Chapter 2
Linear Systems with State Measurement

1 Introduction

In this chapter we consider stabilizable LTI systems with state measurement.
However, we also consider additive disturbances in the differential equations
(which play the role of modeling errors) and additive disturbances in the measure-
ment (which play the role of measurement errors).

First, we consider the basic case: undelayed continuous state measurement and
continuously adjusted control input (Section 2). The three ways of implementing
predictor feedback are analyzed in detail and it is shown that they result in different
gains for the disturbance inputs. The gains as well as the asymptotic gains are
estimated by explicit formulas. Two different things can be observed by the
provided explicit formulas:

« the fact that the disturbance gains are significantly larger than the asymptotic
gains, and
« the fact that the (asymptotic) gains cannot be assigned.

As already remarked in Chapter 1, the latter fact is not a technical consequence
of the proof methodology: it is a fundamental feature of all systems with input
delays. This is proved in Section 3 (Theorem 3.2) for general nonlinear systems.

Next we consider the construction of approximate predictors for LTI systems
and their use in a predictor feedback control scheme (Section 4). We provide results
which guarantee robustness with respect to perturbations of the sampling schedule
and we consider different sampling and holding periods (Theorem 4.2).

Finally, the last section of the chapter is devoted to the study of the robustness
properties of predictor feedback with respect to delay perturbations. Delay pertur-
bations are vanishing perturbations (in the sense that they do not change the
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20 2 Linear Systems with State Measurement

position of the equilibrium point) and there are only a few works in the literature
which consider delay perturbations for LTI systems under predictor feedback.
Specific results are provided for the cases of measurable time-varying delay
perturbations and constant delay perturbations.

2 Basic Case: Undelayed Continuous State Measurement
and Continuous Control

LTI systems of the form

X (1) = Ax(t) + Bu(t — 1)

x(f) €M™, u(r) eR™ @1

where A € R, B€R""" are constant real matrices, are the topic of the present
chapter. We assume that we have a linear stabilizing feedback law for the delay-free
case, i.e., we can design a matrix k € R"™" such that (A + Bk) is a Hurwitz matrix.
Since the predictor mapping, i.e., the mapping that provides the state vector 7 time
units ahead is given by the variations of constants formula

x(t+7) = exp(A7)x(?) + Jexp(Aw)Bu(t — w)dw (2.2)
0
the predictor feedback assumes the following simple form:
u(t) = kexp(AT)x(?) + k J exp(Aw)Bu(t — w)dw, fort>0  (2.3)
0

As already remarked in Chapter 1, we can view the closed-loop system (2.1)
with (2.3) in three possible ways:

1) As the interconnection of a system of ODEs (namely, system (2.1)) with a
system of IDEs (namely, system (2.3)). In this way, the state space of the
closed-loop system is the space R" x L™ ([ — 7,0); R").

2) As a system of RFDEs with distributed delays, namely the system

u(t) =k(A+ul,) | exp(Ar)x(r) + Jexp(Aw)Bu(t —w)dw | + (kB — pl,)u(r)
0
(2.4)
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where p > 0 is an arbitrary constant, with system (2.1). In this way, the state
space of the closed-loop system is the subspace

(x,u) ER" x C°([—7,0]; R™): u(0) = kexp(Az)x + kJ exp(Aw)Bu(—w)dw
0

3) As a hybrid system with delays, namely, system (2.1) with the following
system:

u(r) = kexp((A + Bk)(t — 7)) | exp(Ar)x(z;) + Jexp(Aw)Bu(T,- —w)dw |,
0

forall 1€ [z, 7i11)
(25)

where {7;}:7, is an arbitrary partition of 9. In this way, the state space of the
closed-loop system is the space R" x L> ([ -1, O); D‘im).

The three ways of viewing the closed-loop system (2.1) with (2.3) can lead to
three different implementations of the feedback law:

1) The direct implementation of (2.3): this implementation corresponds to the
first viewpoint.

2) The dynamic implementation, i.e., the implementation of (2.4): this imple-
mentation corresponds to the second viewpoint. In this case, we can even
consider as a state space the space " x C°([—z,0]; R™).

3) The implementation of the following hybrid system:

(1) = (A+ Bk)z(t), forall t€ [1;,7i11) (2.6)

z(z;) = exp(A7)x(z;) + Jexp(Aw)Bu(ri —w)dw, forallieZ, (2.7)
0

u(t) = kz(t), forallt > 0 (2.8)

This implementation corresponds to the third viewpoint.

The three different ways of implementing the closed-loop system (2.1) with
(2.3) have important differences. The hybrid implementation does not require
continuous measurement of x(f): the value of x(¢) is only required at the discrete
sampling times {z;},°.

More differences arise when disturbances are present. In this case, we have

X (t) = Ax(t) + Bu(t — 7) + Gw(r)

x(1) R, u(t) eR™, w(t) eR? (2.9)
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where Ge€R™? is a constant real matrix and weLy%.(R4;RY) is the plant

disturbance. The feedback law is modified in the presence of measurement errors
EeLyX (R M"):

loc

1) In the case of direct implementation we have:

u(r) = kexp(At)(x(t) + &£(1)) + kJ exp(As)Bu(t — s)ds, fort > 0 (2.10)
0

2) In the case of the dynamic implementation we have:

u(t) = k(A + puly) | exp(A7)(x(r) + (1)) + Jexp(As)Bu(z — s)ds
0
+ (kB — ul,)u(t) (2.11)
where ¢ > 0 is an arbitrary constant.

3) In the case of hybrid implementation we have:

#(f) = (A + Bk

~—

Z(l), forall t€ I:Tj,TiJrl) (212)

2(7;) = exp(A7)(x(7;) + &(7:)) + | exp(As)Bu(z; — s)ds, forallieZ, (2.13)

(= e ]

u(t) = kz(t), forallz > 0 (2.14)

where {7;}:°, is an arbitrary partition of .

Depending on the implementation, we obtain different results. The following
result deals with the direct implementation.

Theorem 2.1 (ISS w.r.t. disturbances under direct implementation): For every
(XO, ﬁo) ER" x L™ ( [ -1, O); 9{”’) weLX (R ;RY), E€Lis (R ; R") the solution

loc loc
of (2.9), (2.10) with initial condition x(0) =xo, u(s) = uo(s) for s€[—1z,0)
corresponding to inputs weLi, (R RY), E€Ly (R, R") exists for all t >0

and satisfies the following estimates for all t > 0:
x(1)] < Mexp(—20(t — 7)) (m ($(s)) ol + |B| ||im||j¢<s>ds>
0

+Mexp(~2a(t = )G sup (wls))[#(5)ds + 3 IBKIA(e) sup (1E6))

0<s<min(z,7) 0<s<t

306 (1 ¥ |Bk|J¢<s>ds) sup ((w(s)) (2.15)

0<s<t
0
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||| < exp(—20(t — z))max | [k|M | ¢(z |xo|+|B|||u0||J¢ . |lzo]|

0

0<s<t

(o) (1Bt + 1) s () + G 1+ s ) o (wis
T 0

0<s<min(z,r)

HGIIKMexp(~26(r = 1) sup  (w()]) [¢(s)ds
0
(2.16)

where 6 > 0 and M > 1 are constants satisfying |exp((A + Bk)t)| < Mexp(—20t)
forall t >0 and € C° (R ;R,) is a function that satisfies |exp(At)| < ¢(t).

Proof: Local existence of solution is guaranteed by the results of Chapter 7. Global
existence follows from the results of Chapter 7 and the estimates that are
obtained next.

The variations of constants formula gives for all # > 0:

x(t 4 7) = exp(A7)x(r) + Jexp(As)Bu(t —s)ds + J exp(A(t + 7 — 5))Gw(s)ds
0 t

(2.17)
Using (2.10) and (2.17), we obtain for almost all r > 0:
t+e
kx(t 4+ 7) = u(t) — kexp(A7)E(r) + k J exp(A(t+ 7 — s5))Gw(s)ds (2.18)
1
Consequently, the following differential equation holds for almost all r > 0:
X (t+ 1) = (A + Bk)x(t + 7) + Bkexp(A7)&(r)
t+1
+Gw(t+ 1) — Bk J exp(A(t+ 7 — 5))Gw(s)ds

t

(2.19)

The variations of constants formula in conjunction with (2.19) guarantees that the
following formula holds for all ¢ > z:

x(t) = exp((A + Bk)(r — 7))x(z) + Jexp((A + Bk)(t — 5))v(s)ds (2.20)

T
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where

v(t) = Bkexp(AT)E(t — 7) + Gw(r) — Bk J exp(A(r = 9))Gw(s)ds (5 5y

t
for almost all ¢t > ¢

Using the facts that ¢ > 0 and M > 1 are constants satisfying |exp((A + Bk)z)| <
Mexp(—2ct) for all +>0 and ¢peC’(R,;9R.) is a function that satisfies
lexp(At)| < ¢(t), we obtain from (2.20), (2.21) and the triangle inequality:

|x(2)] < Mexp(—206(t — 7)) |x(z)| + i sup (|v(s)|) forallt>rt (2.22)

20 T<s<t

V(O] < [BHGIE( — o)l + (610 + BIG] [#(5)ds sup_ (WD 33

t—1<s<t

for almostall t > ¢

t
Using the variations of constants formula x(7) = exp(A#)x(0) + Jexp(A(t —s))
0

t
Bu(s — t)ds + Jexp(A(t — 5))Gw(s)ds for €0, 7] we obtain:
0

t

(0] < $(o)lxal + B} | 4(5)ds + 1G] sup (hwis)) [ d(5)ds forre (0.
0 = 0
(2.24)

Combining (2.22), (2.23), and (2.24) we obtain estimate (2.15) for all ¢ > 7.
Moreover, we notice that by virtue of (2.24), estimate (2.15) holds for €0, 7] as
well. Using (2.18) and (2.22) we obtain for almost all # > 0:

()] < IKIMexp(~200)lx(z) + Ky sup (Iv(s))

T<s<t+7

(2.25)

+ |kl¢(z) sup (|£(s)]) + [K[|G] sup (IW(S)I)qu(S)dS
0

sup
0<s<t 1<s<t+t
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Combining (2.25), (2.24), and (2.23) we obtain for almost all # > 0:

T

lu(?)] < |k|Mexp(—261t) | ¢(7)|x0| + |B\||ﬁ0||J¢(s)ds
0

1<s<t+t1

+(0)(1Btl50 + 1) sup () + iG] sup (o)) [os)as
. 0 (2.26)

0<s<t+7 T<s<t+7

HKIBKIGIS, [#(5)ds sup (w(s)) + HIGL5, sup_(wis))
0

0<s<t

1G] [k|Mexp(~261) sup <\w<s>\>J¢<s>ds
0

Using a standard causality argument, we conclude from (2.26) that estimate (2.16)
holds for all # > 0. The proof is complete. <

Remark 2.2: Estimate (2.15) shows that the closed-loop system (2.9), (2.10)
with output  Y(f) = x(r) satisfies the IOS property from the inputs
weL® (R RY), €Ly (Ry;R"). Estimate (2.15) shows that the gain of

loc loc
T

the input we L% (R4;R?) is equal to £|G[| 1+ (20 + |Bk|)J¢(s)ds and the

loc
0
asymptotic gain of the input weLX (Ro; R is equal to

loc
T

miGH 14 |Bk|J¢(s)ds
0

The following result deals with the dynamic implementation (2.11).

