl s; xj
� �

we obtain:

~cpij ¼ ~clij � ~p xið Þþ ~p xj
� � ¼ ~clij þ~cl s; xið Þ � ~cl s; xj

� �� ~0:

For flow ~n and node xj 2 X the node condition xj is set as:

~e xj
� � ¼ ~qj þ

X
xi;xjð Þ2eA

~nij �
X

xj;xið Þ2eA
~nji: ð2:14Þ

According to (2.14):
If ~e xj

� �
[ ~0, then the condition in the node is excess.

If ~e xj
� �

[ ~0, then the condition in the node is deficit.

If ~e xj
� � ¼ ~0, then the condition in the node is balance.

~qj—the given flow value for the node xj, called the balance of the node.

If ~qj [ ~0, then node xj is called the source, ~qj—supply of the node xi.

If ~qj ¼ ~0, the node xj is intermediate node.

If ~qj\~0, the node xj is called a sink, ~qj—the demand of the node xi.
For further proof of the equality ~p xj

� � ¼ �~cl s; xj
� �

give Lemma 2.1, which is
modification of the Lemma given in [22] for using in fuzzy conditions.

Lemma 2.1 Let us assume that the flow ~n and potentials, assigned to the nodes,
satisfy the optimality criteria of reduced costs: ~cpij ¼ ~clij � ~p xið Þþ ~pðxjÞ� ~0 for

8 xli ; x
l
j

� �
2 eAl. For each node xlj 2 Xl let ~cl s; xj

� �
define the length of shortest

path from s to xlj in eGl, assuming ~cpij as arc lengths.

The flow ~n satisfies the optimality criteria of the reduced costs relative to the
potentials, i.e. the following condition is satisfied:

~p0 xj
� � ¼ ~p xj

� �� ~cl s; xj
� �

for 8 xj 2 X: ð2:15Þ
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Proof As ~cl s; xj
� �

are lengths of the shortest paths from s to xlj in eGl in (2.15) for

8 xli ; x
l
j

� �
2 eA, then the following condition is satisfied:

~cl s; xj
� ��~cl s; xið Þþ~cpij: ð2:16Þ

Therefore, based on (2.16):

~cp
0

ij ¼ ~clij � ~p0 xið Þþ ~p0 xj
� � ¼ ~clij � ~p xið Þ � ~cl s; xið Þð Þþ ~p xj

� �� ~cl s; xj
� �� �

¼ ~cpij þ~cl s; xið Þ � ~cl s; xj
� �� ~0:

Let us synthesize algorithm, which implements finding the minimum cost flow
in the network with fuzzy arc capacities and costs, as well as the rule of the fuzzy
residual network construction for finding the minimum cost flow, presented in [22]
and modified for fuzzy conditions.

Rule 2.4 of construction of the fuzzy residual network for minimum cost flow
finding in the network with fuzzy arc capacities and costs

Build fuzzy residual network eGl ¼ Xl;Alð Þ, where Xl ¼ X—the set of nodes
of the residual network equals to the set of nodes X of the network eG, aeAl ¼ ~ulij= xli ; x

l
j

� �D En o
—fuzzy arcs set of the network eGl, according to the fol-

lowing rules: for all arcs: if ~nij\~uij, then include the corresponding arc in eGl with

arc capacity ~ulij ¼ ~uij � ~nij, reduced cost ~cpij ¼ ~clij � ~pi þ ~pj, where ~cpij ¼ ~cij. For all

arcs, if ~nij [ ~0, then include the corresponding arc in eGl with arc capacity ~ulji ¼ ~nij
and modified cost ~cpji ¼ ~clji þ ~pi � ~pj, where ~c

l
ji ¼ �~cij.

Using the properties and lemmas presented below, we introduce algorithm for
the minimum cost flow finding in the network with fuzzy arc capacities and
transmission costs.

Algorithm of the minimum cost flow finding in the network with fuzzy arc
capacities and transmission costs

Step 1. Introduce initial values: ~nij ¼ ~0; ~p xið Þ ¼ ~0;~e xið Þ~qi for 8 xi 2 X.
Step 2. Check the existence of the exceed in the node s.
2.1. If there is the exceed in the node s, i.e. ~eðsÞ� ~0, go to the step 3.
2.2. If there is no exceed in the node s, therefore, given flow value is found. To

find its minimum cost turn to the given costs from the reduced ones, exit.
Step 3. Build fuzzy residual network eGl according to the rule 2.4. In the first

step fuzzy residual network coincides with the original one due to the equality
~nij ¼ ~0, and reduced costs coincide with initial ones, since ~p ¼ ~0.

Step 4. Determine the minimum cost path ePl from s to t using E. Dijkstra’s
algorithm in the residual network, based on the reduced costs ~cpij.

4.1. If the path exists, i.e. the permanent label is assigned to the node t, stop and
go to the step 5.
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4.2. If the path does not exist, i.e. vertex t is not reachable, then the task has no
solution, exit.

Step 5. Pass ~dl ¼ min ~u ePl
� �

;~eðsÞ;�~eðtÞ� 	
flow units along the found path ePl,

where ~u ePl
� �

—arc capacity of the path ePl, defined by the minimum from the arc

capacities of this path, i.e. ~u ePl
� � ¼ min ~ulij

h i
, xli ; x

l
j

� �
2 ePl.

Step 6. Define new values of the node potentials, as:

~p xið Þ ¼ ~p xið Þ � ~clðs; xiÞ; if the node xli has permanent label;
~p xið Þ � ~clðs; tÞ; in other case:

�
ð2:17Þ

Step 7. Update flow values in the graph eG: for arcs xli ; x
l
j

� �
62 eA, xli ; x

l
j

� �
2 eAl

in eGl change the flow ~nji along the corresponding arcs xj; xi
� �

of eG from ~nji to
~nij � ~dl. For the arcs xli ; x

l
j

� �
2 eA, xli ; x

l
j

� �
2 eAl in eGl change the flow ~nij along

the corresponding arcs xi; xj
� �

of eG from ~nij to ~nij þ ~dl, replace the flow value in the

graph eG: ~nij ! ~nij þ ~dlePl and turn to the step 2.
Since using the algorithm of E. Dijkstra we are interested in the way of the

minimum cost from the source to the sink, there is no need to find the minimum
cost path from the source to all vertices (as it is traditionally applied in the algorithm
of E. Dijkstra). Consequently, the termination criterion of the minimum cost path
algorithm of E. Dijkstra is not attributing the permanent marks to all vertices, and
the attribution of the permanent mark to the sink node. Then updating the node
potential, as it is presented in the step 6 of the minimum cost flow algorithm will
occur according to (2.17).

