
Chapter 2
Nonlinear Time-Delay Systems

2.1 Time-Delay Continuous Systems

Definition 2.1 For I�R;X�Rn and K�Rm, consider a vector function f : X�
X� I � K ! Rn which is Cr(r� 1)-continuous, and there is an ordinary differential
equation with time-delay in the form of

_x ¼ fðx; xs; t; pÞ for t 2 I; x; xs 2 X and p 2 K ð2:1Þ

where _x ¼ dx=dt is differentiation with respect to time t, which is simply called the
velocity vector of the state variables x. xs ¼ xðt � sÞ, and s is time-delay. With an
initial condition of xðt0Þ ¼ x0 and xðt0 � sÞ ¼ xs0, the solution of Eq. (2.1) is given
by

xðtÞ ¼ Uðx0; t � t0; pÞ with
xðt0Þ ¼ Uðx0; t0 � t0; pÞ and xðt0 � sÞ ¼ xs0 ¼ Uðx0;�s; pÞ ð2:2Þ

(i) The ordinary differential equation with the initial condition is called a time-
delay dynamical system.

(ii) The vector function fðx; xs; t; pÞ is called a time-delay vector field on domain
X.

(iii) The solution Uðx0; t � t0; pÞ is called the flow of time-delay dynamical
systems.

(iv) The corresponding projection of the solution Uðx0; t � t0; pÞ on domain X is
called the trajectory, phase curve, or orbit of time-delay dynamical system,
defined as follows:
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C ¼ xðtÞ 2 XjxðtÞ ¼ Uðx0; t � t0; pÞ for t 2 If g � X:

Cs ¼ xðt � sÞ 2 Xjxðt � sÞ ¼ Uðx0; t � t0 � s; pÞ for t 2 If g � X
ð2:3Þ

Definition 2.2 If the vector field of the time-delay dynamical system in Eq. (2.1) is
independent of time, such a system is called an autonomous time-delay dynamical
system. Thus, Eq. (2.1) becomes

_x ¼ fðx; xs; pÞ for t 2 I�R; x 2 X�Rn and p 2 K�Rm ð2:4Þ

Otherwise, such a system is called non-autonomous time-delay dynamical systems
if the vector field of the dynamical system in Eq. (2.1) is dependent on time and
state variables.

Definition 2.3 For a vector function f 2 Rn with x 2 Rn, the operator norm of f is
defined by

jjfjj ¼
Xn

i¼1
max

jjxjj � 1;jjxsjj � 1;t2I
jfiðx; xs; tÞj: ð2:5Þ

For fðx; pÞ ¼ AxþBxs with an n� n matrix A ¼ ðaijÞn�n and B ¼ ðbijÞn�n, the
corresponding norms are defined by

jjAjj ¼
Xn

i;j¼1
jaijj and jjBjj ¼

Xn

i;j¼1
jbijj: ð2:6Þ

Definition 2.4 For a vector function xðtÞ ¼ ðx1; x2; � � � ; xnÞT 2 Rn; the derivative
and integral of xðtÞ are defined by

dxðtÞ
dt

¼ ðdx1ðtÞ
dt

;
dx2ðtÞ
dt

; � � � ; dxnðtÞ
dt

ÞT;Z
xðtÞdt ¼ ð

Z
x1ðtÞdt;

Z
x2ðtÞdt; � � � ;

Z
xnðtÞdtÞT:

ð2:7Þ

For an n� n matrix A ¼ ðaijÞn�n, the corresponding derivative and integral are
defined by

dAðtÞ
dt

¼ ðdaijðtÞ
dt

Þn�n and
Z

AðtÞdt ¼ ð
Z

aijðtÞdtÞn�n: ð2:8Þ

Definition 2.5 For I�R;X�Rn and K�Rm, the vector function fðx; xs; t; pÞ with
f : X� X� I � K ! Rn is differentiable at x0 2 X if

@fðx; xs; t; pÞ
@x

����
ðx0;xs0;t;pÞ

¼ lim
Dx!0

fðx0 þDx; xs0; t; pÞ � fðx0; xs0; t; pÞ
Dx

;

@fðx; xs; t; pÞ
@xs

����
ðx0;xs0;t;pÞ

¼ lim
Dxs!0

fðx0; xs0 þDxs; t; pÞ � fðx0; xs0; t; pÞ
Dxs

:

ð2:9Þ
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@f=@x and @f=@xs are called the spatial derivatives of fðx; xs; t; pÞ at ðx0; xs0Þ,
and the derivatives are given by the non-time-delay and time-delay Jacobian
matrices

Dxf 	 @fðx; xs; t; pÞ
@x

¼ ð@fi=@xjÞn�n;

Dxs f ¼ @fðx; xs; t; pÞ
@xs

¼ ð@fi=@xsj Þn�n:

ð2:10Þ

Definition 2.6 For I�R; X�Rn and K�Rm, consider a vector function
fðx; xs; t; pÞ with f : X� X� I � K ! Rn, t 2 I and x; xs 2 X and p 2 K. The
time-delay vector function fðx; xs; t; pÞ is said to be satisfied the Lipschitz condition
with respect to x if

jjfðx2; xs2; t; pÞ � fðx1; xs1; t; pÞjj � Ljjx2 � x1jj þ Lsjjxs2 � xs1jj ð2:11Þ

with x1; x2; xs1; x
s
2 2 X and the constants L and Ls are called the Lipschitz constants.

Theorem 2.1 Consider a time-delay dynamical system as

_x ¼ fðx; xs; t; pÞ with xðt0Þ ¼ x0; xðt0 � sÞ ¼ xs0 ð2:12Þ

with t0; t 2 I ¼ ½t1; t2
; x 2 X ¼ fxjjjx� x0jj � dg and p 2 K: If the vector function
fðx; xs; t; pÞ is Cr-continuous ( r� 1) in G ¼ X� I � K, then the dynamical system
in Eq. (2.12) has one and only one solution Uðx0; t � t0; pÞ for

jt � t0j �minðt2 � t1; d=MÞ withM ¼ max
G

jjfjj: ð2:13Þ

Proof The proof of this theorem can be similar to non-time-delay system in the
book by Coddington and Levinson (1955). ■

Theorem 2.2 (Gronwall) Suppose there are continuous real-valued function
gðtÞ� 0; dðtÞ� 0 and bðtÞ. If dðtÞ is non-decreasing and bðtÞ� 0 with

gðtÞ� dðtÞþ
Z t

t0

bðgÞgðgÞdg ð2:14Þ

then

gðtÞ� dðtÞ expð
Z t

t0

bðgÞdgÞ: ð2:15Þ

Proof For t 2 ½t0; t1
, consider

GðtÞ ¼ dðtÞþ
Z t

t0

bðgÞgðgÞdg
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The derivative of the foregoing equation gives

_GðtÞ ¼ _dðtÞþ bðtÞgðtÞ

and with we have

_GðtÞ
GðtÞ ¼

_dþ gðtÞbðtÞ
GðtÞ �

_d
GðtÞ þ

gðtÞ
GðtÞ bðtÞ�

_d
d
þ bðtÞ:

Integration gives

ln GðtÞjtt0 � ln djtt0 þ
Z t

t0

bðgÞdg:

So for dðt0Þ[ 0 with Gðt0Þ ¼ dðt0Þ;

ln GðtÞ � ln dðt0Þ� ln dðtÞ � ln dðt0Þþ
Z t

t0

bðgÞdg:

In other words, for all t 2 ½t0; t1


GðtÞ� dðtÞ expð
Z t

t0

bðgÞdgÞ:

Therefore, for all t 2 ½t0; t1
 with gðtÞ�GðtÞ;

gðtÞ� dðtÞ expð
Z t

t0

bðgÞdgÞ:

For dðt0Þ ¼ 0, there is a positive e[ 0; and dðtÞ ¼ lime!0ðdðtÞþ eÞ

gðtÞ� ðdðtÞþ eÞ expð
Z t

t0

bðgÞdgÞ:

As e ! 0, the forgoing equation satisfies Eq. (2.15).
This theorem is proved. ■

Theorem 2.3 Consider a time-delay system as _x ¼ fðx; xs; t; pÞ with xðt0Þ ¼ x0
and xðt0 � sÞ ¼ xs0 in Eq. (2.12) with t0; t 2 I ¼ ½t1; t2
; x 2 X ¼ fxjjjx� x0jj � dg
and p 2 K: The vector function fðx; xs; t; pÞ is Cr-continuous ( r� 1) in
G ¼ X� I � K, if the solution of _x ¼ fðx; xs; t; pÞ with xðt0Þ ¼ x0 and xðt0 � sÞ ¼
xs0 is xðtÞ on G and the solution of _y ¼ fðy; ys; t; pÞ with yðt0Þ ¼ y0 and yðt0 � sÞ ¼
ys0 is yðtÞ on G. For given e; es [ 0, if jjx0 � y0jj � e and jjxs0 � ys0jj � es; then
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jjxðtÞ � yðtÞjj � ðeþ
Z t

t0

LsðgÞjjxs � ysjjdgÞ expð
Z t

t0

LðgÞdgÞ on I � K: ð2:16Þ

Proof From the method of successive approximations, with the local Lipschitz
condition, the two initial value problems become

xðtÞ ¼ x0 þ
Z t

t0

fðx; xs; t; pÞds and yðtÞ ¼ y0 þ
Z t

t0

fðy; ys; t; pÞds:

Thus,

xðtÞ � yðtÞ ¼ x0 � y0 þ
Z t

t0

ðfðx; xs; g; pÞ � fðy; ys; g; pÞÞdg;

jjxðtÞ � yðtÞjj � jjx0 � y0jj þ
Z t

t0

jjfðx; xs; g; pÞ � fðy; ys; g; pÞjjdg:

Using the local Lipschitz condition of

jjfðx; xs; t; pÞ � fðy; ys; t; pÞjj � LðtÞjjx� yjj þ LsðtÞjjxs � ysjj

gives

jjxðtÞ � yðtÞjj � eþ
Z t

t0

LðgÞjjx� yjjdgþ
Z t

t0

LsðgÞjjxs � ysjjdg

where jjx0 � y0jj\e: So the Gronwall’s inequality gives

jjxðtÞ � yðtÞjj � ðeþ
Z t

t0

LsðgÞjjxs � ysjjdgÞ expð
Z t

t0

LðgÞdgÞ:

This theorem is proved. ■

2.2 Equilibriums and Stability

Definition 2.7 Consider a metric space X and Xa�X (a ¼ 1; 2; � � �).
(i) A map h is called a homeomorphism of Xa onto Xb (a; b ¼ 1; 2; � � �) if the

map h : Xa ! Xb is continuous and one to one, and h�1 : Xb ! Xa is
continuous.

(ii) Two set Xa and Xb are homeomorphic or topologically equivalent if there is a
homeomorphism of Xa onto Xb.
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Definition 2.8 A connected, metric space X with an open cover fXag (i.e.,
X ¼ [ aXa) is called an n-dimensional, Cr(r� 1) differentiable manifold if the
following properties exist.

(i) There is an open unit ball B ¼ fx 2 Rnjjjxjj\1g.
(ii) For all a, there is an homeomorphism ha : Xa ! B.
(iii) If ha : Xa ! B and hb : Xb ! B are homeomorphisms for Xa \Xb 6¼ £,

then there is a Cr-differentiable map h ¼ ha � h�1
b for haðXa \XbÞ � Rn and

hbðXa \XbÞ � Rn with

h : hbðXa \XbÞ ! haðXa \XbÞ; ð2:17Þ

and for all x 2 hbðXa \XbÞ, the Jacobian determinant detDhðxÞ 6¼ 0:
The manifold X is called to be analytic if the maps h ¼ ha � h�1

b are analytic.

Definition 2.9 Consider a nonlinear time-delay system _x ¼ fðx; xs; pÞ in Eq. (2.4).
A point x� ¼ xs� 2 X is called an equilibrium point or critical point of a nonlinear
time-delay system _x ¼ fðx; xs; pÞ if

fðx�; xs�; pÞ ¼ 0 and x� ¼ xs� ð2:18Þ

The linearized system of the time-delay system _x ¼ fðx; xs;pÞ in Eq. (2.4) at the
equilibrium point x� ¼ xs� is given by

_y ¼ Dxfðx�; xs�; pÞyþDxs fðx�; xs�; pÞys ð2:19Þ

where y ¼ x� x�.