Theorem 2.3 (ISS w.r.t. disturbances under dynamic implementation): Let
0> 0 and M > 1 be constants satisfying |exp((A + Bk)t)| < Mexp(—2at) for all
t > 0and letp €C°(R ;M) be a function that satisfies |exp(At)| < ¢(t). For every
> 20, (xo,up) ER" x CO([—7,0];R™), we L. (R ;RY), EELX.(R,;R") the

loc loc
solution of (2.9), (2.11) with initial condition x(0) = xo, u(s) = u(s) for s€ [—,0]
corresponding to inputs w € LY. (R4 ; RY), E€ LY (Ry; R") exists for all t > 0 and

satisfies the following estimates for all t > 0:
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(0 <M(1 1 1Bl ')exp<—2a<z—r>> max (4(5))lol

0<s<t

M|B| |B]|K| i
+u -2 <1 +ﬂ _ 20) exp(—20(t — 7)) | (u— 26)l¢(s)ds + 1| |uol]

M<|G|+'B|kc|+' kA + il 46 ) sup (Iw(s)) (2.27)
0

0<s<t

T Mexp(—20(t — 2))[G] (1 n M) jas(s)ds swp  (w(s))

H—= 20 0 0<s<min(z,r)

ML A+ a1 e) sup (105))

0<s<t

o < 1411+ 01+ 2V Yexp(-2a(e - ) (905 o

+(1 +M+M 'B”’; > (1 + 1B K] (ng s+ ))exp(—Za(t—r))HuOH
( (IkG+Ik(A+ﬂI 1614 )(1+|k||B| +|k||G§f;) sup (w(s))

+Hexp(~20(r— il (v 1+ L) + ) Bs)ds sp ()

0<s<min(z,f)
M|B k(A + ul,
<|k| | '+1)'( K o) sup (1£))

0<s<t

(2.28)

Proof: Global existence of solutions follows from standard theory of RFDEs and
the fact that the system (2.9), (2.11) is a linear system. Using the variations of

constants formula (2.17) and (2.9), (2.11), we conclude that the following differ-
ential equation holds for almost all # > 0:

%(u(r) (4 7)) = —pult) — ket + 7)) +(0) (2.29)

where

t+7

V() = k(4 + u,) [ exp(a(e + 7~ 5))Gw(s)ds (2.30)

+k(A + yln)exp(Ar)té(t) — kGw(t +7)
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Consequently, we obtain from (2.29) for all # > 0:
t

u(t) — kx(t + ) = exp(—put)(u(0) — kx(z)) + Jexp(—,u(t —s))v(s)ds  (2.31)
0

It follows from (2.9) and (2.31) that the following differential equation holds for
almost all r > 0:

X (t+1) = (A+ Bk)x(t + 7) + Bexp(—put)(u(0) — kx())
FGow(t+ )+ BJeXp(—y(t _ §))v(s)ds
0

(2.32)

Using the variations of constants formula for (2.32), the triangle inequality
and the facts that 6 > 0 and M > 1 are constants satisfying |exp((A + Bk)r)| <
Mexp(—20t) for all +>0 and ¢pcC’(R,;9R.) is a function that satisfies
lexp(Ar)| < ¢(t), we obtain for all 1 > 0:

(-4 9] < Mexp(201) ()] + 2L u0) ~ ko)
Mis (2.33)
IGI Swp (W) +3,7 sup (M)

Using (2.24), (2.33), (2.30), the triangle inequality and the fact that
$EC’(M ;M) is a function that satisfies |exp(At)| < ¢(t), we obtain estimate
(2.27). Using (2.31), (2.24), (2.30) we obtain for all # > 0:

0<s<7

+exp(—2ot) (1 +M +M 18 H | ) (1 + [B|k| (Jqﬁ(s)ds —O—ﬁ)) [luo]|
0
I I M M
E (/; (km + Ik +/un>||G|J¢<s>ds) (1+ sy ) + |k|G|%) s (w(s))

+Hfexp(-2061 (v (14280 ) 4 1)j¢<s>ds sup (w(s))
0

lu(r)] < exp(—20t) (1 +M —FM#| ||l;| )|k| max (¢(s))|xol

2 0<s<t

(|kM'B' n 1) ML ey sup (1o

0<s<t

(2.34)

Using estimate (2.34) and a standard causality argument, we obtain estimate (2.28).
The proof is complete. <
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Remark 2.4: Estimate (2.27) shows that the closed-loop system (2.9), (2.11) with

output Y(r) = x(¢) satisfies the IOS property from the inputs we LS (R4 R),

€Ly (R4;R"). Estimate (2.15) shows that the gain of the input w € L7, (R ; RY)

tends to 22 |G| | 1+ (26 + |B| |k|)J¢(s)ds as u — oo and the asymptotic gain of
0

the input w € L% (R; RY) tends to 22 |G| [ 1 + |B||k|J¢(s)ds as yu — +o0. These
0

gains are very similar to the gains obtained by the direct implementation of the

predictor feedback.

Next, we consider the hybrid implementation (2.12), (2.13), and (2.14).

Theorem 2.5 (ISS w.r.t. disturbances under hybrid implementation): Let
0> 0 and M > 1 be constants satisfying |exp((A + Bk)t)| < Mexp(—20t) for all
t > 0andletp €C°(R ;M) be a function that satisfies |exp(At)| < ¢(t). For every

partition {7;};° of R with finite upper diameter (i.e., sup (zi11 — 7;) < +00), for
i>0

every (xo,ug) €R" x L™ ([ — 7,0);R™), weLis (R RY), EELS (R R") the
solution of (2.9), (2.12), (2.13), (2.14) with initial condition x(0) = xo, u(s) = uo(s)
for se [ -1, O) corresponding to inputs we L5 (Ry; RY), E€LT (R R") exists
for all t > 0 and satisfies the following estimates for all t > 0:

(0] < Mexp(~20 1 = ©)) | max (h(s)) bl + \B|j¢<s>ds||ao||
0

T+t
M
452161 1+184] | pls)ds | sup (wis))
g 0 0<s<t

(2.35)

+MexP(—20(t—T))|G|J¢(S)ds sup  (w(s)])

0<s<min(z,t)

—|B/<| max (¢(s)) sup (|£(s)[)

T<s<Ts+7 0<s<t
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itd]| < exp(=20(t = ))max (kMd)(r)Xol + |k|M|B|j¢<s>dsHito : !ﬁoH)

0

e (060) (3084 + 1) s (e65)

T<s<Ts+7 0<s<t

M T+t i (236)
Hklle ((1 o) | ¢<s>ds+2g) sup (w5
0

0<s<t

+|k|MeXP(—20(f—T))|G|J¢(S)ds sup  (w(s)])
0

0<s<min(z,t)

where Ty := sup (tiy1 — 7;).

i>0
Proof: 1t is straightforward to show that if x(z;) and BT,. are defined for some i€ Z
then x(¢) and u, can be uniquely determined by equations (2.9), (2.12), (2.13), (2.14)
for all #€ (7;,7;+1]. Therefore, the solution of (2.9), (2.12), (2.13), (2.14) exists for
allt > 0.

Using the variations of constants formula (2.17) we get from (2.12), (2.13), and
2.14) forallieZ,:

T+7T

2(7;) — x(z; + 7) = exp(A7)&(7;) — J exp(A(z; + 7 — 5))Gw(s)ds (2.37)

Ti

%(z(r) —x(t+7)) =A(z(t) = x(t + 7)) — Gw(t + 1), for 1€ [z;,7;41) ae. (2.38)

Using the variations of constants formula for (2.38) and (2.37), we obtain for all
te [r,-,r,-H) andieZ,:

z2(f) = x(t +7) + exp(A(t + 7 — 71))E(w:) — J exp(A(t+ 7 — s5))Gw(s)ds (2.39)
X(t+7)=(A+Bk)x(t+17)+v(t) (2.40)

where
V(1) = Gwi(t + 7) + Blexp(A(t + 7 — ))E(xi) — Bk J exp(A(t + 7 — 5))Gw(s)ds,

Ti

for almost all 1€ [7;,7,41)
(2.41)
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Using the variations of constants formula for (2.40), the fact that

T, :=sup (r;41 — 7;), the triangle inequality and the facts that ¢ > 0 and M > 1
i>0

are constants satisfying |exp((A + Bk)r)| < Mexp(—20t) for all >0 and

$€C*(RM.;M,) is a function that satisfies |exp(Ar)| < ¢(¢), we obtain for all

t>0:

Ty+t

lx(t 4 7)| < Mexp(—201)|x(7)| +2M|G\ 1+ [Bk| J ¢(s)ds | sup (|w(s)])
o ) 0<s<t+t

+§4—0|Bk| max (¢(s)) sup (|E(s)])

7<s<Ts+7 0<s<t

(2.42)

Using (2.24) in conjunction with (2.42) we obtain estimate (2.35). Exploiting
(2.14), (2.39), and (2.42) we get for all t > O:

() < KMexp(~200)x()| + IK_max_(0(6)) (52184 + 1) s (1269))

1<s<Ts+t )<s<t
T+t
M M
1+—|B —
vl (143084) | oras 57 ) s (o)
0

0<s<t+r

(2.43)

Estimate (2.36) is obtained by using estimate (2.43) in conjunction with (2.24) and a
standard causality argument. The proof is complete. <

Remark 2.6: Estimate (2.15) shows that the closed-loop system (2.9), (2.12),
(2.13), (2.14) with output Y(¢) = x() satisfies the IOS property from the inputs
weLX (Ry; R, E€Ly (Re; R"). Estimate (2.35) shows that the gain of the input

loc

T+t T

weLy (R R9) is equal to |G| | 1+ |Bk| J P(s)ds + ZGng(s)ds and the
0 0

asymptotic gain of the input weLy (Ri; R is equal to

T+t
2G| 1 + |Bk| J ¢(s)ds | . Both gains are higher than the corresponding gains

0
obtained by the direct implementation and become equal to the gains obtained
by the direct implementation as Ty — 0", i.e., when we have continuous
measurement.
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3 Disturbance Attenuation Limitations Due to Delays

The results provided by Theorems 2.1, 2.3, and 2.5 show that the gains of the inputs
weLy (R RY), E€Ly (R4 R") to the output Y (r) = x(¢) for the corresponding

loc

closed-loop system (2.9) with the predictor feedback based on the nominal feed-
back u = kx are significantly larger than the gains of the inputs w € LS. (R 1 ; RY),

loc

Ee L (R ;M") that would be obtained for the closed-loop delay free system (2.9)

loc
with 7 = 0 and u = kx. The following example illustrates this fact.

