Chapter 2
Theoretical Framework

Jet physics, in particular at a hadron collider such as the LHC, cannot be understood
without being thoroughly familiar with the theory of the strong interaction: quantum
chromodynamics or short QCD. The material presented in this chapter is intended to
provide the required proficiency to comprehend experimental and phenomenological
publications on the subject of jet physics, some of which will be discussed in detail
in the later chapters of this book. Basic knowledge of other aspects of the Standard
Model (SM) of particle physics is implied or expected to be looked up in one of
the many relevant textbooks. Hints for further reading will be given at the relevant
occasions.

Before presenting a brief outline of the following sections, some notations need to
be specified. Natural units, i.e. s = ¢ = 1 will be employed throughout so that energy,
momentum, and mass all have unitsof eV = ¢ - 1 V &~ 1.6 x 10719 J. In this context,
it is particularly useful to recall that ic = 1 &~ 200MeV - fm can be exploited to
translate energy units into units of length and time. Cross sections are given in the
customary unit of “barn”,' 1b = 10~?*cm?, with metric prefixes of “pico” or “femto”
as appropriate for measurements in particle physics. The coordinate system that will
be used is shown in Fig.2.1, which defines the x, y, and z axes as well as some
angular quantities. Symbols written as p represent three-vectors, while p normally
denotes a four-vector. The notation for matrices is M.

This chapter starts with a historical overview of the development of QCD, followed
by a brief reminder of the basics of QCD theory. The next section deals with the
central aspects of perturbative QCD. Subsequently, Monte Carlo event generators
are introduced, followed by a thorough discussion of jet algorithms. The chapter is
completed by a section on theoretical uncertainties and associated techniques for
their evaluation.

I'The use of the unit “barn” goes back to December 1942, when it was introduced during wartime
by M.G. Holloway and C.P. Baker. Because of its connection to nuclear physics this information
was classified until 1948 [1].
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Fig. 2.1 Illustration of the coordinate system used by the LHC experiments at the example of
the CMS detector: The experiments define a right-handed coordinate system with its origin at the
nominal interaction point (IP) in the centre of the detector and the z axis pointing along the direction
of the counterclockwise beam. The x axis points from the IP to the centre of the LHC ring, and the y
axis points upwards, perpendicular to the plane of the LHC ring. Cylindrical coordinates (r, ¢) are
used in the transverse plane, ¢ being the azimuthal angle around the beam pipe. The pseudorapidity
is defined in terms of the polar angle 6 as n = —Intan(6/2); the rapidity, differing from » for
massive objects, is defined as y = 1/2 - In [(E + p.)/(E — p.)|. (llustration courtesy of D. Haitz
[2], background image source: CERN, CMS)

2.1 Historical Overview

Striving to describe as many phenomena in nature by as few fundamental assumptions
as possible, physicists followed in the footsteps of chemists by replacing the roughly
100 chemical “elements” of the periodic table by merely two “elementary particles”:
the positively charged proton and the negatively charged electron composing the
atomic nuclei and shells, respectively. To properly account for atomic weights and to
compensate the strongly repellent electrical force between the protons inside a nuclei,
the list had to be complemented with electrically uncharged neutrons discovered by
J. Chadwick in 1932 [3]. Theoretical developments by P.A.M. Dirac referring to
the quantum mechanical description of spin-% particles like the electron lead to the
prediction of anti-particles [4] and the discovery of the anti-electron, the positron, by
C.D. Anderson, also in 1932 [5]. Refining the technologies to observe cosmic rays,
the muon was found unexpectedly in 1936 by C.D. Anderson and S. Neddermeyer
[6] and first was mistaken for the so-called mu meson hypothesised one year earlier
by H. Yukawa as carrier particle of the strong nuclear force [7]. However, it could
be shown that the muon had the wrong properties and in particular did not take
part in nuclear reactions. The real mu meson, the pion, was observed only eleven
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Fig. 2.2 Octets of spin-O mesons (left) and spin—% baryons (right) arranged according to their
electrical charge g on the left-leaning diagonal and strangeness s on the horizontal lines. (Adapted
from Source: 2007 Wikipedia, Laurascudder [16])

years later in 1947 by C. Lattes, G. Occhialini, and C. Powell again while studying
cosmic radiation [8, 9]. In parallel, sophisticated technologies were developed in the
thirties and forties to accelerate charged particles, which later on gave an enormous
impetus to the field named elementary particle physics. Unfortunately, the huge
number of new “elementary” particles discovered in the fifties and sixties, most of
them subject to nuclear forces and hence collectively called hadrons in contrast to
leptons, rendered it again difficult to find the ordering principles behind this particle
Z00.

A clearer picture only started to emerge with the arrangement of the known spin-0
mesons and spin-% baryons into octets, cf. Fig. 2.2, according to their electrical charge
q and the new quantum property of strangeness s that seemed to be conserved in
the production process via nuclear collisions, but not in particle decays, which are
ascribed to the weak force. M. Gell-Mann coined the term the Eightfold Way for this
scheme and applying it to the spin—% baryons, cf. Fig.2.3, he and independently Y.
Ne’eman declared at the 1962 Rochester conference that a baryon 2~ with charge
q = —1 and strangeness s = —3 must exist [10], which was discovered two years
later in 1964 [11]. The basis for the successful explanation of the observed hadron
spectra essentially is their association with an approximate flavour SU (3) symmetry
group. For this connection, Gell-Mann and independently G. Zweig invented hadron
constituents such that all hadrons known at that time could be composed out of either
three such constituents for the baryons, or out of a constituent-anticonstituent pair
for the mesons [12—14]. Gell-Mann thought of these constituents as kworks, which
he later rewrote [15] into quarks after reading this expression in James Joyce’s
“Finnegans Wake”. These quarks were postulated to come in the three flavours up,
down, and strange, which are conserved in strong (nuclear) and electromagnetic
reactions, but not in weak decays.? The strangeness of a particle then simply counts
the number of antistrange minus the number of strange quarks, where the minus sign
is chosen in analogy to the sign of the quark’s electrical charge. Peculiarly, however,
the postulated quarks had to carry fractional electric charges of +2/3, —1/3 and
—1/3, a feature which was never observed in nature.

2Supposing there ought to be four constituents in analogy to the four leptons, e, i, Ve, and Vi,
known in 1963, Zweig dubbed them aces, but the name did not stick.
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Fig. 2.3 Decuplet of spin-% baryons arranged according to their electrical charge g on the left-
leaning diagonal and strangeness s on the horizontal lines. (Adapted from Source: 2007 Wikipedia,
Laurascudder [16])

Support for this quark constituent picture came from measurements of deep-
inelastic electron-nucleon scattering (DIS) by the SLAC-MIT experiment at the
Stanford Linear Accelerator Center [17, 18]. They confirmed a conjecture by J.D.
Bjorken from 1969 that the scattering cross section does not depend on the absolute
energy or the momentum transfer (squared), Q2, of the interaction but on dimen-
sionless quantities like energy ratios or angles [19]. This “scaling” behaviour of
the measured structure functions leads to a strikingly different prediction than a
cross section falling steeply with increasing momentum transfer as expected from
the product of elastic scattering and structure functions representing a finite size of
the nucleon charge distribution. Interpreting the momentum transfer of the electron-
nucleon scatter in terms of the spatial resolution at which the nucleons are probed,
the scaling behaviour translates into an independence of the resolution scale and
strongly suggests the presence of point-like scattering centres in a similar way that
E. Rutherford concluded on the existence of an atomic nucleus decades before. In
the slightly different context of high-energy hadron collisions such point-like con-
stituents had also been proposed by R.D. Feynman who had given them the name
partons, hence the name quark-parton model (QPM).

The so far missing dynamical description of strong interactions was greatly
advanced by M. Veltman and G.’t Hooft who proved in 1971 that non-Abelian gauge
field theories based on the special unitary group SU (N) are renormalisable [20]. The
candidate quantum field theory (QFT) of the strong interaction suggested by Gell-
Mann and H. Fritzsch in 1972 was just of this type [21]. In contrast to the previous
approximate SU (3) flavour symmetry that is explicitly broken by the different quark
masses, the new threefold quantum number called colour, originally suggested by
O. Greenberg [22], is associated with an exact SU (3) symmetry of nature and each
quark carries one of the three colours red, green, or blue. By attributing a different
colour to each quark of a baryon, one can elegantly solve the so-called spin-statistics
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problem. The A*" resonance shown in Fig. 2.3 top right has a spin of % and consists
of three u quarks leading to a fully symmetric wave function, in contradiction to
the Pauli principle that demands it to be fully antisymmetric. Using the new colour
degree of freedom for quarks, the wave function of the A™* can be antisymmetrised.

In analogy to quantum electrodynamics (QED), the gauge field theory of the
electromagnetic interaction that is based on the unitary group U (1), the theory of
the strong interaction is called quantum chromodynamics (QCD). Similarly to QED,
the strong force between the colour-charged quarks is mediated via eight massless
exchange bosons of spin-1, the gluons.> However, as a consequence of the non-
Abelian character of the SU(3) QCD gauge group, the eight gluons carry colour
charges and interact amongst themselves via triple and quartic gluon vertices. This is
a striking difference to the electromagnetic force, which is mediated by electrically
uncharged photons.

Despite the additional colour degree of freedom, however, there do not seem to
be any new hadrons associated with it. For an explanation the dynamics mediated by
the self-interacting gluons has to be scrutinised. In QFT the beta function encodes
the logarithmic dependence of a coupling parameter g on the relevant energy scale
w of a physical process:

dg

B(g) = Tlog()

(2.1)

DJ. Gross, H.D. Politzer, and F. Wilczek calculated in 1973 and 1974 in a pertur-
bative expansion the beta function of QCD to lowest order and found that it has a
negative sign in contrast to the beta function of QED [24-27]. As a consequence
the strong force increases with distance, inversely to the electromagnetic force, and
becomes small at very high energies, i.e. at subnuclear dimensions. This property is
called asymptotic freedom. Gross, Politzer, and Wilczek also noted that the approx-
imate scaling of structure functions of deep-inelastic electron-nucleon scattering as
observed in the SLAC-MIT experiment could now be understood in terms of a QFT.
The gross violation of scaling behaviour predicted by any QFT is, in agreement with
experiment, reduced to a mild logarithmic scaling violation in asymptotically free
theories. Thus, accounting for the gluon degrees of freedom, Feynman’s point-like
parton constituents of hadrons can be identified with the asymptotically free coloured
quarks, antiquarks, and gluons of QCD.