Definition 2.10 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�. The lin-
earized system of the nonlinear time-delay system at the equilibrium point x� ¼ xs�

is _y ¼ Dxfðx�; xs�; pÞyþDxs fðx�; xs�; pÞys (y ¼ x� x� and ys ¼ xs � xs�) in
Eq. (2.19). The matrix Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ possesses n eigen-
values kk (k ¼ 1; 2; � � � n). Set N ¼ f1; 2; � � � ; ng;Ni ¼ fi1; i2; � � � ; inig[£ with
ij 2 N (j ¼ 1; 2; � � � ; ni; i ¼ 1; 2; 3) and R3

i¼1ni ¼ n. [ 3
i¼1Ni ¼ N and Ni \Nl ¼ £

(l 6¼ i). Ni ¼ £ if ni ¼ 0. The corresponding vectors for the negative, positive, and
zero eigenvalues of Dfðx�; pÞ are fukg (k 2 Ni; i ¼ 1; 2; 3), respectively. The stable,
unstable, and invariant subspaces of the linearized time-delay system in Eq. (2.19)
are defined as follows:
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Es ¼ span uk
kk\0; k1�N [£

ðDxfðx�; xs�pÞþ e�kksDxs fðx�; xs�pÞ � kkIÞuk ¼ 0;

����
� �

;

Eu ¼ span uk
kk [ 0; k 2 N2�N [£

ðDxfðx�; xs�pÞþ e�kksDxs fðx�; xs�pÞ � kkIÞuk ¼ 0;

����
� �

;

Ei ¼ span uk
kk ¼ 0; k 2 N3�N [£

ðDxfðx�; xs�pÞþ e�kksDxs fðx�; xs�pÞ � kkIÞuk ¼ 0;

����
� �

:

ð2:20Þ

Definition 2.11 Consider a 2n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�. The lin-
earized system of the time-delay system at the equilibrium point x� ¼ xs� is _y ¼
Dxfðx�; xs�; pÞyþDxs fðx�; xs�; pÞys (y ¼ x� x� and ys ¼ xs � xs�) in Eq. (2.19).
The matrix Dxfðx�; xs�; pÞþ e�ðak
ibkÞsDxs fðx�; xs�; pÞ possesses complex eigen-
values ak 
 ibk with eigenvectors uk 
 ivk (k 2 f1; 2; � � � ; ng), and the base of
vector is

B ¼ u1; v1; � � � ; uk; vk; � � � ; un; vnf g: ð2:21Þ

The stable, unstable, center subspaces of Eq. (2.19) are linear subspaces spanned by
fuk; vkg(k 2 Ni;i ¼ 1; 2; 3), respectively. Ni ¼ fi1; i2; � � � ; inig[£�N [£ and
N ¼ f1; 2; � � � ; ng with ij 2 N (j ¼ 1; 2; � � � ; ni) and R3

i¼1ni ¼ n. [ 3
i¼1Ni ¼ N and

Ni \Nl ¼ £(l 6¼ i). Ni ¼ £ if ni ¼ 0. The stable, unstable, center subspaces of the
linearized time-delay system in Eq. (2.19) are defined as follows:

Es ¼ span ðuk; vkÞ

ak\0; bk 6¼ 0; k 2 N1�f1; 2; � � � ; ng[£
Dxfðx�; xs�pÞ

þ e�ðak
ibkÞsDxs fðx�; xs�pÞ
�ðak 
 ibkÞI

0
B@

1
CAðuk 
 ivkÞ ¼ 0

���������

8>>><
>>>:

9>>>=
>>>;
;

Eu ¼ span ðuk; vkÞ

ak [ 0; bk 6¼ 0; k 2 N2�f1; 2; � � � ; ng[£
Dxfðx�; xs�pÞ

þ e�ðak
ibkÞsDxs fðx�; xs�pÞ
�ðak 
 ibkÞI

0
B@

1
CAðuk 
 ivkÞ ¼ 0

���������

8>>><
>>>:

9>>>=
>>>;
;

Ec ¼ span ðuk; vkÞ

ak ¼ 0; bk 6¼ 0; k 2 N3�f1; 2; � � � ; ng[£
Dxfðx�; xs�pÞ

þ e�ðak
ibkÞsDxs fðx�; xs�pÞ
�ðak 
 ibkÞI

0
B@

1
CAðuk 
 ivkÞ ¼ 0

���������

8>>><
>>>:

9>>>=
>>>;
:

ð2:22Þ

Theorem 2.4 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�. The lin-
earized system of the nonlinear time-delay system at the equilibrium point x� ¼ xs�
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is _y ¼ Dxfðx�; xs�; pÞyþDxs fðx�; xs�; pÞys (y ¼ x� x� and ys ¼ xs � xs�) in
Eq. (2.19). The eigenspace of Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ (i.e., E�Rn)
in the linearized time-delay system is expressed by direct sum of three subspaces

E ¼ Es � Eu � Ec ð2:23Þ

where Es;Eu andEc are the stable, unstable, and center spaces Es;Eu and Ec,
respectively.

Proof This proof is similar to the linear time-delay systems. ■

Definition 2.12 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs� and
fðx; xs; pÞ is Cr (r� 1)-continuous in a neighborhood of the equilibrium x� ¼ xs�.
The corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ ¼ Utðx0Þ. The linearized
system of the time-delay system at the equilibrium point x� ¼ xs� is _y ¼
Dxfðx�; xs�; pÞyþDxs fðx�; xs�; pÞys (y ¼ x� x� and ys ¼ xs � xs�) in Eq. (2.19).
Suppose there is a neighborhood of the equilibrium x� ¼ xs� as Uðx�Þ � X, and in
the neighborhood

lim
jjyjj!0

jjfðx� þ y; x�s; pÞ � Dxfðx�; x�s; pÞyjj
jjyjj ¼ 0;

lim
jjysjj!0

jjfðx�; x�s þ ys; pÞ � Dxs fðx�; x�s; pÞysjj
jjysjj ¼ 0:

ð2:24Þ

(i) A Crinvariant manifold

Slocðx; xs; x�Þ ¼ x; xs 2 Uðx�Þ
lim
t!1 xðtÞ ¼ x�; xðtÞ 2 Uðx�Þ
lim
t!1 xðt � sÞ ¼ x�; xðt � sÞ 2 Uðx�Þ
for all t� 0

��������

8>><
>>:

9>>=
>>;
;

ð2:25Þ

is called the local stable manifold of x�, and the corresponding global, stable
manifold is defined as follows:

Sðx; xs; x�Þ ¼ [ t� 0UtðSlocðx; xs; x�ÞÞ: ð2:26Þ

(ii) A Cr invariant manifold

Ulocðx; xs; x�Þ ¼ x; xs 2 Uðx�Þ
lim

t!�1 xðtÞ ¼ x�; xðtÞ 2 Uðx�Þ
lim

t!�1 xðt � sÞ ¼ x�; xðt � sÞ 2 Uðx�Þ
for all t� 0

�������

8><
>:

9>=
>;

ð2:27Þ
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is called the unstable manifold of x�, and the corresponding global, unstable
manifolds are defined as follows:

Uðx; xs; x�Þ ¼ [ t� 0UtðUlocðx; xs; x�ÞÞ ð2:28Þ

(iii) A Cr�1 invariant manifold Clocðx; xs; x�Þ is called the center manifolds of x�

if Clocðx; xs; x�Þ possesses the same dimensions of Ec, and the tangential
spaces of Clocðx; xs; x�Þ are identical to Ec.

The stable and unstable manifolds are unique, but the center manifold is not unique.
If the nonlinear time-delay vector field f is C1-continuous, then a Cr center
manifold can be found for any r\1.

Theorem 2.5 Consider an n-dimensional, autonomous, nonlinear, time-delay
dynamical system _x ¼ fðx; xs; pÞ in Eq. (2.4) with a hyperbolic equilibrium point
x� ¼ xs� and fðx; xs; pÞ is Cr ( r� 1)-continuous in a neighborhood of the equi-
librium x� ¼ xs�. The corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ ¼ Utðx0Þ:
The linearized system of the time-delay system at the equilibrium point x� ¼ xs� is
_y ¼ Dxfðx�; xs�;pÞyþDxs fðx�; xs�; pÞys (y ¼ x� x� and ys ¼ xs � xs�) in
Eq. (2.19). Suppose there is a neighborhood of the hyperbolic equilibrium x� ¼ xs�

as Uðx�Þ � X. If the homeomorphism between the local invariant subspace
Eðx; xs; x�Þ � Uðx�Þ under the flow Uðx0; t � t0; pÞ of _x ¼ fðx; xs; pÞ in Eq. (2.4)
and the eigenspace E of the linearized system exists with the condition in
Eq. (2.24), the local invariant subspace is decomposed by

Eðx; xs; x�Þ ¼ Slocðx; xs; x�Þ �Ulocðx; xs; x�Þ: ð2:29Þ
(a) The local stable invariant manifolds Slocðx; xs; x�Þ possess the following

properties:

(i) for x� 2 Slocðx; xs; x�Þ;Slocðx; xs; x�Þ possesses the same dimension of
Es and the tangential space of Slocðx; xs; x�Þ is identical to Es;

(ii) for x0 2 Slocðx; xs; x�Þ; xðtÞ; xðt � sÞ 2 Slocðx; xs; x�Þ for all time
t� t0 and lim

t!1 xðtÞ ¼ x� and lim
t!1 xðt � sÞ ¼ x�;

(iii) for x0 62 Slocðx; xs; x�Þ; jjx� x�jj � d for d[ 0 with t� t1 � t0 and
jjxðt � sÞ � x�jj � d for d[ 0 with t� t2 � t0.

(b) The local unstable invariant manifold Ulocðx; xs; x�Þ possesses the following
properties:

(i) for x� 2 Ulocðx; xs; x�Þ;Ulocðx; xs; x�Þ possesses the same dimension of
Eu and the tangential space of Ulocðx; xs; x�Þ is identical to Eu;

(ii) for x0 2 Ulocðx; xs; x�Þ; xðtÞ; xðt � sÞ 2 Ulocðx; xs; x�Þ for all time t� t0
and lim

t!�1 xðtÞ ¼ x� and lim
t!�1 xðt � sÞ ¼ x�;

(iii) for x0 62 Ulocðx; x�Þ; jjx� x�jj � d for d[ 0 with t� t1 � t0 and
jjxðt � sÞ � x�jj � d for d[ 0 with t� t2 � t0.
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Proof The proof for stable and unstable manifolds is similar to the non-time-delay
system in Hartman (1964). ■

Theorem 2.6 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with a hyperbolic equilibrium point x� ¼ xs� and
fðx; xs; pÞ is Cr ( r� 1)-continuous in a neighborhood of the equilibrium x� ¼ xs�.
The corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ ¼ Utðx0Þ: The linearized
system of the nonlinear time-delay system at the equilibrium point x� ¼ xs� is
_y ¼ Dxfðx�; xs�;pÞyþDxs fðx�; xs�; pÞys (y ¼ x� x� and ys ¼ xs � xs�) in
Eq. (2.19). If the homeomorphism between the local invariant subspace
Eðx; xs; x�Þ � Uðx�Þ under the flow Uðx0; t � t0; pÞ of _x ¼ fðx; xs; pÞ in Eq. (2.4)
and the eigenspace E of the linearized system exists with the condition in
Eq. (2.24), in addition to the local stable and unstable invariant manifolds, there is
a Cr�1 center manifold Clocðx; xs; x�Þ. The center manifold possesses the same
dimension of Ec for x� 2 Clocðx; xs; x�Þ, and the tangential space of Clocðx; xs; x�Þ
is identical to Ec. Thus, the local invariant subspace is decomposed by

Eðx; xs; x�Þ ¼ Slocðx; xs; x�Þ �Ulocðx; xs; x�Þ � Clocðx; xs; x�Þ: ð2:30Þ
Proof The proof for stable and unstable manifolds is similar to the non-time-delay
system in Hartman (1964). The proof for center manifold is similar to non-time-delay
systems in Marsden and McCracken (1976) or Carr (1981). ■

Definition 2.13 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs� and
fðx; xs; pÞ is Cr (r� 1)-continuous in a neighborhood of the equilibrium x� ¼ xs�.

(i) The equilibrium x� ¼ xs�is stable if all e[ 0, there is a d[ 0 such that for
all x0 2 Udðx�Þ where Udðx�Þ ¼ fxjjjx� x�jj\dg and t� t0,

Uðx0; t � t0; pÞ 2 Ueðx�Þ ð2:31Þ

(ii) The equilibrium x� is unstable if it is not stable or if all e[ 0, there is a
d[ 0 such that for all x0 2 Udðx�Þ where Udðx�Þ ¼ fxjjjx� x�jj\dg and
t� t1 [ t0,

Uðx0; t � t0; pÞ 62 Ueðx�Þ ð2:32Þ

(iii) The equilibrium x� is asymptotically stable if all e[ 0, there is a d[ 0 such
that for all x0 2 Udðx�Þ where Udðx�Þ ¼ fxjjjx� x�jj\dg and t� t0,

limt!1 Uðx0; t � t0; pÞ ¼ x� ð2:33Þ

(iv) The equilibrium x� is asymptotically unstable if all e[ 0, there is a d[ 0
such that for all x0 2 Udðx�Þ where Udðx�Þ ¼ fxjjjx� x�jj\dg and t� t0,
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limt!�1 Uðx0; t � t0;pÞ ¼ x� ð2:34Þ

Definition 2.14 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�. Suppose there
is a neighborhood of the equilibrium x� as Uðx�Þ � X, then fðx; xs; pÞ is Cr (r� 1)-
continuous in a neighborhood of x� ¼ xs�. The corresponding solution is
xðtÞ ¼ Uðx0; t � t0; pÞ. For a linearized time-delay system in Eq. (2.19), consider a
real eigenvalue kk of matrix Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ (k 2 N ¼ f1; 2;
� � � ; ng) with an eigenvector vk. For yðkÞ ¼ cðkÞvk , _yðkÞ ¼ _cðkÞvk ¼ kkcðkÞvk , thus
_cðkÞ ¼ kkcðkÞ:

(i) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is stable if

lim
t!1 cðkÞ ¼ lim

t!1 cðkÞ0 ekk t ¼ 0 for kk\0: ð2:35Þ

(ii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is unstable if

lim
t!1 jcðkÞj ¼ lim

t!1 jcðkÞ0 ekk tj ¼ 1 for kk [ 0: ð2:36Þ

(iii) xðiÞ at the equilibrium x� ¼ xs� on the direction vk is uncertain (critical) if

lim
t!1 cðkÞ ¼ lim

t!1 ekk tcðkÞ0 ¼ cðkÞ0 for kk ¼ 0: ð2:37Þ

Definition 2.15 Consider a 2n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�. Suppose
there is a neighborhood of the equilibrium x� as Uðx�Þ � X, then fðx; xs; pÞ is Cr