Let us show that this statement is true.
Thus, the new potential of the node xi is replaced by the difference ~p xið Þ � ~cl s; xið Þ

in the shortest path from s to xli , if the node is assigned a permanent mark, which was
shown in Lemma 2.1. If some vertices xi have temporary labels, assign value ~p xið Þ �
~clðs; tÞ to the new values of the node potentials, i.e., the difference between the old
value of potential and the shortest path length (path of the minimum cost) from s to
t. This is true, because ~clðs; tÞ it is the greatest from the permanent marks, thus, these
nodes, except t are not involved in the choice of the minimum cost path. That is, when
the sink is reached, there is no need to consider nodes that haven’t received permanent
marks, so assign them the maximum of the obtained marks, i.e. ~clðs; tÞ.

If it is necessary to find the maximum flow having a minimal cost, you can apply
conventional algorithm of the minimum cost flow finding, but this algorithm
requires preliminary assignment of supply and demand nodes. Since, the maximum
required flow value is used as supply for the source and demand for the sink it is
necessary to solve preliminary the maximum flow task in the fuzzy network for the
supply and demand nodes assigning. Considering the computational complexity of
J. Edmonds and R. Karp’s algorithm for the maximum flow finding, it is advisable
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to consider the so-called algorithm of the subsequent shortest chain, described in
[12] and the chain is found by Ford’s algorithm [16].

Consider the numerical example that implements the algorithm of the minimum
cost flow finding in the network with fuzzy arc capacities and costs.

Numerical example 3
Let the network is represented in the form of the fuzzy directed graph in Fig. 2.26.
Values of arc capacities and transmission costs of the one flow unit are assigned to
the arcs of the graph. It is necessary to define the minimum transportation cost of
the fuzzy flow “near 18” units and represent the result in the form of the fuzzy
triangular number, if there are basic values of arc capacities and transmission costs,
represented in Figs. 2.27, 2.28, 2.29 and 2.30.

3 6 910 15 20 38 44 54 55 80
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( )ijuμ
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Fig. 2.27 Basic values of arc capacities
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Fig. 2.28 Basic values of transmission costs
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Fig. 2.29 Basic values of transmission costs
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Step 1. Define initial values of flows and node potentials equal to ~0 i.e.
~nij ¼ ~0; ~p xið Þ ¼ ~0. Assign the corresponding value of the exceed to each node

~e xj
� � ¼ ~qj þ

P
xi;xjð Þ2~A ~nij �

P
xj;xið Þ2~A ~nji, as shown in Fig. 2.31.

Step 2.1. Define the condition of the node s: ~eðsÞ ¼ 18þ ~0� ~0[ ~0, i.e. the
node has exceed, therefore, turn to the step 3.

Step 3. Fuzzy residual network eGl ¼ Xl; eAl
� �

coincides with the initial one,

presented in Fig. 2.31, as the arc flows equal to ~0.
Step 4. Define the minimum cost path from s to t using E. Dijkstra’s algorithm

in the residual network, represented in Fig. 2.31.
Let ~l xið Þ ¼ ~0—the label of the node xi.
Step 1. Let ~lðsÞ ¼ ~0 and consider this label as constant one. Let ~l xið Þ ¼ 1,

8xi 6¼ s and consider these labels as temporary. Let p = s.

First iteration

Step 2. Change the labels for all nodes with temporary labels according to the
following equality:

~l xið Þ ¼ min ~l xið Þ;~lðpÞþ~c p; xið Þ� 

: ð2:18Þ
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Fig. 2.30 Basic values of transmission costs

Fig. 2.31 Graph eG with given balances of the nodes
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CðpÞ ¼ CðsÞ ¼ x1; x2f g—all labels are temporary. Consider x1. We obtain the
following equation from (2.18):

~l x1ð Þ ¼ min 1; ~0þ þ 30
� 
 ¼ 30;

~l x2ð Þ ¼ min 1; ~0þ þ 20
� 
 ¼ 20:

Step 3. Define the minimum value for nodes
x1; x2; x3; t : min½30;20;1;1� ¼ 20, that corresponds to x2.

Step 4. Consider the label of the node x2 as constant ~lðx2Þ ¼ 20; p ¼ x2.
Step 5. p 6¼ t, turn to the step 2.

Second iteration

Step 2. Change the labels for all nodes with temporary labels.
CðpÞ ¼ Cðx2Þ ¼ t—all labels are temporary. We obtain the following equation

from (2.18):

~lðtÞ ¼ min ½1; 20þ 45� ¼ 65:

Step 3. Define the minimum value for nodes x1; x3; t : min½30;1; 65� ¼ 30, that
corresponds to x1.

Step 4. Consider the label of the node x1 as constant, ~lðx1Þ ¼ 30þ , p ¼ x1.
Step 5. p 6¼ t, turn to the step 2.

Third iteration

Step 2. Change the labels for all nodes with temporary labels.
CðpÞ ¼ Cðx1Þ ¼ fx2; x3g—only x3 has temporary label. We obtain the follow-

ing equation from (2.18):

~lðx3Þ ¼ min½1; 30þ 45� ¼ 75:

Step 3. Define the minimum value for nodes x3; t : min½75;65� ¼ 65, that cor-
responds to t.

Step 4. Consider the label of the node t as constant, ~lðtÞ ¼ 65þ ; p ¼ t.
Step 5. p ¼ t, therefore, we obtain the path of the minimum cost ~lðtÞ ¼ 65. Find

this path according to the following equation:

~lðx0iÞþ~cðx0i; xiÞ ¼ ~lðxiÞ: ð2:19Þ

In (2.19) x0i—the node, proceeding to the node xi in the path of the minimum cost
from s to xi.
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Define the node, proceeding to the node t in the path of the minimum cost from
s to t.

~lðx3Þþ~cðx3; tÞ 6¼ ~lðtÞ; since 75þ 60 6¼ 65;
~lðx2Þþ~cðx2; tÞ ¼ ~lðtÞ; since 20þ 45 ¼ 65:

Obtain the path x2 ! t. Define the node, proceeding to the node x2 in the path of
the minimum cost from s to t.