On the other hand the approximately linear growth in strength of the strong force
with increasing spatial separation between two colour charges leads to the fact that
colour-charged objects are confined to subnuclear dimensions. This property of QCD
is called confinement. Only entities that are colour singlets, i.e. without any net colour
charge, are not subject to strong interactions and can be observed as free particles.
This is in complete accordance with experiment where only colourless hadrons are
observed. Moreover, all such combinations of three quarks (or antiquarks) in the
form of baryons or of a quark-antiquark pair in the form of a meson exhibit integer

3The name “gluon” initially was introduced by Gell-Mann in a slightly different context without
reference to colour [23].
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Fig. 2.4 World data on the ratio R of the total cross section of the reaction e*e~ — hadrons to
the cross section of the reaction e*e™ — ™ as a function of the centre-of-mass energy /s.
(Adapted from the 2015 update of Ref. [28])

multiples of the electric charge, which explains why particles with non-integer electri-
cal charges have never been observed in nature. Nevertheless, the fractional charges of
the quarks have a direct influence on measurable quantities, notably the ratio R of the
total cross section of the reaction eTe™ — hadrons compared to ete™ — utu™. At
centre-of-mass energies below the production threshold for the pairwise (¢q) produc-
tion of charm or bottom quarks, one obtains R = N¢ - > q eﬁ - (1 + 8n,.Qcp) Where
N¢ = 3 is the number of colours and ¢, is the charge of the up, down, and strange
quarks. 8,,, ocp accounts for finite quark-mass and QCD corrections. When the col-
lision energy surpasses the threshold for charm-anticharm or bottom-antibottom pair
production, a corresponding step in this ratio is observed, cf. Fig.2.4.

Today, QCD has been firmly established as the gauge theory of the strong interac-
tion, one of the four fundamental forces of nature, and represents a cornerstone of the
Standard Model of particle physics. It has a broad range of applications from high
transverse momentum interactions between coloured quarks and gluons at TeV ener-
gies down to the low energy formation of hadrons and mesons. Numerous excellent
text books and review articles have appeared in the course of time and provide exten-
sive coverage of QCD and related topics.* General principles of QFT are discussed
in Refs. [30-34], while Refs. [35-44] are specialised on QCD. The foundations of
perturbative QCD are laid out in Ref. [45]. The reviews [46, 47] and the books [48,
49] are recommended specifically in the context of QCD at the LHC. For a historical
perspective on QCD Refs. [50, 51] can be consulted. The experimental foundations
of particle physics in general are explained in Ref. [10] in their historical context
including reprints of numerous original articles. The reference for the current state

“4References in this book have been managed with the help of JABREF [29].
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of research is the Review of Particle Physics by the Particle Data Group (PDG) [28],
which is also available online.’

2.2 Basic Elements of QCD

As a gauge field theory, QCD is defined via its Lagrangian density Lqcp, which is
composed of four terms:

EQCD = [fquarks + [fgluons + Egauge + ACghost ’ (22)

where

1. Lguarks describes the interaction of spin—% quark fields g, of mass m, with spin-1
gluon fields A4,

2. Lgiuons Tepresents the kinetic term of the gluon fields AA,

Lgauge defines the chosen gauge,

4. and Lgpo is the so-called ghost term that is a remedy necessary in non-Abelian
gauge theories to treat the degeneracy of equivalent gauge field configurations.

(O]

Here and in the following, spinor indices are suppressed, Greek letters wu, v, ... €
{0, 1,2, 3} represent space-time indices, and a,b,c € {1,...,3} and A, B,C €
{1, ..., 8} are the indices of the triplet and octet representations, respectively, of the
colour SU (3) gauge symmetry group. Summation over identical indices is implied.
As in QED, the first term can be written with the help of the covariant derivative
(D;L)ab as

Loas = D Qo (i¥" (Db —mg) v » (2.3)

qefu,d,s,c,b,t}
where the sum runs over all six quark flavours {u, d, s, ¢, b, t} and y,, are the Dirac

matrices. Defining the diagonal metric tensor g as g*¥ = diag(1l, —1, —1, —1), the
y matrices satisfy the anticommutation relation

v, v’} =2¢"". (2.4)
In contrast to QED, however, the covariant derivative
(Du)ab = apcgab + lgslz;?Aﬁ (25)

not only exhibits colour indices a,b and the gauge coupling g, of the strong
interaction, but also, instead of one photon field for the sole generator of the U (1)

SPDG: http://pdg.web.cern.ch/pdg.

Further useful resources for data, programmes, etc. are:
HEPDATA: http://durpdg.dur.ac.uk/HepData,
HEPFORGE: http://www.hepforge.org/.
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group, eight gluon fields .A;‘ with factors 7./ corresponding to the generators of
the SU(3) gauge group of QCD. A representation of the generators is given via
T4 = 14 /2 by the Hermitian® and traceless Gell-Mann matrices \*:

0+1 0 0—i 0 +1 0 0
M=(+1 0 0], 1=+ 0 0], A= 0-1 0},
0 0 0 00 0 0 0 0
0 0+1 0 0—i 0 0 0
M= 0 0 0), 2= 0 00}, 1= 0 O+1],
+1 0 0 +i 0 0 0+1 0
0 0 0 +1 0 0
7 _ . g8 1
V= o0 Q—l . MW= 041 0. (2.6)
0+i O 0 0-2

The (2 x 2) submatrices of the first three A4 can be recognised as Pauli matrices.
The generator matrices 74 satisfy the commutation relations

[74, T =if*"cTC, 2.7)
where f4BC are the corresponding structure constants of SU (3) with values of

f123 =1
FUT 156 26 25T (345 367 1

A58 — 678 _ ’ 2.8)

while all other £48€ not related to these by index permutations are zero. The kinetic

term of the gluons then reads
1 v i
Lgluons = _Zgﬁvgx . with g;/jv = awA? - 8v~/42 - gszBC.Ag.AS 2.9)

being the field strength tensor. In a pictorial representation,’ these two “classical”
parts correspond to the free quark- and gluon-field terms, and the quark-gluon inter-
action term as depicted in Figs. 2.5 and 2.6. In addition, the non-Abelian group struc-
ture of QCD leads to the cubic and quartic gluon self-interaction vertices, which are
proportional to g; and g2, respectively.

Although not obvious from the Gell-Mann matrices or the structure constants, it
can be shown that the probabilities for a quark emitting a gluon, or gluons splitting
into a quark-antiquark or a gluon pair are identical with respect to each colour.

6 A Hermitian matrix A is equal to its complex conjugate transpose, i.e. A = A*" = AT,
"Feynman diagrams in this book have been drawn with the help of JAXODRAW [52].
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Fig. 2.5 Free quark-field and quark-gluon interaction term
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Fig. 2.6 Free gluon-field and cubic and quartic gluon self-interaction terms

Following the conventional normalisation of the colour SU (3) matrices via the trace
Tr{7TAT®} = Trs*® with Tr = 1/2, the relative factors for these processes are
givenby Crp = 4/3, T = 1/2,and C4 = 3. The ratio of a gluon emission by a gluon
relative to the emission by a quark is therefore approximately C4/Cr = 9/4 = 2.25,
i.e. gluons radiate stronger than quarks by more than a factor of two. Similarly, gluons
split into a gluon pair more often than into a quark-antiquark pair by roughly a factor
of Co/TF = 6.

Of course, this classical QCD Lagrangian exhibits the property of local gauge
invariance, i.e. invariance under a simultaneous redefinition of the quark and gluon
fields. As a consequence of this internal symmetry, it is impossible to define the gluon
field propagator without explicitly specifying a choice of gauge. A popular choice is
given as a generalisation of the covariant Lorentz gauge 3"./42 = 0 by the class of
R: gauges, imposed by adding the term

1 A\2
Lgauge = T (a"A%) (2.10)
to the classical Lagrangian. Following L.D. Faddev and V.N. Popov [53] this must
be accompanied by the ghost term

Lanos = 31" (Dyp1") 2.11)
because of the non-Abelian character of the QCD gauge group. The ghosts n*,

with conjugate-transpose n“7, represent complex scalar fields that nevertheless
obey Fermi-Dirac statistics. They do not have a physical meaning, but should be
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considered as a mathematical trick to cancel nonphysical degrees of freedom
otherwise present in calculations with covariant gauges.

This completes the Lagrangian for a consistent QFT of the strong interaction.
Further invariant terms to add to the QCD Lagrangian are conceivable in principle.
Renormalisability, however, forbids all additions that require coefficients with nega-
tive mass dimensions. Moreover, mass terms for the gluon fields, miAﬁ AA* would
violate gauge invariance. The only leftover possibility makes use of the dual field
strength tensor defined as

gﬁu = %8;1\)/)0 ;}a s (2.12)
where ¢,,7? is the four-dimensional antisymmetric Levi-Civita symbol. With the
help of this definition the so-called 6-term is written as

& Tr
1672

Lo =020 G (2.13)
This contribution would give rise to violations of the discrete symmetries of parity
P and time reversal T by the strong interaction, which have never been observed in
nature. Since 7 -violations are equivalent to a violation of the combined symmetry of
charge conjugation C followed by P, experimental upper limits on the C P-violating
electric dipole moment of the neutron lead to the conclusion that |#| must be smaller
than 10719 [28]. Since no obvious reason is known for the smallness of this parameter,
this is called the strong CP problem. New phenomena like axions as suggested by
R. Peccei and H. Quinn in Refs. [54, 55] could provide an explanation.

2.3 Perturbative QCD

Given the complete QCD Lagrangian, quantitative predictions can be obtained either
by means of lattice gauge theory (LGT), which applies QCD to a world discretised in
space and time, or by using perturbative QCD (pQCD), which is valid in the asymp-
totically free regime, i.e. at high momentum transfers or respectively small distances,
where quarks and gluons are weakly coupled. Computations in LGT are extremely
complex and time-consuming and for a long time were not possible without severe
approximations. For predictions in the context of collisions at the LHC, they are of
very limited practical importance at present. On the other hand, such interactions at
high-pt are an ideal testing ground for a perturbative analysis of the strong inter-
action. In practice, however, the calculations are complicated by the occurrence of
singularities that need to be properly addressed.
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2.3.1 The Strong Coupling Constant

All Feynman rules required for a perturbative analysis can be deduced from the
presented QCD Lagrangian. The relevant parameter in such a perturbative expan-
sion is the gauge coupling g, or equivalently the strong coupling constant oy, which
is defined in analogy to the QED fine structure constant o as ag = g2 /47w. With the
knowledge of this fundamental parameter of QCD, in addition to the quark masses,
tree-level amplitudes are calculable. Complications arise when loop diagrams come
into play, because the momenta in a loop are not fully constrained by four-momentum
conservation. The remaining integral over aloop momentum is logarithmically diver-
gent for arbitrarily large momenta, which corresponds to an infinitely fine resolution.
The strategy to overcome such ultraviolet divergencies that occur for example in self-
energy corrections to quark and gluon lines, cf. Fig.2.7, or in vertex corrections like
in Fig.2.8, is called renormalisation. Since QCD was proven to be a renormalisable
QFT [20], the infinities can be absorbed into a finite number of parameters that need
to be taken from experiment: the renormalised quark masses and coupling constant.
Expressed in renormalised quantities, the Lagrangian of QCD must have exactly the
same structure as the “bare” one presented in the previous section, such that countert-
erms cancel the divergencies to all orders in perturbation theory. As a consequence,
precise higher order predictions can be made using the measured renormalised para-
meters. Details on the theoretical procedures are beyond this work and can be found
for example in Ref. [35] specialised on QCD, or in Ref. [30] for QFT in general. For
a historical perspective it might be interesting to look up Ref. [56].

