Chapter 2
Nonlinear Time-Delay Systems

2.1 Time-Delay Continuous Systems

Definition 2.1 For ICZ,QC%" and ACZ™, consider a vector function f : Q x
Q x I x A — RZ"whichis C"(r > 1)-continuous, and there is an ordinary differential
equation with time-delay in the form of

x = f(x,x",t,p)forr € I;x,x" € Qandp € A (2.1)

where x = dx/dt is differentiation with respect to time #, which is simply called the
velocity vector of the state variables x. x* = x(¢f — 7), and 7 is time-delay. With an
initial condition of x(#y) = x¢ and x(fp — 7) = X{, the solution of Eq. (2.1) is given
by

x(t) = ®(xp,t — 1y, p) with

22
x(t9) = D(xq,% — 1o, p) andx(tp — 1) = X, = P(Xo, —7,p) (22)

(1) The ordinary differential equation with the initial condition is called a time-

delay dynamical system.

(ii) The vector function f(x, X", 7, p) is called a time-delay vector field on domain
Q.

(iii) The solution ®(xq,?— 1y, p) is called the flow of time-delay dynamical
systems.

(iv) The corresponding projection of the solution ® (X, — #, p) on domain Q is
called the trajectory, phase curve, or orbit of time-delay dynamical system,
defined as follows:
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I' = {x(r) € Q|x(¢) = D(x0,t — 1, p) forr € I} C Q.

2.3
I ={x(t—1) € Qx(t — 1) = ®(x0,t — tp — 7,p)forr € [} C Q (23)

Definition 2.2 If the vector field of the time-delay dynamical system in Eq. (2.1) is
independent of time, such a system is called an autonomous time-delay dynamical
system. Thus, Eq. (2.1) becomes

x =f(x,x",p)forr € ICR,x € QCR" andp € ACR" (2.4)

Otherwise, such a system is called non-autonomous time-delay dynamical systems
if the vector field of the dynamical system in Eq. (2.1) is dependent on time and
state variables.

Definition 2.3 For a vector function f € %" with x € #", the operator norm of f is
defined by
=D max - [fi(x,x%,1)]. (2:5)

I NIESHES W,

For f(x,p) = Ax+Bx® with an n X n matrix A = (a;) the
corresponding norms are defined by

AN =77 lagland 1B = 3" [, (2.6)

i

nxn and B = (bij)nxn’

Definition 2.4 For a vector function x(¢) = (x,xp, - - - ,xn)T € A", the derivative
and integral of x(r) are defined by

dx()  dxi(t) dx(1) dx, (1)

dt = a ' dr 0 dr i
/ x(0)dt = (| xy()dt, / xo(0)dt, - -, / xa(2)dt)".

the corresponding derivative and integral are

(2.7)

For an n x n matrix A = (a;)
defined by

nxn’

dA(r)
dt

= (dagt(t))nxn and /A(r)dt = (/ aij(t)dt),.. ,- (2.8)

Definition 2.5 For ICZ,QC#" and ACZ", the vector function f(x,x",7,p) with
f:QxQxIxA— R"is differentiable at xy € Q if

af(X, X', f, p) — lim f(X() + AX, X67 2 p) - f(XO, Xaa Z p) .
ox (02X t:0)  Ax—0 Ax ’
o 2.9
Mxop) AL —faxgep) )
ox’ (oX5:9) A0 Ax? '
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Of /Ox and Of /OX" are called the spatial derivatives of f(x,x",,p) at (Xo,Xj),
and the derivatives are given by the non-time-delay and time-delay Jacobian
matrices

DXf = M = (aﬁ/axj)nxw
of (x x)f t,p) (2.10)
Dyf = # = (0fi/0X]) -

Definition 2.6 For ICZ%, QC#" and ACZ™, consider a vector function
f(x,x%,7,p) with £: QxQXxIxA—R", t€l and x,x" € Qandp € A. The
time-delay vector function f(x, X", 7, p) is said to be satisfied the Lipschitz condition
with respect to x if

[If(x2,%5,7,p) — £(x1, X[, 1, p)|| < Li|x2 — X || + L7 |x5 — x| (2.11)
with X, X5, X], X} € Q and the constants Land L* are called the Lipschitz constants.
Theorem 2.1 Consider a time-delay dynamical system as

x = f(x,x, 7, p) withx(%) = Xo,X(fo — 1) = X (2.12)

withty,t € I = [t;, 1], x € Q = {x|||x — Xo|| <d} and p € A. If the vector function
f(x,x%,t,p) is C"-continuous (r>1) in G = Q x I x A, then the dynamical system
in Eq. (2.12) has one and only one solution ®(Xo,t — to,p) for

|t — to| <min(t, — 1,,d/M) withM:mgx||f||. (2.13)

Proof The proof of this theorem can be similar to non-time-delay system in the
book by Coddington and Levinson (1955). |

Theorem 2.2 (Gronwall) Suppose there are continuous real-valued function
g(t) >0,0(¢) >0 and p(¢). If 6(¢) is non-decreasing and [(t) >0 with

ew=a+ [ ' Bn)g(n)dn (2.14)
then
e <oexn( [ ' Blnydn). 2.15)

Proof For t € [t,1,], consider

6) = 30)+ | ' Bn)g(n)dn
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The derivative of the foregoing equation gives

G(1) = 6(1) + B(1)g(1)

and with we have

= < - 2L B(n) < <+ ().

G(t) _S+g0Br) _ 5 &)
G(t)  G@) G(t

~
Q

—
~

~—

Integration gives
t
in G()f, < nof, + | flu)an
4]
So for d(tp) > 0 with G(z9) = (1),
t
In G(t) —In d(19) < In 6(z) — In 6(20) + / B(n)dn.
to

In other words, for all ¢ € 1, 7]

Gl <ot exp( | ' Blnydn).

Therefore, for all 7 € [ty, ;] with g(r) < G(r),

) <oexn( [ ' Blnydn).

For d(#y) = 0, there is a positive ¢ > 0, and 6(¢) = lim,_o(5(¢) + &)

€0 (600 +5) exp( | ' Blnydn).

As ¢ — 0, the forgoing equation satisfies Eq. (2.15).
This theorem is proved. |

Theorem 2.3 Consider a time-delay system as x = f(x,x%,1,p) with x(t)) = X
and x(ty — 1) = xj in Eq. 2.12) with tp,t € [ = [t;,1],x € Q = {x]||x — Xo|| < d}
and p € A. The vector function f(x,x*,t,p) is C'-continuous ( r>1) in
G =Qx1IXx A, ifthe solution of x = f(x, X", ¢, p) with x(t)) = X0 and x(ty — 1) =
x{, is X(t) on G and the solution of y = f(y,y*,t,p) with y(to) = yo and y(ty — 7) =
y§ is y(t) on G. For given ¢,&" > 0, if ||xo — ¥o|| < ¢ and ||x] — y§|| <&, then
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Ix0) -0l <+ | L)X — ¥ ldn) exp( / Lndn)onI x A, (2.16)

fo fo

Proof From the method of successive approximations, with the local Lipschitz
condition, the two initial value problems become

t t
X(t) =Xo+ / f(X, XTa Z p)dT andy(t) =Yo + / f(y7yr7 f p)dT
to fo
Thus,

X0 -0 =x -yt | (£ X 1) — £(v, ¥ 1, )

4]
t
[[x(2) =yl < |[x0 — ¥oll + / |[£(x,x",n,p) —£(y,¥", 1, p)]||dn.
)

Using the local Lipschitz condition of

IE(x, X", 2,p) = £y, ¥", 1, p)[| <L) [x = y[[ + L7 (@) [[x* — ¥7]]
gives
t

||x(r>—y<z>||§s+/L(n>||x—y||dn+/Lf(nmxf—yfudn

) fo

where ||xo — ¥o|| <é&. So the Gronwall’s inequality gives

t

[[x(2) = y(@)|] < (e+ /, Lt (n)|[x" —y|ldn) exp(/ L(n)dn).

Io fo

This theorem is proved. |

2.2 Equilibriums and Stability

Definition 2.7 Consider a metric space Q and Q,CQ (x =1,2,---).

(i) A map h is called a homeomorphism of Q, onto Qg (, f =1,2,---) if the
map h:Q, — Qg is continuous and one to one, and h! 1 Qp— Q, is
continuous.

(ii) Two set €, and Qg are homeomorphic or topologically equivalent if there is a
homeomorphism of €, onto Q.
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Definition 2.8 A connected, metric space Q with an open cover {Q,} (.e.,
Q= U,Q,) is called an n-dimensional, C"(r > 1) differentiable manifold if the
following properties exist.

(i) There is an open unit ball B = {x € #"|||x||<1}.
(ii) For all o, there is an homeomorphism h, : Q, — B.
(iii) If h,:Q, — B and hg : Qg — B are homeomorphisms for Q, Qg # 7,
then there is a C"-differentiable map h = h,, o hgl for h,(Q, N Q) C #" and
h/;(Qa ﬂQ/;) C A" with

h: h/g(QoC N Q/;) — ha(Qa N Q/;), (217)

and for all x € hg(Q, N€Y), the Jacobian determinant det Dh(x) # 0.
The manifold Q is called to be analytic if the maps h = h, o hgl are analytic.

Definition 2.9 Consider a nonlinear time-delay system x = f(x, x*, p) in Eq. (2.4).
A point x* = x™* € Q is called an equilibrium point or critical point of a nonlinear
time-delay system x = f(x,x", p) if

f(x*,x”,p) = 0 andx* = x* (2.18)

The linearized system of the time-delay system x = f(x,x",p) in Eq. (2.4) at the
equilibrium point x* = x** is given by

y = Dif (X", X7, p)y + Dx£(X*, X7, p)y° (2.19)

where y = x — x*.