~lðx1Þþ~cðx1; x2Þ 6¼ ~lðx2Þ; since 30þ 10 6¼ 20;
~lðsÞþ~cðs; x2Þ ¼ ~lðx2Þ; since ~0þ 20 ¼ 20:

Therefore, the path s ! x2 ! t of the cost 65 units is obtained
Step 5. Pass ~dl ¼ minf~uðePlÞ;~eðsÞ; �~eðtÞg, i.e. ~dl ¼ minf~8;25;18;18g ¼ ~8

flow units along the found path.
Step 6. Define new values of the node potentials:

~pðsÞ ¼ ~0� ~0 ¼ ~0;

~pðx1Þ ¼ ~0� 30 ¼ �30;

~pðx2Þ ¼ ~0� 20 ¼ �20;

~pðx3Þ ¼ ~0� 65 ¼ �65;

~pðtÞ ¼ ~0� 65 ¼ �65:

Step 7. Update the flow values in eG.
The flow ~nij ¼ ~0 turns to ~8 units. Build the graph with the new flow value, as

shown in Fig. 2.32 and turn to the step 2.

Fig. 2.32 Graph eG with the flow of ~8 flow units and node potentials
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Step 2. Check, if there is exceed in the node s. Since ~eðsÞ ¼ 18þ ~0� ~8[ ~0, i.e.
the node has exceed, therefore, turn to the step 3.

Step 3. Calculate the new values of the reduced costs according to the paths
lengths from s to t:

~cpsx1 ¼ ~clsx1 � ~ps þ ~px1 ¼ 30� ~0� 30� ~0;

~cpx2s ¼ ~clx2s � ~px2 þ ~ps ¼ 20þ 20þ ~0 ¼ ~0;

~cpx1x2 ¼ ~clx1x2 � ~px1 þ ~px2 ¼ 10þ 30� 20 ¼ 20;

~cpx1x3 ¼ ~clx1x3 � ~px1 þ ~px3 ¼ 45þ 30� 65 ¼ 10;

~cpx2t ¼ ~clx2t � ~px2 þ ~pt ¼ 45þ 20� 65 ¼ ~0;

~cptx2 ¼ ~cltx2 � ~pt þ ~px2 ¼ �45þ 65� 20 ¼ ~0;

~cpx3t ¼ ~clx3t � ~px3 þ ~pt ¼ �60þ 65� 65 ¼ 60:

Build fuzzy residual network eGl according to the flow values passing along the
arcs of the graph in Fig. 2.32 and calculated reduced costs, as shown in Fig. 2.33.

Step 4. Define the minimum cost path from s to t according to the E. Dijkstra’s
algorithm in the residual network, represented in Fig. 2.33: s ! x1 ! x2 ! t.

Step 5. Pass ~dl ¼ minf~uðePlÞ;~eðsÞ;�~eðtÞg, i.e. ~dl ¼ minf36; 18; 17;
ð18þ ~0� ~8Þ, �ð�18þ ~8� ~0Þg ¼ 10 flow units along the found path.

Step 6. Define new values of the node potentials:

~pðsÞ ¼ ~0� ~0 ¼ ~0;

~pðx1Þ ¼ �30� ~0 ¼ �30;

~pðx2Þ ¼ �20� 20 ¼ �40;

~pðx3Þ ¼ �65� 10 ¼ �75;

~pðtÞ ¼ �65� 20 ¼ �85:

Fig. 2.33 Fuzzy residual network eGl for the graph in Fig. 2.32
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Step 7. Update the flow values in eG.
The flow ~nij ¼ ~8 turns to 18 units. Build the graph with the new flow value, as

shown in Fig. 2.34 and turn to the step 2.
Step 2. Check, if there is exceed in the node s. Since ~eðsÞ ¼ 18þ ~0� 18 ¼ ~0,

then the node s is balanced. Therefore, given flow value of the minimum cost is
found.

Define the cost of the flow, which is equal to 18 flow units, as: 10 	 30þ
~8 	 20þ 10 	 10þ 18 	 45 ¼ 1370 conventional units.

Let us define the uncertainty borders of the obtained fuzzy number 18, corre-
sponded to the maximum flow in the graph eG. Found result is between two basic
neighboring values of arc capacities: 15 with the left deviation lL1 ¼ 5, the right
deviation—lR1 ¼ 5 and 31 with the left deviation lL2 ¼ 8, the right deviation—lR2 ¼ 7,
presented in the form of fuzzy triangular numbers. According to (2.4) we obtain:

lL ¼ ða2 � a0Þ
ða2 � a1Þ � lL1 þ 1� ða2 � a0Þ

ða2 � a1Þ

 �

� lL2 ¼ ð31� 18Þ
ð31� 15Þ � 5þ 1� ð31� 18Þ

ð31� 15Þ

 �

� 8

¼ 5:5625 � 6;

lR ¼ ða2 � a0Þ
ða2 � a1Þ � lR1 þ 1� ða2 � a0Þ

ða2 � a1Þ

 �

� lR2 ¼ ð31� 18Þ
ð31� 15Þ � 5þ 1� ð31� 18Þ

ð31� 15Þ

 �

� 7

¼ 5:375 � 5:

Therefore, we can represent the value of the maximum flow in the form of the
fuzzy triangular number (18,6,5), as shown in Fig. 2.35.

According to the Fig. 2.35 the flow (18,6,5) of the minimum cost with the
degree of confidence equals to 0,7 should be in the interval [16,20], but anyway the
flow of the minimum cost will be no less, than 12 units and no more than 23 units.

Let us represent the minimum transportation cost of (18,6,5) flow units equals to
1370 conventional units in the form of the fuzzy triangular number.

Fig. 2.34 Graph eG with the flow of 18 units and node potentials

2.4 Minimum Cost Flow Finding in a Network … 57



Let us define the uncertainty borders of the obtained fuzzy number 1370 con-
ventional units. Found result is between two basic neighboring values of arc
capacities: 1250 with the left deviation lL1 ¼ 150, right deviation—lR1 ¼ 170 and
1530 with the left deviation lL1 ¼ 150, right deviation—lR1 ¼ 170. According to
(2.4) we obtain:

lL ¼ ða2 � a0Þ
ða2 � a1Þ � lL1 þ 1� ða2 � a0Þ

ða2 � a1Þ

 �

� lL2 ¼ ð1530� 1370Þ
ð1530� 1250Þ � 150þ 1� 160

280


 �
� 150

¼ 150:2 � 150;

lR ¼ ða2 � a0Þ
ða2 � a1Þ � lR1 þ 1� ða2 � a0Þ

ða2 � a1Þ

 �

� lR2 ¼ ð1530� 1370Þ
ð1530� 1250Þ � 170þ 1� 160

280


 �
� 170

¼ 170:1 � 170:

Therefore, we can represent the minimum flow transportation cost in the form of
the fuzzy triangular number (1370,150,170), as shown in Fig. 2.36.