The most powerful tool for theoretical predictions, perturbative QCD, can thus be
applied and provides meaningful results as long as ag < 1. For a given observable
X the expansion can be written as:

X =co+cias+e0f+- =D ¢ o (2.14)
i=0

&WQW

Fig. 2.7 Quark (left) and gluon (middle and right) self-energy corrections

Fig. 2.8 Quark-gluon vertex
corrections
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with the ¢; being the perturbative coefficients of this expansion. A price to pay for
the renormalisation of the theory, however, is the introduction of a regulator for the
infinities, the renormalisation scale j1,. The renormalised parameters, e.g. the strong
coupling constant, and hence the predictions in pQCD depend logarithmically on this
nonphysical scale unless all orders could be summed up. The exact dependence of
as(?) on w, is given by QCD through the renormalisation group equation (RGE),
which determines the running of the renormalised coupling constant o S(,u%)

5 das(1?) ) ) 2 2 3
Mra—p{,z = Blas(uy)), with Blas) = —ag - (by + brag + brag + O(ay)) .
(2.15)

The B function of QCD is a prime example of a quantity that can be evaluated in
perturbation theory. The first three coefficients of the expansion are

L, 3B -2Ne 153 19N, 77139 — 15099Ny + 325N2
T T VT T 2ap2 0 2T 345673 ’
(2.16)

where Ny denotes the number of quark flavours with masses m, smaller than the
scale 1. Notably, the first term is —by < 0 as long as Ny < 16, in contrast to QED
where the corresponding coefficient is 8/3 > 0. The non-Abelian nature of QCD
manifests itself in this negative sign of the B function. In total, the coefficients are
known up to four-loop order [57] and are renormalisation-scheme dependent starting
with b,, which is quoted here in the modified minimal subtraction (MS) scheme [20,
58, 59]. Retaining only the leading term by, Eq. (2.15) is solved by

as(u?)

2 _
@s(07) = 1+ boln (Q%/p2) as(u?)

(2.17)

which relates the strength of the coupling at a scale Q to the one at scale u,, assuming
both scales to be in the perturbative regime. With by > 0, the coupling becomes
weaker at higher scales Q, or, in other words, the effective colour charge gets smaller
when the distance decreases. The consequence is asymptotic freedom, a key property
of QCD, caused by the genuine quantum effect of anti-screening of colour charges
through gluon self-interactions. The 2012 world average value of the strong coupling
constant, quoted at the scale of the Z-boson mass M, is given by

as(Mz) = 0.1184 £ 0.0007 (2.18)

derived from hadronic t-lepton decays, lattice QCD calculations, DIS data, ete™
annihilation processes, and electroweak precision fits [60]. To be considered for this
average, the perturbative expansion of the theory, to which data are compared, must
be known at least to next-to-next-to-leading order. Figure 2.9 shows the respective
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Fig. 2.9 Running of the 0.5
strong coupling constant as
of 2012. Determinations of
the strong coupling constant
og are shown as a function
of the relevant energy scale
Q of the respective process.
The range in Q extends up to
208 GeV from ete~
annihilation data taken at the —~ 03}
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determinations of «g as a function of the relevant energy scale Q. In addition, some
results from fits at lower theoretical precision are included in the plot to demonstrate
the running of the strong coupling constant.

At small momentum transfers Q, i.e. large distances, the perturbatively defined
strong coupling constant grows beyond the validity of the perturbative approach.
Defining the value where o 5(Q) formally diverges as Aqcp, an analytic solution to
Eq. (2.15) can be given at one-loop level as

1
02/ A}cp)

as(Q) = by In ( (2.19)

where experimentally Agcp &~ 200 MeV for Ny = 5 in the MS scheme. This value,
which is close to typical hadron masses and sizes,® draws the dividing line between
perturbative QCD and the manifestly non-perturbative regime of QCD. This growth
of the coupling constant at small scales Q makes QCD the theory of the strong
interaction that confines the quarks and gluons into ordinary hadronic matter. The
transition from weakly interacting quarks and gluons inside hadrons to the formation
of colour-neutral hadrons can not be described by perturbation theory. The alternative
approach of LGT is not restricted to expansions around g < 1, but requires vast
amounts of computing power and despite severe approximations such an approach
originally was considered hopeless. Drastic technical improvements and an exponen-
tial growth of computing capacities over the last decades, however, lead to almost

8Recall that sic = 1 in natural units roughly corresponds to 200 MeV/fm.
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“real world” applications nowadays. For example, it has become possible in recent
years to calculate hadron masses ab initio [61], e.g. of the proton and neutron, pro-
vided mass scales for the three light quarks are set via the precisely measured pion,
kaon, and X baryon masses. Combining pQCD with LGT, the latter can also be used
to determine the strong coupling constant at small scales Q with seemingly very
small uncertainties as visible in Fig.2.9. The uncertainty of «s(M) as given in Eq.
(2.18) has, in fact, become very small compared to previous determinations because
of the estimates of LGT, cf. Ref. [60]. This will further be discussed in Chap.7 on
future perspectives.

2.3.2 Cross-Section Predictions

Perturbation theory so far is applicable to reactions between partons. In nature, how-
ever, confinement prohibits to observe free quarks and gluons. Instead only hadrons
with a complex internal structure are available for the production of high-pr colli-
sions. The situation is saved by the factorisation theorem of QCD [45, 62], by which
a cross-section computation can be separated into two parts, a short-distance partonic
cross section tractable with pQCD, and a manifestly non-perturbative part that para-
meterises long-distance effects through universal functions extractable from mea-
surements in a process independent way. In this approach, the partonic content of the
colliding hadrons is described by parton distribution functions (PDFs), fi/n(x, t ),
which quantify the probability to find a parton i with longitudinal momentum frac-
tion x within a hadron & at a resolution characterised by the factorisation scale ;.
Transverse degrees of freedom in the initial state usually can be neglected com-
pared to the collinear momentum component and are integrated over. Specialising to
pp collisions and assuming that collinear factorisation holds, the cross section of a
high- pr scattering process can be written in the following form:

do(pp—x) = Z/dde’fi/p(x, 1) - fip (' mp) x d6jmx) (6, Xy g, s as (i)
i)

(2.20)

where i, j are the initial-state parton flavours and f;,,, fj;, are the proton PDFs
as functions of the fractional momenta x, x’ of i and j, respectively. The sum
extends over all contributing initial-state partons i, j € {q, g, g}, and the factorisation
scale u  defines the resolution, below which the physics is absorbed into the non-
perturbative PDFs. At higher resolution, any physics process is described by pQCD
in the form of a parton-level cross section d6;—, x) that depends on the momentum
fractions x, x’, the factorisation and renormalisation scales 1 7 and u,, and the strong
coupling constant «s (14, ). A pictorial representation is given by Fig.2.10.

The typical scale Q associated with the partonic process is assumed to be in the
perturbative domain, i.e. much larger than Aqcp. The squared partonic centre-of-
mass energy is given by § = x x’s, where s = (P; + P;)? is the squared hadronic
centre-of-mass energy and P;, P, are the four-momenta of the incoming hadrons.


http://dx.doi.org/10.1007/978-3-319-42115-5_7

2.3 Perturbative QCD 17

Fig. 2.10 Sketch of one

parton i of proton one and p
one parton j from proton

two participating in a

high- pr scattering reaction

A(ij — ab)

The collinear factorisation ansatz is the key element for quantitative predictions
in perturbative QCD. Based on the property of asymptotic freedom, the desired
cross sections with relevant scale Q can be expanded as a power series in the strong
coupling constant a5 (Q). Conventionally, the lowest-order contribution is denoted
as leading order (LO), the subsequent ones as next-to-leading order (NLO), next-
to-next-to-leading order (NNLO) and so forth. More precisely, these terms should
be labelled as e.g. NNLO QCD corrections. For transverse momenta at the TeV
scale or under particular kinematic conditions, electroweak (EW) tree-level effects
of O (aas, @?) and loop effects of O () might become equally or even more
important than a QCD NNLO term. Figure2.11 provides some examples of tree-
level QCD and EW Feynman diagrams. For further details Refs. [48, 63, 64] are
recommended.

The universal PDFs required in this factorised ansatz must be extracted from data.
Their dependence on the factorisation scale ¢, however, is again prescribed by
QCD via the Dokshitzer—Gribov—Lipatov—Altarelli—Parisi (DGLAP) [65-68] evolu-
tion equations:

Fig. 2.11 Some tree-level QCD Feynman diagrams and corresponding EW corrections
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, Of; d
2 Z / SR fip/znp . @21
aMf ={q.4.8}

where the P;; are the regularised Altarelli—Parisi (AP) splitting functions

P2 = C ( 1422 +35(1_Z))

(I —-2)+
1 1 —2)?
Pyg(2) = Tp (Z2 + (1= Zz)) ] Pgq(2) = Cr (#) ’ (222
_ Z l—Z 11CA—4NFTF
Pgo(z) = 2C4 (m + T +z(1 — Z)) +48(1 —2)7 ,

with P;; = P,, and P,; = P,,.° The splitting functions, listed here at one-loop, i.e.
LO approximation, are known up to three-loop accuracy [69, 70]. When calculating
the LO, NLO, ... estimates of a partonic cross section, the QCD evolution of the
PDFs has to be used at the same relative order.

The LO DGLAP evolution allows for an interpretation by means of simple branch-
ing processes. A parton i resolved at a scale u; may have originated from the
branching of a parton j resolved at some higher scale. This transition of parton j to
i is accompanied by the emission of an additional QCD parton. When applying the
DGLAP equations to solve for the scale evolution, these emissions are ignored by
considering inclusive processes only.

First investigated in the context of DIS under kinematic conditions with a large
transverse momentum squared Q2, the task was to sum up all leading terms that
give rise to logarithmically enhanced contributions proportional to (aglog Q%)" to
the cross section. With respect to the parton kinematic plane in (x, Q) as shown
in Fig.2.12 indicating the accessible phase space for fixed-target, HERA, and LHC
experiments, the DGLAP evolution equations connect PDF sensitive measurements
at different scales QZ. On the other hand, for very small momentum fractions x
probed at large energies +/s in the forward or backward directions with respect
to the beams, some PDFs, e.g. the gluon one, rise dramatically. Summing up the
leading logarithmic contributions proportional to (cg log(1/x))" the PDF evolution
is described by the Balitsky—Fadin—Kuraev-Lipatov (BFKL) [71, 72] equations. For
the purpose of the high-pt processes considered here the DGLAP equations are
sufficient.