Example 3.1 (IOS gains for a scalar unstable system): Consider the scalar
system

X(t) =x(t) +u(t—1) +w()

(3.1)
x(r)eR,u(r) eR,w(t) R
The predictor feedback based on the linear nominal controller k = —p with p > 1,
under the presence of measurement error £ € LyS. (R ; R), is given by:
1) In the case of direct implementation:
1
u(r) = —pe(x(r) + &(1)) —pJ exp(s)u(t — s)ds, fort >0 (3.2)

0

2) In the case of the dynamic implementation:
1
i (t) = —pe(l 4 p) | x(t) + &(1) + [exp(s — Du(t—s)ds | — (p+uu(r) (3.3)
0

where ;¢ > 0 is an arbitrary constant.
3) In the case of hybrid implementation:
1
u(t)=—pexp(l —(p =1)(t —7)) (x(z:) + f(ff))*pjexp(s —(p = Dt = =)u(zi—s)ds,
0
forall re [T,‘,T,‘+1>
(3.4)

where {7;}:°, is an arbitrary partition of SR with finite upper diameter.

Theorem 2.1, Theorem 2.3, and Theorem 2.5 guarantee that the corresponding
closed-loop systems with output Y(¢) = x(¢) satisfy the IOS property with linear
gain functions. The following table shows the gains with respect to plant distur-
bances and measurement errors as predicted by Theorem 2.1, Theorem 2.3, and
Theorem 2.5 (Table 2.1).

The gains with respect to the plant disturbance cannot become arbitrarily small.
This is in sharp contrast to the delay-free case: the delay free version of system (3.1)
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Table 2.1 Input Gains for System (3.1) With Predictor Feedback.

2 Linear Systems with State Measurement

I0S Property Hybrid Implementation
with Output Direct Dynamic Implementation | with Sampling Partition
Y () = x(1) Implementation withp >p—1 of Upper Diameter T > 0
Gainwrt.w |[14+2p—1)(e—1) | p+u+p(l+pu)le—1) |1+p(eth —1)
+e—1
p—1 pp —1) p—1
u+1
T (e—1
i1

Asymptotic 1+ple—1) pru+pl+p)e—1) |[14pEh 1)
gain w.r.t. w p—1 ulp—1) p—1
Gain w.r.t. & pe ep(1+p) pe!*Ts

p—1 ulp—1) p—1
under the linear nominal controller u = —px with p > 1 satisfies the ISS property

with respect to the plant disturbance with gain zﬁ and can become arbitrarily small
as p — +oo. The study of this example will be continued. <

After reading the above example, the reader might think that a “smart modifi-
cation” of the predictor feedback may be able to guarantee smaller values for the
gains. The following result guarantees that this is not possible.

Theorem 3.2 (Lower Bound on Asymptotic Gain): Consider the system

x(t) = F(x(t), u(t — 7),w(z))

x(t) R, u(r) €M™, w(r) €RY (3.5)

where F : R" x R" x RP — R" is a locally Lipschitz mapping with F(0,0,0) = 0
and © > 0 is a constant. Suppose that system (3.5) with u = 0 is forward complete
for all inputs we Ly, (R4;R7). Moreover, suppose that there is a time-invariant
feedback law (static or dynamic) such that the corresponding closed-loop system of
(3.5) with w = 0 and output Y(1) = (x(1), u,) is Globally Asymptotically Output
Stable and Globally Asymptotically Stable. Finally, suppose that the closed-loop
system is robustly forward complete w.r.t. the input w € L% (R ; RY).

loc
Define the function
¢(s) == sup{|x(r)|: 0 <t <7, weL*(MRy;RY) with ||w|| <s}, fors >0 (3.6)

where x(t) € R" denotes the solution of X (t) = F(x(t),0,w(t)) with initial condition
x(0) = 0. Then the following condition holds

{(s) < sup{limsup |x(2)] : zeX, weL®(Ry;RY) with ||w|| < s}, (3.7)

t—+0o0
foralls >0
where X is the state space (a normed linear space) of the closed-loop system and

x(t) €R" denotes the component of the solution of the closed-loop system with
initial condition z €X corresponding to input w e LS. (R ; RY).
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Proof: Let s > 0, € > 0 be given. Let w € L* (%R ;) be an input that satisfies
|| <s and ¢(s) — e < max{|p(?)] : 0 <t <7}, where ¢(r) €R" denotes the
solution of ¢ (¢) = F(¢(¢),0,w(t)) with initial condition ¢(0) = 0 (such an input
always exists by virtue of definition (3.6)).

Let 6 > 0 be a sufficiently small positive number with the following property:

“if (g(0),u) €R" x L®(Ry; R™) satisfy |g(0)] + sup (Ju(s)|) <5 then
0<s<t

max {|g(r) — p(1)]: 0 <1 < 7} < &”

where ¢(r) € R" denotes the solution of ¢ () = F(q(t),u(t), w(r)). The existence of
6 > 0 is guaranteed by virtue of continuity of the solution mapping with respect to
initial conditions and inputs.
Let R > 0 be sufficiently large such that the solution z(¢) € X of the closed-loop
system with initial condition z(0)€X satisfying [x(0)| + sup (Ju(s)|) <& and
0<s<t

lz(0)|lxy <& (here | |x denotes the norm of the normed linear space X)
corresponding to input w €L>® (R, ;MR?) is contained for all +€]0,7] in a ball of
X of radius R > O centered at zero, i.e., ||z()||y < Rforallz€ [0, z]. The existence of
R > 0 is guaranteed by robust forward completeness of the closed-loop system
w.r.t. the input w € LS (R4; RI) (see [2]).

Let T > 0 be a sufficiently large time such that the solution of the closed-loop
system with w = 0 and arbitrary initial condition contained in a ball of X of radius

R > 0 centered at zero satisfies [x(T)| + sup (|u(T +s)|) < & and ||z(T)|x <.
—7<s<0
The existence of T > 0 is guaranteed by Global Asymptotical Output Stability of
the closed-loop system with w = 0 and Global Asymptotical Stability of the closed-
loop system with w = 0 (see [2]).
Next consider the solution of the closed-loop system with zero initial condition
corresponding to the (T + 7)-periodic input w € L (PR, ; RY) defined by:

loc
wit) = { w(t) for t€0,7)

= , forte |0, T + 3.8
0 for t€[e,T+7) ! g 8)

Notice that ||w|| < s. All the above properties (and induction) guarantee that the
component x(f) of the solution of the closed-loop system with zero initial condition
corresponding to the (T + 7)-periodic input w € L7y, (R ; RY) satisfies:

C(s) —2e <max{|x(r)] : k(T+1) <t <k(T+7)+r7}forallkeZ, (3.9)

Inequality (3.9) implies that

C(s) —2e < sup{lim sup |x(7)| : ze€X, weL>® (R ;RY) with ||w| < s}

t——400

Since € > 0 is arbitrary, we conclude that (3.7) holds. The proof is complete. <



34 2 Linear Systems with State Measurement

Theorem 3.2 shows that there is a lower bound for the asymptotic gain of the
output y(#) = x(¢) of the closed-loop system, no matter what controller we are using.
The same thing holds for gains of the IOS property with output Y (7) = x(¢) (since
gains are always higher than the asymptotic gains). For linear systems of the form
(2.9) we obtain the following corollary.

Corollary 3.3 (Lower Bound on Asymptotic Gain for LTI Systems): Consider
the system (2.9) and suppose that there is a time-invariant feedback law (static or
dynamic) such that the corresponding closed-loop system of (2.9) with w = 0 and
output Y(1) = (x(1),u,) is Globally Asymptotically Output Stable and Globally
Asymptotically Stable. Moreover, suppose that the closed-loop system is robustly
forward complete w.r.t. the input w €L7% (R ; R?). Define

t
K:= sup Jexp(A(t —8))Gw(s)ds|: 0 < t <1, weL®(Ri;R) with |w| < 1
0
(3.10)

Then the following condition holds

Ks < sup{lim sup [x(¢)|: z€X, weL® (R ; RY) with ||w|| < s}, forall s > 0

t—+00

(3.11)

where X is the state space (a normed linear space) of the closed-loop system and
x(t) €R" denotes the component of the solution of the closed-loop system with
initial condition z€X corresponding to input we L% (R, ; RY).

loc

Therefore, for the LTI system (2.9), inequality (3.11) implies that for every
controller, the asymptotic gain of the output y(¢) = x(¢) of the closed-loop system
with respect to the input w € Ly%. (R ; 58?) cannot be less than K, where K is defined
by (3.10).

Example 3.1 (continued): Consider the scalar system (3.1). Using (3.10) we can
conclude that the asymptotic gain (and certainly the gain) with respect to the input
weLY (R;MR) cannot be less than e — 1, no matter what controller we are using.
This is exactly the limit of the asymptotic gain obtained by the direct implemen-
tation of the predictor feedback as p — +o00.

Therefore, predictor feedback achieves as good a performance as possible for
large values of p > 1. Of course, as we will see later in this chapter, by letting the
controller gain to have a large value, we have other problems for the closed-loop
system: sensitivity to the value of the delay increases as p — +oo (see Example 5.4
in Section 5 of the present chapter). <
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4 Approximate Predictors

Roughly speaking, a static approximate predictor is a mapping
DR x L™ ( [O, T) ; 9{"’) — R, which can provide an approximation of the future
value of the state vector at time 7 > 0 of a forward complete system. The use of an
approximate predictor may be important in linear (and nonlinear) systems. For
example, in large scale systems, it may be difficult to compute the matrix expo-
nential as well as the convolution integrals that involve the matrix exponential. On
the other hand, the use of an approximate predictor may be computationally cheap
or may give us simple formulae which can be used in a straightforward way.