Definition 2.10 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%, p) in Eq. (2.4) with an equilibrium point x* = x™*. The lin-
earized system of the nonlinear time-delay system at the equilibrium point x* = x**
is ¥ = Def (x*,x™, p)y + Dxf(x*, x™, p)y’ (y =x—x" and y* =x"—x) in
Eq. (2.19). The matrix Dyf(x*,x**,p) + e **Dyf(x*,x™, p) possesses n eigen-
values 4 (k=1,2,---n). Set N={1,2,--- n},N; = {i1,i2, -+, i, } U with
G ENG=1,2,--,n3i=1,2,3)and T} n; =n. U N;=N and N;\N, = &
(I # i). N; = & if n; = 0. The corresponding vectors for the negative, positive, and
zero eigenvalues of Df(x*, p) are {u;} (k € N;,i = 1,2, 3), respectively. The stable,
unstable, and invariant subspaces of the linearized time-delay system in Eq. (2.19)
are defined as follows:
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s ;uk <0, kCNU Q
E® = spans uy . . ;
(Dxf(x*,x™p) + e " Dyf(x*, x™p) — L Du, = 0,
A >0,k € NCNU
ko 2N UG A }; (2.20)
(Dxf (x*, x™p) + e #"Dyf(x*, x™p) — LD)u = 0,
=0,k € N5CNUYZ
(Dyf(x*, X7p) + e 4" Dyf(x*, x7p) — 4D)uy = 0,

&= span{ul<

= span{uk

Definition 2.11 Consider a 2n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%,p) in Eq. (2.4) with an equilibrium point x* = x™*. The lin-
earized system of the time-delay system at the equilibrium point x* = x™ is y =
Dyf(x*,x™, p)y + Dx£(x*, x™, p)y’ (y = x — x* and y* = x* — x™) in Eq. (2.19).
The matrix Dyf (x*,x™, p) + e~ *FHA)D f(x*, x™*, p) possesses complex eigen-
values oy & if}, with eigenvectors u; £ivy (k € {1,2,---,n}), and the base of
vector is

B:{ulavla'"7ukvvka"'7un7vn}~ (221)

The stable, unstable, center subspaces of Eq. (2.19) are linear subspaces spanned by
{ug, ve }(k € Nyjji = 1,2,3), respectively. N; = {iy,ip, -, i, } UZJCNUZ and
N={1,2,---,n} with ; € N (j=1,2,---,n) and =} ;n; =n. U}_N; =N and
N;NN; = G #i). N; = & if n; = 0. The stable, unstable, center subspaces of the
linearized time-delay system in Eq. (2.19) are defined as follows:

o <0, B, #0,k e NyC{L1,2,---,n}UT
Dyf(x*,x™p)
+ e @FHBTD f(x*, x7p) | (up £ivi) =0 :
— (o £if )1
ap > 0,0, #0,k € NC{1,2,--- n}UP
Dyf(x*, x™p)
+e BT f(x, x7p) | (up £ivy) =0 [
—(o £ip)I
o = 0,0, #0,k € N3C{1,2,---,n} U
Dif(x*, x™p)
+ e @HB)D f(x*, x7p) | (up £ivi) =0
—(og £ipI
Theorem 2.4 Consider an n-dimensional, autonomous, nonlinear, time-delay

system x = f(x,x",p) in Eq. (2.4) with an equilibrium point x* = x™*. The lin-
earized system of the nonlinear time-delay system at the equilibrium point X* = X"

& = spanq (ug, i)
&' = spanq (ug, vi)

(2.22)

& = spany (g, vi)
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is ¥ = Dxf(x*,x™,p)y + D:f(x*,x™, p)y* (y =x—x" and y* =x"—x™) in
Eq. (2.19). The eigenspace of Dif(X*,X*, p) + e **Dyf(x*,X™, p) (ie., ECR")
in the linearized time-delay system is expressed by direct sum of three subspaces

E=6®EDE (2.23)

where &°,8" and §° are the stable, unstable, and center spaces &°,8" and &°,
respectively.

Proof This proof is similar to the linear time-delay systems. |

Definition 2.12 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x =f(x,x",p) in Eq. (2.4) with an equilibrium point x* =x™ and
f(x,x",p) is C" (r > 1)-continuous in a neighborhood of the equilibrium x* = x™.
The corresponding solution is x(#) = ®(xo,7 — o, p) = ®,(x¢). The linearized
system of the time-delay system at the equilibrium point x* =x™ is y =
Dyf(x*,x™, p)y + Dx£(x*, x™, p)y* (y = x — x* and y* = x* — x™) in Eq. (2.19).
Suppose there is a neighborhood of the equilibrium x* = x™ as U(x*) C Q, and in
the neighborhood

lim |If(x* +y,x ,p)|—||Dxf(x Xl
yl[—=0 y
* KT T * KT T (224)
hm Hf(x’x +y7p) DXIf(X)X 7p)y||:0.
[ Al
(i) A C’invariant manifold
lim x(¢) = x*, x(¢) € U(x")
1—00
L loc(X%, X", X)) = { x, X" € U(X") tlim x(t—1)=x"x(t—1) € UX") 7,
for all t>0
(2.25)

is called the local stable manifold of x*, and the corresponding global, stable
manifold is defined as follows:

S (x,X°,X") = U< o®(FLioe(x, X7, X7)). (2.26)

(i) A C" invariant manifold
lim x(7) = x*,x(r) € U(x*)
Upe (%, %5, x%) = { %, € U] Tim x(t — 1) = x*, x(t — 7) € U(X")
for all 1< 0
(2.27)
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is called the unstable manifold of x*, and the corresponding global, unstable
manifolds are defined as follows:

UX, X, X") = U5 0®(Uioe(x, X, X7)) (2.28)

(iii) A C"!invariant manifold %, (x, x%,x*) is called the center manifolds of x*
if @1,c(x,X%,X*) possesses the same dimensions of &€, and the tangential
spaces of @,.(x,x",x*) are identical to &°.

The stable and unstable manifolds are unique, but the center manifold is not unique.
If the nonlinear time-delay vector field f is C°°-continuous, then a C” center
manifold can be found for any r < cc.

Theorem 2.5 Consider an n-dimensional, autonomous, nonlinear, time-delay
dynamical system x = f(x,x°,p) in Eq. (2.4) with a hyperbolic equilibrium point
x" = x" and £(x,x",p) is C" ( r > 1)-continuous in a neighborhood of the equi-
librium x* = x™. The corresponding solution is x(t) = ®(X¢,t — to,p) = D(Xo).
The linearized system of the time-delay system at the equilibrium point X* = x** is
Y = Dof (x*,x™, p)y + D (x*, x™, p)y’ (y=x—x" and y' =x"—x") in
Eq. (2.19). Suppose there is a neighborhood of the hyperbolic equilibrium x* = x™*
as U(x*) C Q. If the homeomorphism between the local invariant subspace
E(x,X%,x*) C U(X*) under the flow ®(Xo,t — to,p) of x = f(x,x",p) in Eq. (2.4)
and the eigenspace & of the linearized system exists with the condition in
Eq. (2.24), the local invariant subspace is decomposed by

E(X, X", X") = Lo (X, X", X") ® Ujoe (X, X7, X"). (2.29)

(@) The local stable invariant manifolds & j,.(X,X",X") possess the following
properties:

i) forx* € Lpe(X, X", X*), L1oc(X, X7, X*) possesses the same dimension of
&° and the tangential space of & j,c(X,X",X") is identical to &°;
() for X0 € Lioc(X, X", X*),X(1),X(t — 7) € L1oe(X,X°,X*) for all time
t >ty and lim x(¢) = x* and lim x(t — 1) = X*;
1—00 t—00
(i) for xo € Lioc(X, X, X*),||x = X*|| >0 for 6 >0 with t>t, >ty and
[|x(r — t) — x*|| >0 for § > 0 with t > 1, > 1.

(b) The local unstable invariant manifold U, (X, X", X*) possesses the following
properties:

(i) for X* € Upe(X, X", X*), U1oc (X, X", X*) possesses the same dimension of
8" and the tangential space of Upe(X, X%, X*) is identical to &,
(i) forxg € Uipe(%,X°,x*),x(1),X(t — T) € Ujpe(x,X°,Xx*) for all time t <1
and lim x(t) =x* and lim x(t — 1) = x*;
t——00 t——00
(iii) for Xo & Uipe(X,X*),||Xx —X*|| >0 for 6 >0 with 1<t <ty and
[|x(t — 1) — x*|| > for § > 0 with t <1, <t.
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Proof The proof for stable and unstable manifolds is similar to the non-time-delay
system in Hartman (1964). |

Theorem 2.6 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = £(x, X", p) in Eq. (2.4) with a hyperbolic equilibrium point X* = X** and
f(x,x",p) is C" ( r > 1)-continuous in a neighborhood of the equilibrium x* = x™.
The corresponding solution is x(t) = ®(xg,t — to,p) = ®;(Xo). The linearized
system of the nonlinear time-delay system at the equilibrium point X* = X" is
y= Dxf(X*a X", p)y +Dxff(X*7 X, p)yf (y=x-—x" and y' =x"—x") in
Eq. 2.19). If the homeomorphism between the local invariant subspace
E(x,x%,x*) C U(x*) under the flow ®(xo,t — 1y, p) of x = f(x,x",p) in Eq. (2.4)
and the eigenspace & of the linearized system exists with the condition in
Eq. (2.24), in addition to the local stable and unstable invariant manifolds, there is
a C™! center manifold €,,.(x,x",X*). The center manifold possesses the same
dimension of 8¢ for x* € €,.(x,X",X"), and the tangential space of €pc(x, X", x*)
is identical to &°. Thus, the local invariant subspace is decomposed by

E(X,x",X") = Lo (X, X", X*) @ Ujoe (X, X7, X*) B Gpoe (X, X7, X"). (2.30)

Proof The proof for stable and unstable manifolds is similar to the non-time-delay
system in Hartman (1964). The proof for center manifold is similar to non-time-delay
systems in Marsden and McCracken (1976) or Carr (1981). |

Definition 2.13 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x",p) in Eq. (2.4) with an equilibrium point x* =x™ and
f(x,x%,p) is C" (r > 1)-continuous in a neighborhood of the equilibrium x* = x™.