”

9The subscript “+” indicates the use of the plus prescription defined via the distribution

jol ({ S‘X)H_d = jol de for any sufficiently smooth function f.
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2.3.3 Parton Luminosity

Even without specifying the partonic production process dé;;—. x) in Eq. (2.20), a
lot can already be learned from the parton kinematics and the PDFs. Specifying
the incoming parton four-momenta in the centre-of-mass system as p; = /s/2 -
(x,0,0,x) and pr = 4/5/2 - (x',0,0, —x’), the rapidity y of a final state particle
of mass M = +/5 is given by y = 1/2 - In(x/x’) and the momentum fractions read
x,x' = (M/./s) - e’ as shown in Fig.2.12 with x; = x and x, = x’. With these
parton momentum fractions the hadron beams effectively are parton beams of variable
energy, where the energy profile is given by the PDFs. Assuming that the partonic
cross section d6y; j—x) only depends on §, it is useful to define the differential parton
Iuminosity'®

Ly 1 1
dsdy s 1+

[firpCeoiep) fi7p(x s 1p) + (x < x')] (2.23)

10This should not be confused with the luminosity, which is a characteristic of a collider.
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and its integral dL;;/dS. The pre-factor with the Kronecker § corrects for
double-counting in case of identical parton flavours i and j. The inclusion of s into the
definition allows the comparison between different colliders. Usingds dy = s dx dx/,
the factorised cross section Eq. (2.20) can be transformed into

~ dLij N N
do(px) = D [ didy Tdy | X We-n0 G asu). (224)
ij
or
~ | dLij N n
Oy = 2, [ 45| =8 | X 4650 G pip s @s(ar) (2.25)
iJj

respectively. The term in square brackets, i.e. the parton luminosity, has units of
a cross section. Provided reasonable estimates of the other numerical factors are
possible, cf. Ref. [37] or [74], the parton luminosities allow order-of-magnitude
estimations for cross sections as a function of the centre-of-mass energy.

2.3.4 Final State

One entity from Eq. (6.8) that has not yet been discussed is the final state X of a
collision. The simplest reaction that can be considered is the Drell-Yan process [75],
where a quark and an antiquark annihilate to produce a lepton pair: & (qc} — E*E‘).
Figure2.13 shows relevant LO and NLO Feynman diagrams. In this case there are no
strongly interacting particles in the final state and the theory prediction can directly
be compared to the measured leptons. Merely the proton remnants, which fragment
into hadrons along the beam lines, have to be described by non-perturbative models.
At high transverse momenta, the two leptons are well separated from any such proton
debris and high-precision comparisons with theory are possible.

However, in the vast majority of reactions at least some colour-charged partons
are produced so that a further step covering the transition from the partonic final state
to measurable particles, the so-called “particle level”, is needed. Here, “measurable”
refers to colour-neutral particles with mean decay lengths such that ct > 10 mm,
where c is the speed of light and t the mean lifetime of a particle. One possibility to
account for this transition is to reuse the concept underlying the PDFs that describe

Fig. 2.13 Feynman diagrams for the Drell-Yan process gg — ¢*¢~ at LO and NLO: tree-level
amplitude (left), virtual correction (middle), and real correction (right)
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the partonic content of a hadron, only in an inverted sense. The necessary functions
Dy, (z, ur) are called fragmentation functions (FFs) and are the final-state ana-
logues of the PDFs [76]. They parameterise the probability of finding a hadron &
within the fragmentation products of parton &, carrying the fraction z of the parton
momentum. With this definition, Eq. (2.26) reads

do(pp—x) = z /dde/dei/p(xvﬂf) fipp &) X d8(ij iy (e, Xz g, s (i)
ik
X Dy x(z, F), (2.26)

where, like for the PDFs, fragmentation functions depend on a non-physical resolu-
tion or fragmentation scale ur. Again, these functions can currently not be deter-
mined by first principles in QCD, but once they have been measured, they are valid
universally. Experimentally favourable conditions prevail for example in e e~ colli-
sions, where gg pairs are created via the inverse of the Drell-Yan process described
above.

Other possibilities to account for the transition to measurable particles make use
of the concepts of energy flow [77] and particle jets [78—82]. Instead of scrutinising
the detailed production of identified particles—an experimentally very challenging
endeavour—for the majority of processes it is sufficient to know how much energy
or momentum is carried away by hadrons into a specific direction. Focusing on
the normalised spatial distribution of the energy flow, the “shape” of an event (or
an ensemble of events) can be compared to QCD radiation patterns. The influence
of non-perturbative (NP) effects on such event shapes is expected to be power-
suppressed with respect to some process-relevant energy scale Q [83]. Event shapes
are very popular study subjects in eTe™ collisions, lead to the discovery of the gluon
[84—86] at the eTe™ colliders of DESY in Hamburg, and are at the basis of one of
the ag(M7) determinations entering the world average reported in Ref. [28]. They
are further discussed in Sect. 6.6.

QCD also predicts that the large-distance NP effects are mostly decoupled from
the hard reaction so that highly energetic partons fragment into a collimated stream
or “jet” of hadrons, which inherits energy and momentum from its parent parton.
More precisely, the transverse momenta of individual hadrons with respect to the
jet direction are expected to be typically of the order of Agcp. Of course, the term
“collimated” requires a mathematical prescription that, given some distance measure,
unambiguously decides which objects belong to a jet. Since such particle jets are THE
primary subject of this work, the whole Sect. 2.5 is dedicated to their introduction.

If complete knowledge of the final state of a collision event is mandatory, for
example in detailed simulations of a complex experimental apparatus, perturbative
methods must be complemented with models for the NP effects. This is the domain
of general-purpose Monte Carlo (MC) event generators, which will be introduced
in the next Sect.2.4.
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2.4 General-Purpose Monte Carlo Event Generators

For a first overview it is interesting to compare the cross sections for a set of standard
processes as a function of the centre-of-mass energy. Such an overview is given in
Fig.2.14, where typical values can be read off, in decreasing order, for the production
of b quarks, jets, W and Z bosons, top quarks, and Higgs bosons separately for the
three major production processes. In addition, the total cross section is indicated as
well as two diboson production channels and jet production above a minimal jet pr
that scales with /s/20. The plot spans about a dozen orders of magnitude between
the total cross section and Higgs production, i.e. only each trillionth event of any
pp collision produces one of the famous Higgs particles discovered in 2012 by the
ATLAS and CMS experiments at the LHC [87, 88]. On the other hand, top quarks,
discovered with a handful of events at the Tevatron collider in 1995 [89, 90], are
produced roughly at a rate of one per second at the LHC with /s = 8 TeV.

The cross sections presented in Fig.2.14 are sufficient for a rough estimation of
event types and rates to expect for a new collider. For the conception of an experiment
such as the ones at the LHC, much more comprehensive predictions are indispens-
able, not only for the precise design with the help of detailed simulations, but also

Fig. 2.14 Typical cross proton - (anti)proton cross sections
sections and event rates for 10° 0
SM processes including 2 R
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in the later operational phase for an accurate understanding of the recorded data.
On the theory side, the most complete description of a collision event is given by
general-purpose MC event generators. Based on physically motivated probability
distributions, they generate every step in the reaction chain leading from the ini-
tial interaction between the two incoming beam particles to the final state that is
composed of a list of specific particle types with their respective masses and four-
momenta. Everything beyond the final-state particle level, i.e. for flight distances
larger than 10mm, cf. Sect.2.3.4, is part of the detector simulation discussed in
Sect.3.4.1.

2.4.1 Non-perturbative Modelling

Three general-purpose MC event generators are in widespread use at the LHC:
PYTHIA (The Lund Monte Carlo for high-pt Physics), HERWIG (Hadron Emission
Reactions With Interfering Gluons), and SHERPA (Simulation of High-Energy Reac-
tions of PArticles). The first two have undergone decades of development from early
versions in the FORTRAN programming language, PYTHIA [91-94], HERWIG [95-98],
up to the ones in current use based on C++, PYTHIA8 [99, 100] and HERWIG++ [101],
which most recently was renamed to HERWIG7 [102]. The new contender, SHERPA,
was directly developed in a C++ framework [103].

Within the scope of this work it is hardly possible to do justice to all these devel-
opments and even less so to explain the concepts and models in great detail. To
complement the following short recapitulation, it is advised to consult the excellent
overview of MC event generators in Ref. [104] or the corresponding chapter of Ref.
[105]. References [106, 107] are recommended as reviews or lectures that include
also the latest developments, A pre-LHC summary can be found in Ref. [108].

Coming back to the simple example of Drell-Yan lepton-pair production, a sketch
of a MC event generation is shown in Fig.2.15. The small central blob in red rep-
resents a high-pr, short-distance interaction, where in this case the pair of leptons
is created. Even though the two leptons do not interact any further, the situation is
complicated by the fact that the initial parton lines radiate gluons that evolve into
cascades of partons. This process is described perturbatively by the concept of parton
showers (PS) [109, 110]. If the high- py scattering products are partons as well, then
the initial-state radiation (ISR) must be complemented by final-state radiation (FSR).
Considered as a whole, the parton showers represent in their simplest form a pertur-
bative leading-logarithmic approximation (LLA) to the full result. In contrast to the
fixed-order partonic cross sections that well describe the high- pr component of a
scattering reaction, the LLA works explicitly well for the situation of collinear or soft
radiation around a parton. In the basic use case, the MC event generators combine
LO predictions with PS (LO+PS). Exploiting the freedom in the choice of shower
resolution scale and inclusion of colour-coherence effects, several implementations
exist. PYTHIA contains two incarnations with Q- and pr -ordered PS, respectively
[111-113], while HERWIG employs angular-ordered showers [95, 114]. SHERPA’s
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Fig. 2.15 Sketch of a MC event generation: One parton from each colliding hadron (grey blobs)
interact and result in two high- pr leptons (red). Gluon radiation off the incoming partons initiate
parton showers, whose partons are combined into colourless clusters (hollow ellipses) that finally
are fragmented into potentially further decaying hadrons (yellow circles). (Sketch courtesy of
S. Gieseke)

version is based on the concept of dipole showers [115, 116] first developed in Ref.
[117].

Finally, all partons in an event must form colourless compounds, represented by
hollow ellipses in Fig.2.15, that must be transformed into hadrons (yellow circles),
which according to their lifetimes might still decay or not. For this manifestly non-
perturbative step of fragmentation, frequently also called hadronisation, only models
exist. In PYTHIA this step is performed with the Lund string fragmentation [118-120].
The alternative model is cluster fragmentation, which is used in HERWIG [121] as
well as in SHERPA [122]. The pictorial view of Fig.2.15 is based on the HERWIG
version.