(r� 1)-continuous in a neighborhood of the equilibrium x� ¼ xs�. The corre-
sponding solution in xðtÞ ¼ Uðx0; t � t0; pÞ. For a linearized time-delay system in
Eq. (2.19), consider a pair of complex eigenvalues ak 
 ibk (k 2 N ¼ f1; 2; � � � ; ng;
i ¼ ffiffiffiffiffiffiffi�1

p
) of matrix Dxfðx�; xs�; pÞþ e�ðak
ibkÞsDxs fðx�; xs�; pÞ with a pair of

eigenvectors uk 
 ivk. On the invariant plane of ðuk; vkÞ, consider yðkÞ ¼ yðkÞþ þ yðkÞ�
with

yðkÞ ¼ cðkÞuk þ dðkÞvk; _yðkÞ ¼ _cðkÞuk þ _dðkÞvk ð2:38Þ

Thus, cðkÞ ¼ ðcðkÞ; dðkÞÞT with

_cðkÞ ¼ EkcðkÞ ) cðkÞ ¼ eak tBkc
ðkÞ
0 ð2:39Þ
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where

Ek ¼ ak bk
�bk ak

� �
andBk ¼ cos bkt sin bkt

� sin bkt cos bkt

� �
: ð2:40Þ

(i) xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is spirally stable if

lim
t!1 jjcðkÞjj ¼ lim

t!1 eak tjjBkjj � jjcðkÞ0 jj ¼ 0 for Re kk ¼ ak\0: ð2:41Þ

(ii) xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is spirally unstable if

lim
t!1 jjcðkÞjj ¼ lim

t!1 eak tjjBkjj � jjcðkÞ0 jj ¼ 1 for Re kk ¼ ak [ 0: ð2:42Þ

(iii) xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is on the invariant circle if

lim
t!1 jjcðkÞjj ¼ lim

t!1 eak tjjBkjj � jjcðkÞ0 jj ¼ jjcðkÞ0 jj for Re kk ¼ ak ¼ 0: ð2:43Þ

(iv) xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is degenerate in the
direction of uk if Im kk ¼ 0:

Definition 2.16 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�. Suppose
there is a neighborhood of the equilibrium x� ¼ xs� as Uðx�Þ � X, then fðx; xs; pÞ
is Cr(r� 1)-continuous in a neighborhood of the equilibrium x� ¼ xs�. The cor-
responding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. The linearized time-delay dynamical
system at the equilibrium point x� ¼ xs� is _y ¼ Dxfðx�; xs�; pÞyþ
Dxs fðx�; xs�; pÞys (y ¼ x� x�; and ys ¼ xs � xs�) in Eq. (2.19).

(i) The equilibrium x� is said a hyperbolic equilibrium if none of the eigen-
values of Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ is zero real part (i.e.,
Re kk 6¼ 0; k ¼ 1; 2; � � � ; n).

(ii) The equilibrium x� is said a sink if all of the eigenvalues of
Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ have negative real parts (i.e.,
Rekk\0; k ¼ 1; 2; � � � ; n).

(iii) The equilibrium x� is said a source if all of the eigenvalues of
Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ have positive real parts (i.e.,
Rekk [ 0; k ¼ 1; 2; � � � ; n).

(iv) The equilibrium x� is said a saddle if it is a hyperbolic equilibrium and
Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ have at least one eigenvalue with a
positive real part [i.e., Rekj [ 0 (j 2 f1; 2; � � � ; ng)] and one with a negative
real part [i.e., Rekk\0 (k 2 f1; 2; � � � ; ng)].
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(v) The equilibrium x� is called a center if all of the eigenvalues of
Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ have zero real parts [i.e., Rekj ¼ 0
(j ¼ 1; 2; � � � ; n)] with distinct eigenvalues.

(vi) The equilibrium x� is called a stable node if all of the eigenvalues of
Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ are real [i.e., kk\0 (k ¼ 1; 2; � � � n)].

(vii) The equilibrium x� is called an unstable node if all of the eigenvalues of
Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ are real [i.e., kk [ 0 (k ¼ 1; 2; � � � n)].

(viii) The equilibrium x� is called a degenerate case if all of the eigenvalues of
Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ are zero [i.e., kk ¼ 0 (k ¼ 1; 2; � � � n)].

As in Luo (2012), the generalized stability and bifurcation of flows in linearized,
nonlinear, time-delay systems in Eq. (2.4) will be discussed as follows.

Definition 2.17 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�. Suppose there
is a neighborhood of the equilibrium x� ¼ xs� asUðx�Þ � X, and in the neighborhood
fðx; xs; pÞ is Cr (r� 1)-continuous and Eq. (2.24) holds. The corresponding solution
is xðtÞ ¼ Uðx0; t � t0; pÞ. From Eq. (2.19), the matrix Dxfðx�; xs�; pÞþ
e�kksDxs fðx�; xs�; pÞ possesses n eigenvalues kk (k ¼ 1; 2; � � � ; n). Set N ¼ f1; 2;
� � � ;m;mþ 1; � � � ; ðnþmÞ=2g, Ni ¼ fi1; i2; � � � ; inig[£ with ij 2 N (j ¼ 1; 2; � � � ;
ni; i ¼ 1; 2; � � � ; 6), R3

i¼1ni ¼ m and 2R6
i¼4ni ¼ n� m. [ 6

i¼1Ni ¼ N with Ni \Nl ¼
£ ðl 6¼ iÞ: Ni ¼ £ if ni ¼ 0. The matrix Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ
possesses n1-stable, n2-unstable, and n3-invariant real eigenvectors plus n4-stable, n5-
unstable, and n6-center pairs of complex eigenvectors. Without repeated complex
eigenvalues of Re kk ¼ 0 (k 2 N3 [N6), the flowUðtÞ of the time-delay system _x ¼
fðx; xs; pÞ is an ðn1 : n2 : ½n3;m3
jn4 : n5 : n6Þ flow in the neighborhood of x� ¼ xs�.
However, with repeated complex eigenvalues of Re kk ¼ 0 (k 2 N3 [N6), the flow
UðtÞ of the time-delay system _x ¼ fðx; xs; pÞ is an ðn1 : n2 : ½n3;m3
jn4 : n5 :
½n6; l;m6
Þ flow in the neighborhood of x� ¼ xs� where m6 ¼ ðm61;m62; � � � ;m6sÞ,
and l ¼ ðl1; l2; � � � ; lsÞ with ðs 2 f1; 2; � � � ; n=2gÞ. The meanings of notations in the
aforementioned structures are defined as follows:

(i) n1 represents exponential sinks on n1-directions of vk if kk\0 (k 2 N1 and
1� n1 � n) with distinct or repeated eigenvalues.

(ii) n2 represents exponential sources on n2-directions of vk if kk [ 0 (k 2 N2

and 1� n2 � n) with distinct or repeated eigenvalues.
(iii) n3 ¼ 1 represents an invariant center on 1-direction of vk if kk ¼ 0 (k 2 N3

and n3 ¼ 1).
(iv) n4 represents spiral sinks on n4-pairs of ðuk; vkÞ if Re kk\0 and Im kk 6¼ 0

(k 2 N4 and 1� n4 � n) with distinct or repeated eigenvalues.
(v) n5 represents spiral sources on n5-pairs of ðuk; vkÞ if Rekk [ 0 and Imkk ¼ 0

(k 2 N5 and 1� n5 � n) with distinct or repeated eigenvalues.
(vi) n6 represents invariant centers on n6-pairs of ðuk; vkÞ if Rekk ¼ 0 and

Imkk 6¼ 0 (k 2 N6 and 1� n6 � n) with distinct eigenvalues.
(vii) £ represents empty or none if ni ¼ 0 (i 2 f1; 2; � � � ; 6g).
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(viii) ½n3;m3
 represents invariant centers on ðn3 � m3Þ-directions of vk3 (k3 2 N3)
and sources in m3-directions of vj3 (j3 2 N3 and j3 6¼ k3) if kk ¼ 0 (k 2 N3

and n3 � n) with the ðm3 þ 1Þth-order nilpotent matrix Nm3 þ 1
3 ¼ 0

(0\m3 � n2 � 1).
(ix) ½n3;£
 represents invariant centers on n3-directions of vk if kk ¼ 0 (k 2 N3

and 1\n3 � n) with a nilpotent matrix N3 ¼ 0.
(x) ½n6; l;m6
 represents invariant centers on ðn6 � Rs

i¼1
m6iÞ-pairs of ðuk6i ; vk6iÞ

(k6i 2 N6i) and sources in Rs
i¼1
m6i-pairs of ðuj6i ; vj6iÞ (j6i 2 N6i and j6i 6¼ k6i)

if Rekki ¼ 0 and Imkki 6¼ 0 (k 2 N6i and n6 � n) for ðRs
i¼1li þ sþ 1Þ-pairs of

repeated eigenvalues with the ðRs
i¼1
m6i þ 1Þth-order nilpotent matrix

Nm6i þ 1
6i ¼ 0 (0\m6i � li) ði ¼ 1; 2; � � � ; sÞ:

(xi) ½n6; l;£
 represents invariant centers on n6-pairs of ðuk; vkÞ if Rekk ¼ 0 and
Imkk 6¼ 0 (k 2 N6 and 1� n6 � n) for ðlþ 1Þ-pairs of repeated eigenvalues
with a nilpotent matrix N6 ¼ 0.

Definition 2.18 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�. Suppose
there is a neighborhood of the equilibrium x� ¼ xs� as Uðx�Þ � X, and in the
neighborhood, fðx; xs;pÞ is Cr (r� 1)-continuous and Eq. (2.24) holds. The cor-
responding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. From Eq. (2.19), the matrix
Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ possesses n eigenvalues kk (k ¼ 1; 2; � � � ; n).
Set N ¼ f1; 2; � � � ;m;mþ 1; � � � ; ðnþmÞ=2g, Ni ¼ fi1; i2; � � � ; inig[£ with ij 2 N
(j ¼ 1; 2; � � � ; ni; i ¼ 1; 2; � � � ; 6), R3

i¼1ni ¼ m and 2R6
i¼4ni ¼ n� m. [ 6

i¼1Ni ¼ N
with Ni \Nl ¼ £ ðl 6¼ iÞ: Ni ¼ £ if ni ¼ 0. The matrix Dxfðx�; xs�; pÞþ
e�kksDxs fðx�; xs�; pÞ possesses n1-stable, n2-unstable, and n3-invariant real eigen-
vectors plus n4-stable, n5-unstable, and n6-center pairs of complex eigenvectors.

I. Non-degenerate cases

(i) The equilibrium point x� ¼ xs� is an ðn1 : n2 : £jn4 : n5 : £Þ
hyperbolic point (or saddle) for the time-delay system.

(ii) The equilibrium point x� ¼ xs� is an ðn1 : £ : £jn4 : £ : £Þ sink
for the time-delay system.

(iii) The equilibrium point x� ¼ xs� is an ð£ : n2 : £j£ : n5 : £Þ
source for the time-delay system.

(iv) The equilibrium point x� ¼ xs� is an ð£ : £ : £j£ : £ : n=2Þ
center for the time-delay system.

(v) The equilibrium point x� ¼ xs� is an ð£ : £ : £j£ : £ :
½n=2; l;£
Þ center for the time-delay system.

(vi) The equilibrium point x� ¼ xs� is an ð£ : £ : £j£ : £ :
½n=2; l;m
Þ point for the time-delay system.
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(vii) The equilibrium point x� ¼ xs� is an ðn1 : £ : £jn4 : £ : n6Þ point
for the time-delay system.

(viii) The equilibrium point x� ¼ xs� is an ð£ : n2 : £j£ : n5 : n6Þ point
for the time-delay system.

(ix) The equilibrium point x� ¼ xs� is an ðn1 : n2 : £jn4 : n5 : n6Þ point
for the time-delay system.

II. Simple degenerate cases

(i) The equilibrium point x� ¼ xs� is an ð£ : £ : ½n;£
j£ : £ : £Þ-
invariant (or static) center for the time-delay system.

(ii) The equilibrium point x� ¼ xs� is an ð£ : £ : ½n;m3
j£ : £ : £Þ
point for the time-delay system.

(iii) The equilibrium point x� ¼ xs� is an ð£ : £ : ½n3;£
j£ : £ : n6Þ
point for the time-delay system.

(iv) The equilibrium point x� ¼ xs� is an ð£ : £ : ½n3;m3
j£ : £ : n6Þ
point for the time-delay system.

(v) The equilibrium point x� ¼ xs� is an ð£ : £ : ½n3;£
j£ : £ :
½n6;£
Þ point for the time-delay system.

(vi) The equilibrium point x� ¼ xs� is an ð£ : £ : ½n3;m3
j£ : £ :
½n6;£
Þ point for the time-delay system.

(vii) The equilibrium point x� ¼ xs� is an ð£ : £ : ½n3;£
j£ : £ :
½n6; l;m6
Þ point for the time-delay system.

(viii) The equilibrium point x� ¼ xs� is an ð£ : £ : ½n3;m3
j£ : £ :
½n6; l;m6
Þ point for the time-delay system.

III. Complex degenerate cases

(i) The equilibrium point x� ¼ xs� is an ðn1 : £ : ½n3;£
jn4 : £ : £Þ
point for the time-delay system.

(ii) The equilibrium point x� ¼ xs� is an ðn1 : £ : ½n3;m3
jn4 : £ : £Þ
point for the time-delay system.

(iii) The equilibrium point x� ¼ xs� is an ð£ : n2 : ½n3;£
j£ : n5 : £Þ
point for the time-delay system.

(iv) The equilibrium point x� ¼ xs� is an ð£ : n2 : ½n3;m3
j£ : n5 : £Þ
point for the time-delay system.