Next, we describe the construction of static approximate predictors for linear
systems. Consider the solution of

x (1) = Ax(r) + Bu(r)

(4.1)
x(1) eR", u(t) eR"
on [0,7] with initial condition x(0) =xo€R" corresponding to input
uELOO([O, T);ER’”). The theory of differential equations allows us to construct
approximations of the solution of (4.1) which do not require the knowledge of the
exponential matrix exp(A?).

1*" step: Successive approximations

Starting with the constant approximation y,(z,u,xo) = xo on [0,T], we generate
approximations by means of the recursive formula:

t t
Vi1 (8,1, %0) = x0 + JAyk(s, u)ds + JBu(s)ds, fork >0 andr€]0,T]
0 0

It can be shown in a straightforward way that

i

o ([ (1=9)" &
vt u,x0) = ZEA X0 + J Z a A" | Bu(s)ds, (42)
0

=0
for I > 1andt€]0,T]

The error of the /-th approximation is given by:

o0

9 ! 0 — k
x(8) = y,(t, u, x0) = ( gA")M) +J<Z (« 0 ) Ak>Bu(s)ds, (43)
0

k=111 k=l
for!/ > 1andt€[0,T]
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0 4k L
< D A =pi(lAl). where p(r):= exp(r) =y 1 and

k=I+1 " k=0

Since Z k'

k=i1
since p, (1) < (lﬂ),exp( ) for all £ > 0, we obtain from (4.3):

I+1| |

(7 + 1)
1>1

() = ity u,.x0)| <

for

(Al (Allal + 18] sup (W(5)D). 44
and 1€[0,7) -

2" step: Combination of successive and numerical approximations

First, we divide the interval [0, T] in N subintervals of equal length 4 = T/N and we
approximate the solution at the time instants iz i = 1, ..., N) in the following way
for certain integer / > 1:

h !
Ziy1 = ( 2 —Ak)zl =+ J(k Ak>Bu(1h+S)d (45)

0
.,N — 1 with zy = x¢

The value of the state vector is approximated at all points by means of the formula
(4.2). This approximation scheme generalizes the successive approximation
scheme (described above) as well as classical numerical schemes as the explicit
Euler scheme, which corresponds to the special case / = 1. For this approximation
scheme, we can prove the following technical result.

Lemma 4.1: For every integer N > 1,x(0) = xo € R" andue L™ ( [O, T); ER’") the
solution x(t) of (4.1) satisfies

KAl
I+ 1)!

Proof: If we define e¢; =z; —x(jh) for j=0,...,N then it follows that

k h 00 — k k
P ( Z' Ak> J (Z (r i ) Ak>Bu(jh—|—s)ds — ( %Ak> (Jjh)
0 k=1 . k=141

forj =0, ...,N — 1. Therefore, proceeding as above, we get:

ov —x(T)| < T

explAIT) (Jallal + 181 swp, (u9))) (46

! hk . l+1| | )
g < (Zgw >| o + - ygesoAl8) (Al + 18] sup (1(o))

forj=0,...,N—1

(4.7)
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Using the fact that lexp(At)] < exp(|A]t), we get |A||x(jh)| <

<|A|exp(|A[jh)x0|+|B(exp(|A[jh) —1) sup (|u(v)|)) Combining with (4.7)
0<s<T

we obtain:

1+l
+'1)' exp(1Al -+ 1) (Al + 8] sup (1)) ).

forj=0,...,N—1

|e,+1| < exp(|A|h) |e,| +

(4.8)

Using (4.8) and the facts that ey=0 and AN =T, we obtain

WAl . . . .
len| < T(llﬁ‘)!exp(|A|T) <|A||x0| + |B|0i1:ET(|u(9)|)) The previous inequality in
conjunction with definition ey = zy — x(T) directly implies inequality (4.6). <

Formula (4.5) can be written in a different way:

1)h

Ik NoN- Ik N- =1 (i
e T e

= = k=0

(4.9)

where h =T/N, LN > 1.

When r >0 is the measurement delay (i.e., when the measurement is
¥(¢) =x(t — r)) then we need a predictor with time horizon equal to r + 7. Every
choice of integers I,N > 1 gives us an approximate predictor, i.e., a mapping
O: R" x L= ( [0, r+ 1); 9%’") — R" for which there exist constants a;,a, > 0 such
that:

Sailxol+ax sup (Ju(s)]),
0<s<r+t

D (xo, u)—exp(A(r + 7))xo— J exp(A(r 4+ 7 — s))Bu(s)ds

for all (xg,u) €R" X LOO([O, r+ 1); fR"’)
(4.10)

Clearly, the linear mapping

Lo\
D (xp, u) = < FAk> Xo
£ k!

- (4.11)
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where h = (r+7)/N, ILN>1, is an approximate predictor since (4.6) and

(49) imply that (410) holds with  aj =N exp(A|(r + 7)),

ay := |B| %exp(%“r + 7)). It should be noted that for every r,z > 0, we
are in a position to select sufficiently large values for /, N > 1 so that the constants
ai,a; > 0 are sufficiently small.

Approximate predictors can be used in the case of state measurement. In general,
as formula (4.11) shows, an approximate predictor for a linear control system will
involve a matrix Q € R"*” and a linear operator ® : L™ ([ —7-—r, 0) ; 9‘1’") — R
for which there exist constants aj,a; >0 such that (4.10) holds for
O(x,u) = Ox + ®(u), ic.,

(©~ explA(e + )+ B(w) — [ exp(as)Bu(—s)ds| < | + ],
0
V(x,u) €R" x L*([ — 7 —r,0); R™)
(4.12)

The approximate predictor (P) will be given by:

X(1) = Qx (1) + @ (u,) (4.13)

where X () is the measurement. Notice that the predictor is not necessarily equal to
r+t

the mapping ®@(%,u) = exp(A(z+71))x + J exp(As)Bu(—s)ds (exact predictor
0

mapping) but may provide a predicted value of the future value of the state

vector which differs from the nominal one, ie., exp(A(z+r))x()+

r+t

J exp(As)Bu(t — s)ds. The error of the prediction is bounded by the right hand

0

side of inequality (4.12).

We also assume that we have a linear stabilizing feedback law for the delay-free
case, i.e., we can design a matrix k € R™*" such that (A + Bk) is a Hurwitz matrix.
Next, we consider the control scheme

(1) = Az(t) + Bu(r), forall 1€ [z, 7i11) (4.14)
2(5) = O(x(z; — 1) + &(zi)) + @ (us,), forallicZ, (4.15)
u(t) = kz(jTy), forallt€ [Ty, (j+ 1)Ty), jEZ, (4.16)

where r > 0 is the measurement delay Ty > 0 is the holding period, £ is the
measurement error (i.e., the measurement at the sampling time 7; is

y(@i) = x(z; — 1) + &(7i)).



4 Approximate Predictors 39

The reader can realize that the above control scheme is the hybrid implementa-
tion scheme with an approximate predictor and input applied with Zero-Order-Hold
(ZOH). Notice that the inter-sample predictor for the state (given by (4.14)) pro-
vides an estimation of the future value of the state vector: this is in sharp contrast
with the control schemes employed in the following chapter. For this particular
control scheme we can prove the following result.

Theorem 4.2: Let 6 >0 and M > 1 be constants satisfying |exp((A + Bk)t)| <
Mexp(—20t) for all t>0 and let pcC°(M,;R,) be a function that satisfies
lexp(At)| < @(2) for all t > 0. Let Ty > 0 be a given constant and assume that:

M expto ) ( (o + aali) s (96 )explolr + -+ T.) + ma. (lx(as) - 1))
v
Y

+1k] (az 0212;);: (p(s))exp(o(r+ 74+ Tu +Ty)) + (1- exp(faTH))) <1

(4.17)

Then there exists a constant K > 0 such that for every xo€C%([—r,0); "), up€
L*([—r—17,0);R"), (£,w) ELy.(R4; R" x RY) and for every partition {7},

of Ry with sup(tiy —1;) < Ty, the solution (x,,ﬁ,)ECO([—r,O];ER”)x
>0

LOO([ —r—r, 0); %"’) of the closed-loop system (2.9), (4.14), (4.15), (4.16) with
initial condition u(s) = uo(s) for s€[—r—17,0), x(s) =xo(s) for s€[-r,0]
corresponding to inputs (&, w) €L (R; K" x RY) satisfies the following inequal-
ity forallt > 0:

I+ ) < K exp(-a) (L] + (o]} + &  sup (b5} + sup (061 )

0<s<t

(4.18)

Moreover, the following inequality holds for all t > 0:

[x(1)] < Kexp(—ot) ( sup  ((s)D+  sup - (Juls) — kx(z + S)I)>

—r<s<r+Ts+Ty+t —1—r<s<r+Ts+Ty

+28.15,53/0||B| sup (|¢(s)])
0<s<t

T, r+t
+E|G| (232|B| (%(1 - exp(—Z()’TH))—O—J(/)(s)ds + Bs J ¢(s)ds)+l> sup ([w(s)|)

0<s<t
0 0

(4.19)
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- o e— _ -1m o e— _ -1 T —
where Er:=(1-L) 5, By = [k[(1=A)"", B3 ngg}v(qb(s)),

= Y85, exp(oTw)((ar + azlk|)Esexp(o(r + 7 + Ty)) + E4)

[1]

4 o= max (lexp(As)—1I]), L
<s<

and A = |k| (az.:3exp(a(i‘ +Ty+t+Ty))+ @ (1- exp(—o-TH))).

It should be emphasized at this point that the result of Theorem 4.2 includes the
case where the input is adjusted in a continuous way, i.e., when (4.16) is replaced by
the equation u(r) = kz(r), for all ¢ > 0. Indeed, in this case we can simply let
Ty — 0" and obtain the corresponding estimates. Moreover, the result of Theorem
4.2 includes the case where the exact predictor is used, i.e., when (4.15) is replaced
by the equation z(z;) = exp(A(z+r))(x(z;) + &(7:)) + Jexp(Aw)Bu(r,- — w)dw.