(i) The equilibrium x* = x™is stable if all ¢ > 0, there is a 4 > 0 such that for
all xo € Us(x*) where Us(x*) = {x|||x — x*|| <J} and 7> 1,

D(xo,1 —to,p) € Ue(x") (2.31)

(i) The equilibrium x* is unstable if it is not stable or if all ¢ > 0, there is a

0 > 0 such that for all xo € Us(x*) where Us(x*) = {x|||x — x*||<d} and
t>t > 1,

®(xo, 7 —10,p) & U.(x") (2.32)

(iii) The equilibrium x* is asymptotically stable if all ¢ > 0, there is a 6 > 0 such
that for all xo € Us(x*) where Us(x*) = {x|||x — x*|| <4} and ¢ > 1,

lim,_,o (X0, 1 — to, p) = X (2.33)

(iv) The equilibrium x* is asymptotically unstable if all ¢ > 0, there is a § > 0
such that for all xg € Us(x*) where Us(x*) = {x|||x — x*|| <d} and # <1,
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lim,_,_ o, ® (X0, — 19, p) = X" (2.34)

Definition 2.14 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x", p) in Eq. (2.4) with an equilibrium point x* = x™. Suppose there
is a neighborhood of the equilibrium x* as U(x*) C Q, then f(x,x",p) is C" (r > 1)-
continuous in a neighborhood of x* =x™. The corresponding solution is
x(t) = ®(xo,t — o, p). For a linearized time-delay system in Eq. (2.19), consider a
real eigenvalue J; of matrix Dyf(x*,x™, p) + e **Def(x*, x™,p) (k € N = {1,2,
---,n}) with an eigenvector v;. For y(k) = c(k>vk, y<’<> = é(k>vk = /lkc(k)vk, thus
{0 = e,

i) x® at the equilibrium x* = x** on the direction vy is stable if

lim ¢® = lim ¢’ = 0 for 4 <0. (2.35)

t—00 t—00

(ii) x®) at the equilibrium x* = x** on the direction v; is unstable if
lim |¢®| = lim |c§)k)e}'”| = oofor A > 0. (2.36)
1—00 1—00

(i) x" at the equilibrium x* = x** on the direction v; is uncertain (critical) if

At (k)

b = lim M ey = c(()k) for J; = 0. (2.37)
1—00

lim ¢

1—00

Definition 2.15 Consider a 2n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%,p) in Eq. (2.4) with an equilibrium point x* = x™. Suppose
there is a neighborhood of the equilibrium x* as U(x*) C €, then f(x,x",p) is C”
(r > 1)-continuous in a neighborhood of the equilibrium x* = x™. The corre-
sponding solution in x(z) = ®(xg, ¢ — fo, p). For a linearized time-delay system in
Eq. (2.19), consider a pair of complex eigenvalues oy +if5, (k € N = {1,2,---,n},
i=+/—1) of matrix Dyf(x*,x™,p)+e *HA)TD f(x* x™ p) with a pair of
eigenvectors uy + ivg. On the invariant plane of (uy, v), consider y® = y(@ +y®
with

¥y = O +d®v,, y O = Oy +aOy, (2.38)
Thus, ¢®) = (c®,d®)T with

é®) = Be® = oM = gurp, M (2.39)
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where

| w B | cosfit  sinfit
E, = [_ﬁk Otk] and B, = [_ Sin Bt cos fur | (2.40)

(i) x® at the equilibrium x* on the plane of (ug, vy) is spirally stable if

lim [[c®]| = lim ¢||B|| x ||cV|| = OforRe 7y = o <0.  (2.41)
1—00 1—00

i) x® at the equilibrium x* on the plane of (uy,vy) is spirally unstable if

lim [e]] = Tim /|| By]| el || = coforRe i = o > 0. (2.42)

(iii) x® at the equilibrium x* on the plane of (uy, v;) is on the invariant circle if
lim |[¢®]| = Tim &/||Bg|| x [|el]] = ||e\|| forRe 4 = o = 0. (2.43)
1—00 1—00

(iv) x® at the equilibrium x* on the plane of (u,v;) is degenerate in the
direction of uy if ImA; = 0.

Definition 2.16 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%,p) in Eq. (2.4) with an equilibrium point x* = x™. Suppose
there is a neighborhood of the equilibrium x* = x™ as U(x*) C Q, then f(x,x",p)
is C"(r > 1)-continuous in a neighborhood of the equilibrium x* = x**. The cor-
responding solution is x(¢) = ®(xo, t — #o, p). The linearized time-delay dynamical
system at the equilibrium point x*=x" is y= Dyf(x*,x™ p)y+
Dyf(x*,x™, p)y* (y = x — x*, and y* = x* — x™) in Eq. (2.19).

(1) The equilibrium x* is said a hyperbolic equilibrium if none of the eigen-
values of Dyf(x*,x™,p) + e **Dyf(x*,x™,p) is zero real part (ie.,
Re i #0,k=1,2,--- n).

(i) The equilibrium x* is said a sink if all of the eigenvalues of
Dyf (x*, X7, p) + e **Dyf(x*,x™,p) have negative real parts (i.e.,
Rel; <0, k=1,2,---,n).

(iii) The equilibrium x* is said a source if all of the eigenvalues of
Dyf (x*, X7, p) + e **Dyf(x*,x™,p) have positive real parts (i.e.,
Rely >0,k =1,2,--- n).

(iv) The equilibrium x* is said a saddle if it is a hyperbolic equilibrium and
Dyf (X, X7, p) + e **Dyf(x*,x™, p) have at least one eigenvalue with a
positive real part [i.e., Re4; > 0 (j € {1,2,---,n})] and one with a negative
real part [i.e., Red, <0 (k € {1,2,--- ,n})].
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(v) The equilibrium x* is called a center if all of the eigenvalues of
Dyf(x*,x™, p) + e #*Dy:f(x*,x™, p) have zero real parts [i.e., Rei =0
G =1,2,---,n)] with distinct eigenvalues.

(vi) The equilibrium x* is called a stable node if all of the eigenvalues of
Dyf (x*, X7, p) + e "Dy f(x*,x™, p) are real [i.e., 4 <0 (k =1,2,---n)].
(vii) The equilibrium x* is called an unstable node if all of the eigenvalues of
Dyf (X", X%, p) + e #* Dy f(x*, x™, p) are real [i.e., 4x >0 (k= 1,2,---n)].
(viii) The equilibrium x* is called a degenerate case if all of the eigenvalues of
Dyf (X, X*, p) + e #*Dyf(x*, x™, p) are zero [ie., 4t =0 (k = 1,2,---n)].
As in Luo (2012), the generalized stability and bifurcation of flows in linearized,

nonlinear, time-delay systems in Eq. (2.4) will be discussed as follows.

Definition 2.17 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x, X", p) in Eq. (2.4) with an equilibrium point x* = x™*. Suppose there
is aneighborhood of the equilibrium x* = x™ as U(x*) C €, and in the neighborhood
f(x,x%,p)is C" (r > 1)-continuous and Eq. (2.24) holds. The corresponding solution
is x(1) = ®(xg,t — to,p). From Eq. (2.19), the matrix Dyf(x*,x™ p)-+
e D f(x*,X™,p) possesses n eigenvalues J; (k=1,2,---,n). Set N = {1,2,
e omomA+1,-- (n4+m)/2}, Ny = {ir, i, -+, ip, fUP withi; e N =1,2,- -,
n;i=1,2,---,6), Z?:ln,- =m and 22?:4n[ =n—m. U?:lNi = N with N;NN; =
G (1#17). Ny= & if n; =0. The matrix Dyf(x*,x™,p) + e #*Dyf(x*,x™, p)
possesses nj-stable, ny-unstable, and n3-invariant real eigenvectors plus n4-stable, ns-
unstable, and ng-center pairs of complex eigenvectors. Without repeated complex
eigenvalues of Re 4, = 0 (k € N3 U Np), the flow ®(¢) of the time-delay system x =
f(x,x",p)isan (ny : ny : [n3;m3)|ng : ns : ng) flow in the neighborhood of x* = x™.
However, with repeated complex eigenvalues of Re /; = 0 (k € N3 U Ng), the flow
®(7) of the time-delay system x = f(x,x",p) is an (ny :ny : [n3;mz]|ng : ns :
[n6,1;mg]) flow in the neighborhood of x* = x™ where m¢ = (mg1,mea, - -+ , Mes),
andl = (I1,h, -+, 1) with (s € {1,2,---,n/2}). The meanings of notations in the
aforementioned structures are defined as follows:

(1) n; represents exponential sinks on n-directions of v; if 4, <0 (k € N and
1 <n; <n) with distinct or repeated eigenvalues.
(ii) n, represents exponential sources on np-directions of vy if 4 > 0 (k € N,
and 1 <np <n) with distinct or repeated eigenvalues.
(ili)) n3 = 1 represents an invariant center on 1-direction of v if 4 =0 (k € N3
and n3 = 1).
(iv) n4 represents spiral sinks on ny-pairs of (ug, vi) if Re 4 <0 and Im 4; # 0
(k € N4 and 1 <n4 <n) with distinct or repeated eigenvalues.
(V) ns represents spiral sources on ns-pairs of (uy, vx) if Re4; > 0 and Im/;, = 0
(k € Ns and 1 <ns <n) with distinct or repeated eigenvalues.
(vi) ne represents invariant centers on ng-pairs of (w,vy) if Reiy =0 and
Im/; # 0 (k € Ng and 1 < ng <n) with distinct eigenvalues.
(vil) (& represents empty or none if n; =0 (i € {1,2,---,6}).
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(viii) [n3;m3) represents invariant centers on (n3 — ms)-directions of v, (ks € N3)
and sources in ms-directions of v;, (j3 € N3 and jz # k3) if 44 =0 (k € N3
and n3<n) with the (m3+ l)th-order nilpotent matrix N3° R |
O<mz<mp —1).

(ix) [n3; ] represents invariant centers on nz-directions of v if 1z = 0 (k € N3
and 1 <n3 <n) with a nilpotent matrix N3 = 0.

(x) [n6,l; mg] represents invariant centers on (ng — X* me;)-pairs of (U, Vi)
(ksi € Ne;) and sources in X¥ mg;-pairs of (W, ;) (oi € Nei and js; 7 kei)
if Redy, = 0 and Im4, # 0 (k € Ng; and ng <n) for (X}_,l; + s+ 1)-pairs of
repeated eigenvalues with the (XY mg;+ 1)th-order nilpotent matrix

NZSHL =0 (0<me <L) (i=1,2,---,5).

(xi) [ng, l; ] represents invariant centers on ng-pairs of (uy, v¢) if Red; = 0 and
Im/y # 0 (k € Ng and 1 <ng <n) for (I + 1)-pairs of repeated eigenvalues
with a nilpotent matrix Ng = 0.

Definition 2.18 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%,p) in Eq. (2.4) with an equilibrium point x* = x**. Suppose
there is a neighborhood of the equilibrium x* = x™ as U(x*) C Q, and in the
neighborhood, f(x,x%,p) is C" (r > 1)-continuous and Eq. (2.24) holds. The cor-
responding solution is x(f) = ®(xp,? — fo,p). From Eq. (2.19), the matrix
Dyf (X", X*, p) + e~ Dyf(x*, X™, p) possesses n eigenvalues /; (k =1,2,---,n).
SetN ={1,2,--- mym+1,---, (n+m)/2}, N; = {i1,ip, -, in, }U I With i; € N
G=1,2,---,nji=1,2,---,6), T m; =m and 250 ;n; =n—m. UL N, =N
with N;NN; = ZF (1 #i). Ni= if n;=0. The matrix Dyf(x*,x™,p)+
e Dyt (x*,x™, p) possesses nj-stable, ny-unstable, and nz-invariant real eigen-
vectors plus ng-stable, ns-unstable, and ng-center pairs of complex eigenvectors.