Unfortunately, this picture has to be refined further in order to account for addi-
tional, relatively diffuse “soft” particle production observed in hadron-hadron colli-
sions, but absent from the theoretical description so far. Neither ISR and FSR nor the
fragmentation of the beam remnants can sufficiently explain the effect. Moreover,
the amount of extra particles (and energy) depends not only on the centre-of-mass
energy but also on the energy scale of the primary interaction, which is characterised
by the leading jet pr. In phenomenological studies everything not associated to the
high- pr reaction is investigated and generically denoted as the underlying event
(UE). Traditionally, this is done by geometrically subdividing an event into different
regions of azimuthal angle, “towards”, “away”, and “transverse”, with respect to the
jet or particle leading in p as illustrated in Fig.2.16. At the same time the pr of
the leading object is defined to be the so-called event scale, i.e. the measure of the
momentum transfer in the partonic scattering. The transverse region then is used
to measure the soft particle production that supposedly does not originate from the
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Fig. 2.16 Illustration of the “toward”, “away”, and “transverse” regions: The highest-pt jet of an
event defines the zero direction of the azimuthal angle in the transverse plane of a hadron-hadron
collision. The leading jet as well as the balancing jet in the opposite direction dominate the particle
and energy flow in these “toward”- and “away”’-side named regions. Perpendicular to the latter is
the “transverse” region (red) that is expected to receive predominantly particles from the underlying
event. All particles and energies within the respective azimuthal angular intervals are summed up
within a pseudorapidity range that usually coincides with the acceptance region of tracking devices,
hence “charged” jet. (Taken from Ref. [123])

high- pr scatter. Studies along this line were performed at a series of centre-of-mass
energies at the Tevatron [123—126] and at the LHC by the ATLAS [127-130], CMS
[131-135], and ALICE experiments [136].

Predictions so far are based on the naive picture of only one interacting parton
from each colliding hadron to participate in a high-pt reaction. It is known though
that this picture must fail when approaching small transverse momenta, because the
respective cross sections grow beyond all limits and finally violate unitarity. The
assumption of two simultaneous high-pr interactions is an interesting subject of
study on its own and is closer examined in Sect.6.4. To simulate the underlying
event, the MC event generators accompany the primary reaction by multiple parton
interactions (MPI) depending on the overlap in the transverse plane of the percolating
hadrons. Collisions with a small impact parameter lead to high transverse momenta
and more MPI, while a merely grazing collision exhibits only few soft particles.
Partons produced by this extra activity interfere with other partons in the event,
including the ones from ISR, FSR, and the beam remnants, and cannot be uniquely
separated. A sketch of the resulting hadron-hadron event composition is shown in
Fig.2.17.

The original impact parameter model presented in Ref. [138] is used in PYTHIA,
with modifications described in Refs. [113, 139], as well as in SHERPA. The eikonal
multiple partonic scattering model applied in HERWIG is explained in Ref. [140].
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Fig. 2.17 Sketch of the composition (left) of a generated hadron-hadron collision. The “hard”
parton-parton scattering, complemented with ISR and FSR, (top right) is accompanied by soft
particle production from MPI and hadron remnant fragmentation (bottom right). Because of inter-
ference already at parton level it is not possible though to unambiguously attribute any interaction
product to a particular effect. (Adapted from illustration courtesy of D. Piparo [137] following an
original design of R. Field)

Together with numerous other parameters steering the parton showers, hadronisation,
and decays, the MPI-based phenomenological models employed in the MC event
generation must be adapted or tuned to data, e.g. from the various experimental
results listed above. Two popular tools employed for such tunings are RIVET [141]
and PROFESSOR [142]. RIVET contains numerous MC event analyses that follow
as closely as possible the observable definitions and selection criteria of published
measurements. Thereby, for each such measurement, it efficiently provides sets of
MC predictions for arbitrary choices of parameters to tune. These predictions are then
delivered to the PROFESSOR framework, which parameterises the generator response
and returns the set of tuned parameters that best fits the input measurements.

Recent developments in MPI and in MC tuning are discussed in a workshop series,
cf. Refs. [143—145]. Dedicated MC tuning efforts are reported in Refs. [146—149]; a
comprehensive review can be found in Ref. [150].

2.4.2 Perturbative Concepts

The standard perturbative concept applied so far to MC event generation consists in
attaching parton showers to a LO prediction, which works well for the situation of
collinear or soft radiation around few high- p partons. At LHC energies, however,
high-pt partons are produced abundantly. Therefore, more sophisticated strategies
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were needed that allow the automated calculation of multi-parton fixed-order results
and their combination with parton showers. Several tree-level merging or matching
schemes were developed that consistently dress varying multi-parton states with
parton showers and combine everything into an inclusive event sample: the Catani—
Krauss—Kuhn—Webber (CKKW) approach [151, 152], the Lonnblad variant CCKW-
L [153], and the MLM method [154]. A comparative review is presented in Ref.
[155].

For most observables, however, NLO predictions in the strong coupling con-
stant represent the first accurate theoretical estimate that allows an assessment of
associated theoretical uncertainties. To improve the fixed-order part of MC event
generation correspondingly, two challenges had to be overcome. First, methods had
to be developed that deal with the more involved NLO calculations and properly can-
cel singularities between real-emission graphs and virtual one-loop corrections in a
numerically stable way. A number of techniques have been established [156—159].
Secondly, when combining NLO matrix elements with parton showers, the obsta-
cle of double-counting configurations that appear in both approaches needs to be
resolved. For example, real-emission corrections as part of the fixed-order calcula-
tion have to be properly synchronised with the first, i.e. highest- pr, shower splitting.
Two strategies emerged, which are known as MC@NLO [160] and POWHEG [161-163]
and which are compared for example in Ref. [164].

Thanks to this enormous progress made over the last years, sometimes dubbed “the
NLO revolution”, the standard in terms of pQCD ingredients to MC event generation
is the combination of NLO with parton showers including multi-parton tree-level
corrections or even PS-matched NLO calculations of varying parton multiplicity
[165-171]. Here, it should be noted that jet algorithms play an essential part in these
developments by providing a safe mapping between m-parton and n-jet (n < m) final
states.

2.5 Jet Algorithms

In common language a jet describes a collimated stream of objects forcefully moving
into the same direction, like water molecules in a jet of water. An example of such a
“jet d’eau” is the famous water fountain and symbol of the city of Geneva as shown
in the photograph Fig.2.18.

In experimental particle physics, jets are made of measured tracks or energy
depositions as illustrated in Fig.2.19. To decide unambiguously whether a mea-
sured object belongs to a jet or not, a mathematical prescription is required: a jet
algorithm. Moreover, for comparisons to pQCD, which predicts cross sections in
terms of quarks and gluons, an algorithm is needed that is applicable to theoretical
calculations as well as to measurements from different experiments. The first pre-
scription of such a jet algorithm was given by G. Sterman and S. Weinberg in 1977
[172] with respect to ete™ collisions, where particles (or energy depositions) are
grouped together depending on their location with respect to an angular cone around a
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Fig. 2.18 The Jet d’Eau, the
famous symbol of Geneva,
Switzerland, the hosting city
of the CERN laboratory. The
water fountain has its origin
in a safety valve for a
hydraulic power network
from 1886. In its nowadays
form as a landmark and
tourist attraction it reaches a
height of 140 m, for which
500 litres of water per
second are ejected at a speed
of 200 km/h

specific direction. In the following decade this prescription was extended by theorists
as well as by experimental groups in order to analyse hadron-hadron collisions in
terms of a number of cone-shaped jets of a chosen jet size or radius, R, which are
localised around the highest concentrations of energy in an event. In the same period
a novel type of algorithm based on iterative pairwise clusterings was introduced by
the JADE Collaboration for the analysis of e™e™ events at the PETRA collider [173].
A summary of the jet algorithms in use at that time is presented in Ref. [174]. Two
classes of jet algorithms emerged:

1. cone algorithms that assign objects to the leading energy-flow objects in an event
based on geometrical criteria;

2. sequential-recombination algorithms that iteratively combine the closest pairs of
objects.

It was quickly realised, however, that the comparability of jet quantities between
experiment and theory or among different experiments was questionable at best
because of serious shortcomings in these early algorithms. For example, many cone
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algorithms need starting points with a minimum energy or momentum for the cone
directions, so-called “seeds”, which spoil their applicability in perturbation theory.
In a series of workshops extending over almost 20 years and starting with the one at
Snowmass in 1990 [175-177], the uncovered issues could be addressed and mostly
solved leading to a number of requirements, which are listed below from a nowa-
days perspective. An excellent recapitulation of the encountered problems and the
developments can be found in Ref. [178].

2.5.1 General Desiderata

e Order independence: equal applicability to partons, particles, or measured tracks
and energy depositions;
e Full specification: disclosure of all necessary details including the required soft-

ware;
e Ease of implementation: avoidance of complex, proprietary code developments.
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These rather general conditions are met by only permitting four-momenta as input
objects and by using standardised public code for the jet clustering instead of propri-
etary implementations as done previously. The software library of reference in use at
the LHC is FASTJET [179]. Furthermore, to compare parton-based theory predictions
with experiment a clear definition must be given of the final state “truth level” to
which measurements and theory are corrected [177], cf. the previous Sect. 2.3.4. The
definitions in use by the ATLAS and CMS experiments are given in Sect.3.2.2.

2.5.2 Theoretical Desiderata

e Well-defined finite cross sections at any order of pQCD: collinear and infrared
safety;

e Longitudinal boost invariance: independence of jet observable of longitudinal
boosts, in particular for hadron-hadron collisions;

e Boundary stability: insensitivity of jet kinematic boundaries from details of the
hadronic final state e.g. the number of particles;

e Insensitivity to non-perturbative effects: limitation of impact of hadronisation and
additional soft particle production (underlying event).

The by far most pressing issue that needed to be addressed is the collinear and
infrared safety of a jet algorithm; otherwise the cancellation of collinear and soft
singularities appearing in calculations of pQCD is spoiled and the most powerful
computational technique for predictions, perturbation theory, is rendered useless.
Hence, the outcome of a jet-clustering procedure must neither depend on the splitting
or merging of collinear parton four-vectors nor on the addition of arbitrarily soft
partons to the set of clustering objects. More formally, to be collinear- and infrared-
safe an observable F,,(pi, ..., pm), defined as a function of m four-momenta p;,
must satisfy the following conditions:

Fn(pt, .., rpispj=0=Mpj, ..., pm) = Fp—1(p1,..., PisPj—1sDj+1s---> Pm)
and 2.27)

lim Fp(py, ..., Apis.-s Pm) = Fp—1(p1,---, Pi—1> Pi+1s---> Pm)
A—0

with 0 < A < 1. Examples of unsafe behaviour occurring notably for the cone-type
jet algorithms, which partially are still employed at the Tevatron [176, 180, 181],
are shown in Fig.2.20. The first row demonstrates an issue in cone algorithms with
energy (or pr) thresholds for the seeds of the cone finding procedure. The two in
terms of energy flow equivalent situations are distinguished by the number of recon-
structed jets. The collinear splitting of a four-momentum leads to the disappearance
of a jet (right plot) as compared to the left panel. In the second row, the emission
of a soft gluon leads to the merging of two jets into one, spoiling the cancella-
tion of divergences in the virtual corrections (left configuration) against the ones in
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Fig. 2.20 Examples of collinear- and infrared-unsafe behaviour. Upper row The collinear splitting
of a jet seed reduces the seed pr’s below threshold. Lower row The emission of a soft gluon leads
to the merging of two jets into one

real corrections (right configuration). A safe cone algorithm, SISCone for seedless
infrared-safe cone, only exists since 2007 [182].