(v) The equilibrium point x� ¼ xs� is an ðn1 : £ : ½n3;£
jn4 : £ : n6Þ
point for the time-delay system.

(vi) The equilibrium point x� ¼ xs� is an ðn1 : £ : ½n3;m3
jn4 : £ : n6Þ
point for the time-delay system.

(vii) The equilibrium point x� ¼ xs� is an ð£ : n2 : ½n3;£
j£ : n5 : n6Þ
point for the time-delay system.

(viii) The equilibrium point x� ¼ xs� is an ð£ : n2 : ½n3;m3
j£ : n5 : n6Þ
point for the time-delay system.
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2.3 Bifurcation and Stability Switching

The dynamical characteristics of equilibriums in nonlinear time-delay systems in
Eq. (2.4) are based on the given parameters. With varying parameters in the
time-delay dynamical systems, the corresponding dynamical behaviors will change
qualitatively. The qualitative switching of dynamical behaviors in the time-delay
dynamical systems is called bifurcation, and the corresponding parameter values
are called bifurcation values. To understand the qualitative changes of dynamical
behaviors of nonlinear time-delay systems with parameters in the neighborhood of
equilibriums, the bifurcation theory for equilibrium of nonlinear time-delay system
in Eq. (2.4) will be investigated. DxðÞ ¼ @ðÞ=@x;DxsðÞ ¼ @ðÞ=@xs, and DpðÞ ¼
@ðÞ=@p will be adopted from now on.

Definition 2.21 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point ðx�; pÞ with x� ¼ xs�.
Suppose there is a neighborhood of the equilibrium x� ¼ xs� as Uðx�Þ � X, and in
the neighborhood fðx; xs; pÞ is Cr (r� 1)-continuous and Eq. (2.24) holds. The
corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. The linearized time-delay system
at equilibrium x� ¼ xs� is _y ¼ Dxfðx�; xs�; pÞyþDxs fðx�; xs�; pÞys (y ¼ x� x� and
ys ¼ xs � xs�) in Eq. (2.19).

(i) The equilibrium point ðx�0; xs�0 ; p0Þ with x�0 ¼ xs�0 is called the switching point
of equilibrium solutions if Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ at
ðx�0; xs�0 ; p0Þ possesses at least one more real eigenvalue (or one more pair of
complex eigenvalues) with zero real part.

(ii) The value p0 in Eq. (2.4) is called a switching value of p if the dynamical
characteristics at point ðx�0; xs�0 ; p0Þ change from one state into another state.

(iii) The equilibrium point ðx�0; xs�0 ; p0Þ with x�0 ¼ xs�0 is called the bifurcation
point of equilibrium solutions if Dxfðx�; xs�; pÞþ e�kksDxs fðx�; xs�; pÞ at
ðx�0; xs�0 ; p0Þ possesses at least one more real eigenvalue (or one more pair of
complex eigenvalues) with zero real part, and more than one branch of
equilibrium solutions appears or disappears.

(iv) The value p0 in Eq. (2.4) is called a bifurcation value of p if the dynamical
characteristics at point ðx�0; xs�0 ; p0Þ with x�0 ¼ xs�0 change from one stable
state into another unstable state.

2.3.1 Stability and Switching

To extend the idea of Definitions 2.14 and 2.15, a new function will be defined to
determine the stability and the stability state switching.

Definition 2.25 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs� and
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fðx; xs; pÞ is Cr (r� 1)-continuous in a neighborhood of equilibrium x� ¼ xs�. The
corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose Uðx�Þ � X is a neigh-
borhood of equilibrium x� ¼ xs�, and there are n linearly independent vectors vk
(k ¼ 1; 2; � � � ; n). For a perturbation of equilibrium y ¼ x� x� and ys ¼ xs � xs�,
let yðkÞ ¼ ckvk and ysðkÞ ¼ cskvk , and _yðkÞ ¼ _ckvk , _ysðkÞ ¼ _cskvk

sk ¼ vTk � y ¼ vTk � ðx� x�Þ;
ssk ¼ vTk � ys ¼ vTk � ðxs � xs�Þ ð2:44Þ

where sk ¼ ckjjvkjj2 and ssk ¼ cskjjvkjj2. Define the following functions:

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ ð2:45Þ

and

Gð1Þ
k ðx; xs; pÞ
¼ vTk � ½Dsk ð�ÞþDssk

ð�Þssk=sk
fðxðskÞ; xsðsskÞ; pÞ
¼ vTk � ½Dxð�Þþ e�kksDxsð�Þ
fðxðskÞ; xsðsskÞ; pÞvkjjvkjj�2

ð2:46Þ

GðmÞ
sk ðx; xs; pÞ ¼ vTk � ½Dsk ð�ÞþDssk

ð�Þssk=sk
mfðxðskÞ; xsðsskÞ; pÞ
¼ vTk � ½Dsk ð�ÞþDssk

ð�Þssk=sk
Gðm�1Þ
k ðx; xs; pÞ

ð2:47Þ

where Dskð�Þ ¼ @ð�Þ=@sk and Dssk
ð�Þ ¼ @ð�Þ=@ssk:Gð0Þ

sk ðx; xs; pÞ ¼ Gkðx; xs; pÞ if
m ¼ 0.

Definition 2.26 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs� and
fðx; xs; pÞ is Cr (r� 1)-continuous in a neighborhood of the equilibrium x� ¼ xs�.
The corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose Uðx�Þ � X is a
neighborhood of equilibrium x� ¼ xs�, and there are n linearly independent vectors
vk (k ¼ 1; 2; � � � ; n). For a perturbation of equilibrium y ¼ x� x� and
ys ¼ xs � xs�, let yðkÞ ¼ ckvk and ysðkÞ ¼ cskvk, and _yðkÞ ¼ _ckvk; _ysðkÞ ¼ _cskvk .

(i) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is stable if

vTk � ðxðtþ eÞ � xðtÞÞ\0 for vTk � ðxðtÞ � x�Þ[ 0;

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 for vTk � ðxðtÞ � x�Þ\0;
ð2:48Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ. The equilibrium x� ¼ xs� is called
a sink (or stable node) on the direction vk .
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(ii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is unstable if

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 for vTk � ðxðtÞ � x�Þ[ 0;

vTk � ðxðtþ eÞ � xðtÞÞ\0 for vTk � ðxðtÞ � x�Þ\0;
ð2:49Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ: The equilibrium x� ¼ xs� is called
a source (or unstable node) on the direction vk.

(iii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is increasingly unstable if

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 for vTk � ðxðtÞ � x�Þ[ 0;

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 for vTk � ðxðtÞ � x�Þ\0;
ð2:50Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ: The equilibrium x� ¼ xs� is called
an increasing saddle on the direction vk .

(iv) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is decreasingly unstable if

vTk � ðxðtþ eÞ � xðtÞÞ\0 for vTk � ðxðtÞ � x�Þ[ 0;

vTk � ðxðtþ eÞ � xðtÞÞ\0 for vTk � ðxðtÞ � x�Þ\0;
ð2:51Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ: The equilibrium x� ¼ xs� is called
a decreasing saddle on the direction vk.

(v) xðiÞ at the equilibrium x� ¼ xs� on the direction vk is invariant if

vTk � ðxðtþ eÞ � xðtÞÞ ¼ 0
for vTk � ðxðtÞ � x�Þ 6¼ 0;

ð2:52Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ. The equilibrium x� ¼ xs� is called
to be degenerate on the direction vk.

Theorem 2.7 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs� and
fðx; xs; pÞ is Cr( r� 1)-continuous in a neighborhood of the equilibrium x� ¼ xs�

(i.e., Uðx�Þ � X). The corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose
Eq. (2.24) holds in Uðx�Þ � X. For a linearized time-delay system in Eq. (2.19),
consider a real eigenvalue kk of matrix Dfðx�; xs�; pÞ ( k 2 N ¼ f1; 2; � � � ; ng) with
an eigenvector vk. Let yðkÞ ¼ ckvk and ysðkÞ ¼ cskvk, and _yðkÞ ¼ _ckvk, _ysðkÞ ¼ _cskvk:
sk ¼ vTk � y ¼ vTk � ðx� x�Þ with sk ¼ ckjjvkjj2. Define

_sk ¼ vTk � _y ¼ vTk � _x ¼ vTk � fðx; xs; pÞ: ð2:53Þ
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(i) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is stable if and only if

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ\0 for sk ¼ vTk � ðxðtÞ � x�Þ[ 0;

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ[ 0 for sk ¼ vTk � ðxðtÞ � x�Þ\0
ð2:54Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(ii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is unstable if and only if

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ[ 0 for sk ¼ vTk � ðxðtÞ � x�Þ[ 0;

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ\0 for sk ¼ vTk � ðxðtÞ � x�Þ\0
ð2:55Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(iii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is increasingly unstable if

and only if

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ[ 0 for sk ¼ vTk � ðxðtÞ � x�Þ[ 0;

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ[ 0 for sk ¼ vTk � ðxðtÞ � x�Þ\0
ð2:56Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(iv) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is decreasingly unstable if

and only if

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ\0 for sk ¼ vTk � ðxðtÞ � x�Þ[ 0;

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ\0 for sk ¼ vTk � ðxðtÞ � x�Þ\0
ð2:57Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(v) xðiÞ at the equilibrium x� ¼ xs� on the direction vk is invariant if

Gkðx; xs; pÞ ¼ vTk � fðx; xs; pÞ ¼ 0 ð2:58Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.

Proof Because

vTk � ðxðtþ eÞ � xðtÞÞ ¼ vTk � ðxðtÞþ _xðtÞeþ oðeÞ � xðtÞÞ
¼ vTk � _xðtÞeþ oðeÞ

and _x ¼ fðx; xs; pÞ, we have

vTk � ðxðtþ eÞ � xðtÞÞ ¼ vTk � fðx; xs; pÞeþ oðeÞ
¼ Gkðx; xs; pÞeþ oðeÞ
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(i) Due to any selection of e[ 0, for sk ¼ vTk � ðxðtÞ � x�Þ[ 0

vTk � ðxðtþ eÞ � xðtÞÞ\0 if Gkðx; xs; pÞ\0

vice versa, and for sk ¼ vTk � ðxðtÞ � x�Þ\0

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 if Gkðx; xs; pÞ[ 0

vice versa.
(ii) For sk ¼ vTk � ðxðtÞ � x�Þ[ 0

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 if Gkðx; xs; pÞ[ 0

vice versa, and for sk ¼ vTk � ðxðtÞ � x�Þ\0

vTk � ðxðtþ eÞ � xðtÞÞ\0 if Gkðx; xs; pÞ\0

vice versa.
(iii) For sk ¼ vTk � ðxðtÞ � x�Þ[ 0

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 if Gkðx; xs; pÞ[ 0

vice versa, and for sk ¼ vTk � ðxðtÞ � x�Þ\0

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 if Gkðx; xs; pÞ[ 0

vice versa.
(iv) For sk ¼ vTk � ðxðtÞ � x�Þ[ 0

vTk � ðxðtþ eÞ � xðtÞÞ\0 if Gkðx; xs; pÞ\0

vice versa, and for sk ¼ vTk � ðxðtÞ � x�Þ\0

vTk � ðxðtþ eÞ � xðtÞÞ\0 if Gkðx; xs; pÞ\0

vice versa.
(v) For sk ¼ vTk � ðxðtÞ � x�Þ[ 0

vTk � ðxðtþ eÞ � xðtÞÞ ¼ 0 if Gkðx; xs; pÞ ¼ 0

vice versa. Similarly, for sk ¼ vTk � ðxðtÞ � x�Þ\0
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vTk � ðxðtþ eÞ � xðtÞÞ ¼ 0 if Gkðx; xs; pÞ ¼ 0

vice versa. The theorem is proved. ■

Theorem 2.8 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs� and
fðx; xs; pÞ is Cr( r� 1)-continuous in a neighborhood of the equilibrium x� ¼ xs�

(i.e., Uðx�Þ � X). The corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose
Eq. (2.24) holds in Uðx�Þ � X. For a linearized time-delay system in Eq. (2.19),
consider a real eigenvalue kk of matrix Dxfðx�; xs�; pÞþ e�kksDx� fðx�; xs�; pÞ
(k 2 N ¼ f1; 2; � � � ; ng) with an eigenvector vk . Let yðkÞ ¼ ckvk and ysðkÞ ¼ cskvk,
and _yðkÞ ¼ _ckvk, _ysðkÞ ¼ _cskvk: sk ¼ vTk � y ¼ vTk � ðx� x�Þ with sk ¼ ckjjvkjj2. Define
_sk ¼ vTk � fðx; xs; pÞ in Eq. (2.53) with jjGð2Þ

k ðx�; xs�; pÞjj\1.