1. Non-degenerate cases

(i) The equilibrium point x* =x" is an (n; :ny: Jlng : ns: &)
hyperbolic point (or saddle) for the time-delay system.

(i) The equilibrium point x* =x™ is an (n; : & : F|na : & : &) sink
for the time-delay system.

(iii) The equilibrium point x* =x™ is an (J:ny: T : ns: &)
source for the time-delay system.

(iv) The equilibrium point x* =x™ is an (J: J: J|J: & :n/2)
center for the time-delay system.

(v) The equilibrium point x*=x™ is an (J:Q:J|F: T
[n/2,1; &]) center for the time-delay system.

(vi) The equilibrium point x*=x" is an (J:J:J|T: T:
[7/2,1;m]) point for the time-delay system.
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(vii) The equilibrium point x* = x™ is an (n; : & : |ns : & : ne) point
for the time-delay system.

(viii) The equilibrium point x* = x™ is an (& : ny : J|J : ns : ng) point
for the time-delay system.

(ix) The equilibrium point x* = x™ is an (n; : ny : |ng : ns : ng) point
for the time-delay system.

1. Simple degenerate cases

(i) The equilibrium point x* =x™ is an (J: & : [n; T : & : &)-
invariant (or static) center for the time-delay system.
(ii) The equilibrium point x* = x™ is an (& : & : [n;m3]|F : T : &)
point for the time-delay system.
(iii) The equilibrium point x* = x™ is an (J : & : [n3; T : I : ne)
point for the time-delay system.
(iv) The equilibrium point x* = x™ is an (& : F : [n3;m3]| T+ I : ng)
point for the time-delay system.
(v) The equilibrium point x* =x™ is an (& : J: [ns; )| : I :
[n6; &]) point for the time-delay system.
(vi) The equilibrium point x* =x™ is an (J: & : [m3;m3]|T: &
[n6; &) point for the time-delay system.
(vii) The equilibrium point x* =x™ is an (J: J: [n3; )T : I -
[n6,1; mg]) point for the time-delay system.
(viii) The equilibrium point x* =x™ is an (J: JJ: [n3;m3)| T+ I
[n6,1; mg)) point for the time-delay system.

IIl. Complex degenerate cases

(i) The equilibrium point x* = x™ is an (n; : & : [n3; F|na = I+ )
point for the time-delay system.

(ii) The equilibrium point x* = x™ is an (n; : & : [n3;ms]|ny : & : &)
point for the time-delay system.

(iii) The equilibrium point x* = x™ is an (J : ny : [n3; TN T : ns : &)
point for the time-delay system.

(iv) The equilibrium point x* = x™ is an (& : ny : [n3;m3]| T : ns + F)
point for the time-delay system.

(v) The equilibrium point x* = x™ is an (n; : & : [n3; G)|na : & : ng)
point for the time-delay system.

(vi) The equilibrium point x* = x™ is an (n; : J : [n3;m3]|ng : & : ng)
point for the time-delay system.

(vii) The equilibrium point x* = x™ is an (J : n, : [n3; TN T : ns : ne)
point for the time-delay system.

(viii) The equilibrium point x* = x™ is an (J : ny : [n3;m3]| D : ns : ne)
point for the time-delay system.
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2.3 Bifurcation and Stability Switching

The dynamical characteristics of equilibriums in nonlinear time-delay systems in
Eq. (2.4) are based on the given parameters. With varying parameters in the
time-delay dynamical systems, the corresponding dynamical behaviors will change
qualitatively. The qualitative switching of dynamical behaviors in the time-delay
dynamical systems is called bifurcation, and the corresponding parameter values
are called bifurcation values. To understand the qualitative changes of dynamical
behaviors of nonlinear time-delay systems with parameters in the neighborhood of
equilibriums, the bifurcation theory for equilibrium of nonlinear time-delay system
in Eq. (2.4) will be investigated. Dx() = 9()/0X,Dx:() = 0()/0x", and Dy() =
0()/0p will be adopted from now on.

Definition 2.21 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x",p) in Eq. (2.4) with an equilibrium point (x*, p) with x* = x**.
Suppose there is a neighborhood of the equilibrium x* = x™ as U(x*) C Q, and in
the neighborhood f(x,x%,p) is C" (r > 1)-continuous and Eq. (2.24) holds. The
corresponding solution is x(¢) = ®(xo, # — #o, p). The linearized time-delay system
at equilibrium x* = x™ is y = Dyf(x*,x™, p)y + Dxf(x*, x™, p)y* (y = x — x* and
y' =x" —x") in Eq. (2.19).

(i) The equilibrium point (x5, Xi", py) with X = x{" is called the switching point

of equilibrium solutions if Dyf(x*,x™ p) + e 4 Df(x*, X, p) at
(x5, X5, Po) possesses at least one more real eigenvalue (or one more pair of
complex eigenvalues) with zero real part.

(i) The value p, in Eq. (2.4) is called a switching value of p if the dynamical
characteristics at point (X, X", py) change from one state into another state.

(ili) The equilibrium point (x§,x{", py) with x{ = x7* is called the bifurcation
point of equilibrium solutions if Dyf(x*,x™,p) 4 e **Dyf(x*,x™,p) at
(x5, X5, Po) possesses at least one more real eigenvalue (or one more pair of
complex eigenvalues) with zero real part, and more than one branch of
equilibrium solutions appears or disappears.

(iv) The value p, in Eq. (2.4) is called a bifurcation value of p if the dynamical
characteristics at point (X, X, py) with x;; = x{* change from one stable
state into another unstable state.

2.3.1 Stability and Switching

To extend the idea of Definitions 2.14 and 2.15, a new function will be defined to
determine the stability and the stability state switching.

Definition 2.25 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x =f(x,x",p) in Eq. (2.4) with an equilibrium point x* = x™ and
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f(x,x",p) is C" (r > 1)-continuous in a neighborhood of equilibrium x* = x™*. The
corresponding solution is x(7) = ®(xg,t — to, p). Suppose U(x*) C Q is a neigh-
borhood of equilibrium x* = x™, and there are n linearly independent vectors vi
(k=1,2,---,n). For a perturbation of equilibrium y = x — x* and y* = x* — x™*,
let y<k) = Vi and y’(k> = c}Vg, and y<"> = CyVi, yr(k) =}V

sk:VZ~y:v{~(x—x*),

T T T T (244)
vy = (- x)

where s; = ci||vi||* and s} = cszkHz. Define the following functions:
Gi(x,x",p) = v; - f(x,x",p) (2.45)

and

G\ (x,x,p)
=v; - [Dy, (1) + Dy ()} /sl (x(s51), X" (s7), p) (2.46)
=v; - [Dx(") + e Dy () (X(s1), X*(s5), P) Vil [Ve| |

G (x,x%,p) = Vj - [Dy, () + Dy (-)st/se] "E(xX(st), X*(55), p)

T . (m—1) . (2.47)
=V [Dsk() +D52(')Sk/Sk}Gk (Xa X 7p)
where Dy, (-) = 0(-)/0si and Dg(-) = 8(-)/8s,§.G§?)(X,xf,p) = Gi(x,x",p) if
m=0.
Definition 2.26 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x",p) in Eq. (2.4) with an equilibrium point x* =x™ and
f(x,x",p) is C" (r > 1)-continuous in a neighborhood of the equilibrium x* = x™.
The corresponding solution is x(f) = ®(xo, — fp, p). Suppose U(x*) C Q is a
neighborhood of equilibrium x* = x™, and there are n linearly independent vectors
vi (k=1,2,---,n). For a perturbation of equilibrium y=x—x" and
yo =x" —x™, let y*¥) = ¢vi and y*® = CiVk, and y<’<) = é’kvk,yf(w = (Vi

(i) x® at the equilibrium x* = x** on the direction vy is stable if

v - (x(t+e) — x(t)) <0 forv; - (x(f) — x*) > 0;

T . (2.48)
v, - (x(t+¢) —x(1)) > 0 forv, - (x(r) — x") <0;

forall x € U(x*) C Q and all 7 € [, 00). The equilibrium x* = x™ is called
a sink (or stable node) on the direction vy.
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i) x% at the equilibrium x* = xX™ on the direction vy, is unstable 1
(®) at the equilib * = x™ on the direct table if

v, - (x(t+¢) —x(t)) > 0 forv; - (x() — x*) > 0; (2.49)
vi - (x(t4¢) — x(1)) <0 forv] - (x(1) — x*) <0; '

forall x € U(x*) C Qand all t € [fy, 00). The equilibrium x* = x™ is called
a source (or unstable node) on the direction vy.

(i) x® at the equilibrium x* = x™ on the direction vy is increasingly unstable if

vl - (x(t+e) —x(¢)) > 0 forv; - (x(f) — x*) > 0; (2.50)
vi - (x(t4¢) — x(1)) > 0 for vy - (x(r) — x*) <0; '
forall x € U(x*) C Q and all 7 € [y, 00). The equilibrium x* = x™ is called
an increasing saddle on the direction vy.

(iv) x® at the equilibrium x* = x™ on the direction vy is decreasingly unstable if

v - (x(t+e) — x(¢)) <0 forv; - (x(f) — x*) > 0;

T T . (2.51)

v, - (x(t+¢) —x(1)) <0 forv, - (x(r) — x*) <0;
forall x € U(x*) C Qand all t € [ty, 00). The equilibrium x* = x™ is called
a decreasing saddle on the direction vy.

(v) x at the equilibrium x* = x** on the direction v is invariant if

T
vy - (x(t+¢) —x(r)) =0 252
forv - (x(r) —x*) #0; (2:52)
forall x € U(x*) C Q and all 7 € [, 00). The equilibrium x* = x™ is called
to be degenerate on the direction vy.