Longitudinal boost invariance and boundary stability are ensured by using the
rapidity y instead of the pseudorapidity for the jet kinematics and by combining
two clustering objects through four-vector addition. The combination prescription is
called recombination scheme (RS), for which other possibilities have been employed
in the past [175], but have been abandoned by now. The boundary stability is essential
for the applicability of soft gluon resummation to stabilise fixed-order pQCD pre-
dictions near exclusive phase space boundaries. As an aside, collinear and infrared
safety are necessary, but not sufficient conditions for finite predictions order by
order. Unsmooth behaviour of a “safe” observable inside its allowed range, caused
for example by a change in phase space limitations when going from an n- to an
n + 1-parton final state, can lead to infinities at these internal borders unless the
calculation is complemented with soft gluon resummation [183].

Finally, jet algorithms are designed per se to delimit the impact of the non-
perturbative hadronisation phase by collecting within one jet hadrons spread out
in pr by & Aqcp relative to the jet axis. Obviously, the amount of leakage, the so-
called out-of-cone effect (OOC), depends on the cone size R. On the other hand,
the algorithm itself plays a role as well as can be seen from Fig.2.21, which shows
hadron-jet associations for a 3-jet event in eTe™ collisions [184]. The same set of
four-momenta is differently distributed over the three jets when using the JADE
algorithm [173] (left) as compared to the k; algorithm [185] (right). In particular, the
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Fig. 2.21 A 3-jet final state in e*e™ collisions as seen by the JADE (left) and k; (right) jet algo-
rithms. The particle assignments to the first, second, and third jet according to the algorithms are
indicated by full, dash-dotted, and dashed lines. (Redrawn from Ref. [184])

JADE algorithm clusters soft particles together into the third jet although they are
going into opposite directions, while the k; algorithm is designed to undo perturba-
tive parton splittings and prefers small angle over small mass clusterings. In effect it
is found that the k, algorithm is better behaved than JADE in terms of hadronisation
corrections and resummability of large logarithms at small values of the resolution.

A detailed comparison of the impact of the jet radius R on the size of NP cor-
rections to jet pr cross sections has been performed in a collinear approximation in
Ref. [186]. As shown in Fig.2.22 it was found that perturbative radiation, hadroni-
sation, and the underlying event affect jet transverse momenta for small R roughly
proportional to In R, —1/R, and R? respectively. As a consequence, the value of the
jetradius parameter R determines which aspects of jet formation are emphasised and
is a matter of choice.
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2.5.3 Experimental Desiderata

e Detector independence: No algorithmic dependence on detector details;

e Computational efficiency and predictability: predictable computing times that only
mildly increase with growing numbers of input objects;

e Maximal reconstruction efficiency: lossless treatment of all input objects (no “dark
jets”);

e Insensitivity to pile-up collisions: accurate correction for additional energy not
coming from the primary interaction;

e Ease of calibration: accurate and straightforward estimation of diverse detector
effects on the jet response.

e Minimal resolution smearing and angular biasing: avoidance of algorithmic dis-
tortions in addition to detector effects;

Early versions of jet construction by the UA1 and UA2 experiments at the SppS
were based on the cell structure of their calorimeters in a way making it difficult
to compare consistently to theory or other experiments [187-189]. This could be
remedied by using cone algorithms, which as an added bonus are computationally
efficient even for a large number N of input objects. On the contrary, sequential-
recombination algorithms like k;, favoured in low multiplicity eTe™ collisions, were
believed to scale with N° in terms of computing time. It was discovered in Ref.
[190] that much better implementations are possible where the N3 dependence is
drastically reduced to merely N or N In N. As a consequence k; type algorithms
became even faster than cone-type ones and it could be envisioned to apply them
in the experimental triggering procedure, where fast and predictable reconstruction
times are a must.

An undesired feature related to the search for stable cones in some cone-type
algorithms is the possibility to have so-called dark jets, i.e. measured energy deposi-
tions that are not reconstructed as jets [191]. This does not happen with sequential-
recombination algorithms.

An experimental complication to jet measurements is caused by the quest for
extremely rare processes like Higgs boson or very high- pt jet production that demand
correspondingly high instantaneous luminosities to be provided by a collider. Such
luminosities cannot be achieved without piling up multiple proton-proton collisions
per bunch crossing. In addition, the finite integration time of detector components in
comparison to bunch separations of 50 or 25 ns (from 2015 onwards) leads to crosstalk
from adjacent colliding bunches. As aresult, each “event” is interspersed with energy
depositions from such pile-up collisions (PU), which need to be subtracted. Atlow pr
even complete jets made of PU energy might be produced as illustrated in Fig.2.23.
An event-by-event identification of PU contributions is possible only for charged
particles, which appear as reconstructed tracks that are not associated to the primary
vertex of the event.

Jet algorithms that are insensitive to PU do not exist. Instead PU particles and
energy are collected roughly proportional to the squared jet radius R? in a similar
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—— associated to pile-up vertex —— charged hadron
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Fig. 2.23 Illustration of a pile-up collision in addition to a primary high- pr interaction leading to
additional particles and energy depositions within the same event. (/llustration courtesy of J. Berger
[192])

fashion as for the UE. Since a complete subtraction of PU is impossible, it is advan-
tageous to have a clear idea of the jer area A. Although not always exactly correct,
for cone-type algorithms the area is estimated to be 7 R?, at least for the leading
jets. For the k; algorithm it is much more involved. However, as first proposed in
Ref. [193] it is possible to define a jet area for each collinear- and infrared-safe jet
algorithm by clustering in addition to the normal list of input objects large numbers
of so-called ghost particles that have negligible four-momentum and are uniformly
distributed in rapidity and azimuth. Figure 2.24 presents as example for one hadron-
hadron collision event the jet areas so defined for the k; [194], Cambridge/Aachen
[195, 196], SISCone [182], and anti-k; [197] jet algorithms. The exact definition for
the three sequential-recombination algorithms is given in the next Sect.2.5.4. The k;
algorithm first combines low- pr objects and leads to larger, irregular-shaped areas,
while anti-k; starts clustering with the highest- pt objects and produces round-shaped
jet areas as if from a cone jet algorithm. The Cambridge/Aachen algorithm solely
relies on angular distances and lies somewhere in the middle of the other two.

With respect to PU subtraction and ease of calibration a regular shape of the jet
area is favourable, because it simplifies the experimental evaluation of average densi-
ties (per area) to implement corrections as described in Chap. 3. In combination with
perturbative safety, fast computing speed, and good geometrical resolution char-
acteristics, the cone-like sequential-recombination algorithm anti-k; was therefore
quickly adopted as the standard jet algorithm at the LHC.
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Fig.2.24 Illustration of jet areas for the k(, Cambridge/Aachen, SISCone, and anti-k; jet algorithms.
The tiles in rapidity and azimuth are coloured as a function of the number of ghosts clustered into
a particular jet. (Taken from Ref. [193])

2.5.4 Sequential Recombination Algorithms

The sequential-recombination algorithms in use at the LHC can be described in a
unified way. First of all two distance measures must be defined that give the relative
distance d;; between each pair of N input objects i and j and between each input
object i and the beam direction, d;p:

AR,
. 2 2
d;; = min (pTﬁ., pr’j) R—;J , (2.28)
dip = pi. (2.29)
Here, AR;; is the purely “angular” distance in y and ¢ between i and j,!!
2 2 2
(AR;j) = (yi—y;) + (¢ — )", (2.30)

1Of course, azimuthal angular separations are delimited to the interval (—m, +7].
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Fig. 2.25 Flowchart of a jet algorithm with sequential recombination. N input objects, usually
given in the form of four-momenta p;, are iteratively clustered following a recombination scheme
RS. The final output is a list of K jets where K < N

which is scaled with respect to a parameter R that is equivalent to a cone radius and
defines what will be referred to as jet size in the rest of this work. The power p decides
whether low- or high- pr objects are clustered first and differentiates between the k;
(p = 1), the Cambridge/Aachen (p = 0), and the anti-k; (p = —1) jet algorithms.
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Then, the minimal distance dyy;, is found from all pair-wise distances d;; and all
beam distances d; 5 simultaneously. If din, € {d;p}, then the input object is declared
a final jet, removed from the list of clustering objects, and added to the list of K
jets, which initially is empty. If di,in € {d;;}, then the two objects are merged with
four-vector addition as recombination scheme and the new object is added to the
clustering list while the parent objects i and j are removed. These steps are repeated
until there are no more objects left in the clustering list. The list of final jets then is
returned as result. An illustrative flowchart of the described algorithms is displayed
in Fig.2.25.

The default jet sizes chosen in LHC Run 1 by the two omni-purpose experiments
for the anti-k; algorithm are R = 0.4 and 0.6 for ATLAS and R = 0.5 and 0.7 for
CMS. For Run 2, CMS changed the smaller jet size to 0.4 enabling direct comparisons
to ATLAS measurements.

If the substructure of a jet is of interest, for example because the jet is supposed to
come from a heavy boosted object whose two- or three-prong decay products all end
up in the same jet, then it might be unwise to enforce a round-shaped jet area. For such
purposes other jet types are better suited and in particular the Cambridge/Aachen
algorithm is widely used. Last but not least, jet areas itself can be exploited for
measurements, for example as an alternative to the traditional method to determine
the UE [198].

2.6 Theoretical Uncertainties

Given the amount of approximations and assumptions necessary before arriving
at a prediction comparable to experimental data, a careful assessment of related
uncertainties is mandatory. The most common theoretical uncertainties encountered
in jet physics will be addressed in the next sections. They are related to:

1. the truncation of the perturbative series in a fixed-order calculation, colloquially
but inadequately referred to as scale uncertainty;

2. the limited knowledge of hadron structure, PDF uncertainty;

3. the limited knowledge of the strong coupling constant, as uncertainty;

4. the modelling and tuning of non-perturbative effects, NP uncertainty.

Depending on the observable under study and the employed theoretical tools and
techniques, further causes such as the fragmentation of heavy quarks, the top mass,
decay constants, or limited statistical precision in numerical approximations may
give rise to further uncertainties, cf. also Chap.9 of Ref. [199].
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2.6.1 Scale Uncertainties

Because the perturbative expansion in the strong coupling constant oy needs to be
truncated, all fixed-order calculations suffer from the fact that the missing higher
orders somehow have to be accounted for in an uncertainty. Apparently, a truncated
expansion following Egs. (2.14)—(2.16) depends on the more or less arbitrary choices
of renormalisation scheme and scale w,, while the full result of a renormalisable
theory does not. More precisely, it can be shown that a quantity expanded in oy up
to terms of power n varies with In 12 proportional to aﬁ“, i.e. one order higher than
the expansion itself:

dx

T2 (o) = O (a§™) . (2.31)
Naturally, this lead to the paradigm of estimating missing higher orders through this
residual scale dependence. The differences between the central and varied results
when changing the scale p, around a central value wg by factors of 1/r and r are
taken to be the scale uncertainty. However, there are a couple of questions related to
this ad hoc procedure that, nevertheless, is in widespread use:

What renormalisation scheme to choose?