According to the Fig. 2.36 the minimum transportation cost of (18,6,5) flow
units with the degree of confidence equals to 0,8 should be in the interval
[1340,1404] conventional units, but anyway the minimum transportation cost of
(18,6,5) units should be no less than 1220 and no more than 1540 conventional
units.

1
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Fig. 2.35 Given flow in the
form of the fuzzy triangular
number of (18,6,5) units
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Fig. 2.36 The minimum
transportation cost in the form
of the fuzzy triangular number
of (1370,150,170)
conventional units
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2.5 Minimum Cost Flow Finding in a Network with Fuzzy
Nonzero Lower, Upper Flow Bounds
and Transmission Costs

Fundamental problem, arising in the flow researches is the minimum cost flow
finding in the network with nonzero lower flow bounds. This problem statement
[23] is valid, when it is necessary to define the transportation routes of the minimum
cost, taking into account transportation profitability set as the minimum flow value,
that should be passed along the arcs.

In the real life it is impossible to consider this problem excluding changes in the
environment and human activity, as such parameters of the network, as lower and
upper flow bounds and transmission costs cannot be accurately measured.
Therefore, these parameters should be represented in the fuzzy form. Thus, we
obtain the problem statement of the minimum cost flow finding in the network with
fuzzy nonzero lower, upper flow bounds and costs. This task will have a solution if
the restriction on arc capacities will be satisfied for all arcs of the graph (2.22), and
if the given flow value will not exceed the maximum flow in the graph. The
problem statement can be represented as follows:X

ðxi;xjÞ2eA
~cij~nij ! min; ð2:20Þ

X
xj2CðxiÞ

~nij ¼
X

xk2C�1ðxiÞ
~nki ¼

~q; xi ¼ s;
�~q; xi ¼ t;
~0; xi 6¼ s; t;

8<
: ð2:21Þ

~lij � ~nij � ~uij; 8 ðxi; xjÞ 2 eA: ð2:22Þ

The flow task of the minimum cost flow finding in the network with fuzzy
nonzero lower flow bounds, presented by the model (2.20)–(2.22) was considered
in [10]. The methods of its solution in fuzzy conditions were not considered in the
literature. Therefore, it is necessary to develop method, realized this task in fuzzy
conditions.

To solve this problem it is necessary to introduce the rules of turning to the fuzzy
graph without lower bounds flows (the rule 2.5) and search the maximum flow in it.
The minimum cost flow is defined in the fuzzy residual network without lower flow
bounds, constructed according to the Definition 2.6. After transition to the graph
with the feasible flow, search given flow value of the minimum cost according to
the construction of the fuzzy residual network with the feasible flow (rule 2.6).
Present rules and definitions obtained by the synthesis of basic properties of the
algorithm of the minimum cost flow finding with nonzero lower flow bounds,
described in [10].
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Rule 2.5 of turning to the corresponding fuzzy graph without lower flow bounds
from fuzzy graph with nonzero lower bounds flows for solving the minimum cost
flow problem with fuzzy nonzero lower flow bounds

Turn to the fuzzy graph eG� ¼ ðX�; eA�Þ without lower flow bounds from the
given fuzzy graph eG ¼ ðX; eAÞ with nonzero lower flow bounds. Introduce artificial
nodes s� and t�, the arc ðt; sÞ with ~u�ts ¼ 1, ~l�ts ¼ ~0, ~nij þ ~dlePl in the new graph eG.

For each node ðxi; xjÞ in eG with ~lij 6¼ ~0: (1) decrease ~uij to ~u�ij ¼ ~uij �~lij, ~lij to ~0,

~cð~nij þ ~dlePlÞ. (2) Introduce arcs ðs�; xjÞ and ðxi; t�Þ with flow bounds equal to

~u�s�xj ¼ ~u�xit� ¼ ~lij, ~l�s�xj ¼ ~l�xit� ¼ ~0, costs ~c�s�xj ¼ ~c�xit� ¼ ~0. Arcs without lower flow

bounds are the same for eG�: for any arc ðxi; xjÞ with ~lij ¼ ~0 is ~u�ij ¼ ~uij, ~c�ij ¼ ~cij.

Definition 2.6 Fuzzy residual network for the graph eG� ¼ ðX�; eA�Þ without lower
flow bounds for solving the minimum cost flow problem with fuzzy nonzero lower
flow bounds—the network eG�l ¼ ðX�l; eA�lÞ, where X�l ¼ X�—the set of the
nodes of the fuzzy residual network with artificial nodes,eA�l ¼ \~u�lij =ðx�li ; x�lj Þ[

n o
—fuzzy set of the arcs of the network eG�l, con-

structed according the following rules: for all arcs, if ~n�ij\~u�ij, then include corre-

sponding arc in eG�l with arc capacity ~u�lij ¼ ~u�ij � n�ij, modified cost ~c�lij ¼ ~c�ij. For

all arcs, if ~n�ij [ ~0, then include corresponding arc in eG�l with arc capacity

~u�lji ¼ n�ij, modified cost min½28;~8� ¼ ~8.

The rule 2.6 of the fuzzy residual network constructing with the feasible flow
vector for solving the minimum cost flow problem with fuzzy nonzero lower flow
bounds

For all arc, if ~n�s�x3 ¼ ~0, then include the corresponding arc in eGlð~nÞ with arc

capacity ~ulij ¼ ~uij � ~nij, modified cost ~clij ¼ ~cij. For all arc, if ~nij [~lij, then include

the corresponding arc in eGlð~nÞ with arc capacity ~ulji ¼ ~nij �~lij, modified cost
~clji ¼ �~cij.

Based on the proposed rule represent algorithm for solving this task.
The minimum cost flow finding algorithm in the network with fuzzy non-

zero lower, upper flow bounds and costs
Strep 1. Determine, if the task has a solution
1.1. If

P
~lij 6¼~0

~lij � ~q, turn to the step 2.

1.2. If
P

~lij 6¼~0
~lij [ ~q, the task has no solution, exit.

Step 2. Let us define if the initial graph eG ¼ ðX; eAÞ has the feasible flow. Turn
to the graph eG� ¼ ðX�; eA�Þ without lower flow bounds according to the rule 2.5.

Step 3. Build a fuzzy residual network starting with zero flows according to the
Definition 2.6.

Step 4. Search the shortest path eP�l in terms of the number of arcs from the
artificial source s� to the artificial sink t� in the constructed fuzzy residual network
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starting with zero flow values. The choice of the shortest path is according to the
breadth-first search.