Theorem 2.7 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x =f(x,x°,p) in Eq. (2.4) with an equilibrium point x* =x" and
f(x,x%,p) is C"( r > 1)-continuous in a neighborhood of the equilibrium x* = X
(i.e., U(x*) C Q). The corresponding solution is x(t) = ®(Xg,t — to, p). Suppose
Eq. (2.24) holds in U(x*) C Q. For a linearized time-delay system in Eq. (2.19),
consider a real eigenvalue Jy. of matrix DE(x*,x™,p) (k € N = {1,2,---,n}) with

T(k

an eigenvector Vvi. Let y(") =V and 'y ) = civy, and y<"> = Cp Vi, y7<k> =} Vi

sk = VI -y =Vl (x —x*) with s; = ct||vi||*. Define

Sk=v, y=v - x=v] -f(x,x°,p). (2.53)
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(i) x® at the equilibrium X* = X" on the direction vy is stable if and only if

f(x,x°,p) <0 forsy = v} - (x(£) — x*) > 0;
(xxp) <O fors =] (50 =x) 20
-f(x,x",p) > 0 forsy = v - (x(r) —x") <0

forallx € Ux*) C Qand all t € [ty, 0).
(i) x® at the equilibrium x* = X on the direction Vi is unstable if and only if

Gr(x,x",p) = v, - £(x,x",p) > 0 forsy = v} - (x(t) — x*) > 0;

T T (2.53)
Gi(x,x",p) = v, - f(x,x",p) <0 forsy = v, - (x(¢) —x") <0
forallx e Ux*) C Qand all t € [ty,0).
(i) x® at the equilibrium X* = X™ on the direction v is increasingly unstable if
and only if

Ge(x, X%, p) = v} - f(x,x°,p) > 0 forsy = v} - (x(1) —x*) > 0;
i ( p) 1; ( p) k x o (x(1) ) (2.56)
k

A(x,x",p) > 0 forsy = v, - (x(f) —x*) <0

forallx € Ux*) C Qand all t € [ty, o).

(iv) x® at the equilibrium xX* = X™* on the direction vy, is decreasingly unstable if
and only if

Gi(x, X5, p) = v] - £(x,x%,p) <0 fors, = v} - (x(t) —x*) > 0;

T T (2.57)
Gy (x,x",p) = v, - £(x,X",p) <0 for sy = v - (x(¢) —x") <0
forallx € U(x*) C Qand all t € [ty, o).
) xY at the equilibrium X* = X™ on the direction vy is invariant if
Gi(x,x",p) = v} - f(x,x",p) = 0 (2.58)

forallx e U(x*) C Qand all t € [ty,0).
Proof Because

V- (x(t48) — x(1)) = V] - (x(0) + X(2)e + o(e) — x(1))
=] - k(1)e+o(e)

and x = f(x,x",p), we have

v - (x(t+e) —x(2) = vi - £(x, X", p)e+ o(e)
= Gi(x,x",p)e+ o(e)
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(1)

(i)

(iii)

(iv)

)
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Due to any selection of ¢ > 0, for s, = v} - (x(f) —x*) >0
vl - (x(t+e) — x(1)) <0if Gi(x,x",p) <0
vice versa, and for s, = v} - (x(f) — x*) <0
vl - (x(t+e) — x(2)) > 0if Gi(x,x",p) >0

vice versa.
For s, = v; - (x(f) —x*) >0

vl - (x(t+e) — x(1)) > 0if Gi(x,x",p) >0
vice versa, and for s, = v} - (x(f) — x*) <0

v - (x(t+e) — x(2)) <0if Gi(x,x",p) <0

vice versa.
For s, = v} - (x(f) —x*) >0

v (x(t+e) — x(2)) > 0if Gi(x,x",p) > 0
vice versa, and for s, = v} - (x(f) — x*) <0
vl - (x(t+e) — x(2)) > 0if Gi(x,x",p) >0

vice versa.
For s = v} - (x(t) —x*) >0

v - (x(t+e) — x(1)) <0if Gi(x,x",p) <0
vice versa, and for s, = v} - (x(f) — x*) <0
v - (x(t+e) — x(1)) <0if Gi(x,x",p) <0

vice versa.
For sy = v§ - (x(t) —x*) > 0

v - (x(t+¢) — x(2)) = 0if Gi(x,x",p) =0

vice versa. Similarly, for s, = v} - (x(¢) — x*) <0
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v - (x(t+¢) — x(t)) = 0if G(x,x",p) =0
vice versa. The theorem is proved. |

Theorem 2.8 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x =f(x,x°,p) in Eq. (2.4) with an equilibrium point x* =x" and
f(x,x",p) is C'( r > 1)-continuous in a neighborhood of the equilibrium x* = x*
(i.e., U(x*) C Q). The corresponding solution is X(t) = ®(Xo,1 — 1y, p). Suppose
Eq. (2.24) holds in U(x*) C Q. For a linearized time-delay system in Eq. (2.19),
consider a real eigenvalue 7y of matrix Dyf(x*,X™,p)+ e “**Dyf(x*, X", p)
(k € N={1,2,---,n}) with an eigenvector vi. Let y* = c;v; and y*¥ = clv,
and O = &y, 70 = v s = v -y = V] - (x — X*) with s, = | |[Vi| |- Define
s =v1 - E(x, X", p) in Eq. (2.53) with [|GP (x*,x™, p)|| < cc.

(i) x® at the equilibrium X* on the direction vy is stable if and only if

GW(x*, x™,p) = 4 <0 (2.59)

Sk

forallx € Ux*) C Qand all t € [ty, o).
(i) x® at the equilibrium X* on the direction vy is unstable if and only if

GW(x*, x*,p) = 4 >0 (2.60)

Sk

forallx € Ux*) C Qand all t € [ty,0).
(iii) x%) ar the equilibrium X* on the direction vy is increasingly unstable if and
only if

G (x*,x p) = J = 0,and G (x*,x™,p) > 0 (2.61)

Sk

forallx € Ux*) C Qand all t € [ty, 00).
(v) x® at the equilibrium x* on the direction vy is decreasingly unstable if and
only if

G (x*,x™,p) = 4 = 0,and G (x", x", p) <0 (2.62)

forallx € Ux*) C Qand all t € [ty, o).
) xY at the equilibrium X* on the direction Vi is invariant if and only if

GM(x*,x* p)=0 (m=0,1,2,--) (2.63)

Ss

forallx € U(x*) C Q and all t € [ty, o).



56 2 Nonlinear Time-Delay Systems
Proof For x = x* = x, s; = s = 0. Using Taylor series expansion gives

st =v, -f(x,x",p)
= v [f(x",x™,p) + Dy f(x", x™, p)si
+ Dy f(x",x™, p)s] + o(max sk, s;))
= v, - [Dgf(x*,x™,p) + e’)'”Ds;f(x*, X™, p)|sk + o(max(s, s}))
= G (x*,x™, p)si + o(max sy, s7))

Sk

and

GV (x*,x™,p) = v{ - [Dxf(X(sk), X" (s¢), P) 0o, X,k
+ Dy f(x(51), X" (55), P) Do X" Oy ]

=i - [Duf(x(s1), B) + ¢ Dy (x(s1), X7 (s7), D)V vl 2
= A.

Thus,

S = G‘Ek”(x*, X7, p)sk + o(max (s, s;)) = LSk + o(max(sg, s7)).

(i) Forsy >0
Gr(x,x",p) = & = sk <0
and for s, <0
Gr(x, X", p) = 5 = Asy > 0.

Thus, Gékl)(x*,x”,p) = J;<0.
(i1)) For sy >0

Gk(X, Xr,p) =85 = )Lksk >0
and for s, <0
Gk(X, XT, p) =8 = )vksk <0.

Thus, Gg)(x*,xf*,p) =X >0.
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(iii) For s >0
Gi(X,X°,p) = Sk = Asy >0
and for s, <0

Gk(X, XT, p) =5 = /lksk > 0.

Thus, G(l)(x*7 x™,p) = 4 = 0 and the higher order should be considered.

Sk
With s = max(sy, s;), the higher-order Taylor series expansion gives

St=v, - (x,x°,p)
= v - (F(, X7, ) + [Dy, () + Dy ()si/silf (X7, X7, p)si
1 * Tk
+ Z[Dsk(')+Ds;(')5i/8k}2f(x X7, p)si) +o(s)

= % [Vz : [D.u(') +D‘g;(')S,T(/Sk]zf(X*,XT*, p)]si +0(s2)

1 * T*
= EGQ (x*,x™, p)sz +o(s?).

For s, > 0

Gi(x,X7,p) = § = — G (x",x™,p)s? > 0
and for s, <0

Gi(x,X°,p) = & = - G (x*,x™,p)s; > 0.
So we have

Gi? (x",x™,p) > 0.
(iv) Similar to (iii), we have G\" (x*,x™,p) = 4 = 0. For 5; > 0
G B) = = 5 G ", <0

and for s, <0

G (x,xX°,p) = & = — G2 (x*,x™, p)si <0.
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So

G (x*,x™,p) <0.

Sk

(v) with s = max(sy, s;), using Taylor series expansion yields

1
st =vp - f(x,x",p) = ZN — G (x*,x™,p)si +o(sV) =0

m=1 ! %

(N = 17 27 o )
for any selected values of s;. Thus, only if

G(,n)(x*7xr*7p) = O(m = 1727 o .)7

Sk

the above equation holds, vice versa. The theorem is proved. |

Definition 2.27 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%, p) in Eq. (2.4) with an equilibrium x* = x™ and f(x,x",p) is
C’(r > 1)-continuous in a neighborhood of equilibrium x* = x**. The correspond-
ing solution is x(¢) = ®(X¢,? — 1, p). Suppose U(x*) C Q is a neighborhood of
equilibrium x* =x™, and there are n linearly independent vectors vi
(k=1,2,---,n). For a perturbation of equilibrium y = x — x* and y* = x* — x™,
let y® = ¢yvg and y® = C Vi, and y<’<> = CyVi, y’“‘) = (Vi

G x® at the equilibrium x* = x™ on the direction v; is stable of the
(2my + 1)th-order if

GUY (x*, X7, p) = 0,r¢ = 0,1,2, -+, 2my;

v, - (x(t+¢) — x(£)) <0 forv} - (x(z) — x*) > 0; (2.64)
T
T.

v - (x(t+e) —x(t)) > 0 forv, - (x(f) —x*) <0

forall x € U(x*) C Q and all 7 € [y, 00). The equilibrium x* = x™* is called
a sink (or stable node) of the (2my + 1)th-order on the direction vy.