(i) xðkÞ at the equilibrium x� on the direction vk is stable if and only if

Gð1Þ
sk ðx�; xs�; pÞ ¼ kk\0 ð2:59Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(ii) xðkÞ at the equilibrium x� on the direction vk is unstable if and only if

Gð1Þ
sk ðx�; xs�; pÞ ¼ kk [ 0 ð2:60Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(iii) xðkÞ at the equilibrium x� on the direction vk is increasingly unstable if and

only if

Gð1Þ
sk ðx�; xs�; pÞ ¼ kk ¼ 0; andGð2Þ

k ðx�; xs�; pÞ[ 0 ð2:61Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(iv) xðkÞ at the equilibrium x� on the direction vk is decreasingly unstable if and

only if

Gð1Þ
sk ðx�; xs�; pÞ ¼ kk ¼ 0; andGð2Þ

k ðx�; xs�; pÞ\0 ð2:62Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(v) xðiÞ at the equilibrium x� on the direction vk is invariant if and only if

GðmÞ
ss ðx�; xs�; pÞ ¼ 0 ðm ¼ 0; 1; 2; � � �Þ ð2:63Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
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Proof For x ¼ x� ¼ xs�, sk ¼ ssk ¼ 0. Using Taylor series expansion gives

_sk ¼ vTk � fðx; xs; pÞ
¼ vTk � ½fðx�; xs�; pÞþDsk fðx�; xs�; pÞsk
þDssk

fðx�; xs�; pÞssk
 þ oðmaxðsk; sskÞÞ
¼ vTk � ½Dsk fðx�; xs�; pÞþ e�kksDssk

fðx�; xs�; pÞ
sk þ oðmaxðsk; sskÞÞ
¼ Gð1Þ

sk ðx�; xs�; pÞsk þ oðmaxðsk; sskÞÞ

and

Gð1Þ
sk ðx�; xs�; pÞ ¼ vTk � ½DxfðxðskÞ; xsðskÞ; pÞ@ckx@sk ck

þDxs fðxðskÞ; xsðsskÞ; pÞ@cskxs@ssk csk

¼ vTk � ½DxfðxðskÞ; pÞþ e�kksDxs fðxðskÞ; xsðsskÞ; pÞ
vkjjvkjj�2

¼ kk:

Thus,

_sk ¼ Gð1Þ
sk ðx�; xs�; pÞsk þ oðmaxðsk; sskÞÞ ¼ kksk þ oðmaxðsk; sskÞÞ:

(i) For sk [ 0

Gkðx; xs; pÞ ¼ _sk ¼ kksk\0

and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ kksk [ 0:

Thus, Gð1Þ
sk ðx�; xs�;pÞ ¼ kk\0:

(ii) For sk [ 0

Gkðx; xs; pÞ ¼ _sk ¼ kksk [ 0

and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ kksk\0:

Thus, Gð1Þ
sk ðx�; xs�;pÞ ¼ kk [ 0:
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(iii) For sk [ 0

Gkðx; xs; pÞ ¼ _sk ¼ kksk [ 0

and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ kksk [ 0:

Thus, Gð1Þ
sk ðx�; xs�; pÞ ¼ kk ¼ 0 and the higher order should be considered.

With s ¼ maxðsk; sskÞ; the higher-order Taylor series expansion gives

_sk ¼ vTk � ðx; xs; pÞ
¼ vTk � ðfðx�; xs�; pÞþ ½Dsk ð�Þ þDssk

ð�Þssk=sk
fðx�; xs�; pÞsk
þ 1

2!
½Dskð�Þ þDssk

ð�Þssk=sk
2fðx�; xs�; pÞs2kÞþ oðs2Þ

¼ 1
2!
½vTk � ½Dskð�Þ þDssk

ð�Þssk=sk
2fðx�; xs�; pÞ
s2k þ oðs2Þ

¼ 1
2!
Gð2Þ

sk ðx�; xs�; pÞs2k þ oðs2Þ:

For sk [ 0

Gkðx; xs;pÞ ¼ _sk ¼ 1
2!
Gð2Þ

sk ðx�; xs�; pÞs2k [ 0

and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ 1
2!
Gð2Þ

sk ðx�; xs�; pÞs2k [ 0:

So we have

Gð2Þ
sk ðx�; xs�; pÞ[ 0:

(iv) Similar to (iii), we have Gð1Þ
k ðx�; xs�; pÞ ¼ kk ¼ 0: For sk [ 0

Gkðx; xs; pÞ ¼ _sk ¼ 1
2!
Gð2Þ

sk ðx�; xs�; pÞs2k\0

and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ 1
2!
Gð2Þ

sk ðx�; xs�; pÞs2k\0:
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So

Gð2Þ
sk ðx�; xs�; pÞ\0:

(v) with s ¼ maxðsx; sskÞ; using Taylor series expansion yields

_sk ¼ vTk � fðx; xs; pÞ ¼
XN

m¼1

1
m!

GðmÞ
sk ðx�; xs�; pÞsmk þ oðsNÞ ¼ 0

ðN ¼ 1; 2; � � �Þ

for any selected values of sk. Thus, only if

GðmÞ
sk ðx�; xs�; pÞ ¼ 0 ðm ¼ 1; 2; � � �Þ;

the above equation holds, vice versa. The theorem is proved. ■

Definition 2.27 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium x� ¼ xs� and fðx; xs; pÞ is
Cr(r� 1)-continuous in a neighborhood of equilibrium x� ¼ xs�. The correspond-
ing solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose Uðx�Þ � X is a neighborhood of
equilibrium x� ¼ xs�, and there are n linearly independent vectors vk
(k ¼ 1; 2; � � � ; n). For a perturbation of equilibrium y ¼ x� x� and ys ¼ xs � xs�,
let yðkÞ ¼ ckvk and ysðkÞ ¼ cskvk , and _yðkÞ ¼ _ckvk , _ysðkÞ ¼ _cskvk .

(i) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is stable of the
ð2mk þ 1Þth-order if

GðrkÞ
sk ðx�; xs�; pÞ ¼ 0; rk ¼ 0; 1; 2; � � � ; 2mk;

vTk � ðxðtþ eÞ � xðtÞÞ\0 for vTk � ðxðtÞ � x�Þ[ 0;

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 for vTk � ðxðtÞ � x�Þ\0

ð2:64Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ. The equilibrium x� ¼ xs� is called
a sink (or stable node) of the ð2mk þ 1Þth-order on the direction vk.

(ii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is unstable of the
ð2mk þ 1Þth-order if

GðrkÞ
sk ðx�; xs�; pÞ ¼ 0; rk ¼ 0; 1; 2; � � � ; 2mk;

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 for vTk � ðxðtÞ � x�Þ[ 0;

vTk � ðxðtþ eÞ � xðtÞÞ\0 for vTk � ðxðtÞ � x�Þ\0:

ð2:65Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ: The equilibrium x� ¼ xs� is called
a source (or unstable node) of the ð2mk þ 1Þth-order on the direction vk .
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(iii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is increasingly unstable of
the ð2mkÞth-order if

GðrkÞ
sk ðx�; xs�; pÞ ¼ 0; rk ¼ 0; 1; 2; � � � ; 2mk � 1;

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 for vTk � ðxðtÞ � x�Þ[ 0;

vTk � ðxðtþ eÞ � xðtÞÞ[ 0 for vTk � ðxðtÞ � x�Þ\0

ð2:66Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ: The equilibrium x� ¼ xs� is called
an increasing saddle of the ð2mkÞth-order on the direction vk.

(iv) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is decreasingly unstable of
the ð2mkÞth-order if

GðrkÞ
sk ðx�; xs�; pÞ ¼ 0; rk ¼ 0; 1; 2; � � � ; 2mk � 1;

vTk � ðxðtþ eÞ � xðtÞÞ\0 for vTk � ðxðtÞ � x�Þ[ 0;

vTk � ðxðtþ eÞ � xðtÞÞ\0 for vTk � ðxðtÞ � x�Þ\0

ð2:67Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ: The equilibrium x� ¼ xs� is called
a decreasing saddle of the ð2mkÞth-order on the direction vk .

Theorem 2.9 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium x� ¼ xs� and fðx; xs; pÞ is
Cr ( r� 1)-continuous in a neighborhood of equilibrium x� ¼ xs�. The corre-
sponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose Uðx�Þ � X is a neighborhood
of equilibrium x� ¼ xs�, and there are n linearly independent vectors vk ( k ¼ 1; 2;
� � � ; n). For a perturbation of equilibrium y ¼ x� x� and ys ¼ xs � xs�.

(i) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is stable of the
ð2mk þ 1Þth-order if and only if

GðrkÞ
sk ðx�; xs�; pÞ ¼ 0; rk ¼ 0; 1; 2; � � � ; 2mk;

Gð2mk þ 1Þ
sk ðx�; xs�; pÞ\0

ð2:68Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ.
(ii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is unstable of the

ð2mk þ 1Þth-order if and only if

GðrkÞ
sk ðx�; xs�; pÞ ¼ 0; rk ¼ 0; 1; 2; � � � ; 2mk;

Gð2mk þ 1Þ
sk ðx�; xs�; pÞ[ 0

ð2:69Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ:
(iii) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is increasingly unstable of

the ð2mkÞth-order if and only if
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GðrkÞ
sk ðx�; xs�;pÞ ¼ 0; rk ¼ 0; 1; 2; � � � ; 2mk � 1;

Gð2mkÞ
sk ðx�; xs�; pÞ[ 0

ð2:70Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ:
(iv) xðkÞ at the equilibrium x� ¼ xs� on the direction vk is decreasingly unstable

of the ð2mkÞth-order if and only if

GðrkÞ
sk ðx�; xs�;pÞ ¼ 0; rk ¼ 0; 1; 2; � � � ; 2mk � 1;

Gð2mkÞ
sk ðx�; xs�; pÞ\0

ð2:71Þ

for all x 2 Uðx�Þ � X and all t 2 ½t0;1Þ:

Proof For x ¼ x�, sk ¼ 0. Using Taylor series expansion gives

_sk ¼ vTk � fðx; xs; pÞ
¼

X2mk

rk¼1

1
rk!

GðrkÞ
sk ðx�; xs�; pÞsrkk

þ 1
ð2mk þ 1Þ!G

ð2mk þ 1Þ
sk ðx�; xs�; pÞs2mk þ 1

k þ oðs2mk þ 1
k Þ

and

GðrkÞ
sk ðx�; xs�; pÞ ¼ 0 for rk ¼ 0; 1; 2; � � � ; 2mk;

_sk ¼ vTk � fðx; xs; pÞ ¼
1

ð2mk þ 1Þ!G
ð2mk þ 1Þ
sk ðx�; xs�; pÞs2mk þ 1

k :

(i) For sk [ 0

Gkðx; xs; pÞ ¼ _sk ¼ 1
ð2mk þ 1Þ!G

ð2mk þ 1Þ
sk ðx�; xs�; pÞs2mk þ 1

k \0;

and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ 1
ð2mk þ 1Þ!G

ð2mk þ 1Þ
sk ðx�; xs�; pÞs2mk þ 1

k [ 0:

Thus, Gð2mk þ 1Þ
sk ðx�; xs�; pÞ\0:

(ii) For sk [ 0

Gkðx; xs; pÞ ¼ _sk ¼ 1
ð2mk þ 1Þ!G

ð2mk þ 1Þ
sk ðx�; xs�; pÞs2mk þ 1

k [ 0;
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and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ 1
ð2mk þ 1Þ!G

ð2mk þ 1Þ
sk ðx�; xs�; pÞs2mk þ 1

k \0:

Thus, Gð2mk þ 1Þ
sk ðx�; xs�; pÞ[ 0:

(iii) For x ¼ x�, sk ¼ 0. Using Taylor series expansion gives

_sk ¼ vTk � fðx; xs; pÞ
¼

X2mk�1

rk¼1

1
rk!

GðrkÞ
sk ðx�; xs�; pÞsrkk þ 1

ð2mkÞ!G
ð2mkÞ
sk ðx�; xs�; pÞs2mk

k þ oðs2mk
k Þ

and

GðrkÞ
sk ðx�; xs�; pÞ ¼ 0 for rk ¼ 0; 1; � � � ; 2mk � 1;

_sk ¼ vTk � fðx; xs; pÞ ¼
1

ð2mkÞ!G
ð2mkÞ
sk ðx�; xs�; pÞs2mk

k :

For sk [ 0

Gkðx; xs; pÞ ¼ _sk ¼ 1
ð2mkÞ!G

ð2mkÞ
sk ðx�; xs�; pÞs2mk

k [ 0;

and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ 1
ð2mkÞ!G

ð2mkÞ
sk ðx�; xs�; pÞs2mk

k [ 0:

So we have

Gð2mkÞ
sk ðx�; xs�; pÞ[ 0:

(iv) Similar to (iii), for sk [ 0

Gkðx; xs; pÞ ¼ _sk ¼ 1
ð2mkÞ!G

ð2mkÞ
sk ðx�; xs�; pÞs2mk

k \0;

and for sk\0

Gkðx; xs; pÞ ¼ _sk ¼ 1
ð2mkÞ!G

ð2mkÞ
sk ðx�; xs�; pÞs2mk

k \0:

So

Gð2mkÞ
sk ðx�; xs�; pÞ\0:

The theorem is proved. ■
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Definition 2.28 Consider an n-dimensional, autonomous, nonlinear, time-delay
dynamical system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium point x� ¼ xs�

and fðx; xs; pÞ is Cr (r� 1)-continuous in a neighborhood of the equilibrium x� ¼
xs� (i.e.,Uðx�Þ � X). The corresponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ.
Suppose Eq. (2.24) holds in Uðx�Þ � X. For a linearized time-delay system in
Eq. (2.19), consider a pair of complex eigenvalues ak 
 ibk
(k 2 N ¼ f1; 2; � � � ; ng,i ¼ ffiffiffiffiffiffiffi�1

p
) of matrix Dxfðx�; xs�; pÞþ e�ðak
ibkÞsDxs fðx�;

xs�; pÞ with a pair of eigenvectors uk 
 ivk. On the invariant plane of ðuk; vkÞ,
consider rk ¼ yk ¼ yðkÞþ þ yðkÞ� with

rk ¼ ckuk þ dkvk¼rkerk ; r
s
k ¼ cskuk þ dskvk¼rskerk ;

_rk ¼ _ckuk þ _dkvk ¼ _rkerk þ rk _erk ;