0

Indeed, in this case we can set a; = a, = 0. Finally, notice that when the measure-
ment delay is absent (i.e.,7 = 0), when the exact predictor is used (i.e.,a; = a» = 0)
and when the input is adjusted in a continuous way (i.e., Ty = 0) then the result of
Theorem 4.2 is directly comparable to the result of Theorem 2.5. However, in this
particular case the estimates of the asymptotic gains of the disturbance inputs to the
output Y (#) = x(¢) provided by Theorem 4.2 are more conservative compared to the
estimates provided by Theorem 2.5 (because Theorem 4.2 is more general; this is
the “price” you pay for generality).

It is also important to notice that the state space for the component x(¢) of the
solution is not S8 but C°([—r, 0]; R"): the reason for this change is that state delays
are present. For obvious reasons we use the convention C°([—r,0]; ") = R" for
the case r = 0.

Proof: Existence and uniqueness of the closed-loop system (2.9), (4.14), (4.15),
(4.16) is straightforward. The following equation is a direct consequence of (2.9)
and (4.14):

2(t) = x(t +7) = exp(A(t — ;) (z(7;) — x(z: + 7)) — Jexp(A(l —5))Gw(s + 7)ds

T

forallieZ, andte [T,-, T,’+1)
(4.20)

Using the fact that |exp(Af)| < ¢(r) for all >0 and the fact that
sup (71 — 7;) < Ty, we obtain from (4.20) and (4.15):
i>0

|2(1) —x(t+7)| < |G|J¢(S)dSO<SUP (Iw(s)])
5 <s<t+t
+ max |Qx i — 1)+ 0&(r;) + (u,) — x(z; +T)|

ogng

forall i€Z, and 1€ [, 7,+1) (4.21)
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Using (2.9) and (4.21) we get:

J exp(A(z; + 7 — 5))Gw(s)ds

Ti—r

|2(t) = x(t + 7)| < max (¢(s))

0<s<T;

Ox(z; — 1)+ @ (u,) — exp(A(r + 7))x(z; — 1) — J exp(Aw)Bu(z; — w)dw
0

+ max (¢(s))

0<s<T;

Ts

+ max (¢(S))\Qlos<ligt(\§(s)l)+IGIJd)(S)dS sup  (Jw(s)])

0<s<Ty 0<s<t+t
0
forallieZ, withz; > r andforallre [ri, 1,-+1)
(4.22)

Using the fact that |exp(A7)| < ¢(¢) for all + > 0 and (4.12), we obtain from (4.22):

() = x(r+ D)l < a1 max (B() (e — )|+ a2 max ((5) |

0<s<T;
T{ r+t
G d d
+ max (4())1Q] sup (I£(s))) + [ (J $(s)ds + max W”J $(s) ) sup (W)
foralli€Z, withz; > r and forall 1€ [z;,7,41)
(4.23)

Using (4.23), the triangle inequality and the fact that sup (7,11 — 7;) < T, we get:
>0

|2(t) = x(t + 7)lexp(o7) < (a1 + axlk]) max (¢(s))exp(o(r+Ty)) sup (lx(s)lexp(os))

0<s<t+t
+ar max ((s))exp(o(r +7+T5)) sup (u(s) = kx(z +5)|exp(os))
+ max ((s))|Qlexp(or) sup (1£(s))

T 0<s<t+t
0 0

forallieZ, withz; > r and forallz > 7;

+6| (qu(s)dwogg <¢<s>>j¢<s>ds)exp<m> sup (w(s))

(4.24)
Using (2.9), (4.24) and the following inequality:

|u(t) — kx(t + 7)| = |kz(jTw) — kx(t + 7)|
S VKlIz(TH) = x(Tu + )] + [Klx(/Th + 7) = x(1 4 7)]
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which holds for all j€Z, andt€ [jTy, (j + 1)Ty), we get for alli,j € Z, withz; > r,
JTr > 7 and 1€ [Ty, (j 4+ 1)Ty):
|u(t) —x(t + 7)|exp(o?) < [k|(a1 + az|k])Esexp(e(r + T + Ts))o sup (|x(s)lexp(es))
<s<jTy+t

+as|k|Bsexp(o(r+ Ty + 7+ Ts)) sup  (Ju(s) — kx(z + s)|exp(os))

—1<s<jTy

+E3|Q|lklexp(at) sup (|&(s)) + |k|[x(t + 7) — x(jTu + 7)|exp(ot)
0<s<jTy

0<s<jTy+t
0

+GIK (qu(s)ds + max (4(5) | ¢<s>ds) explor) sup (wls))
0

(4.25)

where B3 := max (¢(s)). Using the fact that |exp((A + Bk)t)| < M exp(—20t) for

0<s<T;
all + > 0, we obtain:

Y explon) sup ((s))

o to<s<t

|x(£)lexp(ot) < M exp(oty)|x(to)] +

M|B
ML up (s — 1) — ka(s)exp(os)),
O fh<s<t
forallt >t >0 (4.26)
(4 1) — x(Ta + 2)lexp(or) < MG ZPC20TH) oy sup (i)
20 JTu+r<s<t+r

+exp(o(Ty — 7)) max (exp((4 + BK)s) — I)xGT +©)lexp(o(Tu + )

+M|B\(1 —exp(—oTh)) sup (|u(s) — kx(s + 7)|exp(os))

o JTh<s<t

forall jeZ, and € [Ty, (j+ 1)Ty)
(4.27)

Combining (4.25) and (4.27) we obtain for all i,j€Z, withz; > r, t > jTy > 7;:
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_sup (|u(s) — kx(z + s)|exp(os)) < ErE3|Qlexp(ot) sup (|€(s)])
JTu<s<t 0<s<t

Erexp(o(Tn — 7))((a1 + azlk|)Esexp(o(r + 7 +T5)) +E4) sup (|x(s)[exp(os))

0<s<t+r
+A1=A)"" sup  (Ju(s) — kx(z + 5)|exp(os))
—1<s<jTy
T, r4t
M
+|G|&E, 2—(1 —exp(—20Ty)) + Jd)(s)ds + 5 J ¢(s)ds |exp(ot) sup (|w(s)])
o 0<s<t+t
0 0
(4.28)
where A = |k| (a233exp(a(r +Ty+7+T))+ @ (1-— exp(—aTH))),

By =  nax (lexp(As) —I]) and Z, := |k|(1 — A)~". Inequality (4.19) is a direct

consequence of (4.26), (4.28) and the fact that the smallest z; with z; > r satisfies
i €[r,r+Ts] (a consequence of sup(zi;—7;) <T;) and the selection
i>0

j= {%} + lsatisfiesr + Ty + Ty > jTy > 7;. Using (4.19), (4.28) and a standard
causality argument, we conclude that there exists a constant K; > 0 such that for

every xg €C([—r,0; R"), g €L ([ — r — 7,0); R™), (&, w) ELS (R R" x RY)

and for every partition {7;};°, of M. with sup (74 —7;) <Tj, the solution
>0

(xr, 1) €CO([—r,0;R") x L™ ([ = r — 7,0); R™) of the closed-loop system (2.9),
(4.14), (4.15), (4.16) with initial condition u(s) = uo(s) for s€[—r—r1,0),
x(s) = xo(s) for se€[—r,0] corresponding to inputs (&,w)eLys (Ri;R" x RY)
satisfies the following inequality for all # > 0:

I+ ) < K sop it + s (5D )
o o (4.29)
+K1exp<—ar>( wp ()t s <|u<s>|>>

—r<s<r+7+T+Ty — 17— <s<r+T+Ty

Inequality (4.12) in conjunction with the fact that |exp(Af)| < ¢(¢) for all + >0
gives:

r+t
’&D(u)’ < [ a2+ |B| J $(s)ds | |lull, YueLl™([—1—r,0);R") (4.30)
0

Inequality (4.30) in conjunction with (4.21) gives for all ¢ > O:
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TS

0l < (1 +1Q0+E) sup (59 +161[96)ds sup (wls)
. . 0 o (4.31)
+200] sup (55 +1 | ax + 18] [ #()ds | sup_(u(s)

0

where B; :=  max (¢(s)). Using the fact that |exp(A?)| < ¢(¢) for all + > 0, we

obtain the inequality

|X(t+f)|S¢(T)IX(¢)|+|B\J¢(S)dS sup (IM(S)|)+|G\J¢(S)ds sup  (|w(s)[)
0 0

—r—r<s<t 0<s<t+7

for all # > 0, which combined with (4.31) and a standard causality argument gives
the following inequality for all # > O:

z()] < max (¢(s))3+[Q[) sup (|x(s)])

T 0<s<Ts+r —r<s<t

Ts+7
+2|G| J ¢(S)dSOS§gI;t(|W(S)|) + EalQlosgl}YI;(lé(S)l) (4.32)

—r—r<s<t

r+t
=) dz+2|B|J¢(S)dS sup  (Ju(s))
0

We next make the following claim:

(Claim): For every jE€Z. there exists a constant I'; > 0 such that for every
%0 €CO([=r,0; R"), ugeL™ ([ —r — 7,0);R™), (&,w) EL}S(R4;R" x RY) and

loc

for every partition {z;};°, of Ry with sup(ti1 — 1) <T, the solution
>0

(xr, 1) €CO([-1,0[; R") X L™ ([ — r — 7,0); R™) of the closed-loop system (2.9),
(4.14), (4.15), (4.16) with initial condition u(s) = uo(s) for s€ | —r —7,0), x(s) =
xo(s) for s€[—r,0] corresponding to inputs (E,w) €LY (R; R" x RY) satisfies
the following inequality for all t€10,;Ty]:

el + ([ <rj(sup (w(s))) + sup (IE(s)]) + flvoll + ||uo||) (4.33)
0 0<s<t

<s<t

Indeed, the claim holds for j =0 with I'g = 1. Next suppose that the claim
holds for certain j€Z,. Using (4.32) and (4.33) we obtain
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T < Ka(1+15) ([l + ol + sup (i) + sup (1s)) ) for cenin
0<s<t 0<s<t
constant K, > 0. Consequently, (4.16) implies the inequality
[Jur]| < max (|klK> (1 +T5), 1) <||X0|| + lluol| + sup (jw(s)[) + sup (IE(S)I)), for
0<s<t 0<s<t
all t€[0,(j+ 1)Ty]. The previous inequality in conjunction with (2.9) implies
that (4.33) holds for all r€[0,(j+ 1)Ty] with Ty = (max (p(s))Ti+
=51y
Ty
1+ J $(s)ds | (1 4 I;)max(|k|K2, 1).
0
Inequality (4.18) for certain constant K > 0 is a direct consequence of (4.29),

(4.33) for sufficiently large j€Z, and a standard causality argument. The proof is
complete. <

Next we present an example, which shows how Theorem 4.2 can be applied.