) x® at the equilibrium x* = x™ on the direction v; is unstable of the
(2my + 1)th-order if

va:k)(x*axz*ap) =0, =0,1,2,---,2my;
vl - (x(t+e) —x(t)) > 0 forv, - (x(f) —x*) > 0; (2.65)
v - (x(t+e) — x(¢)) <0 forv; - (x(f) — x*) <O0.

forall x € U(x*) C Q and all 7 € [y, 0). The equilibrium x* = x™* is called
a source (or unstable node) of the (2my + 1)th-order on the direction vy.
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(iii) x™® at the equilibrium x* = X on the direction v; is increasingly unstable of
the (2my)th-order if
GV (", x7,p) = 0,7 = 0,1,2, -+, 2my — L;
L (x(t+¢) —x(1)) > 0 forv] - (x(t) — x*) > 0; (2.66)
- (x(t+¢) —x(t)) > 0 forv;] - (x(f) —x*) <0

v

=~ =

v

forall x € U(x*) C Qand all 7 € [ty, 00). The equilibrium x* = x™* is called
an increasing saddle of the (2my )th-order on the direction vy.

(v) x® at the equilibrium x* = x* on the direction vy is decreasingly unstable of
the (2my)th-order if

G“E:k)(x* XI*7p) = O7rk = 07 1727"'72mk - 17
T
ke (

v, - (x(t+¢) — (t))<0 forv] - (x(¢) — x*) <0
forall x € U(x*) C Qand all t € [ty, 00). The equilibrium x* = x™ is called
a decreasing saddle of the (2my)th-order on the direction vy.

Theorem 2.9 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = £(x,X",p) in Eq. (2.4) with an equilibrium x* = x™* and f(x,x",p) is
C" ( r>1)-continuous in a neighborhood of equilibrium x* = x**. The corre-
sponding solution is x(t) = ®(xo,t — ty, p). Suppose U(x*) C Q is a neighborhood
of equilibrium X* = X**, and there are n linearly independent vectors v ( k = 1,2,
-,n). For a perturbation of equilibrium'y = x — x* and y* = x* — x"*.
(i) x® ar the equilibrium X* =X on the direction Vi is stable of the
(2my 4 1)th-order if and only if

G.E:k>(x*axw7p) = Ovrk = 07 1a2a U 72mk;
G<2mk+1)(X*,XT*,p)<0

Sk

(2.68)

forallx € Ux*) C Qand all t € [ty, o).
(i) x® ar the equilibrium xX* = X" on the direction vi is unstable of the
(2my 4 1)th-order if and only if

G<rk)(X* XT*7P) = O,Tk = Oa 1a2a e 72mk;
G(Znu+1)( XT*,p) >0

Sk

(2.69)

forallx e Ux*) C Qand all t € [ty,0).
(i) x® at the equilibrium x* = X™ on the direction vy is increasingly unstable of
the (2my)th-order if and only if
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G(rk>(x* XT*7P) = 07rk :07 1727"'72mk - 17

2.70
G(zm‘)(x x",p) >0 (270)

forallx € Ux*) C Qand all t € [ty, o).
(iv) x® at the equilibrium X* = X™ on the direction vy is decreasingly unstable
of the (2my)th-order if and only if

G(rk)(x* X‘c*7p) — 0 e = O’ 1’2’. . .’ka — 1,

2.71
G(zm‘)(x x",p)<0 &)

forallx € Ux*) C Qand all t € [ty, o).
Proof For x = x*, s; = 0. Using Taylor series expansion gives

S =v; -f(x, xf,p)

2my T* 7
- Zr,( lrk ’X 7p)skk
1
(2m1‘+1) 2my +1 2my +1
T O EETRST ol
and
G (x*,x™,p) = 0 forr =0,1,2,-+, 2my;
1
o — vl T _ (2mi +1) 2m+l
Sk = Vk f(X,X 7p) - (ka+ 1)'G g ( , X ap)sk g
(i) For sy >0
1
G TN e G(2m1‘+1) 2m+1
k(X,X 7p) Sk (2mk+ 1)' ( , X 1p)sk )
and for s, <0
1
G T — G(2mk+1) 2my + 1 =~ 0.
k(X,X 7p) (zmk+ 1) ( 7p)sk
Thus, G2V (x*, x™, p) <0.
(i1) For s; > O
1
Gi(x,x",p) = G (x x™, p)sy™ T > 0,

(ka + 1)
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and for s, <0
1

G T — G<2mk+1) 2my + 1 <0.
k(x7 X 7P) Sk = (ka + 1) ( X, p)sk
Thus, G<2mk+l>(x*,xf*,p) > 0.
(iii) For x = x*, s; = 0. Using Taylor series expansion gives
5t = v, -f(x,Xx",p)
_ Zka | 1 X x™ p)srk + 1 G(ka)(x* X p) 2my +0( ka)
o i O OB Qm)l s T
and
G (x*,x™,p) = 0 forr, = 0,1, 2m; — 1
. 1 my * 2m,
Sk = VZ ’ f(X7XT’p) = (ka)' GEAZ A)(X ) X 7p)sk k.
For s, > 0
Gil(X,X,p) = 51 = —— G2 (x", X, p)s2™ > 0
9 I (2mk)' Sk 7 bl k
and for s, <0
T 1 2m,
Gk(x’x’p)_s‘k_(zmk)lGik A)( ) X ap)vk >0
So we have
G2 (x*,x™,p) > 0
(iv) Similar to (iii), for s > 0
T . 1 2m, 2m,
Gk(X,X 7p):Sk:(2mk)!G§k ‘)( , X ap)sk k<0’
and for 5, <0
1
T I (2m 2m,
Gk(X,X ,p)—sk—(zmk)!Gu k)( , X ’p)sk k<0.

So

G (x* x™, p) <0.

Sk

The theorem is proved. |
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Definition 2.28 Consider an n-dimensional, autonomous, nonlinear, time-delay
dynamical system x = f(x,x",p) in Eq. (2.4) with an equilibrium point x* = x™
and f(x,x",p) is C" (r > 1)-continuous in a neighborhood of the equilibrium x* =
x™ (ie,U(x*) C Q). The corresponding solution is x(f) = ®(Xo,? — o, p).
Suppose Eq. (2.24) holds in U(x*) C Q. For a linearized time-delay system in
Eq. (2.19), consider a pair of complex eigenvalues oy +1if,

(keN={1,2,---,n}i=+—1) of matrix D,f(x*,x™ p)+e D f(x*
x™,p) with a pair of eigenvectors u; £ ivy. On the invariant plane of (uy,vy),

consider r, =y, = y* +y® with
T T T T, .
Iy, = Uy + dkvkzrke,k, I, = c U+ dkvk:rke,k,
I = Gy +dpvy = ike,k + rké,k, (272)

=g +divy = ite, 4+ 17é,
and
[As(wg - y) — A (Vi -y)l,

[Ar(vi -y) — A (ug - y));

ch =~ [Ma(uf -y) = Ap(v - ¥Y),

[Ar(vi - ¥) — A (g - y)l; (2.73)
A= (w80 = [[el P, A = uf - i,
A=AA — AL

Consider a polar coordinate of (rg, 0;) defined by

cx = rycos O, and d; = ry sin Oy;

=/c2 +d?,and 0, = arctandj /cy;

Ty
{c,ﬁ] o { cos Byt sinfi;T ] [ck } ' (2.74)
d; ’ '

G =

—sin it cos BT | di
cos(0x — pr),and d = r sin( — pr);

re =1/ (c} Y+ (d ) and 0] = 0, — pr = arctand; /c;

e, = cos Oyuy + sin Opv; and ey, = — cos HkuklA3 + sin HkvklA4

T

2.75
A3:Vz~u,fandA4:uk~V,§ ( )

where ui- and v;" are the normal vectors of u; and vy, respectively.
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1
Ck = K [AzGCk (X7 Xra p) - AIZGdk (X’ Xr’ p)}

[A1Gy (x,X°,p) — ARG, (X, X%, p)]

where

Ga,(x,X",p) = v} f(x,x",p) = > 16;;’)( x™,p)ri';
1 * T
G;‘)(X )y X 7p) - llz (x,x° f(X, )| (x* x™.p
1 * L TH
Gy ("X, p) = V[ - Disxey (%, X%, B) | e
G (x*,x™,p) =uj - D%;"xf £0%, X%, )| x- xe
G((J':')(x*,x”,p) =v,-D XXT £0x, X% P) | (x x p

Dixx)(-) = {(Ox(-) [ux cos O + vy sin 0]

+ e * 0 () [ug cos (0 — Br) + vi sin(0r — 7))},

(xxr 1 (1) = {(Ox(-) [ug cos Ok + v sin Oy

+ e Oy () [ug cos(Ox — Br) + vi sin(Ox — Br)]}".

Thus,
it = ¢ cos O + dj sin 0 = Z:_l Gf:”) (()k)rk
0 = ry (dk cos Oy — ¢ sinby) = ry -1 Zm | ’1
where
Gﬁf”(@k) = 1 [(Az cos O — Ay, sin Hk)uz
A

+ (Aysin Oy — Ajzcos 0,)v]] - DEZI_;I)f(x, X, P)|(x xe p)

m 1 .
G((;k )(Hk) =3 [(Ag sin 0 + Ay, cos Gk)uz

— (A cos O — Appsin ;) vy ] - p™ )f(x, X', p)

(x,x7

(x*x™.p)*

63

(2.76)

(2.78)

(2.79)

(2.80)

From the foregoing definition, consider the first-order terms of G-function

GV (x,x%,p) = G} (x,x",p) + G (x,x", p)
G (x,x",p) = GY) (x,X",p) + G} (x, X", p)

(2.81)
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where
(1) T T T aClrc T T T
G (%, X", p) = u; - Dif (X, X", p)0e, X + 0 - Dyef(X, X7, )0 X

8Ck
8 T
8011: u; - Dyf(x,x 5 P)0sx'

+

= “Z ’ [Dxf(X, Xra p) +

(X7xra p)]uk

X

d;
+u; - 96, KDy f(x, X", p)Vi
= uk (ouy — Pyvi)

= A — BiAn

od;
G((‘;g(x X )p) - uk D, f(X X 7p)8dkx+ ad

kuf - Dyf(x, X', p)0sx

T
ocy 1

+ a4, u; - Dk (x, X7, p) 0 x

T

T od T
= “Z ’ [Dxf(X,X 7p) + aidllliff(X,X »p)]vk (282)

+u -

8d b 4 (XX,p)

=uj - (B + i)
= o A1n + A

and

a T
Odj

T Dyf(x, X', p) X'