_rsk ¼ _cskuk þ _dskvk ¼ _rskerk þ rsk _erk

ð2:72Þ

and

ck ¼ 1
D
½D2ðuTk � yÞ � D12ðvTk � yÞ
;

dk ¼ 1
D
½D1ðvTk � yÞ � D12ðuTk � yÞ
;

csk ¼
1
D
½D2ðuTk � ysÞ � D12ðvTk � ysÞ
;

dsk ¼
1
D
½D1ðvTk � ysÞ � D12ðuTk � ysÞ
;

D1 ¼ jjukjj2;D2 ¼ jjvkjj2;D12 ¼ uTk � vk;
D ¼ D1D2 � D2

12:

ð2:73Þ

Consider a polar coordinate of ðrk; hkÞ defined by

ck ¼ rk cos hk; and dk ¼ rk sin hk;

rk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2k þ d2k

q
; and hk ¼ arctan dk=ck;

csk
dsk

� �
¼ e�aks

cos bks sin bks

� sin bks cos bks

� �
ck
dk

� �
;

csk ¼ rsk cosðhk � bsÞ; and dsk ¼ rsk sinðhk � bsÞ;
rsk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcskÞ2 þðdskÞ2

q
; and hsk ¼ hk � bs ¼ arctan dsk

�
csk;

ð2:74Þ

erk ¼ cos hkuk þ sin hkvk and ehk ¼ � cos hku?k D3 þ sin hkv?k D4

D3 ¼ vTk � u?k andD4 ¼ uTk � v?k
ð2:75Þ

where u?k and v?k are the normal vectors of uk and vk, respectively.
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_ck ¼ 1
D
½D2Gck ðx; xs; pÞ � D12Gdk ðx; xs; pÞ


_dk ¼ 1
D
½D1Gdk ðx; xs; pÞ � D12Gck ðx; xs; pÞ


ð2:76Þ

where

Gck ðx; xs; pÞ ¼ uTk � fðx; xs; pÞ ¼
X1

m¼1
GðmÞ

ck ðx�; xs�; pÞrmk ;
Gdk ðx; xs; pÞ ¼ vTk � fðx; xs; pÞ ¼

X1
m¼1

GðmÞ
dk ðx�; xs�; pÞrmk ;

ð2:77Þ

Gð1Þ
dk ðx�; xs�; pÞ ¼ uTk � Dðx;xsÞfðx; xs; pÞjðx�;xs�;pÞ;

Gð1Þ
dk ðx�; xs�; pÞ ¼ vTk � Dðx;xsÞfðx; xs; pÞjðx�;xs�;pÞ;

GðmÞ
ck ðx�; xs�; pÞ ¼ uTk � DðmÞ

ðx;xsÞfðx; xs; pÞjðx�;xs�;pÞ;
GðmÞ

dk ðx�; xs�; pÞ ¼ vTk � DðmÞ
ðx;xsÞfðx; xs; pÞjðx�;xs�;pÞ;

Dðx;xsÞð�Þ ¼ fð@xð�Þ½uk cos hk þ vk sin hk

þ e�aks@xsð�Þ½uk cosðhk � bsÞþ vk sinðhk � bsÞ
g;

DðmÞ
ðx;xsÞð�Þ ¼ fð@xð�Þ½uk cos hk þ vk sin hk


þ e�aks@xsð�Þ½uk cosðhk � bsÞþ vk sinðhk � bsÞ
gm:

ð2:78Þ

Thus,

_rk ¼ _ck cos hk þ _dk sin hk ¼
X1

m¼1
GðmÞ

rk ðhkÞrmk
_hk ¼ r�1

k ð _dk cos hk � _ck sin hkÞ ¼ r�1
k

X1
m¼1

GðmÞ
hk

ðhkÞrm�1
k

ð2:79Þ

where

GðmÞ
rk ðhkÞ ¼ 1

D
½ðD2 cos hk � D12 sin hkÞuTk

þðD2 sin hk � D12 cos hkÞvTk 
 � DðmÞ
ðx;xsÞfðx; xs; pÞjðx�;xs�;pÞ;

GðmÞ
hk

ðhkÞ ¼ � 1
D
½ðD2 sin hk þD12 cos hkÞuTk

� ðD1 cos hk � D12 sin hkÞvTk 
 � DðmÞ
ðx;xsÞfðx; xs; pÞjðx�;xs�;pÞ:

ð2:80Þ

From the foregoing definition, consider the first-order terms of G-function

Gð1Þ
ck ðx; xs; pÞ ¼ Gð1Þ

ck1ðx; xs; pÞþGð1Þ
ck2ðx; xs; pÞ

Gð1Þ
dk
ðx; xs; pÞ ¼ Gð1Þ

dk1ðx; xs; pÞþGð1Þ
dk2ðx; xs; pÞ

ð2:81Þ
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where

Gð1Þ
ck1ðx; xs; pÞ ¼ uTk � Dxfðx; xs; pÞ@ckxþ

@csk
@ck

uTk � Dxs fðx; xs; pÞ@cskxs

þ @dsk
@ck

uTk � Dxs fðx; xs; pÞ@dskxs

¼ uTk � ½Dxfðx; xs; pÞþ @csk
@ck

Dxs fðx; xs; pÞ
uk

þ uTk �
@dsk
@ck

Dxs fðx; xs; pÞvk
¼ uTk � ðakuk � bkvkÞ
¼ akD1 � bkD12

Gð1Þ
ck2ðx; xs; pÞ ¼ uTk � Dxfðx; xs;pÞ@dkxþ

@dsk
@dk

uTk � Dxs fðx; xs; pÞ@dskx

þ @csk
@dk

uTk � Dxs fðx; xs; pÞ@cskx

¼ uTk � ½Dxfðx; xs; pÞþ @dsk
@dk

Dxs fðx; xs; pÞ
vk

þ uTk �
@csk
@dk

Dxs fðx; xs; pÞuk
¼ uTk � ðbkuk þ akvkÞ
¼ akD12 þ bkD1;

ð2:82Þ

and

Gð1Þ
dk1ðx; xs; pÞ ¼ vTk � Dxfðx; xs; pÞ@ckxþ

@csk
@dk

vTk � Dxs fðx; xs; pÞ@cskxs

þ @dsk
@dk

vTk � Dxs fðx; xs; pÞ@dskxs

¼ vTk � ½Dxfðx; xs; pÞþ @csk
@dk

Dxs fðx; xs; pÞ
uk

þ vTk �
@dsk
@dk

Dxs fðx; xs; pÞvk
¼ vTk � ðakuk � bkvkÞ
¼ akD12 � bkD2;
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Gð1Þ
dk2ðx; xs; pÞ ¼ vTk � Dxfðx; xs; pÞ@dkxþ

@dsk
@dk

uTk � Dxs fðx; xs; pÞ@dskx

þ @csk
@dk

uTk � Dxs fðx; xs; pÞ@cskx

¼ vTk � ½Dxfðx; xs; pÞþ @dsk
@dk

Dxs fðx; xs; pÞ
vk

þ vTk �
@csk
@dk

Dxs fðx; xs; pÞuk
¼ vTk � ðbkuk þ akvkÞ
¼ akD2 þ bkD12: ð2:83Þ

Substitution of Eqs. (2.81)–(2.83) into Eq. (2.78) gives

Gð1Þ
ck ðx; pÞ ¼ Gð1Þ

ck1ðx; pÞ cos hk þGð1Þ
ck2ðx; pÞ sin hk

¼ ðakD1 � bkD12Þ cos hk þ ðakD12 þ bkD1Þ sin hk;
Gð1Þ

dk
ðx; pÞ ¼ Gð1Þ

dk1ðx; pÞ cos hk þGð1Þ
dk2ðx; pÞ sin hk

¼ ð�bkD2 þ akD12Þ cos hk þðakD2 þ bkD12Þ sin hk:

ð2:84Þ

From Eq. (2.80), we have

Gð1Þ
rk ðhkÞ ¼

1
D
½ðGð1Þ

ck D2 � Gð1Þ
dk
D12Þ cos hk þðGð1Þ

dk
D1 � Gð1Þ

ck D12Þ sin hk
 ¼ ak;

Gð1Þ
hk
ðhkÞ ¼ 1

D
½ðGð1Þ

dk D1 � Gð1Þ
ck D12Þ cos hk � ðGð1Þ

ck D2 � Gð1Þ
dk D12Þ sin hk
 ¼ �bk:

ð2:85Þ

Furthermore, Eq. (2.79) gives

_rk ¼ akrk þ oðrkÞ and _hkrk ¼ �bkrk þ oðrkÞ: ð2:86Þ

As rk\\1 and rk ! 0, we have

_rk ¼ akrk and _hk ¼ �bk: ð2:87Þ

With an initial condition of rk ¼ r0k and hk ¼ h0k , the corresponding solution of
Eq. (2.87) is

rk ¼ r0k e
ak t and hk ¼ �bktþ h0k : ð2:88Þ
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and

ck ¼ r0k e
ak t cosð�bktþ h0kÞ ¼ eak t½cosðbktÞc0k þ sinðbktÞd0k 
;

dk ¼ r0k e
ak t sinð�bktþ h0kÞ ¼ eak t½� sinðbktÞc0k þ cosðbktÞd0k 
:

ð2:89Þ

Letting cðkÞ ¼ ðcðkÞ; dðkÞÞT; we have

_cðkÞ ¼ EkcðkÞ ) cðkÞ ¼ eak tBkc
ðkÞ
0 ð2:90Þ

where

Ei ¼ ak bk
�bk ak

� �
andBk ¼ cos bkt sin bkt

� sinbkt cos bkt

� �
: ð2:91Þ

If GðmÞ
rk ðhkÞ and GðmÞ

hk
ðhkÞ are dependent on hk, Eq. (2.79) gives the dynamical

systems based on the polar coordinates on the invariant plane of ðuk; vkÞ of matrix
Dxfðx�; xs�; pÞþ e�ðak
ibkÞsDxs fðx�; xs�; pÞ with a pair of eigenvectors uk 
 ivk . If

GðmÞ
rk ðhkÞ and GðmÞ

hk
ðhkÞ are independent of hk , the deformed dynamical system on

the plane of ðuk; vkÞ is dependent on rk, then the G-functions can be used to
determine the stability of xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ.
Definition 2.29 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium x� ¼ xs� and fðx; xs; pÞ is
Cr(r� 1)-continuous in a neighborhood of equilibrium x� ¼ xs�. The correspond-
ing solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose Uðx�Þ � X is a neighborhood of
equilibrium x�. For a linearized time-delay system in Eq. (2.19), consider a pair of
complex eigenvalues ak 
 ibk (k 2 N ¼ f1; 2; � � � ; lg, l\n, i ¼ ffiffiffiffiffiffiffi�1

p
) of matrix

Dxfðx�; xs�; pÞþ e�ðak
ibkÞsDxs fðx�; xs�; pÞ with a pair of eigenvectors uk 
 ivk. On

the invariant plane of ðuk; vkÞ, consider yðkÞ ¼ yðkÞþ þ yðkÞ� with Eqs. (2.72) and
(2.74). For any arbitrarily small e[ 0, the stability of the equilibrium x� on the
invariant plane of ðuk; vkÞ can be determined.

(i) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is spirally stable if

rkðtþ eÞ � rkðtÞ\0: ð2:92Þ

(ii) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is spirally unstable if

rkðtþ eÞ � rkðtÞ[ 0: ð2:93Þ

(iii) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is stable with the
mkth-order singularity if for hk 2 ½0; 2p


GðskÞ
rk ðhkÞ ¼ 0 for sk ¼ 0; 1; 2; � � � ;mk � 1

rkðtþ eÞ � rkðtÞ\0:
ð2:94Þ
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(iv) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is spirally unstable
with the mkth-order singularity if for hk 2 ½0; 2p


GðskÞ
rk ðhkÞ ¼ 0 for sk ¼ 0; 1; 2; � � � ;mk � 1

rkðtþ eÞ � rkðtÞ[ 0:
ð2:95Þ

(v) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is circular if for
hk 2 ½0; 2p


rkðtþ eÞ � rkðtÞ ¼ 0: ð2:96Þ

(vi) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is degenerate in the
direction of uk if

bk ¼ 0 and hkðtþ eÞ � hkðtÞ ¼ 0: ð2:97Þ

Theorem 2.10 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium x� ¼ xs� and fðx; xs; pÞ is
Cr ( r� 1)-continuous in a neighborhood of equilibrium x� ¼ xs�. The corre-
sponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose Uðx�Þ � X is a neighborhood
of equilibrium x�. For a linearized time-delay system in Eq. (2.19), consider a pair
of complex eigenvalues ak 
 ibk ( k 2 N ¼ f1; 2; � � � ; lg;n=2� l\n, i ¼ ffiffiffiffiffiffiffi�1

p
) of

matrix Dxfðx�; xs�; pÞþ e�ðak
ibkÞsDxs fðx�; xs�; pÞ with a pair of eigenvectors

uk 
 ivk. On the invariant plane of ðuk; vkÞ, consider yðkÞ ¼ yðkÞþ þ yðkÞ� with

Eqs. (2.72) and (2.74) with GðskÞ
rk ðhkÞ ¼ const: For any arbitrarily small e[ 0, the

stability of the equilibrium x� ¼ xs� on the invariant plane of ðuk; vkÞ can be
determined.