4.1. If the eP�l is found, go to the step 5.
4.2. The flow value ~/\

P
~lij 6¼0

~lij is obtained, which is the maximum flow in eG�,
if the path is failed to find. It means that it is impossible to pass any unit of flow, but
not all the artificial arcs are saturated. Therefore, initial graph eG has no feasible
flow and the task has no solution. Exit.

Step 5. Pass the minimum from the arc capacities ~d�l ¼ min½~uðeP�lÞ�,
~uðeP�lÞ ¼ min½~u�lij �, ðx�li ; x�lj Þ 2 eP�l along the path eP�l.

Step 6. Update the fuzzy flow values in the graph eG�: change the fuzzy flow ~n�ji
along the corresponding arcs ðx�j ; x�i Þ from eG� by ~n�ji � ~d�l for arcs ðx�li ; x�lj Þ 62 eA�,

ðx�li ; x�lj Þ 2 eA�l in eG�l. Change the fuzzy flow ~n�ij along the arcs ðx�i ; x�j Þ from eG�

by ~n�ij � ~d�l for arcs ðx�li ; x�lj Þ 2 eA�, ðx�li ; x�lj Þ 2 eA�l in eG�l. Replace ~n�ij by
~n�ij þ ~d�leP�l.

Step 7. Provide a comparison of the ~n�ij þ ~d�leP�l и
P

~lij 6¼~0
~lij:

7.1. If the flow value ~n�ij þ ~d�leP�l of the minimum cost ~cð~n�ij þ ~d�leP�lÞ of the

value ~r� is less than
P

~lij 6¼~0
~lij and less than given flow value ~q, i.e.

~r�\
P

~lij 6¼~0
~lij � ~q, i.e. not all artificial arcs become saturated, go to the step 3, i.e.

to constructing of the new incremental graph with the flow passing along the arcs
until ~n�ij þ ~d�leP�l becomes equal to

P
~lij 6¼~0

~lij.

7.2. If the flow value ~n�ij þ ~d�leP�l of the minimum cost ~c ~n�ij þ ~d�leP�l
� �

of the

value ~r� is equal to
P

~lij 6¼~0
~lij and no more than ~q, ~r� ¼ P

~lij 6¼~0
~lij � ~q, i.e. all

artificial arcs become saturated, then the value ~n�ij þ ~d�leP�l is required value of the

maximum flow ~r� of the minimum cost ~c ~n�ij þ ~d�leP�l
� �

. In this case, all arcs

leaving the artificial source and entering artificial sink become saturated, and the
flow along the artificial arc ðt; sÞ in eG� determines the feasible flow in the initial
graph eG of the value ~r ¼ ~n�ts. Turn to the graph eG from the graph eG� according to

the rule 2.2. The network eGð~nÞ with the feasible is obtained. Determine, if the flow
is optimal.

7.2.1. If the flow in eGð~nÞ is equal to ~q of the cost
P

ðxi;xjÞ2~A ~cij
~nij, we find the

minimum cost flow, the end.

7.2.2. If the flow in eG ~n
� �

is less than ~q of the cost
P

ðxi;xjÞ2~A ~cij
~nij, we obtain the

network eG ~n
� �

with the feasible flow. Turn to the step 8.

Step 8. Construct the residual network eGl ~n
� �

taking into account the feasible

flow vector ~n ¼ ~nij
� �

in the graph eG according to the rule 2.6.
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Step 9. Define the shortest path ePl from the source to sink in the constructed

residual network eGl ~n
� �

according to L. Ford’s algorithm.

9.1. Go to the step 10 if the augmenting path ePl is found.
9.2. Given flow value exceeds the maximum flow in the graph eG if the path is

failed to find, i.e. ~q[~v and the task has no solution, the end.

Step 10. Pass ~dl ¼ min ~u ePl
� �� 


, ~u ePl
� � ¼ min ~ulij

h i
, xli ; x

l
j

� �
2 ePl along the

found path.
Step 11. Update the fuzzy flow values in the graph eG: replace the fuzzy flow ~nji

along the corresponding arcs xj; xi
� �

from eG by ~nji � ~dl for arcs xli ; x
l
j 62 eA� �

,

xli ; x
l
j 2 eAl

� �
in eGl ~n

� �
and change the fuzzy flow ~nij along the arcs xi; xj

� �
from

eG by ~nij þ ~dl for arcs xli ; x
l
j 2 eA� �

, xli ; x
l
j

� �
2 eAl in eGl ~n

� �
and replace the flow

value in eG: ~nij ! ~nij þ ~dlePl and turn to the step 12.

Step 12. Compare the flow value ~nij þ ~dlePl and ~q:

12.1. If the flow value ~nij þ ~dlePl of the minimum cost ~c ~nij þ ~dlePl
� �

is less than

~q, then replace ~nij by ~nij þ ~dlePl and turn to the step 8.

12.2. If the flow value ~nij þ ~dlePl of the minimum cost ~c ~nij þ ~dlePl
� �

is equal to

~q, therefore, the given flow value of the minimum cost is found, the end.

12.3. If the flow value ~nij þ ~dlePl ¼ ~h of the minimum cost ~c ~nij þ ~dlePl
� �

is

more than ~q, then required flow is ~nij þ ~dl � ~hþ eP� �ePl of the minimum cost

~c ~nij þ ~dl � ~hþ eP� �ePl
� �

, the end.

Let us consider step 9 of the algorithm in details. As the lengths of the shortest
paths from s to any other node are found (they are the final label values), then paths
can be obtained via recursive procedure using the following relation:

l xið Þþ~c xi; tð Þ ¼ l tð Þ: ð2:23Þ

As the node xi precedes the node t in the shortest path from s to t, then for any
node x0i the corresponding preceding arc xi can be found as one of the remaining
arcs, for which (2.23) is true. Due to the specific of flow tasks and rules of con-

struction the incremental graphs (the reverse arc xlj ; x
l
i

� �
is introduced with arc

capacity ~ulji ¼ ~nij, when the flow ~nij [ ~0 is passing along the arc and artificial arcs
of zero cost exist) finding the shortest path via recursive procedure, cycles can
appear. If the node enters the cycle, the path is deleted and the alternative path of
the minimum cost is selected (the alternative path cost and the path with cycles cost
is equal).
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Minimum cost maximum flow finding in the network with fuzzy nonzero lower,
upper flow bounds and costs ~clij � ~0