G((Ii)l (X, XT; p) = V’lf . Dxf(X, XT; p>8€kx

od;
Od,

kvl Def(x,x ,P)Osx

T

0
62; Dyt (x, X, p)|u

*vk [Dif(x, X7, p) +
a ‘L’
T
Y o
=v; - (g — Brvi)
= Ap — ﬁkAz,

er(xv XT7 p)vk
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T

odf,
G;Rz(x x',p) = vk - Dyf (%, X5, p) Oy X + uk Dy f(x,x ,p)&px

ody
ocy,
8di uz ’ DX‘f(Xa X', p)ac‘x

od;,
= V{ : [Dxf(X, Xr7p) 8dk Dxrf(X,XT,p)]Vk

+

= Vi - (B + Vi)
= OCkA2+ﬁkA12. (283)

Substitution of Eqgs. (2.81)-(2.83) into Eq. (2.78) gives

G (x,p) = G (x,p) cos 04 + G} (x, p) sin 0

Ckl

= (OCkAl — ﬁkAIZ) cos 0; + (O(kAlz + ﬁkA1> sin O,

Gl (x,p) = Gij) (x, p) cos O + Gy (x, p) sin 0 .
= (—BrAs + oxAr2) cos O + (o Az + B A1) sin 0.
From Eq. (2.80), we have
G (0) = 4 L((GDA — G Ars) cos O+ (G Ay — GV A) sin 03] =
Gy (k) = % [(GY) A1 = GV A) cos O — (G Ay — GY Ar) sin 0] = —py.
(2.85)
Furthermore, Eq. (2.79) gives
i = oyry +o(ry) and 01y = —Prri+o(ri). (2.86)
As < <1 and ry — 0, we have
i = oy and O = —p,. (2.87)

With an initial condition of r, = 0 and 0; = 07, the corresponding solution of
Eq. (2.87) is

e = rYe* and O = — 4 0). (2.88)
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and
cr = Ve cos(— Pyt 4 07) = ™' [cos(fit)c) + sin(ft)dy]; (2.89)
di = 2™ sin(— it 4 09) = e[~ sin(Byr)c? 4 cos(Byr)dy]. '
Letting ¢® = (¢®, d®)T we have
e = Be® = oM = guip, M) (2.90)
where
oo B | cosfit  sinfit
E = [—ﬁk ak] and B, = [_ infut cos it | (2.91)

If Gﬁ:")((?k) and G((,Z’)(Ok) are dependent on 0y, Eq. (2.79) gives the dynamical
systems based on the polar coordinates on the invariant plane of (ug, vx) of matrix
Dyf(x*, X7, p) + e~ *HBTD £(x* x™, p) with a pair of eigenvectors u; + iv;. If
GSZ")(Hk) and Gg:) (0r) are independent of 0y, the deformed dynamical system on
the plane of (ug,vy) is dependent on ry, then the G-functions can be used to

determine the stability of x*) at the equilibrium x* on the plane of (ug, vg).
Definition 2.29 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%, p) in Eq. (2.4) with an equilibrium x* = x™ and f(x,x", p) is
C’(r > 1)-continuous in a neighborhood of equilibrium x* = x**. The correspond-
ing solution is x(#) = ®(xo,? — 1o, p). Suppose U(x*) C Q is a neighborhood of
equilibrium x*. For a linearized time-delay system in Eq. (2.19), consider a pair of
complex eigenvalues oy +if, (k € N ={1,2,---,1}, I<n, i = /1) of matrix
Dyf(x*, X7, p) + e~ *HBTD £(x* x™, p) with a pair of eigenvectors uy + ivi. On
the invariant plane of (uy,vy), consider y® = y(? +y® with Eqgs. (2.72) and
(2.74). For any arbitrarily small ¢ > 0, the stability of the equilibrium x* on the
invariant plane of (ug, v;) can be determined.

(i) x® at the equilibrium x* = x* on the plane of (u, v;) is spirally stable if

ri(t+¢) — (1) <O0. (2.92)

(i) x® at the equilibrium x* = x™ on the plane of (uy, v) is spirally unstable if

r(t+¢) — r(r) > 0. (2.93)

(i) x® at the equilibrium x* = x™ on the plane of (ug,v) is stable with the
myth-order singularity if for 0, € [0, 27]

G (0r) = 0 forsg =0,1,2,- -+ ,my — 1

r(t+¢) — (1) <O0. (2.94)
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(iv) x® at the equilibrium x* = x* on the plane of (uy, vy) is spirally unstable
with the myth-order singularity if for 6, € [0, 27]

G (0) = 0 forse = 0, 1,2, my — |

(2.95)
rk(t+8) — rk(t) > 0.
(v) x% at the equilibrium x* = x™ on the plane of (u,vy) is circular if for
O € [0, 27‘[}

re(t+¢) — re(z) = 0. (2.96)

(vi) x® at the equilibrium x* = x™ on the plane of (uy,vy) is degenerate in the
direction of wuy if

ﬁk = 0and Hk(l+ 8) — Hk(l) =0. (297)

Theorem 2.10 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%,p) in Eq. (2.4) with an equilibrium x* = x™ and f(x,x",p) is
C" ( r>1)-continuous in a neighborhood of equilibrium x* = x"*. The corre-
sponding solution is x(t) = ®(Xo, t — 1y, p). Suppose U(x*) C Q is a neighborhood
of equilibrium X*. For a linearized time-delay system in Eq. (2.19), consider a pair
of complex eigenvalues w, +if, (k€ N ={1,2,---,1},n/2<l<n, i=+—1) of
matrix Dyf(x*, X%, p) + e~ #HBTD f(x* X, p) with a pair of eigenvectors

u; L ivy. On the invariant plane of (w,vy), consider y® :y(_]ﬁ)er(k> with

Egs. (2.72) and (2.74) with Ggf")(()k) = const. For any arbitrarily small ¢ > 0, the
stability of the equilibrium x* = x™ on the invariant plane of (w,vy) can be
determined.

(i) x% at the equilibrium x* = X** on the plane of (u,vi) is spirally stable if
and only if

G (0;) = oy <. (2.98)

(i) x®™ ar the equilibrium X* = X™* on the plane of (ug, vi) is spirally unstable if
and only if

G (0) = oy > 0. (2.99)

(i) x® at the equilibrium x* = X™ on the plane of (ug, Vi) is spirally stable with
the myth-order singularity if and only if for 0y € [0, 27]
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Gﬁfk)(gk) :Oforsk = 1727'“7mk_1

(2.100)
and Gﬁ;”*)(é)k) <0.

(iv) x® at the equilibrium x* = X on the plane of (g, Vi) is spirally unstable
with the myth-order singularity if and only if for 0, € [0, 27]
GU(0k) = 0forse = 1,2, ,my — 1

(2.101)
and Gﬁ;"*') (6x) > 0.

v) x% at the equilibrium x* on the plane of (ug, vy)is circular if and only if for
O € [0, 27‘5]

G (0) =0 fors, =1,2,--. (2.102)

(vi) x® ar the equilibrium x* on the plane of (ug, Vi) is degenerate in the
direction of uy if and only if

Im/y = B = Oand Gy (0;) = 0 fors; = 2,3, . (2.103)

Proof The proof is similar to the non-time-delay systems as in Luo (2012).
Consider the first-order approximation of ¢; and dy in Taylor series expansion gives

. 1
=7 (A6 (x,x7,p) — A12G6(11) (x,x", p)]

o
de =4 [A1Gy) (x,x7,p) = AGLY (x,x°, p)

where r, = y/ci +d7 and

T

Oc
ck u; - Dyf(x, X', p)OsX'

Gx.p) = uf D+ 2

ad/z T T T
a—Ckllk : Dxrf(X,X ,p)(')d;x

= oA — A1,

_|_

T

Oc . .
802 u - Dyf(x,x ;)X

)

Ck 2

(x,x",p) = uz - Dyf(x, X%, p)0p X +

odf . .
a—clljuz - Dxef(x, X", p)Ogrx

= o A1p + fiAg;

_|_
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and

‘L'

Oc
Ggli)l(x X',p) = v; - Dyf (x, X", p)d,x + 8d

gj" I Dyf(x, X', p)os X"’
= —fihr + oxAia,
() e
Gya(x,X',p) = v - Dyf(x, X", p) 0 X + Bd
?)Zk T Def(x, X', p)osXx"’
= oAy + BrAr2.

Therefore, using

GV (x,x",p) = G|} (x,X", p)ci + G (x, x
1)

(1)
il
Gy (x,x%,p) = G4} (x,X", p)cx + G (X, X", p)d

to the first-order approximation of ¢; and di yields

¢k = ogcy + Prdy and dk = —ficr +

HEER4(M]

Introduce the rotation coordinates (e,,, €,)

or

Iy = CRUg +dyvy = 1€,

I - Dyf(x, X7, p)O:x

+ - Def(x, X7, P)O:x

p)dk7

ot dy

where
Cr = Iy COS Gk,dk =TI sin Gk;
e, = cos Opuy + sin Og vy,
ep, = — cos Hku,fA3 + sin GkvkLA4
and

Iy = Cpug + dp Vi = ey, + 1y,

€, = —0uy sin O, + 0x vy cos 0.

69
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Thus,

it = ¢ cos Oy + dj sin Oy,

0 = r,:l(dk cos b — ¢ sin 6y).
For the first approximation of the relative change rate in the e, -direction, we obtain

e = (ocr + Prdy) cos Or + (—Prer + oudy) sin Oy
= Oklk-

Further
i’k = Olglg-
Similarly, the first approximation of rotation speed in the hoop direction is

éki‘k = (7,3ka + Otkdk) cos 0y + (O(kck + ﬁkdk) sin 0;

= _ﬁkrka
)
ékl"k = —ﬁkrk = @k = —ﬁk.
Therefore,
G (0) = o and Gy (0,) = —py.

In fact, the relative change rate in the e, -direction is of interest. The corresponding
higher-order expression is given by

m—1 1 1
= ot 5 OO0+ S GO+ o).

Skil Sk! Tk Tk
Because for ¢ > 0 and ¢ — O,
Vk(l+8) — rk(t) = &

m—1 1 Sr Ry 1 m m m
- 825::1 g%”wk)rkk + Sm—k!Gﬁk (O™ + o(er™).
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(i)

(ii)

(iii)

(iv)

For equilibrium stability, r, > 0 and r; — 0. If ngl >(0k) = o # 0, we have
't = Gﬁp(ek)rk = Ok Fy.
Due to r; > 0, if o <O, then i <0. Therefore,
ri(t+e) — r(t) = e <0
which implies x*) at the equilibrium x* on the plane of (uy,v;) is spirally
stable, vice versa.
Due to r; > 0, if o > 0, then i > 0. Thus,
re(t+¢) — () = ive > 0,
which implies x*) at the equilibrium x* on the plane of (uy,vy) is spirally

unstable, vice versa.
If for 0y € [0,27] the following conditions exist:

G(Sk)(gk) =0fors,=1,2,---,m — 1;

Tk
G (0) # 0,and|G (0r)| < oo for s = my + 1,my +2, -+ -,
then the higher-order terms can be ignored, i.e.,

1
. (my) m
Ty = —mk! Grk’k (O™

If Gﬁ;"k)((?k) is independent of 6; (i.e., Gﬁ;"”(@;() = const), it can be used to

determine the equilibrium stability. Due to r; > 0, if G\ (6;) <0, then
7 <0. Therefore,

r(t+e) — n(t) = e <O.