What should the central scale g be?

Which factor r should be used for the variation?

What is the statistical interpretation of this uncertainty?

What should be done, if multiple choices for p( are involved?

What should be done with other nonphysical scales like  ; appearing in calcula-
tions of pQCD?

Nowadays adopted standard in terms of renormalisation is the MS scheme, which is
chosen for computational simplicity when dealing with one-loop corrections. In this
scheme, the central scale w( preferably should be of the order of the “hard” scale
of the considered process to improve the accuracy of the perturbative expansion, cf.
Ref. [45]. Conventionally, the variation factor r is chosen to be 2, which in many
cases leads to reasonable results, see for example Ref. [200] for an examination of
single-inclusive jet production. Figure2.26 left shows the rapidity distribution of Z
boson production as predicted to LO, NLO, and NNLO including scale uncertainty
bands, where, on the contrary, the NLO prediction lies outside the estimated LO
band. If the uncertainty is interpreted in the usual sense of a 1o or 67 % confidence
level (CL), one such example might still be fine. However there are much worse
cases in the same Ref. [201] and elsewhere. A review and comparison to a more
rigorous statistical interpretation in terms of Bayesian degrees of belief (DoB) has
been presented in Refs. [202, 203]. Figure 2.26 right presents the example of Higgs
boson production via the gluon fusion process. Apparently, the computed higher
orders at NLO and NNLO lie beyond the estimated uncertainties for r = 2 at lower
order, and the uncertainties are largely underestimated even for » = 4 in comparison
to the DoB as derived in the modified Cacciari-Houdeau approach (CH).
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Fig. 2.26 Issues in scale variations: Left Predictions at LO, NLO, and NNLO including scale
uncertainty bands for Z boson production as a function of the Z rapidity Y. Right Higgs production
cross section pp — H via gluon fusion process at LO (k = 2), NLO (k = 3), and NNLO (k = 4).
The light- and dark-blue error bars corresponding to the 1o and 20 degrees of belief estimated
according to the modified Cacciari-Houdeau approach (CH) are compared to the estimates using
scale variations by factors of 2 and 4 shown as light- and dark-red error bars. (Taken from Refs.
[201, 203])

The multi-scale problem partially is related to the merging and matching schemes
of the NLO+PS event generation mentioned in Sect.2.4.2. Discussions with respect
to the involved merging/matching scale u,, and corresponding uncertainties are still
ongoing. The factorisation scale u  introduced in Sect.2.3.2 on the other hand has
a totally different physics origin from u, and can, in principal, be set independently.
For jet production in ep DIS for example, 1 usually is identified with Q, i.e. the
momentum transfer between the scattered electron and the proton, while i, is chosen
to be the jet pr. At the LHC, u, and p, are mostly defined identically, but scale
variations are performed independently avoiding overly large relative factors between
the two, cf. Refs. [204, 205]:

/r <u/ug=r. (2.32)

With r = 2 this leads to the following six variations of 1, and u ; from the default
choice of w, = s = o between /2 and 2oz (wr/po, wyr/mo) = (1/2,1/2),
(1/2, 1), (1,1/2), (1,2), (2, 1), and (2, 2). The maximal downwards and upwards
deviations from the central result are defined as scale uncertainty, where the dominant
effect usually comes from the change in i, . Despite the above-mentioned issues the
majority of experimental and theoretical particle-physics analyses in the past and
still today employ this recipe, or a simplified variant, of scale uncertainties, which
although far from optimal at least induce comparability. It is well-known though
that scale variations anyway are incapable to account for the appearance of new
production channels at the next perturbative order.

Other concepts of scale setting, fastest apparent convergence (FAC) [206, 207],
principle of minimal sensitivity (PMS) [208, 209], and Brodsky—Lepage—Mackenzie
(BLM) [210], have been investigated early on. The latter claims to eliminate scale



40 2 Theoretical Framework

ambiguities in pQCD, but requires to find a proper scale that is different order-by-
order for each relevant set of subprocesses and hence is rather impractical. A recent
revival of interest in the BLM prescription lead to a reformulation in the form of
the principle of maximum conformality (PMC) [211-213]. PMC promises to be a
systematic method to eliminate the renormalisation scale and scheme ambiguities to
all orders in pQCD. A widespread application of PMC is still outstanding, but taken
at face value it emphasises once more that scale variations cannot really address the
original aim of estimating a missing higher order uncertainty. Some progress in that
direction has been reported in Refs. [214, 215].

2.6.2 PDF Uncertainties

Initially, the PDFs, necessary for the factorised, long-distance partin Eq. (2.20), were
derived from in particular DIS experiments in the form of parameterised functions.
The observation of an excess of jet production at high pr by the CDF Collaboration in
1996 [216], cf. Fig.2.27 left, triggered speculations with respect to new phenomena.
However, at that time, the only means to exploit the potential freedom in these PDFs
consisted in comparing the predictions of a few candidate functions like the ones
used by the CDF Collaboration. A systematic approach to PDF uncertainties simply
did not exist. In the end, the excess could be accommodated by adaptations in the
gluon PDF [217] as shown in Fig.2.27 right.

In the following 20 years enormous progress has been made towards statistically
well-founded, systematic schemes to determine PDFs including uncertainty esti-
mates. Numerous PDF fitting groups continuously develop and refine their methods,
while simultaneously more and more precise data are integrated into the process.
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Fig. 2.27 Excess reported by CDF with respect to the predicted inclusive jet pt spectrum (left)
and explanation in terms of a modified gluon PDF (right). (Taken from Refs. [216, 217])
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Fig. 2.28 MSTW2008 NLO PDFs including uncertainty bands at a scale of 0% = 10 GeV? (left)
and shape of the recent CT14 NNLO PDFs at 0% = 4GeV? (right). (Taken from Refs. 218, 219])

Figure 2.28 left exemplifies the MSTW2008 NLO PDFs including uncertainty bands
at a scale of Q% = 10 GeV2. Their shape at higher scales like 10000 GeV? as needed
at the LHC is completely determined by the DGLAP equations (2.21). An example
of the most recent PDFs, displayed without uncertainties, is given in Fig. 2.28 right.

Table?2.1 gives an overview of the primary PDF sets available for comparisons
to data at NLO. In most cases, NNLO versions and further variants exist as well.
As exhibited in Fig.2.28 the validity of the DGLAP equations is assumed starting
from scales Q even below threshold for the production of b quarks.'? The inclusion
of the heavy quarks, charm and bottom, into pQCD predictions involving PDFs
requires special care. Several solutions are proposed. The ABM and (G)JR PDF sets
employ a fixed-flavour number scheme (FFNS) [220-222] with three respectively
five flavours. All other PDF sets use a general-mass variable-flavour number scheme
(GM-VENYS), several variants of which are reviewed in Ref. [223]. The maximum
number of flavours is five, Nfmax = 5, except for NNPDF2.1 and 2.3, which have
Ny max = 6. Even beyond the top quark mass it can be justified to continue using
Np = 5 [224] as is the case for the jet analyses presented later in this work.

The PDF sets are supplied for usage in other programs via the unified Les Houches
Accord PDF (LHAPDF) interface [239, 240], which in its latest version includes
routines to evaluate uncertainties. Two primary strategies evolved to provide these
uncertainty estimates from PDF fits:

1. The Hessian or eigenvector method [241, 242] where the correlated experimental
data uncertainties on the fitted parameters for simplicity are provided within an
orthonormalised parameter space.

12,MS  _ 1 275GeV, mMS = 4.18GeV [28].

charm bottom
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Table 2.1 The NLO PDF sets used in comparisons to the data in Run 1 (upper eight rows) and
newer sets for Run 2 (lower six rows) together with the corresponding number of flavours N, the
assumed masses M; and Mz of the top quark and the Z boson, respectively, the default values
of ag(Mz), and the range in ag(Mz) variation available for fits. A * behind the ag(Mz) values
signifies that the parameter was fixed, not fitted. The FENS (G)JR PDF sets use Ny = 3, but allow
NF to rise up to five in the evolution of ag. VENS variants of these PDFs exist as well

Base set References | Np M; (GeV) | Mz (GeV) |as(Myz) as(Mz)
range
ABMI11 [225] 5 180 91.174 0.1180 0.110-
0.130
CJ12 [226] <5 180 91.1876 0.1180* -
CT10 [227] <5 172 91.188 0.1180* 0.112-
0.127
HERAPDF1.5 |[228] <5 180 91.187 0.1176* 0.114—
0.122
GJROS8 [229, 230] |3(5) 175 91.71 0.1145 -
MSTW2008 [218, 231] | <5 1010 91.1876 0.1202 0.110-
0.130
NNPDF2.1 [232] <6 175 91.2 0.1190* 0.114—
0.124
NNPDF2.3 [233] <6 175 91.1876 0.1180* 0.114—
0.124
CJ15 [234] <5 180 91.1876 0.1180* -
CT14 [219] <5 172 91.1876 0.1180* 0.113—
0.123
HERAPDF2.0 |[235] <5 173 91.1876 0.1180* 0.110-
0.130
JR14 [236] 3(5) 173 91.1876 0.1158 -
MMHT2014 | [237] <5 1010 91.1876 | 0.1180* 0.108—
0.128
NNPDF3.0 [238] <5 173 91.2 0.1180* 0.115-
0.121

2. The MC method [243-245] where the input data are varied according to their
precision, including correlations, to produce an ensemble of PDFs that statistically
reflects the intrinsic uncertainty.

Since each eigenvector of the Hessian method corresponds to an uncertainty source
independent of all other eigenvectors, the total impact on an observable X can be
evaluated by quadratic addition. If one-sided deviations caused by the + and —
variations of one eigenvector are to be considered in an asymmetric uncertainty, the
formula reads:
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Nev
AXT = D [max (X - Xo, X7 — %, 0)],
N i=1
Nev
AX™ = | > [min (X - X, X7 — %,0)]°, (2.33)
\ =l

where Ngy is the number of eigenvectors and the index O indicates the result for the
central PDF stored as zeroth member. The CJ, CT, MSTW, and MMHT sets fall into
this category and consist of this central PDF member no. 0 and 2 - Ngy members for
the uncertainty. The PDF uncertainties customarily are evaluated at 68 % confidence
level (CL) except for the CT and CJ ones, which provide uncertainties only at 90 %
CL. For a uniform treatment, the CT/CJ uncertainties must therefore be downscaled
by a factor of v/2erf ™! (0.9) ~ 1.645. If symmetric errors are required, for example
in covariance matrices, the formula

Ngy X~+ X 2
[—} (2.34)

AXtE=+ > 5

i=1

can be used instead. In case of the ABM and (G)JR PDF sets a symmetrisation has
been performed beforehand such that in their case the Hessian uncertainties are to
be derived according to the equation

Niem
AXE =4 | D[4 - X, (2.35)

i=I

where Npem 1S the total number of members not counting the zeroth one.
For the MC method as employed by the NNPDF sets, the usual formula for a
standard deviation is applicable:

1 Nrcp

AX* = T Z[X,» — (X)), (2.36)
rep i=1

where Nrep = Npem i the number of replicas, again not counting the zeroth one.
(X) corresponds to the average prediction for the observable X', which in general is
different from the predicted value for the averaged PDFs present as zeroth member.