Let it is necessary to find the minimum transmission cost of the maximum flow
in the network taking into account restrictions on upper and lower flow bounds.
This task isn’t considered in the literature in fuzzy conditions, as lower, upper flow
bounds and transmission costs can not be precisely defined. The range of factors,
described in 1.2.1 influence parameters. Therefore, we come to the minimum cost
maximum flow finding task with nonzero lower flow bounds in fuzzy conditions.
The problem statement of this task is as follows:X

xi;xjð Þ2~A
~cij~nij ! min; ð2:24Þ

X
xj2C xið Þ

~nij ¼
X

xk2C�1 xið Þ
~nki ¼

~v; xi ¼ s;
�~v; xi ¼ t;
~0; xi 6¼ s; t;

8<
: ð2:25Þ

~lij � ~nij � ~uij; 8 xi; xj
� � 2 eA ð2:26Þ

In the model (2.24)–(2.26) eGl ~n
� �

—the maximum fuzzy flow value, which

transmission cost should be minimized.
Let us consider algorithm of the minimum cost maximum flow finding in the

network with fuzzy nonzero upper, lower flow bounds and costs [24].
Step 1. Let us define if the initial graph eG ¼ ðX; eAÞ has the feasible flow. Turn

to the graph eG ¼ X�; eA�
� �

without lower flow bounds according to the rule 2.5.

Step 2. Starting with zero flows, build a fuzzy residual network eG�l starting with
zero flows according to the Definition 2.6.

Step 3. Search the shortest path eP�l in terms of the number of arcs from the
artificial source s� to the artificial sink t� in the constructed fuzzy residual network
starting with zero flow values. The choice of the shortest path is according to L.
Ford’s algorithm.

3.1. If the eP�l is found, go to the step 4.
3.2. The flow value ~/�\

P
~lij 6¼~0

~lij is obtained, which is the maximum flow ineG�, if the path is failed to find. It means that it is impossible to pass any unit of flow,
but not all the artificial arcs are saturated. Therefore, initial graph eG has no feasible
flow and the task has no solution. Exit.

Step 4. Pass the minimum from the arc capacities ~d�l = min[~uðeP�lÞ�,
~uðeP�lÞ ¼ min½~u�lij �, ðx�li ; x�lj Þ 2 eP�l along the path eP�l.

Step 5. Update the fuzzy flow values in the graph eG�: change the fuzzy flow ~n�ji
along the corresponding arcs ðx�j ; x�i Þ from eG� by ~n�ji - ~d

�l for arcs ðx�li ; x�lj Þ 62 eA�,
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ðx�li ; x�lj Þ 2 eA�l in eG�l. Change the fuzzy flow ~n�ij along the arcs ðx�i ; x�j Þ from eG�

by ~n�ij þ ~d�l for arcs ðx�li ; x�lj Þ 2 eA�, ðx�li ; x�lj Þ 2 eA�l in eG�l. Replace ~n�ij by
~n�ij þ ~d�leP�l.

Step 6. Provide a comparison of the flow vector ~n�ij þ ~d�leP�l and
P

~lij 6¼~0
~lij:

6.1. If the flow vector ~n�ij þ ~d�leP�l of the minimum cost ~cð~n�ij þ ~d�leP�lÞ of the
value ~r� is less than

P
~lij 6¼~0

~lij, i.e. not all artificial arcs become saturated, go to the

step 2, i.e. to constructing of the new incremental graph with the flow passing along
the arcs until ~n�ij þ ~d�leP�l becomes equal to

P
~lij 6¼~0

~lij.

6.2. If the flow value ~n�x1x3 ¼ ~0þ ~0 ¼ ~0 of the minimum cost ~n�x1t� ¼ ~8þ ~0 ¼ ~8 is

equal to ~n�x2x3 ¼ ~0þ ~0 ¼ ~0, i.e. all arcs from the artificial source to the artificial sink

become saturated, then the value ~n�x2t ¼ ~0þ ~0 ¼ ~0 is required value of the maxi-

mum flow ~n�x3t ¼ ~0þ ~8 ¼ ~8 of the minimum cost ~cð~n�ij þ ~d�leP�lÞ. In this case the

flow passing along the artificial arc ~n�ij ¼ ~8 in eG� determines the feasible flow in the

initial graph eG� of the value ~r ¼ ~n�ts. Turn to the graph eG from the graph eG�

according to the rule 2.2. The network is obtained. Go to the step 7.
Step 7. Construct the residual network eGlð~nÞ taking into account the feasible

flow vector ~n ¼ ð~nijÞ in the graph eG according to the rule 2.6.

Step 8. Define the shortest path ePl according to L. Ford’s algorithm in the
constructed residual network eGlð~nÞ.

8.1. Go to the step 9 if the augmenting path ePl is found.
8.2. The maximum flow ~nij þ ~dlePl ¼ ~v in eG is found if the path is failed to find,

then stop.
Step 9. Pass ~dl ¼ min½~uðePlÞ�, ~uðePlÞ ¼ min½~ulij�, ðxli ; xlj Þ 2 ePl along the found

path.
Step 10. Update the fuzzy flow values in the graph ~n�sx2\~u�sx2 : replace the fuzzy

flow ~nji along the corresponding arcs ðxj; xiÞ from eG by ~nji � ~dl for arcs

ðxli ; xlj Þ 62 eA, ðxli ; xlj Þ 2 eAl in eGlð~nÞ and change the fuzzy flow ~nij along the arcs

ðxi; xjÞ from eG by ~nij þ ~dl for arcs ðxli ; xlj Þ 2 eA, ðxli ; xlj Þ 2 eAl in eGlð~nÞ and replace

the flow value in eG: ~nij ! ~nij þ ~dlePl and turn to the step 7 starting from the new
flow value along the arcs.

Give the proof of the main items of the algorithm. Introduce Theorem 2.4, that
shows if the flow equals the sum of the lower flow bounds in eG is found in eG�, then
original graph eG has feasible flow.