(i) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is spirally stable if
and only if

Gð1Þ
rk ðhkÞ ¼ ak\0: ð2:98Þ

(ii) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is spirally unstable if
and only if

Gð1Þ
rk ðhkÞ ¼ ak [ 0: ð2:99Þ

(iii) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is spirally stable with
the mkth-order singularity if and only if for hk 2 ½0; 2p
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GðskÞ
rk ðhkÞ ¼ 0 for sk ¼ 1; 2; � � � ;mk � 1

andGðmkÞ
rk ðhkÞ\0:

ð2:100Þ

(iv) xðkÞ at the equilibrium x� ¼ xs� on the plane of ðuk; vkÞ is spirally unstable
with the mkth-order singularity if and only if for hk 2 ½0; 2p


GðskÞ
rk ðhkÞ ¼ 0 for sk ¼ 1; 2; � � � ;mk � 1

andGðmkÞ
rk ðhkÞ[ 0:

ð2:101Þ

(v) xðkÞ at the equilibrium x� on the plane of ðuk; vkÞis circular if and only if for
hk 2 ½0; 2p


GðskÞ
rk ðhkÞ ¼ 0 for sk ¼ 1; 2; � � � : ð2:102Þ

(vi) xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is degenerate in the
direction of uk if and only if

Im kk ¼ bk ¼ 0 andGðskÞ
hk

ðhkÞ ¼ 0 for sk ¼ 2; 3; � � � : ð2:103Þ

Proof The proof is similar to the non-time-delay systems as in Luo (2012).
Consider the first-order approximation of _ck and _dk in Taylor series expansion gives

_ck ¼ 1
D
½D2G

ð1Þ
ck ðx; xs; pÞ � D12G

ð1Þ
dk ðx; xs; pÞ


_dk ¼ 1
D
½D1G

ð1Þ
dk ðx; xs; pÞ � D12G

ð1Þ
ck ðx; xs; pÞ


where rk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2k þ d2k

p
and

Gð1Þ
ck1ðx; xs; pÞ ¼ uTk � Dxfðx; xs; pÞ@ckxþ

@csk
@ck

uTk � Dxs fðx; xs; pÞ@cskxs

þ @dsk
@ck

uTk � Dxs fðx; xs; pÞ@dskxs

¼ akD1 � bkD12;

Gð1Þ
ck2ðx; xs; pÞ ¼ uTk � Dxfðx; xs; pÞ@ckxþ

@csk
@ck

uTk � Dxs fðx; xs; pÞ@cskxs

þ @dsk
@ck

uTk � Dxs fðx; xs; pÞ@dskxs

¼ akD12 þ bkD1;
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and

Gð1Þ
dk1ðx; xs; pÞ ¼ vTk � Dxfðx; xs; pÞ@ckxþ

@csk
@dk

vTk � Dxs fðx; xs; pÞ@cskxs

þ @dsk
@dk

vTk � Dxs fðx; xs; pÞ@dskxs

¼ �bkD2 þ akD12;

Gð1Þ
dk2ðx; xs; pÞ ¼ vTk � Dxfðx; xs; pÞ@ckxþ

@csk
@dk

vTk � Dxs fðx; xs; pÞ@cskxs

þ @dsk
@dk

vTk � Dxs fðx; xs; pÞ@dskxs

¼ akD2 þ bkD12:

Therefore, using

Gð1Þ
ck ðx; xs; pÞ ¼ Gð1Þ

ck1ðx; xs; pÞck þGð1Þ
ck2ðx; xs; pÞdk;

Gð1Þ
dk ðx; xs; pÞ ¼ Gð1Þ

dk1ðx; xs; pÞck þGð1Þ
dk2ðx; xs; pÞdk

to the first-order approximation of _ck and _dk yields

_ck ¼ akck þ bkdk and _dk ¼ �bkck þ akdk

or

_ck
_dk

� �
¼ ak bk

�bk ak

� �
ck
dk

� �
:

Introduce the rotation coordinates ðerk ; ehkÞ

rk ¼ ckuk þ dkvk ¼ rkerk ;

where

ck ¼ rk cos hk; dk ¼ rk sin hk;

erk ¼ cos hkuk þ sin hkvk;

ehk ¼ � cos hku?k D3 þ sin hkv?k D4

and

_rk ¼ _ckuk þ _dkvk ¼ _rkerk þ rk _erk ;

_erk ¼ � _hkuk sin hk þ _hkvk cos hk:
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Thus,

_rk ¼ _ck cos hk þ _dk sin hk;
_hk ¼ r�1

k ð _dk cos hk � _ck sin hkÞ:

For the first approximation of the relative change rate in the erk -direction, we obtain

_rk ¼ ðakck þ bkdkÞ cos hk þð�bkck þ akdkÞ sin hk
¼ akrk:

Further

_rk ¼ akrk:

Similarly, the first approximation of rotation speed in the hoop direction is

_hkrk ¼ ð�bkck þ akdkÞ cos hk þðakck þ bkdkÞ sin hk
¼ �bkrk;

so

_hkrk ¼ �bkrk ) _hk ¼ �bk:

Therefore,

Gð1Þ
rk ðhkÞ ¼ ak andG

ð1Þ
hk
ðhkÞ ¼ �bk:

In fact, the relative change rate in the erk -direction is of interest. The corresponding
higher-order expression is given by

_rk ¼
Xmk�1

sk¼1

1
sk!

GðskÞ
rk ðhkÞrskk þ 1

mk!
GðmkÞ

rk ðhkÞrmk
k þ oðrmk

k Þ:

Because for e[ 0 and e ! 0,

rkðtþ eÞ � rkðtÞ ¼ _rke

¼ e
Xmk�1

sk¼1

1
sk!

GðskÞ
rk ðhkÞrskk þ e

1
mk!

GðmkÞ
rk ðhkÞrmk

k þ oðermk
k Þ:
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(i) For equilibrium stability, rk [ 0 and rk ! 0. If Gð1Þ
rk ðhkÞ ¼ ak 6¼ 0, we have

_rk ¼ Gð1Þ
rk ðhkÞrk ¼ akrk:

Due to rk [ 0, if ak\0, then _rk\0. Therefore,

rkðtþ eÞ � rkðtÞ ¼ _rke\0

which implies xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is spirally
stable, vice versa.

(ii) Due to rk [ 0, if ak [ 0, then _rk [ 0. Thus,

rkðtþ eÞ � rkðtÞ ¼ _rke[ 0;

which implies xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is spirally
unstable, vice versa.

(iii) If for hk 2 ½0; 2p
 the following conditions exist:

GðskÞ
rk ðhkÞ ¼ 0 for sk ¼ 1; 2; � � � ;mk � 1;

GðmkÞ
rk ðhkÞ 6¼ 0; andjGðskÞ

rk ðhkÞj\1 for sk ¼ mk þ 1;mk þ 2; � � � ;

then the higher-order terms can be ignored, i.e.,

_rk ¼ 1
mk!

GðmkÞ
rk ðhkÞrmk

k :

If GðmkÞ
rk ðhkÞ is independent of hk (i.e., GðmkÞ

rk ðhkÞ ¼ const), it can be used to

determine the equilibrium stability. Due to rk [ 0, if GðmkÞ
rk ðhkÞ\0, then

_rk\0. Therefore,

rkðtþ eÞ � rkðtÞ ¼ _rke\0:

In other words, xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is spirally
stable with the mkth-order singularity, vice versa.

(iv) Due to rk [ 0, if GðmkÞ
rk ðhkÞ[ 0, then _rk [ 0. Therefore,

rkðtþ eÞ � rkðtÞ ¼ _rke[ 0:

In other words, xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is spirally
unstable with the ðmk � 1Þth-order singularity, vice versa.
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(v) If for hk 2 ½0; 2p
 the following conditions exist:

GðskÞ
rk ðhkÞ ¼ 0 for sk ¼ 1; 2; � � � ;

then

rkðtþ eÞ � rkðtÞ ¼ _rke ¼ 0;

vice versa. Therefore, rkðtÞ is constant. xðkÞ at the equilibrium x� on the plane
of ðuk; vkÞ is circular.

(vi) Consider

hkðtþ eÞ � hkðtÞ ¼ _hke

¼ e½�bk þ
Xmk�1

sk¼2

1
sk!

GðskÞ
hk

ðhkÞrsk�1
k þ 1

mk!
GðmkÞ

hk
ðhkÞrmk�1

k þ oðrmk�1
k Þ
:

If for hk 2 ½0; 2p
 the following conditions exist:

bk ¼ 0 andGðskÞ
hk

ðhkÞ ¼ 0 for sk ¼ 2; 3; � � �

Then,

hkðtþ eÞ � hkðtÞ ¼ _hke ¼ 0:

Therefore, xðkÞ at the equilibrium x� on the plane of ðuk; vkÞ is degenerate in
the direction of uk. This theorem is proved. ■

Note that GðskÞ
rk ðhkÞ ¼ const requires sk ¼ 2mk � 1 and one obtains GðskÞ

rk ðhkÞ ¼ 0
for sk ¼ 2mk:

2.3.2 Bifurcations

Definition 2.30 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium x� ¼ xs� and fðx; xs; pÞ is
Cr(r� 1)-continuous in a neighborhood of x� ¼ xs� (i.e., Uðx�Þ � X). The corre-
sponding solution is xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose Eq. (2.24) holds inUðx�Þ � X.
For a linearized time-delay system in Eq. (2.19), consider a real eigenvalue kk of
matrix Dxfðx�; xs�; p�Þþ e�ksDxs fðx�; xs�; p�Þ (k 2 N ¼ f1; 2; � � � ; ng) with an
eigenvector vk . Suppose one of n independent solutions y ¼ ckvk and _y ¼ _ckvk ,

sk ¼ vTk � y ¼ vTk � ðx� x�Þ;
ssk ¼ vTk � ys ¼ vTk � ðxs � xs�Þ ð2:104Þ

where sk ¼ ckjjvkjj2.
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_sk ¼ vTk � _y ¼ vTk � _x ¼ vTk � fðx; xs; pÞ: ð2:105Þ

In the vicinity of point ðx�0; xs�0 ; p0Þ, vTk � fðx; xs; pÞ is expended for ð0\h\1Þ as
follows:

vTk � fðx; xs; pÞ ¼ akðsk � s�k0Þþ bkðssk � ss�k0Þþ bTk � ðp� p0Þ

þ
Xm
r¼2

Xr

r1;r2;r3¼0
ðr1 þ r2 þ r3¼rÞ

r

r1; r2; r3

0
@

1
Aaðr1;r2;r3Þk ðsk � s�k0Þr1ðssk � ss�k0Þr2ðp� p0Þr3

þ ½ðsk � s�k0Þ@sk þðssk � ss�k0Þ@ssk þðp� p0Þ@p
mþ 1

� ðvTk � fðx�0 þ hDx; xs�0 þ hDxs; p0 þ hDpÞÞ
ð2:106Þ

where

ak ¼ vTk � @sk fðx; xs; pÞ
��
ðx�0;xs�0 ;p0Þ; bk ¼ vTk � @ssk fðx; xs; pÞ

���
ðx�0;xs�0 ;p0Þ

bTk ¼ vTk � @pfðx; xs; pÞ
��
ðx�0;p0Þ

; aðr1;r2;r3Þk ¼ vTk � @ðr1Þ
sk @

ðr2Þ
ssk

@ðr3Þ
p fðx; xs;pÞ

���
ðx�0;p0Þ

;

l

r1; r2; r3

	 

¼ l!

r1!r2!r3!
¼ Cl

r1C
l�r1
r2 Cl�r1�r2

r3 :

ð2:107Þ

If ak þ e�kksbk ¼ 0 with kk ¼ 0 at p ¼ p0, the stability of current equilibrium
x� ¼ xs� on an eigenvector vk changes from stable to unstable state (or from
unstable to stable state). The bifurcation manifold in the direction of vk is deter-
mined by

Xm
l¼2

Xl

r1;r2;r3¼0
ðr1 þ r2 þ r3¼lÞ

l

r1; r2; r3

	 

aðr1;r2;r3Þk ðsk � s�k0Þr1ðssk � ss�k0Þr2ðp� p0Þr3

þ bTk � ðp� p0Þ ¼ 0:

ð2:108Þ

In the neighborhood of ðx�0; xs�0 ; p0Þ; when other components of equilibrium
x� ¼ xs� on the eigenvector of vj for all j 6¼ k; (j; k 2 N) do not change their
stability states, Eq. (2.108) possesses l-branch solutions of equilibrium s�k ¼ ss�k
ð0\l�mÞ with l1-stable and l2-unstable solutions (l1; l2 2 f0; 1; 2; � � � ; lg). Such
l-branch solutions are called the bifurcation solutions of equilibrium x� ¼ xs� on the
eigenvector of vk in the neighborhood of ðx�0; xs�0 ; p0Þ. Such a bifurcation at point
ðx�0; xs�0 ; p0Þ is called the hyperbolic bifurcation of mth-order on the eigenvector of
vk. Three special cases are defined as follows:
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(i) If

að0;0;2Þk ¼ 0; að0;1;1Þk ¼ 0; að1;0;1Þk ¼ 0;

bTk � ðp� p0Þþ
1
2!
½að2;0;0Þk þ 2að1;1;0Þk þ að0;2;0Þk 
ðs�k � s�k0Þ2 ¼ 0;

or

bTk � ðp� p0Þþ
1
2!
Gð2;0Þ

k ðx�0; xs�0 ; p0Þðs�k � s�k0Þ2 ¼ 0

ð2:109Þ

where

Gð2;0Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � ½@ð1Þ

sk ð�Þ þ @
ð1Þ
ssk
ð�Þ
2fðx; xs; pÞ

���
ðx�0;xs�0 ;p0Þ

6¼ 0

Gð1;1Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � ½@ð1Þ

sk ð�Þ þ @
ð1Þ
ssk
ð�Þ
@pfðx; xs; pÞ

���
ðx�0;xs�0 ;p0Þ

¼ 0

Gð0;2Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � @ð2Þ

p fðx; xs; pÞ
���
ðx�0;xs�0 ;p0Þ

¼ 0

Gð1;0Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � ½@ð1Þ

sk ð�Þ þ @
ð1Þ
ssk
ð�Þ
fðx; xs; pÞ

���
ðx�0;xs�0 ;p0Þ

¼ 0

bTk ¼ vTk � @pfðx; xs; pÞ
��
ðx�0;xs�0 ;p0Þ 6¼ 0;

ð2:110Þ

Gð2;0Þ
k ðx�0; xs�0 ; p0Þ � ½bTk � ðp� p0Þ
\0; ð2:111Þ

such a bifurcation at point ðx�0; xs�0 ; p0Þ is called the saddle-node bifurcation
on the eigenvector of vk.