The PDF sets listed in Table2.1 can be further differentiated into “global” ones
that evaluate a multitude of different data sets in a global combined fit, ABM, CT,
(G)JR, MSTW/MMHT, and NNPDF, and more specialised ones, CJ, HERAPDF.
Out of the global ones, the (G)JR PDF sets are less used, because they lack a series
with variations in the value of ag(My).
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The CJ sets follow the general strategy of the CT ones, but include data with
nuclear targets, e.g. deuterium, which requires supplementary assumptions or nuclear
correction factors when extracting proton PDFs. Their advantage consists in larger
amounts of data that constrain the high x region, which is particularly important
when searching for new phenomena at very high pr or mass.

The HERAPDF sets are restricted to the exclusive use of DIS measurements
from the H1 and ZEUS experiments. Since these data are essential ingredients to all
other PDF sets as well, they pose an ideal baseline for comparisons. Moreover, the
computer code for performing the fits is publically available in the form of the open
source framework HERAFITTER [246].!> The uncertainty estimation employed in
this framework is more involved and is explained in detail in Sect. 4.5, where such a
PDF fit including CMS jet data is described.

Standard model measurements, particularly the ones that promise to be valuable
ingredients to fits of SM parameters, clearly should be confronted with predictions
for each individual PDF set. In some cases, e.g. limit settings on physics beyond the
SM, it might be desirable to provide only one number that in addition accounts for
variations caused by the different PDF sets. For this purpose, the PDFALHC working
group has proposed a combination procedure [247] that was updated recently [248].

Effects of polarisation or transverse momentum dependence (TMD) in PDFs have
been neglected so far. These topics are specially addressed in Refs. [45, 249, 250].

2.6.3 og Uncertainties

In addition to the parameters of the PDFs themselves the strong coupling constant
enters into the fits. Correlations, specifically between the gluon PDF and the assumed
value of ag(My), are expected and must be addressed when deriving a combined
uncertainty. For this purpose, it must be differentiated whether ag(Myz) is consid-
ered a fixed input parameter, i.e. the “starred” values in Table 2.1, or a fitted output
parameter in a PDF fit.

For the first case, three approaches are discussed in Ref. [251]:

e Quadratic addition of the PDF uncertainty and a Aag (M) uncertainty computed
with the same central PDF set.

e Quadratic addition of the PDF uncertainty and a Axg(Mz) uncertainty computed
with PDF sets fitted using the varied values of «g(M7).

e Correlated propagation of the PDF and as(Mz) uncertainty to the PDF error set.

The first recipe is totally ignorant of correlations, while the last one depends on
the method for the estimation of PDF uncertainties, Hessian or MC method. For a
variation of ag(Mz) by £0.0012 as recommended in Ref. [247] it is observed that
all three recipes are rather close to each other with a slight underestimation of the

ISHERAFITTER recently was renamed to XFITTER.
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uncertainty by variants one and two. For all practical purposes it is sufficient and
recommended to apply the second recipe for the CT and NNPDF sets [252, 253].

In the second case where as(Mz) was fitted together with the PDF parameters,
the oy uncertainty intrinsically is included already in the ABM PDF uncertainties.
For the MSTW2008 PDF set, it is recommended to calculate the PDF+a (M)
uncertainty from the envelope of five PDF sets with uncertainties produced under
varying assumptions on ag(Mz) [231].

The newer CT, MMHT, and NNPDF sets all employ the same fixed value of
as(Mz) = 0.1180. Here, the recommended procedure follows recipe two above, but
with an enlarged uncertainty of Aag(M;) = £0.0015.

The latest 2015 update of the PDG gives the world average as:

as(Mz) = 0.1181 £ 0.0013 . (2.37)

2.6.4 Non-perturbative Uncertainties

Since fixed-order predictions as used in fits of SM parameters are at parton-level only,
corrections for non-perturbative effects must be applied. As described in Sect.2.4.1
this implies model assumptions and parameter tuning and hence induces a corre-
sponding uncertainty. Customarily, the corrections are estimated from the ratio of
distributions for fully hadronised events over the distributions with MPI and hadro-
nisation switched off in the respective LO+PS MC event generators. An envelope is
constructed around the predictions by different event generators with various tunes
to derive a medium correction and to attribute a systematic uncertainty of half-width
of the spread for this factor.

The advent of MC event generators capable of combining NLO+PS with the
NP modelling opens up new possibilities. A first step towards NP corrections from
NLO+PS event generation has been taken in Ref. [254], cf. Fig.2.29 left, where
the results for LO+PS from HERWIG++ and PYTHIA6 are compared with those for
NLO+PS from POWHEG +PYTHIAG. As expected the NP effects are negligible for
high transverse momenta, but can become significant for jet pr’s below 300 GeV.
Interestingly, they are less pronounced in the NLO+PS case. However, it has to be kept
in mind that the pt dependence of the various effects of PS, MPI, and hadronisation
differs as detailed in Sect.2.4. As a consequence, the NP corrections are sensitive to
the choice of jet algorithm and jet size.

To avoid statistical fluctuations in less populated regions of phase space, the NP
factors are usually parameterised by a simple polynomial function:

) = po+ f—; : (2.38)

Combining the three parameterised predictions for the whole range in rapidity leads
to the curves shown in Fig.2.29 right, exhibiting a similar size and shape versus pr.
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Fig. 2.29 Left NP corrections at central rapidity |y| < 0.5 for inclusive jets as a function of jet pr
using two LO+PS and the NLO+PS MC event generator POWHEG +PYTHIAG6. Right Comparison of
the combined NP factors in five regions of absolute jet rapidity. (Taken from Ref. [254])

Details with respect to particular analyses are presented in the relevant sections as
appropriate.

2.6.5 Fast Interpolation Techniques

The processes of inclusive jet and dijet production at hadron colliders are known up to
NLO since more than two decades from the (M)EKS [255-257], JETRAD [258], and
NLOJET++ [259, 260] programs, where the latter also comprises 3-jet production
at NLO. A calculation at NNLO is ongoing and at the time of writing is partially
completed [261]. 4-jet and 5-jet production at NLO have become available recently
[262-264].

All these programs, capable of providing cross sections fully differential in jet
observables, are increasingly demanding in terms of CPU time consumption with
higher orders and multiplicities. This prevents their direct use in fits of PDF parame-
ters or the strong coupling constant. However, the CPU intensive part entering the
calculation according to Eq. (2.20) is localised in the derivation of the partonic cross
section

d6ij—x0) O, X'y gy s s () (2.39)

that depends on the PDFs and a5 () only indirectly via folding integrals. This fact
enables the use of interpolation techniques to separate the time-consuming part from
the PDF and a5 (1) dependence. To factorise for example the PDF dependence from
the convolution, the PDFs are expressed as a sum of eigenfunctions (or interpolation
kernels) on a grid in the convolution variable x as

Fip@) = D" fiyp(xa) - Ea(x) (2.40)
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Fig. 2.30 Cubic interpolation of the gluon PDF in FASTNLO. w(x) is an additional weight func-
tion to reduce PDF curvature and improve the approximation quality. (I/lustration courtesy of M.
Wobisch)

where a numbers the support nodes x,, f;/,(x,) assumes a fixed value, and E, (x) is
the a-th eigenfunction. The set of eigenfunctions { £, (x)} must satisfy the relations

E(l('xb) = 8(1}79 Va’b
> EJx)=1, Vx. (2.41)
a

A pictorial representation of this procedure employing cubic interpolation kernels is
shown in Fig.2.30.

Replacing fi/,(x) in Eq. (2.20) by the sum of Eq. (2.40) and performing the
convolution with the partonic cross section once, the result can be written as a sum
of terms, where a change in PDF only requires to adapt the factors f;/,(x,), which
is a very fast operation. For hadron-hadron collisions the same technique can easily
be extended to both PDFs f;,,(x) and f;,,(x") giving a two-dimensional grid of
support nodes (x4, xp) with PDF specific factors f;/,(x,) and fj/,(xp).

The quality of this approximation is determined by the number and distribution of
support points, and the shape of the interpolation kernels in comparison to the shape
of the PDFs and the distribution of the partonic cross section over the phase space.
Two possibilities for optimisation are indicated in Fig.2.30:

1. The support nodes are not evenly distributed in x but proportional to /( log;,(x)).
2. An additional weight function w(x) has been applied to reduce in a generic way
the curvature of the PDFs, which improves the approximation quality.

Finally, the dependence on (., and y can be addressed in the same way as the
interpolation in x, where, however, the interpolation kernels and parameters can be
optimised separately. In total, the equivalent of Eq. (2.20) then reads
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~(j—X
dogpoxy = D, al(e) - fiypas ite) + figp o, e 6,770 o (2.42)

n,i,j,a,b,c

where the sum runs over the powers n of «g, the parton flavours i and j, the x-
interpolation nodes a and b, and the p-interpolation nodes c. The time-consuming
(O (kh)) convolution has to be performed only once to compute and tabulate the
coefficients

dgW=%  — / dxdx'E,(x) - Ep(x) - Ec(u) x d6{_ ) (e, x', ), (2.43)

n,i,j,a,b,c

that fully contain the information on observable definition and phase space restric-
tions. The evaluation of the sum of products in Eq. (2.42) only requires milliseconds.

This technique of fast interpolation grids introduced above hence can be exploited
to reduce by many orders of magnitude the amount of CPU time to invest for repeated
evaluations of higher-order cross sections with modified assumptions on PDFs, scales
W, or the value and evolution of «g. Two independent implementations of this tech-
nique exist: FASTNLO [265, 266] and APPLGRID [267, 268], both of which are
interfaced to various theory programs and utilised in fits with the XFITTER frame-
work. The packages differ in their interpolation and optimisation strategies, but both
of them construct tables with grids for each bin of an observable in two steps. In a
first step the accessible phase space in momentum fraction x and scale u is explored
and the partonic subprocesses that contribute and need to be differentiated must be
identified. This serves to optimise the table size by eliminating empty regions in x
and p as well as reducing the number of subprocesses to store as compared to 11 - 11
linear combinations in a full flavour basis without counting top quarks. Only in the
second step the grid is filled for the requested observables and binning. The approxi-
mation quality can easily be checked by a comparison to histograms simultaneously
filled with the full cross section. Alternatively, the dependence on the number of
support nodes could be studied, as for an infinite number the approximation bias
must approach zero.

For simplicity, i, and u r have been set equal in the formulae above. However, it is
perfectly possible to differentiate between the two and in an update to the FASTNLO
framework [269, 270] it is even possible to separately store terms proportional to
log(u2)* - log(uﬁ)t as they appear in the coefficients of a perturbative expansion. At
NLO, the only combinations possibleares =t =0,s =1, =0,ands =0, ¢ = 1.
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