Theorem 2.4 If the maximum flow of the minimum cost in eG� is equal to the sum of
the lower flow bounds ~r� ¼ P

~lij 6¼~0
~lij, then the flow of the value ~r ¼ ~n�ts exists in eG.
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Proof Proof that if the maximum flow in eG� is equal to the sum of the lower flow
bounds ~r� ¼ P

~lij 6¼~0
~lij, then the flow of the value ~r ¼ ~n�ts exists in eG is presented in

the Theorem 2.1. The required flow is the flow of the minimum cost according to
the correctness of L. Ford’s operations and equivalence of the minimum cost flow
finding in eG and eG�. Thus, it is necessary to pass flow value equals the sum of the
lower flow bounds along the paths of the minimum cost in ~8\36, where the flow
along the artificial arcs is used instead of lower flow bounds. If the feasible flow ineG exists, then all arcs with nonzero lower flow bounds in eG�l should be saturated,
i.e. the flow more, than lower flow bounds should pass along them. The costs of
artificial arcs are equal to ~n�s�x1\~u�s�x1 , therefore, the choice of these arcs and passing
the flow along them in ~u�ls�x1 ¼ 28� ~8 ¼ 20 doesn’t influence the minimum cost

search in ~n�s�x1 [
~0. Hence, we should pass the flow along the arcs with nonzero

lower flow bounds, arcs from artificial source and arcs to artificial sink according to
L. Ford’s algorithm in ~u�lx1s� ¼ ~0þ ~8 ¼ ~8 and obtain the minimum cost flow, that is
equivalent to the search of the minimum cost flow in the initial graph and doesn’t
influence the choice of the minimum cost paths. Theorem is proved.

Let us consider numerical example, implementing the minimum cost flow
finding algorithm with fuzzy nonzero lower, upper flow bounds and costs.

Numerical example 4
Let the network is represented in the form of the fuzzy directed graph in Fig. 2.37.
Values of upper and lower flow bounds and transmission costs of one flow unit are
assigned to arcs of the graph. It is necessary to determine the minimum transmission
cost 36 flow units for the given graph with lower flow bounds and present results in
the form of fuzzy triangular numbers or present, that this flow doesn’t exist.

Step 1. Define, if the task has a solution.
Step 1.1. As

P
~lij 6¼~0

~lij � ~q, i.e. 36 ¼ 36, then turn to the step 2.
Step 2. Turn to the construction of the graph without lower flow bounds

according to the rule 2.5, as shown in Fig. 2.38.

Fig. 2.37 Initial network eG
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Step 3. Fuzzy residual network eG�l coincides with the graph eG� without lower
flow bounds, presented in Fig. 2.38, as arc flows equal ~0.

Step 4. Find the shortest path according to the number of arcs from s� to t� in
fuzzy residual network eG�l : s� ! x1 ! t� of the cost ~0 conventional units.

Step 5. Pass ~d�l ¼ min ~u�lij
h i

, i.e. min½28;~8� ¼ ~8 flow un its along the path

s� ! x1 ! t�

Step 6. Update the flow values in eG�.
The flow ~n�ij ¼ ~0 turns to ~n�ij ¼ ~0þ ~8 ¼ ~8.
Build a graph with the new flow value. As shown in Fig. 2.39.
Step 7.1. As the obtained flow is less than the sum of the lower flow boundsP
~lij 6¼~0

~lij in eG� ~8\36
� �

, turn to the step 3, i.e. to construction of the fuzzy residual

network eG�l with the flow, presented in Fig. 2.39.

Fig. 2.38 Graph eG� without lower flow bounds

Fig. 2.39 Graph eG� with the new flow value of ~8 units
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Step 3. Define arc capacities of the fuzzy residual network eG�l due to the flow
values, passing along the arcs of the graph in Fig. 2.39.

Build fuzzy residual network, as shown in Fig. 2.40.
Step 4. Find the shortest path according to the number of arcs from s� to t� ineG�l due to the L. Ford’s algorithm: s� ! x3 ! t ! s ! t� of the cost 53 con-

ventional units.

Step 5. Pass ~d�l ¼ min ~u�lij
h i

, i.e. min ½~8;30;1; 28� ¼ ~8 flow units along the

path s� ! x3 ! t ! s ! t�.
Step 6. Update the flow values in eG�.
The flow ~n�ij ¼ ~8 turns to ~n�ij ¼ ~8þ ~8 ¼ 16.
Build graph with the new flow value, as shown in Fig. 2.41.
Step 7.1. Since the obtained flow is less than the sum of the lower flow boundsP
~lij 6¼~0

~lij in eG� 16\36ð Þ, turn to the step 3.

Step 3. Determine arc capacities of the network eG�l due to the flow values,
passing along the arcs of the graph in Fig. 2.41.

Build fuzzy residual network, as shown in Fig. 2.42.
Step 4. Find the shortest path according to the number of arcs from s� to t� ineG�l due to the L. Ford’s algorithm: s� ! x1 ! x3 ! t ! s ! t� of the cost of 95

units.

Step 5. Pass ~d�l ¼ min ~u�lij
h i

, i.e. min½20;17; 22; 1; 20� ¼ 17 flow units along

the path s� ! x1 ! x3 ! t ! s ! t�.

Fig. 2.40 Fuzzy residual network eG�l for graph in Fig. 2.39
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Step 6. Update flow values in eG�.
The flow ~n�ij ¼ 16 turns to ~n�ij ¼ 16þ 17 ¼ 33.
Build graph with the new flow value, as shown in Fig. 2.43.
Step 7.1. Since the obtained flow is less than the sum of the lower flow boundsP
~lij 6¼~0

~lij in eG� 33\36ð Þ, turn to the step 3.

Step 3. Define arc capacities of the fuzzy residual network eG�l due to the flow
values, passing along the arcs of the graph in Fig. 2.43.

Build fuzzy residual network, as shown in Fig. 2.44.

Fig. 2.41 Graph eG� with the new flow value of 16 units

Fig. 2.42 Fuzzy residual network eG�l for graph in Fig. 2.41
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Step 4. Find the shortest path according to the number of arcs from s� to t� ineG�l due to the L. Ford’s algorithm: s� ! x1 ! x2 ! t ! s ! t� of the cost и 160
conventional units.

Step 5. Pass ~d�l ¼ min ~u�lij
h i

, i.e. min ½3; 21; ~8; 1; ~3� ¼ ~3 flow units along the

path s� ! x1 ! x2 ! t ! s ! t�.
Step 6. Update flow values in eG�.
The flow ~n�ij ¼ 33 turns to ~n�ij ¼ 33þ ~3 ¼ 36. Build graph with the new flow

value, as shown in Fig. 2.45.

Fig. 2.43 Graph eG� with the new flow value of 33 units

Fig. 2.44 Fuzzy residual network eG�l for the graph in Fig. 2.43
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Step 7.2.2. Since the obtained flow is equal to the sum of the lower flow boundsP
~lij 6¼~0

~lij and given flow ~q 36 ¼ 36 ¼ 36ð Þ in eG, the maximum flow is found in eG�,

therefore, there is a feasible flow in the initial eG, which is equal to the flow, passing
along the artificial arc ðt; sÞ. Therefore, the feasible flow in eG, defined by the rule
2.2, is presented in Fig. 2.46 and is equal to 28 units, that is less, than 36 units, thus,
turn to the step 8.