Example 4.3: Consider the scalar system (3.1) again. We consider the case of zero
measurement delay (i.e., r =0). All assumptions of Theorem 4.2 hold with
A=B=M=1=1,k=—p, ¢(t) =exp(¢) forall t >0 and o€ (O,’%ﬂ, where
p > 1. Here we consider the implementation of the hybrid scheme (4.14), (4.15),
(4.16) with the approximate predictor formula (4.11) withr =0, z=1and / =1
(explicit Euler scheme):

2(t) = exp(t — ) (1 + N (x(z)) + &(z.))

Nfl
N-1 ,
+exp(t — 7; Z (1+N"! N i J u(ti+jN"'+s—1)ds
Jj=0 0
t
+Jexp(t — s)u(s)ds,
forall 7€ [r;,7i41) and i€Z, (4.34)
u(t) = —pz(jTy), forall te [jTH, G+ 1)TH), JEZ, (4.35)

where €L (R ;R) is the measurement error, {7}, is the sampling partition
(a partition of R ) with sup (7,1 — 7;) < T, Ty > 0 is the holding period and
i>0

N > 0 is the number of grid points used in the approximation of the solution
mapping. Applying Lemma 4.1 with T =r + 7 = 1 we can guarantee that (4.12)
holds with a; =a; = eXp(l)

inequality:

. Inequality (4.17) is equivalent to the following
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pexp((e + 1)(1 +T4))(1 + p + o)exp(aTy)
o —p(1 —exp(—oTu)) — pexp(cTy)(exp(Tu) — 1)

< 2N (4.36)

for o€ (0,251]. It follows from (4.36) that the number of grid points N > 0 is
proportional to the quantity exp((c + 1)(1 +T5)), i.e., N > 0 must satisfy the
inequality N > K(Ty)exp((o + 1)(1 4 T)), where

p(1+p +o)exp(cTh)
o —p(1 —exp(—oTu)) — pexp(cTy)(exp(Tu) — 1)

K(TH) =

In other words, the number of grid points N > 0 used in the approximation of the
solution mapping must increase exponentially with the upper diameter of the
sampling period T, > 0. This feature is expected: the approximation z(f) of the
future value of the state x(z + 7) becomes less and less accurate when the measure-
ments become sparser. In order to face this potential loss of accuracy, the approx-
imation scheme requires more grid points.

We conclude from Theorem 4.2 that if inequality (4.36) holds, then there
exists a constant K >0 such that for every xo€R, uoeL™([—1,0);R),
(E,w)eLy (R M x R)  and for every partition {z;};5, of R, with

sup (zi41 — 7;) < Ty, the solution (x;,u,) €R x L™([ —1,0);R) of the closed-
i>0

loop system (3.1), (4.34), (4.35) with initial condition u(s) = uo(s) forse [ -1, 0),
x(0) = xp corresponding to inputs (£, w)€Ly. (R4; R x R)
(4.18) for all 1 > 0. <

satisfies inequality

5 Delay-Robustness of Predictor Feedback

In this section we consider the system:

X (1) = Ax(¢) + Bu(t — 7 — &d(t))

5.1
x(t)eR", u(t) eR™,d(r)e|—1,1], fort >0, ae. G-1)

where 0 < & < 7 are constants. The linear predictor feedback is based on the
constant nominal value of the delay 7 > 0:

u(t) = kexp(Ac)x(t) + k J exp(A(t + 7 — ))Bu(s — 7)ds, fort>0  (52)

t

where k€R™" is a constant matrix such that the matrix (A + Bk) is Hurwitz.
In this section we show that, provided & > 0 is sufficiently small, there exist
constants Q,c >0 such that for all xo€R", up€C’([—7 —&,0];2R™) with
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0
uo(0) = kexp(At)xo + kJ exp(—As)Bug(s)ds the solution (x(r),u(r)) € R" x R"
of (5.1), (5.2) with initial conditionx(0) = xo,u(r) = uo(¢) fort € [—7 — &, 0] satisfies
the following exponential stability estimate in the supremum norm of the actuator
state:

O]+ _max_ () < Qexp(-an)(jul +_max_ (o)) ). v >0 (53

t—e—1<s<t

for arbitrary disturbance d : 8, — [—1, 1] that belongs to one of the following
classes:

1) The perturbation d : R — [—1, 1] is an arbitrary measurable function, i.e.,
deL>®(Ry;[-1,1]) (Theorem 5.1).
2) The perturbation d : R — [—1, 1] is constant (Corollary 5.3).

Clearly, (5.3) shows robust global exponential stability for the closed-loop
system (5.1), (5.2). The estimation of ¢ > 0 is given by explicit inequalities,
which are derived by small-gain arguments. The inequalities can be used easily
by the control practitioner in order to guarantee the successful application of the
linear predictor feedback control strategy.

Arbitrary measurable perturbations d€L*(9;[—1,1]) of the delay can be
considered for system (5.1). Indeed, we notice that this fact follows from the
consideration of system (5.1) with

i (t) = kexp(A7)(Ax(r) + Bu(t — v — ed(t)) — Bu(t — 7))

T (5.4)

+kA | exp(—As)Bu(t + s)ds + kBu(t)

Differential equation (5.4) is obtained by formally differentiating (5.2) with
respect to ¢ > 0. System (5.1) with (5.4) is a linear autonomous system described
by Retarded Functional Differential Equations  with  disturbance
deL>®(R,;[—1,1]) and state space R" x C*([—7 — &,0]; ™) and satisfies all
hypotheses (S1), (S2), (S3), (S4) in [2] for existence and uniqueness of solutions,
for robustness of the equilibrium point and for the “Boundedness-Implies-Contin-
uation” property. If we define the subspace

0
S:= { (x,u) ER" x C*([—7 — &,0];R™): u(0) = kexp(Ar)x + k [ exp(—As)Bu(s)ds}

(5.5)

then we are in a position to guarantee that S is a positively invariant set for system
(5.1) with (5.4) (the dynamic implementation discussed in Section 2 of the present
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chapter). Moreover, every solution of (5.1) with (5.4) and initial condition
(xo,up) €S is a solution of (5.1), (5.2) and every solution of (5.1), (5.2) with initial
condition (xg, up) €S is a solution of (5.1) with (5.4). Finally, we notice that there
exist constants M, L > Osuch that for every e > 0,xy € R",up € C°([—7 — &,0]; R™),
0
deL™®(Ry;[—1,1]) with up(0) = kexp(Az)xo + kJ exp(—As)Buo(s)ds the unique
solution x € C°(R, ; R"), MECO([ —7—¢, + oo); 9%”’) of system (5.1), (5.2) with
initial conditions x(0) = xo, u(f) = uo(¢) for r€ [—7 — &, 0] satisfies the exponential
growth estimate:

|x(8)] + |u(r)| < Mexp(Lt) (|x0| + _max |u0(s)|> , Vt>0 (5.6)

The existence of constants M, L > 0 satisfying estimate (5.6) follows directly from
the integral representation of the solution of (5.1) with (5.4) and the Gronwall—
Bellman Lemma.

Discontinuities of u(#) cannot be handled in this framework: the initial condition
up € C°([—7 — &,0]; "™) must be continuous and must satisfy (5.2) for ¢ = 0. The
reason for this regularity requirement is that the right hand side of (5.1) and (5.4)
must be measurable in ¢ > 0. Since the disturbance d € L™ (R ; [—1, 1]) is measur-
able, the only way to guarantee this regularity requirement is to demand continuity
of u(t) (the composition of a continuous function with a measurable one gives a
measurable function).

Our main result is the following theorem, which provides an explicit inequality
for the magnitude e > 0 of the delay perturbation under which robust global
exponential stability for the closed-loop system (5.1), (5.2) is guaranteed.

Theorem 5.1 (Robustness to Time-Varying Perturbations of Small Magnitude

but Unlimited Rate): Consider system (5.1), (5.2), where 0 < e < zare constants,

AR BER™, keR™" and (A + Bk) is Hurwitz. There exist constants

Q.0 > 0 such that for all d€L™ (R ;[—1,1]), xo€R", up€C’([—7 — &,0]; R™)
0

with uy(0) = kexp(Ar)xo + kJ exp(—As)Buy(s)ds the solution (x(t),u(t)) € R" x R"

of (5.1), (5.2) with initial conditionx(0) = xo, u(t) = up(t) fort€[—7 — ¢,0] satisfies
estimate (5.3), provided that the following inequality holds:

Olexp(A7)Bk| (exp(|A + Bk|e) — exp(—4ie)) < 4 (5.7)

where ©,4 >0 are constants satisfying |exp((A + Bk)t)| < @ exp(—4it) for all
t > 0. Moreover, if n = 1 then inequality (5.7) can be replaced by the inequality

2|Bklexp(At)(1 — exp(—|A + Bk|¢)) < |A + Bk (5.8)
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Remark 5.2: Since the left hand-side of inequality (5.7) becomes zero for ¢ = 0,
by continuity, there exists e > 0 (sufficiently small) such that inequality (5.7) holds.
The least upper bound value for € > 0 can be determined numerically.

For the case of constant perturbations of the delay, we obtain the following
result.

Corollary 5.3: Consider the system

X (t) = Ax(t) + Bu(t — 7)

x(t)eR", u(r) eR” (39)

with (5.2), where t,7 > Qare constants,A€R"", BE R ke R™" and (A + Bk)
is Hurwitz. The zero solution of the closed-loop system is Globally Exponentially
Stable if and only if all roots of the following equation:

det(sl — (A + Bk) + exp(Az)Bk(exp(—1s) — exp(—7s))) =0 (5.10)

have negative real parts.

Let F, C R, denote the set of all 7 > 0, for which the roots of equation (5.10)
have negative real parts, for fixedz > 0,A € R, B€R"*" and k € R"*". Theorem
5.1 guarantees that there exists €€ (0,1} such that (z — ¢,7 + €) C F,. However,
Corollary 5.3 does not guarantee that F, C R, is a convex set of R, i.e., an
interval. Indeed, one cannot exclude the possibility of having two delays 7, > 7 in
F. and a delay value r € (zy,7;) with r¢F,. The determination of the topological
properties of the set F, C R, is an open problem.

The following example illustrates inequality (5.8) and Corollary 5.3.