(ii) If

bTk � ðp� p0Þ ¼ 0;

ðað1;0;1Þk þ að0;1;1Þk Þ � ðp� p0Þðs�k � s�k0Þþ
1
2!
Gð2;0Þ

k ðs�k � s�k0Þ2 ¼ 0

or

Gð1;1Þ
k � ðp� p0Þðs�k � s�k0Þþ

1
2!
Gð2;0Þ

k ðs�k � s�k0Þ2 ¼ 0

ð2:112Þ

where

Gð1;1Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � ½@ð1Þ

sk ð�Þ þ @
ð1Þ
ssk
ð�Þ
@pfðx; xs; pÞ

���
ðx�0;xs�0 ;p0Þ

6¼ 0;

ð2:113Þ

Gð2;0Þ
k � ½Gð1;1Þ

k � ðp� p0Þ
 6¼ 0; ð2:114Þ

such a bifurcation at point ðx�0; xs�0 ; p0Þ is called the transcritical bifurcation
on the eigenvector of vk.
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(iii) If

bTa � ðp� p0Þ ¼ 0;

Gð2;0Þ
k ¼ 0; Gð2;1Þ

k ¼ 0; Gð1;2Þ
k ¼ 0;

Gð1;1Þ
k � ðp� p0Þðs�k � s�k0ÞþGð3;0Þ

k ðs�k � s�k0Þ3 ¼ 0

ð2:115Þ

where

Gð3;0Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � ½@ð1Þ

sk ð�Þþ @
ð1Þ
ssk
ð�Þ
3fðx; xs; pÞ

���
ðx�0;xs�0 ;p0Þ

6¼ 0;

Gð2;1Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � ½@ð1Þ

sk ð�Þþ @
ð1Þ
ssk
ð�Þ
2@pfðx; xs; pÞ

���
ðx�0;xs�0 ;p0Þ

¼ 0;

Gð1;2Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � ½@ð1Þ

sk ð�Þþ @
ð1Þ
ssk
ð�Þ
@ð2Þ

p fðx; xs; pÞ
���
ðx�0;xs�0 ;p0Þ

¼ 0;

Gð0;3Þ
k ðx�0; xs�0 ; p0Þ ¼ vTk � @ð3Þ

p fðx; xs; pÞ
���
ðx�0;xs�0 ;p0Þ

¼ 0;

ð2:116Þ

Gð3;0Þ
k � ½að1;1Þk � ðp� p0Þ
\0; ð2:117Þ

such a bifurcation at point ðx�0; xs�0 ; p0Þ is called the pitchfork bifurcation on
the eigenvector of vk.

The bifurcation points possess the higher-order singularity of a flow in a dynamical
system. For the saddle-node bifurcation, the ð2mÞth-order singularity of the flow at the
bifurcation point exists as a saddle of the ð2mÞth-order. For the transcritical bifur-
cation, the ð2mÞth-order singularity of the flow at the bifurcation point exists as a
saddle of the ð2mÞth-order. However, for the stable pitchfork bifurcation, the
ð2mþ 1Þth-order singularity of the flow at the bifurcation point exists as a sink of the
ð2mþ 1Þth-order. For the unstable pitchfork bifurcation, the ð2mþ 1Þth-order sin-
gularity of the flow at the bifurcation point exists as a source of the ð2mþ 1Þth-order.
Definition 2.31 Consider an n-dimensional, autonomous, nonlinear, time-delay
system _x ¼ fðx; xs; pÞ in Eq. (2.4) with an equilibrium x� ¼ xs� and fðx; xs; pÞ is
Cr (r� 1)-continuous in a neighborhood of x� ¼ xs�. The corresponding solution is
xðtÞ ¼ Uðx0; t � t0; pÞ. Suppose Uðx�Þ � X is a neighborhood of equilibrium
x� ¼ xs�, and there are n linearly independent vectors vk (k ¼ 1; 2; � � � ; n). For a
linearized time-delay system in Eq. (2.19), consider a pair of complex eigenvalues
ak 
 ibk (k 2 N ¼ f1; 2; � � � ; ng,i ¼ ffiffiffiffiffiffiffi�1

p
) of matrix Dfðx�; xs�; pÞ with a pair of eigen-

vectors uk 
 ivk . On the invariant plane of ðuk; vkÞ, consider rk ¼ yðkÞþ þ yðkÞ� with

rk ¼ ckuk þ dkvk¼rkerk ;

_rk ¼ _ckuk þ _dkvk ¼ _rkerk þ rk _erk
ð2:118Þ
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and

ck ¼ 1
D
½D2ðuTk � yÞ � D12ðvTk � yÞ
 and dk ¼

1
D
½D1ðvTk � yÞ � D12ðuTk � yÞ


D1 ¼ jjukjj2; D2 ¼ jjvkjj2;D12 ¼ uTk � vk and D ¼ D1D2 � D2
12

ð2:119Þ

Consider a polar coordinate of ðrk; hkÞ defined by

ck ¼ rk cos hk; and dk ¼ rk sin hk;

rk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2k þ d2k

q
; and hk ¼ arctan dk=ck;

erk ¼ cos hkuk þ sin hkvk and

ehk ¼ � cos hku?k D3 þ sin hkv?k D4;

D3 ¼ vTk � u?k andD4 ¼ uTk � v?k :

ð2:120Þ

Thus,

_ck ¼ 1
D
½D2Gck ðx; xs; pÞ � D12Gdk ðx; xs; pÞ
;

_dk ¼ 1
D
½D1Gdk ðx; xs; pÞ � D12Gdk ðx; xs; pÞ


ð2:121Þ

where

Gck ðx; xs; pÞ ¼ uTk � fðx; xs; pÞ
¼ aTk � ðp� p0Þþ ak11ðck � c�k0Þþ ak12ðdk � d�k0Þ

þ
Xm
q¼2

Xq
r¼0

1
q!
Cr
qG

ðq�r;rÞ
ck ðx�; xs�; p0Þðp� p0Þrrq�r

k

þ 1
ðmþ 1Þ! ½ðck � c�k0Þ@ck þðdk � d�k0Þ@dk þðp� p0Þ@p
mþ 1

� ðuTk � fðx�0 þ hDx; xs�0 þ hDxs; p0 þ hDpÞÞ;
Gdk ðx; xs; pÞ ¼ vTk � fðx; xs; pÞ

¼ bTk � ðp� p0Þþ ak21ðck � c�k0Þþ ak22ðdk � d�k0Þ

þ
Xm
q¼2

Xq
r¼0

1
q!
Cr
qG

ðq�r;rÞ
ck ðx�; xs�; p0Þðp� p0Þrrq�r

k

þ 1
ðmþ 1Þ! ½ðck � c�k0Þ@ck þðdk � d�k0Þ@dk þðp� p0Þ@p
mþ 1

� ðvTk � fðx�0 þ hDx; xs�0 þ hDxs; p0 þ hDpÞÞ;
ð2:122Þ
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and

Gðs;rÞ
ck ðx�; xs�; pÞ ¼ uTk � f½@xðÞþ

csk � cs�k0
ck � c�k0

@xsðÞ
uk cos hk

þ ½@xðÞþ dsk � ds�k
dk � d�k0

@xsðÞ
vk sin hk
gs@ðrÞ
p fðx; xs;pÞ

����
ðx�;xs�;pÞ

;

Gðs;rÞ
dk ðx�; xs�; pÞ ¼ vTk � f½@xðÞþ

csk � cs�k0
ck � c�k0

@xsðÞ
uk cos hk

þ ½@xðÞþ dsk � ds�k0
dk � d�k0

@xsðÞ
vk sin hk
s@ðrÞ
p fðx; xs; pÞ

����
ðx�;xs�;pÞ

;

ð2:123Þ

aTk ¼ uTk � @pfðx; xs; pÞ; bTk ¼ vTk � @pfðx; xs; pÞ;
ak11 ¼ uTk � ½@xðÞþ

csk � cs�k0
ck � c�k0

@xsðÞ
fðx; xs; pÞuk;

ak12 ¼ uTk � ½@xðÞþ
dsk � ds�k
dk � d�k0

@xsðÞ
fðx; xs; pÞvk;

ak21 ¼ vTk � ½@xðÞþ
csk � cs�k0
ck � c�k0

@xsðÞ
fðx; xs; pÞuk;

ak22 ¼ vTk � ½@xðÞþ
dsk � ds�k
dk � d�k0

@xsðÞ
fðx; xs; pÞvk:

ð2:124Þ

Thus,

_rk ¼ _ck cos hk þ _dk sin hk

¼
Xm
q¼1

Xq
r¼0

1
q!
Cr
qG

ðq�r;rÞ
rk ðhk; p0Þðp� p0Þq�rrrk;

_hk ¼ r�1
k ð _dk cos hk � _ck sin hkÞ

¼
Xm
q¼1

Xq
r¼0

1
q!
Cr
qG

ðq�r;rÞ
hk

ðhk; p0Þðp� p0Þq�rrrk

ð2:125Þ

where

Gðm�r;rÞ
rk ðhk; p0Þ ¼

1
D
½ðD2 cos hk � D12 sin hkÞGðm�r;rÞ

ck ðx�; xs�; p0Þ
þ ðD2 sin hk � D12 cos hkÞGðm�r;rÞ

dk
ðx�; xs�; p0Þ
;

Gðm�r;rÞ
hk

ðhk; p0Þ ¼ � 1
D
½ðD2 sin hk þD12 cos hkÞGðm�r;rÞ

ck ðx�; xs�; p0Þ
� ðD1 cos hk � D12 sin hkÞGðm�r;rÞ

dk ðx�; xs�; p0Þ
:

ð2:126Þ

2.3 Bifurcation and Stability Switching 77



Suppose

aTk � ðp� p0Þ ¼ 0 and bTk � ðp� p0Þ ¼ 0; ð2:127Þ

then

_rk ¼ ðak þGð1;1Þ
rk ðhk; p0Þ � ðp� p0ÞÞrk þ

1
3!
Gð3;0Þ

rk ðhk; p0Þr3k þ oðr3k Þ;

_hk ¼ bk þGð1;1Þ
hk

ðhk; p0Þ � ðp� p0Þþ
1
3!
Gð3;0Þ

hk
ðhk; p0Þr2k þ oðr2k Þ

ð2:128Þ

where

Gð1;1Þ
rk ðhk; p0Þ ¼ Gð1;1Þ

rk ðp0Þ andGð3;0Þ
rk ðhk; p0Þ ¼ Gð3;0Þ

rk ðp0Þ;
Gð1;1Þ

hk
ðhk; p0Þ ¼ Gð1;1Þ

hk
ðp0Þ andGð3;0Þ

hk
ðhk; p0Þ ¼ Gð3;0Þ

hk
ðp0Þ:

ð2:129Þ

If ak ¼ 0 and p ¼ p0, the stability of current equilibrium x� ¼ xs� on an
eigenvector plane of ðuk; vkÞ changes from stable to unstable state (or from unstable
to stable state). The bifurcation manifold in the direction of vk is determined by

ðak0 þGð1;1Þ
rk ðhk; p0Þ � ðp� p0ÞÞrk þ

1
3!
Gð3;0Þ

rk ðhk; p0Þr3k ¼ 0;

bk0 þGð1;1Þ
hk

ðhk; p0Þ � ðp� p0Þþ
1
3!
Gð3;0Þ

hk
ðhk; p0Þr2k ¼ 0

ð2:130Þ

where

Gð1;1Þ
rk ðhk; p0Þ ¼ @pakjðx�0;p0Þ 6¼ 0;

½Gð1;1Þ
rk ðhk; p0Þ � ðp� p0Þ
 � Gð3;0Þ

rk ðhk; p0Þ\0
ð2:131Þ

Such a bifurcation at point ðx�0; xs�0 ; p0Þ is called the Hopf bifurcation on the
eigenvector plane of ðuk; vkÞ.

For the repeated eigenvalues of Dfðx�; xs�; pÞ, the bifurcation of equilibrium can
be similarly discussed in the foregoing two Theorems 2.9 and 2.10. Herein, such a
procedure will not be repeated.

As in Luo (2012), the Hopf bifurcation points possess the higher-order singu-
larity of the flow in dynamical system in the corresponding radial direction. For the
stable Hopf bifurcation, the mth-order singularity of the flow at the bifurcation point
exists as a sink of the mth-order in the radial direction. For the unstable Hopf
bifurcation, the mth-order singularity of the flow at the bifurcation point exists as a
source of the mth-order in the radial direction.

The stability and bifurcation of equilibriums are summarized in Fig. 2.1 with
detðDfÞ ¼ detðDfðx�0; xs�0 ; p0ÞÞ and trðDfÞ ¼ trðDfðx�0; xs�0 ; p0ÞÞ for 2D nonlinear
time-delay system. The thick dashed lines are bifurcation lines. The stability of
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equilibriums is given by the eigenvalues in complex plane. The stability of equi-
libriums for higher dimensional systems can be identified by using a naming of
stability for linear dynamical systems in Luo (2012). The saddle-node bifurcation
possesses stable saddle-node bifurcation (critical) and unstable saddle-node bifur-
cation (degenerate).
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