Step 8. Define arc capacities of the network eGl ~n
� �

according to the rule 2.6 for

the graph in Fig. 2.46 according to the flow values, passing along the arcs of the
graph.

Build fuzzy residual network, as shown in Fig. 2.47.
Step 9. Find the shortest path according to the number of arcs from s to t in eGl

due to the L. Ford’s algorithm: s ! x1 ! x2 ! t of the cost 202 conventional units.

Step 10. Pass ~dl ¼ min ~ulij
h i

, i.e. min 14;18;~5
� 
 ¼ ~5 flow units along the path

s ! x1 ! x2 ! t.

Fig. 2.45 Graph eG� with the new flow value of 36 units

Fig. 2.46 Graph eGð~nÞ with the feasible flow of units 28
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Step 11. Update the flow values in eG ~n
� �

.

Step 12.1. Compare the flow value ~nij þ ~dlePl and ~q. As 33\36 change ~nij by
~nij þ ~dlePl, as shown in Fig. 2.48.

The flow ~nij ¼ 28 turns to ~nij ¼ 28þ ~5 ¼ 33, go to the step 9.

Step 8. Define arc capacities of the fuzzy residual network eGl ~n
� �

due to the

rule 2.7 for the graph in Fig. 2.48 according to the flow values, passing along the
arcs of the graph.

Build fuzzy residual network, as shown in Fig. 2.49.
Step 9. Find the shortest path according to the number of arcs from s to t in eGl

due to the L. Ford’s algorithm: s ! x1 ! x2 ! x3 ! t of the cost 223 conventional
units.

Step 10. Pass ~dl ¼ min ~ulij
h i

, i.e. min ~9;13;~7;~5 ¼ ~5
� 


flow units along the path

s ! x1 ! x2 ! x3 ! t.

Step 11. Update flow values in eG ~n
� �

.

The flow ~nij ¼ 33 turns to ~nij ¼ 33þ ~5 ¼ 38. Build a graph with the new flow
value, as shown in Fig. 2.50 and turn to the step 12.

Fig. 2.47 Fuzzy residual network eGlð~nÞ for the graph in Fig. 2.46

Fig. 2.48 Graph eGð~nÞ with the feasible flow of 33 units

2.5 Minimum Cost Flow Finding in a Network … 71



Step 12.3. Compare flow value ~nij þ ~dlePl and ~q. Since 38[ 36, then required

flow value will be 33þð~5� 38þ 36Þ � ePl, i.e. 33þ ~3� ePl, whereePl ¼ s ! x1 ! x2 ! x3 ! t, that presented in Fig. 2.51.
Minimum transmission cost of 36 flow units is 36 	 30þ 11 	 65þ 25 	 42þ ~3 	

75þ ~8 	 95þ 28 	 53 ¼ 5314 conventional units.
Let us define deviation borders of obtained fuzzy number of 36 units, that

corresponds to the given flow value in eG. The found result is between two basic
neighboring values of fuzzy arc capacities: 31 with the left deviation lL1 ¼ 8, right

Fig. 2.49 Fuzzy residual network eGlð~nÞ for the graph in Fig. 2.48

Fig. 2.50 Graph eGð~nÞ with the feasible flow of 38 units

Fig. 2.51 Graph eGð~nÞ with the flow 36 units
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deviation—lR1 ¼ 7 and 44 with the left deviation lL2 ¼ 9, right deviation—lR2 ¼ 10.
According to (2.4) it is obtained:

lL ¼ ða2 � a0Þ
ða2 � a1Þ � lL1 þ 1� ða2 � a0Þ

ða2 � a1Þ

 �

� lL2¼
ð44� 36Þ
ð44� 31Þ � 8þð1� ð44� 36Þ

ð44� 31ÞÞ � 9

¼ 8:34 � 8;

lR ¼ ða2 � a0Þ
ða2 � a1Þ � lR1 þ 1� ða2 � a0Þ

ða2 � a1Þ

 �

� lR2¼
ð44� 36Þ
ð44� 31Þ � 7þð1� ð44� 36Þ

ð44� 31ÞÞ � 10

¼ 8:11 � 8:

Therefore, now we can represent the value of the given flow in the form of the
fuzzy triangular number (36,8,8), as shown in Fig. 2.52.

Due to the Fig. 2.52 the minimum cost flow with the degree of confidence equals
0,6 will be within the interval [33,39] , but anyway it will no less than 28 units and
no more than 44 units.

Let us represent the minimum transmission of (36,8,8) flow units equals 5314
conventional units in the form of the fuzzy triangular number.

Define uncertainty borders of the given fuzzy flow of 5314 conventional units.
The obtained result is between two basic neighboring values of fuzzy transmission
costs: 5050 with the left deviation lL1 ¼ 550, right deviation—lR1 ¼ 510 and 6620
with the left deviation lL2 ¼ 620, right deviation—lR2 ¼ 710. According to (2.4) it is
obtained:

lL ¼ ða2 � a0Þ
ða2 � a1Þ � lL1 þ 1� ða2 � a0Þ

ða2 � a1Þ

 �

� lL2¼
ð6620� 5314Þ
ð6620� 5050Þ � 550þ 1� 1306

1570


 �
� 620

¼ 562:9 � 563;

lR ¼ ða2 � a0Þ
ða2 � a1Þ � lR1 þ 1� ða2 � a0Þ

ða2 � a1Þ

 �

� lR2¼
ð6620 � 5314Þ
ð6620 � 5050Þ � 510þ 1� 1306

1570


 �
� 710

¼ 544:9 � 545:

Therefore, it is to represent the minimum transportation cost in the form of the
fuzzy triangular number (5314,563,545), as shown in Fig. 2.53.

1

( )aμ

a28

0,6

33 39 4436

Fig. 2.52 Given flow value
in the form of the fuzzy
triangular number of (36,8,8)
units
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Due to the Fig. 2.53 the minimum transmission cost of (36,8,8) flow units with
the degree of confidence 0,8 will be within the interval of [5201,5423] conventional
units, but anyway the minimum transmission cost of (36,8,8) flow units will be no
less, than 4751 and no more, than 5859 conventional units.

2.6 Summary

This chapter deals with main concepts of fuzzy logic. The basic flow tasks in fuzzy
networks are described. The factors leading to the problem statements in fuzzy
conditions are given. The conclusion is in necessity of flow tasks considering in
fuzzy conditions.
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