Example 5.4: Consider the scalar system
x(t) =x(r) +u(t—1—ed(r)) withx(r)eR, u(t)eR,d(r)e[-1,1]  (5.11)
where ¢ > 0. For this example A = 1 = B = r and we may choose k = —p, where

p > 1. Theorem 5.1 guarantees that the closed-loop system (5.11) with

1

u(t) = —pex(t) —pJ exp(s)u(r — s)ds (5.12)
0

and deL™(R,;[—1,1]) is robustly globally exponentially stable provided that

e > 0 satisfies
1 2pe
1 5.13
8<p—1n<2pe—p+l> ( )
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In other words, system (5.11) with (5.12) is robustly globally exponentially stable
provided that 7(7) € (Tmin, Tmax ), Where 7(¢) = 1 + ed(f), tmin = | — &, Tmax = 1 + €
and ¢ = ﬁln(ﬁ) p>1
On the other hand, if constant delay perturbations are considered, then the roots of
the equation s+ (p — 1) + p exp(l — zs) — p exp(l — s) = 0 must have negative
real parts. For every value of p > 1 there exist delay values 0 < 7y < 1 < Tyax
such that if 7 € (Tmin, Tmax ) then all roots of the equations + (p — 1) + p exp(1 — zs)—
pexp(l —s) =0 have negative real parts. In order to determine the range
of values of 7 for which the roots of the equation s + (p — 1) + pexp(l —zs)—
p exp(l —s) = 0 have negative real parts, we determine the curves in the parameter
plane (the (p,7) plane) composed of points for which there exists @ €R such that
wj+ (p— 1) + pexp(l — twj) — p exp(l — wj) = 0, where j is the imaginary unit.
The procedure that we follow for every p > 1, is:
(i) first we find numerically all solutions w€(0,2pe) of the equation

(p—1)cos (w) — wsin (w) = (=)o 1) (Wthh is obtained from the equa-
tions cos (wr) — cos (w) = ppe and sin (wr) — sin (w) =),

(i) for every we (0,2pe) found from the previous step, we determine the

unique solution ¢ €M of the equations cos(¢p) = cos () —”p;el and

sin (¢) = sin (w) +2

pe’
(iii) we find the positive solutions of
and

T= ¢+2k” where k is an arbitrary integer,

(iv) finally, we collect all positive values of 7 = % from the previous step
and we find the highest value of 7 that is less than 1 (this is 7,,;,) and the
lowest value of 7 that is higher than 1 (this is 7,ay)-

The results are shown in Figure 2.1 both for time-varying delay perturbations

which are measurable (where 7hin = 1 — €, Tnmax = 1 + € and € = p%lln <2p€Z_p; +]>)

and for constant delay perturbations.

The bounds for the magnitude of the delay perturbation obtained from (5.13) are
about 50 % of the bounds obtained for constant perturbations. However, this is
expected since (5.13) applies for time-varying delay perturbations which are mea-
surable. Moreover, notice that the curves of 7.,;, and 7., obtained for constant
perturbations are not perfectly symmetric around 1. <

The proof of Theorem 5.1 relies on the following technical theorem.

Theorem 5.5: Consider the system

X(1) = Ax(t) + q(1)C(x(t — 7 — &d(t)) — x(t — 7)) for1>0, ae. (5.14)
x(n)eRr", d()e[-1,1], q(r) €[-1,1]

whered €L (R ;[—1,1]),geL>®(Ry; [-1,1]), A, C €R"" are constant matrices,
T > & > 0 are constants and A € R"™" is Hurwitz. Suppose that
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1,4 1
1,31 Tmax
1,2 1 “\\
1,14 T

11
0,9 1 I
0,8 1 / - - Tmin

/
0,7 7 //
/
0,6 T T T T T T T T 1
1 2 3 4 5 6 7 8 9 10

Figure 2.1 7., and 7,,,x for the closed-loop system (5.11) with (5.12). The solid line is for
measurable delay perturbations as calculated by (5.13) and the dashed line is for constant delay
perturbations.

O|C|(exp(|A|e) —exp(—1e)) < 4 (5.15)
where ©, > 0 are constants satisfying |exp(At)| < @exp(—At) for all t > 0. Then
there exist constants Q,6 >0 such that for all deL*(Ri;[—1,1]),
geEL®*(Ry;[-1,1]), x€C’([~7 —&,0];R") the solution x(t)€R" of (5.14)
with initial condition x(t) = xo(t) for t€[—r —¢&,0] that corresponds to inputs
deL>®(Ry;[-1,1]), geL>®(R;[—1, 1)), satisfies the following estimate

|x(¢)] < Qexp(—ot)||xoll, Yt >0 (5.16)
Moreover, if n = 1 then inequality (5.15) can be replaced by the inequality
2|C|(1 — exp(—|Ale)) < |A] (5.17)

The proof of Theorem 5.5 is based on a small-gain argument. The small-gain
argument for the proof of Theorem 5.5 was inspired by the results contained in [11],
but the methodology of the proof is essentially different from that followed in [11].

Finally, the proofs of Theorem 5.1 and Corollary 5.3 are based on the following
result, which has its own interest.

Proposition 5.6: Consider system (5.1), (5.2), where 0 < ¢ <1 are constants,
AeR™" BERY, ke R™" and (A + Bk) is Hurwitz. Let Q C L™ (R;[—1,1])
be a set of time-varying inputs which is invariant under time translation, i.e., if
de€Q then for every s > 0 the input d : R, — [—1,1] defined by d(i) = d(t + s)
for all t>0 is in QCL®(R;;[—1,1]). There exist constants Q,c >0
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such that for all deQ , xo€R" , uyeC’([-7r—¢0;R™)  with
0

1up(0) = kexp(Ar)xo + kJ exp(—As)Bug(s)ds the solution (x(t),u(r)) €R" x R™

of (5.1), (5.2) with initial conditionx(0) = xo, u(t) = uy(t)fort € [—t — &,0] satisfies
estimate (5.3), if and only if there exist constants é, 6 > 0 such that for all d€Q,
Po €C°([—7 — &,0];R"), the solution p(t) €R" of

p (t) = (A + Bk)p(t) + exp(A7)Bk(p(t — 7 — ed(t)) — p(t — 7)) (5.18)

with initial condition p(t) = p(t) for t€[—7 — €,0] corresponding to input d €Q
satisfies the following estimate

p(1)] < Qexp(=51) max_ (Ipo(s)), Vi =0 (5.19)

—e—1<s<0

Remark 5.7: The proof of Theorem 5.1 relies on showing the exponential stability
properties of the system (5.18), where

p(t) = exp(AD)x(r) + j exp(A(t + 7 — 5))Bu(s — 7)ds

t

is the “predictor state.” The exponential stability properties of system (5.18) are
guaranteed by means of Theorem 5.5. On the other hand Example 5.4 showed that
the allowable magnitude for time-varying delay perturbations which are measur-
able is less than the magnitude obtained for constant perturbations from Corollary
5.3. We do not know if the conservatism is due to the small-gain approach (which is
used for the proof of Theorem 5.5) or if the conservatism is due to the possibility
that the stability analysis for delay perturbations depends not only on the magnitude
of the perturbation but also on the rate of change of the perturbation. The latter
implies that the rate of change of the perturbation may be important in stability
analysis. Indeed, the recent work [35] has provided the construction of a Lyapunov
functional for delay perturbations with constrained rate and results in [35] have
showed that time-varying delays are more demanding than constant (uncertain)
delays. Moreover, for time-varying delay perturbations with sufficiently small rate
of change, there exists a function ¢ :9; — [0,7+ €], which satisfies
d(t) = v+ ed(t + ¢(¢)) for alls > 0: these are exactly the class of delays considered
in [36] for which the following linear time-varying predictor feedback can be
applied for the stabilization of (5.1):



5 Delay-Robustness of Predictor Feedback 53

t+¢(1)
u(t)= kexp(Ag(t))x(t)+k J exp(A(t+ ¢(t) — 5))Bu(s — v — ed(s))ds, fort > 0

(5.20)

provided that the function d: R — [—1, 1] is known.
We next provide the proof of Theorem 5.5.

Proof of Theorem 5.5: If (5.15) holds, then (by continuity) there exists o € (0, 1)
such that:

0|C
exp(o(r + ¢)) % (1 —exp(—(4 —o0)e) + (exp(|Ale) — 1)) < 1 (5.21)
LetdcL™(R;[~1,1]), gL (R, ; [~ 1, 1]), X0 €C°([—7 — &,0]; R") be arbitrary
and consider the solution x(7) € R" of (5.14) with initial condition x(r) = x,(¢) for
t€[—7 — &,0] that corresponds to inputs d €L (R; [—1,1]), g eL®(R4; [—1,1]).
We define:

v(t) =x(t— 1) —x(t — 7 — &d(1)) (5.22)

Fell oy = max (exp(as)x(s)]), [IVilg,) = sup (explos)v(s)l)  (5.23)

1 <s<t <5<t

for every #; < t, and we distinguish the following cases:

Case 1:d(¢) < 0. In this case the following formula holds for the solution of system
(5.14) for almost all t > 7:

t—r—ed(1)
—v(t) = (exp(Aeld(r)]) — Dx(t — 7) — J exp(A(t — 7 — ed(t) — 5))q(s)Cv(s)ds

(5.24)

Using the fact that |exp(Ar)| < ®@exp(—Ar) for all r>0 and the fact that
lexp(At) — I| < exp(|A]J¢|) — 1, for all z€R, we obtain from (5.24) for almost all
t> 1

[v(1)|exp(ot) < exp(o7)(exp(|Ale) — 1)[x(z — 7)[exp(a(r - 7))

L= i)y (exploslh(s))

A—o (—t<s<t—t+¢

+0exp(o7)

Indeed, using the fact that |exp(Ar)| < @ exp(—Ar) for all 1 > 0, we get:
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t—r—ed(t)
exp(A(t — 7 — ed(t) — 5))q(s)Cv(s)ds
t—t—ed(r)
< | lewate = o - edo) - 9) ) Clvis) s
t—t—ed(t)

<|C| J lexp(A(t — 7 — ed(1) — 5))||v(s)|ds
t—r—ed(t)

<|C|®exp(—A(t — 7 — ed(t))) J exp((4 — o)s)exp(os)|v(s)|ds
t—7—ed(t)

<|C|@exp(—A(t — 7 — &d(1))) J exp((A — o)s)ds||v||

exp((A—o0) (1 — 7 —ed(t)) — exp((A — 0)(t — 7))

< IClIOexp(~Alt — 7 — ed(1)) ) Il
1 —exp(—(4 — o)eld(r)]
< (Cl@exp(—olt — D)explaed(n) R O]
1 —exp(—(1—o)e
<|C1®exp(—o(r — 7)) g ) vl
-0
where ||[v|| = sup  (exp(os)|v(s)|). The above inequality in conjunction with

t—1t<s<t—1+¢

(5.24) and the fact that |exp(At) — I| < exp(JA||7]) — 1, for all € R, implies (5.25).
A direct consequence of definition (5.23) and inequality (5.25) is the following
inequality which holds for all t > 7:

1 —exp(—(4—o0)e)
¥l < explen) ((exp(ale) = Dlislg 5+ 6= E=E=D ol

(5.26)

Case 2:d(t) > 0. In this case the following formula holds for the solution of system
(5.14) for almost all t > 7+ &:
t—7
v(t) = (exp(Ae|d(r)]) — Dx(t — 7 — ed(1)) — J exp(A(t — 7 — s5))q(s)Cv(s)ds
t—r—ed (1)
(5.27)
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Similarly as in the previous case, using (5.27), we show that the following inequal-
ity holds for all t > 7 + €:

Vlliere,q < expla(z + ) (exp(|Ale) = D],

ol e (5.28)
+0@exp(o(r +¢€)) ! P/l( _(j )e) ICHIV[l0, 1

Consequently, we conclude from (5.26) and (5.28) that the following inequality
holds for all t > 7 + ¢:

Wlliese,q < explo(z +€))(exp(|Ale) = Dllxll,—q

L — exp(—(i— (5.29)
P =) o eve
l—o >

+0@exp(o(r + ¢€))

Using the fact that |exp(Af)| < ®exp(—A4r) for all + > 0 and the variations of
t

constants formula x(7) = exp(A#)x(0) — Jexp(A(t —5))q(s)Cv(s)ds for all ¢t > 0,

0
we obtain the estimate:

|x(t)|exp(ot) < @ exp(—(4 — o)t)|x(0)|, forallz >0

L= (= =901 qupy (exp(es)v(s)]) (330)

A—oc 0<s<t

+0

Definition (5.23) and inequality (5.30) in conjunction with the fact that o€ (0, 1)
imply the following inequality:

elc|
Il 0, < F(0)] + 7 [[vlj» forall > 0 (531)

Combining (5.29) and (5.31), we obtain for all ¢t > 7 + &:

Vllfese,q < expla(z + €))(exp(|Afe) — 1)O]x(0)]
C| (5.32)

+exp(o(z + 6));9 (1 —exp(—(4 —o)e) + (exp(|Ale) — 1))[Vllp,

-0
Inequality (5.21) in conjunction with (5.32), implies the following inequality for all
t>0:

Ale) — 1
exp(Ale) — 1

||V||[0,l] S eXp(G(T + 8)) 1 _ 6

RO+ 1V llo, 4 (5.33)

where § := exp(o(t + 8))%(1 —exp(—(4 — o)e) + (exp(JAle) — 1)) < 1. Indeed,

the equality [[v|[;, = max(||v\|[0’7+€] s vl [HS’,]) allows us to consider two cases:
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* Case 1: |[v]lp 4 = [[Vl[jo, r+¢- In this case (5.32), in conjunction with the fact
that § := exp(o(7 + €)) 7= 8l — (1 —exp(—(4 — o)e)+(exp(|Ale) — 1)) < 1, implies
(5.33).

» Case 20 |v[log = IVllteq- In this case (5.32) implies |[v[|., <

exp(o(r + ¢)) %@\xmﬂ and consequently (5.33) holds.

Inequality (5.33) in conjunction with (5.31) and the fact that there
exist constants L,M > 0 such that all solutions of (5.14) satisfy the estimate
|x(r)| < Mexp(Lt) max_ |x(s)] and in conjunction with the fact that

< .
VM0, 0+ < 2exp(a(z + €)) (||x|[0’r+€] + _max |x(s)|) (a direct consequence

of definition (5.22)) imply that there exists a constant Q > 0 such that estimate
(5.16) holds.

If n=1then ® = 1 and 1 = |A|. If (5.17) holds then (by continuity) there exists
€(0,]A]) such that §:= ISR (3 — exp(—(|A| — o)e) — exp(—|Ale)) < 1
Moreover, inequalities (5.26) and (5.28) are replaced by the following inequalities:

[Vlljzq < exp(o7)(1 — exp(—|Ale))|x[[q,,—q

1— exp(—(|A| - 0)¢)
+ exp(o7) A o ICHIV Il o, —r-t

[Vlliere,q < exp(a(z +€))(1 — exp(—|Ale))lxl[

1 —exp(—(|A| —o)e
sexplate + )t == D ey,

It follows that inequality (5.29) is replaced by

Vlliese.q < expla(z +€))(1 — exp(—|Ale))lxl g,

1 —exp(—(|A] — 0)¢) (5.34)
sexplatr + &) =D ey

Combining (5.34) with (5.31) and ® = 1, 4 = |A|, we obtain the estimate:

[Vllere,q < expla(z +€))(1 — exp(—|Ale))[x(0)]

+W(z — exp(—(|A] — o)) — exp(—|Ale) V]

Al -
Since  §:= ‘C‘exlz(lifﬂn (2 —exp(—(|A| — 0)e) — exp(—|Ale)) < 1, the above
inequality implies the inequality [|[v]l,, < exp(a(z +¢)) M |x(0)|+

[Vllj0,+¢- The previous inequality in conjunction with (5.31) and the fact
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that there exist constants L,M > 0 such that all solutions of (5.14) satisfy the

estimate |x(¢)| < Mexp(Lt) max_ |x(s)] and in conjunction with the fact that

—7—e<s<

Vll0,2+¢) < 2exp(o(z + €)) (|x||[0,1+&.] + max |x(s)> (a direct consequence
—1—e<s<

of definition (5.22)) imply that there exists a constant Q > 0 such that estimate
(5.16) holds. The proof is complete. <

We are now ready to provide the proof of Theorem 5.1.

Proof of Theorem 5.1: Proposition 5.6 with Q = L™(%R; [—1, 1]) guarantees the
conclusion of the theorem provided that system (5.18) is robustly globally
exponentially stable. Theorem 5.5 with A€R™" replaced by (A + Bk) and
C = exp(A7)Bk guarantees the robust global exponential stability of system
(5.18) provided that (5.7) or (5.8) hold. The proof is complete. <

Next, we provide the proof of Corollary 5.3.

Proof of Corollary 5.3: Classical theory on linear delay systems guarantees that
all roots of equation (5.10) have negative real parts if and only if the zero solution is
Globally Exponentially Stable for the system:

p(t) = (A + Bk)p(t) + exp(A7)Bk(p(t — 7) — p(t — 7)) (5.35)

The rest of proof is a direct consequence of Proposition 5.6 with
Q C L®(M;[—1,1]) being the set of constant functions which are identically
equalto lor —land7 =7+ ¢

The proof is complete. <

Proof of Proposition 5.6: Let arbitrary (xo,uo) €S (where S is defined by (5.5)),
d€Q and consider the solution (x(z),u(r)) € R" x R™ of (5.1), (5.2) with initial
conditions x(0) = xo, u(t) = up(¢) for t € [—7 — &, 0] corresponding to d € Q. Define
forall ¢t > 0:
t+t
p(t) = exp(A7)x(r) + J exp(A(t+ 7 — 5))Bu(s — 7)ds (5.36)

t

Notice that (5.2) and definition (5.36) implies that the following equality holds for
all > 0:

u(t) = kp(t), forallt > 0 (5.37)

By using (5.1) and definition (5.36), it follows that the following differential
equation holds for almost all > 0:
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p (t) = exp(A7)Ax(t) + exp(Ar)Bu(t — v — ed(t))

(5.38)
+A(p(r) — exp(A7)x(t)) + Bu(t) — exp(Ar)Bu(t — 7)

Using the identity Aexp(Az) = exp(A7)A and (5.37) it follows that the following
differential equation holds for almost all t > 7 + &:

(1) = (A + BR)p(1) + exp(A7)Bk(p(t — 7 — ed(1)) — p(t — 7)) (5.39)

Since Q C L™(MR4;[—1, 1]) is a set of time-varying inputs which is invariant under
time translation (which implies that the input defined by d(r) = d(r + 7 + ¢) is in

Q CL*(M;[—1,1])) and since (5.19) holds for certain constants Q,c > 0, it
follows that the following inequality holds:

Ip(1)] < Qexp(—5 (t — 7 —€)) max |p(s)|, Vt>7+e¢ (5.40)

0<s<7+e

Using (5.40) in conjunction with (5.36), (5.37), (5.6) and the following equality:

t+7
x(t) = exp(—Ar)p(t) — J exp(A(t — s))Bkp(s — 7)ds (5.41)

t

which holds for all # > 7 and is a direct consequence of (5.36) and (5.37), we
obtain (5.3) with ¢ := ¢ and

Q := Mexp(2L(z + €) + 2|A|7)exp(25(z + €)) ((1 + 7[BK| + [k|)O (1 +7|B|) + 1).

Conversely, let arbitrary p, € C°([—7 — &,0]; ®R"),d € Qand consider the solution
p(r)€R" of (5.18), (5.2) with initial condition p(t) = p,(t) for t€[—7 — ¢,0]
corresponding to d€Q. Define uy(f) = kpy(t) for t€[—7—¢,0] and

0
xo = exp(—Ar) | p(0) — Jexp(—As)Buo(s)ds . Notice that (xo,up) €S (where
S is defined by (5.5)). Therefore, the solution (x(¢),u(r)) €R" x R™ of (5.1),
(5.2) with initial conditionx(0) = xo,u(t) = u(r) fort € [—7 — ¢, 0] satisfies estimate
(5.3) for certain constants Q, ¢ > 0. Notice that the solution (x(7), u(f)) € R" x R"
of (5.1), (5.2) with initial conditionx(0) = xo, u(f) = uy(z) fort € [—7 — ¢, 0] satisfies
(5.37) and (5.41) for all ¢> 0. Consequently, (5.36) holds for all > 0.
Estimate (5.19) with Q := Qexp(2|A|7)(1 + 7|B]|)(1 + z|Bk|exp(JA|z) + |k]|) and
6:=o0 1is a direct consequence of (5.3), (5.36) and the definitions xy =
0
exp(—A7) | p(0) — J exp(—As)Bug(s)ds | and ug(t) = kpy(t) for € [—1—¢,0].

-7

The proof is complete. <
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