In other words, x*) at the equilibrium x* on the plane of (uy, v;) is spirally
stable with the myth-order singularity, vice versa.

Due to ry > 0, if Gﬁ{"”(ek) > 0, then #; > 0. Therefore,
Vk(l+8> — rk(t) = e > 0.

In other words, x*) at the equilibrium x* on the plane of (uy,v;) is spirally
unstable with the (my — 1)th-order singularity, vice versa.
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(v) If for 0y € [0,2n] the following conditions exist:
G (0r) = Ofors, = 1,2, -,

then
rk(t—i—s) — rk(t) = ie =0,
vice versa. Therefore, r; (1) is constant. x*) at the equilibrium x* on the plane

of (u, vi) is circular.
(vi) Consider

O0u(t+¢) — 0p(t) = Oge

m—1 1 Sp §p— 1 m my— g —
=el—B+ > =Gy (O 1+m—k!ngk>(0k)rkk Lo(rm ).

Sk:2 m
If for 0y € [0,2n] the following conditions exist:
ﬁk = 0and GE)ZU(Q]() = OfOI'Sk = 27 37 N

Then,
Ot +e) — 0(r) = Ore = 0.

Therefore, x\*) at the equilibrium x* on the plane of (uy, v) is degenerate in
the direction of u;. This theorem is proved. |

Note that G (6,) = const requires s; = 2my — 1 and one obtains G*)(6;) = 0
for s, = 2my.

2.3.2 Bifurcations

Definition 2.30 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x%, p) in Eq. (2.4) with an equilibrium x* = x™ and f(x,x", p) is
C’(r > 1)-continuous in a neighborhood of x* = x™ (i.e., U(x*) C Q). The corre-
sponding solution is x(¢) = ®(xo,  — fo, p). Suppose Eq. (2.24) holds in U(x*) C Q.
For a linearized time-delay system in Eq. (2.19), consider a real eigenvalue A; of
matrix Dyf(x*, x™, p*) + e “Dyf(x*,x™*,p*) (k€ N={1,2, ---,n}) with an
eigenvector v;. Suppose one of n independent solutions y = ¢, vy and y = ¢, vy,

T *
~y=Vk'(X—X),
B e T . o (2.104)
SE=Vi ¥y =v, - (xXF—x)

where s, = ¢ |[vi|*-
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Sk=v, y=v{-x =v] -f(x,x",p). (2.105)

In the vicinity of point (x§, X5, pg), Vi - £(x, X", p) is expended for (0<0<1) as
follows:

vi - £(%, X7, p) = ax (s — s50) +bi(si — s0) + by - (p— po)

m r r
+ Z Z (Vu .73 ) a}({mrz,:s)(sk = s10)" (5t = 50)" (P — Po)”
r=2

r1,72,13=0
(r1+r+r3=r)

+ ({51 = $50)0u + (55 = 555)05 + (0 = p) "
x (vp - £(x + 0AX, x5 + 0AXT, py + 0Ap))

(2.106)
where
ay = VZ . 8skf(x7xf, p) (xa,xg*,po)’ bk = VZ . ay]r(f<X7 XT,p) (ngxg,pu)
L R R A L
Xo:Po
l I! [ ~l—r —r—r
< ) 1rs! ':CICr21C£31 g
Iy, 12,13 ry:ra:rs.
(2.107)

If ay + e **by = 0 with J; = 0 at p = p,, the stability of current equilibrium
x* = x" on an eigenvector v; changes from stable to unstable state (or from
unstable to stable state). The bifurcation manifold in the direction of v; is deter-
mined by

. L l r,r,r3 * \7] *\ 1 r
> > ( )ai““)(sk—sko)1<sz—s;0>2<p—po>-*

=2 ri,r2,r3=0 Fi, 12,73
(r1+r+nr=l)

+b; - (p—po) =0.

(2.108)

In the neighborhood of (xj,X{",py), when other components of equilibrium
X" =x" on the eigenvector of v; for all j # k, (j,k € N) do not change their
stability states, Eq. (2.108) possesses [-branch solutions of equilibrium s; = s7*
(0<l<m) with [;-stable and ,-unstable solutions (I;,l, € {0,1,2,---,1}). Such
I-branch solutions are called the bifurcation solutions of equilibrium x* = x™* on the
eigenvector of v in the neighborhood of (x{,X{*, pg). Such a bifurcation at point
(x5, x5, o) is called the hyperbolic bifurcation of mth-order on the eigenvector of
v. Three special cases are defined as follows:
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G If
a}({oﬁog) _ 0731(60,171) o, a(l,Oﬁl) o,
I 200 1,1,0 0201, % x
b - (p = Po) + g la” ™ +20" + 2 (s; — 5j0) =0,
(2.109)
or
I 20,
b - (p—po) + EG](C ' )( X5 X0, Po) (55 —Sko)z =0
where
G0 (x5 x5 p0) = vi - [V () + 0L (PE(x, X p)|  #0
k (X()vx() va)
1,1 T 1 T
G (x5, %57, 0) = Vi - [0 () + 0 (V]opf(x, X )| =0
k (X07X0 ~,P0)

0,2) /_x *
G\ (x5, %5, po) = Vi - OPE(x, X", p) =0

(x5.X5"Po)

1,0) (% 1 l T
GO (x5, x5 po) = vi - [0 () + 0% () (x, X", p) o)
070
b;f = Vz : 8pf(x,xf,p)| (%% .Po) # 0
(2.110)
G2V (x5, x5", po) X [BY - (p — o)) <O, 211

such a bifurcation at point (xj, X", py) is called the saddle-node bifurcation
on the eigenvector of vy.
Gi) If

b - (p—po) =0,

(@Y a™) - (b = o)} = o) + 576565 si0)” =0
: (2.112)
or
1 *
G(l g (P —Po)(Sx — ko) + =7 2 G( )( _Sk0)2 =0
where
G (x5 x5 po) = vi - [0V () + 0V (Nt (x. X p)|  #0,
k (Xovxo vp0>
(2.113)
G2V % [GMY - (p— py)] #0, (2.114)

such a bifurcation at point (X, X{", py) is called the franscritical bifurcation
on the eigenvector of vy.
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(i) If
b};(ppr) :07
G =067 =0,6/" =0, (2.115)
1,1 * * 3,0) / x *
G/(< D (P — Po)(s; — ko) +Gl(< )(Sk - Sk0)3 =0
where

G (x5, x5, po) = Vi - [ () + 0L ()P E(x, X", p)

(x5:%5"Po)

G g po) = v (00 O+ O] PO x| =0,
G (x5, x5 po) = v - [0 () + 0" (O f(x. X", p) worirpn
G,((O’” (X5, X5 Po) =V, - al()S)f(X’ x'.p) (x*,xg*.po): 0
(2.116)
G;(j’o) o [al(cl,l) - (p = po)] <O, (2.117)

such a bifurcation at point (x,x{", py) is called the pitchfork bifurcation on
the eigenvector of vg.

The bifurcation points possess the higher-order singularity of a flow in a dynamical
system. For the saddle-node bifurcation, the (2m)th-order singularity of the flow at the
bifurcation point exists as a saddle of the (2m)th-order. For the transcritical bifur-
cation, the (2m)th-order singularity of the flow at the bifurcation point exists as a
saddle of the (2m)th-order. However, for the stable pitchfork bifurcation, the
(2m + 1)th-order singularity of the flow at the bifurcation point exists as a sink of the
(2m + 1)th-order. For the unstable pitchfork bifurcation, the (2m + 1)th-order sin-
gularity of the flow at the bifurcation point exists as a source of the (2m + 1)th-order.

Definition 2.31 Consider an n-dimensional, autonomous, nonlinear, time-delay
system x = f(x,x",p) in Eq. (2.4) with an equilibrium x* = x™ and f(x, x", p) is
C” (r > 1)-continuous in a neighborhood of x* = x**. The corresponding solution is
X(1) = ®(xp,¢ — 1y, p). Suppose U(x*) C Q is a neighborhood of equilibrium
x* = x", and there are n linearly independent vectors v; (k= 1,2,---,n). For a
linearized time-delay system in Eq. (2.19), consider a pair of complex eigenvalues
o £if (k€ N={1,2,---,n},i=+v—1) of matrix Df(x*,x™, p) with a pair of eigen-
vectors u; % ivg. On the invariant plane of (uy, vx), consider ry = y@ + y(_k> with
Ty = CrUy + dgVi=rey,

. ) . ) . (2.118)
Iy = GOy +dpvy = ri€p, + 1€y,
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and

1 1
=% [A(ug - y) — Apa(vy - y)] and dy = A [AL(v; -y) — A (ug - y)]
A = |l Ay = [V, Az = uf - v and A = AjA; — AT,

(2.119)

Consider a polar coordinate of (ry, 0) defined by

¢ = rycos O, and d; = ry sin Oy;

re = /¢ +d?, and 0, = arctandy /cy;

e, = cos O + sin 0;v; and (2.120)
€p, = — oS Gku,ﬁA3 + sin Okv,fAA;,

N N
Az =v,-uand Ay =y, - vy

Thus,

1
- K [AZGck (X7 XT? p) - A12Gdk (Xa Xra p)]’
(2.121)

1
~[A1Gg, (%, X", p) — A2Gg, (X, X", p)]

dk:A[

where

—

Gck (X7 Xza p) = uk . f<X7 er P)
=a; - (p— Po) +ai(ck — ¢) +ara(di — dyy)

« q l rr r r
+ZZq,c,,G£z X, po)(p — Po) 7~

—2 =0

=]

K

— o

+ W [(Ck - C;O)ack + (dk - d;:o)adk + (p _ po)ap]m-‘rl

X (llz f(x; + 0Ax, x;" + 0AX®, po + 0Ap)),
Gdk (X7 XT’ p) = VZ : f(X,X ap)
= b} - (p— Po) + @i (ck — o) + arn(di — diy)

Y - ! rr) r r
+ZZ;CqG§i’ (x*,x™, po)(p — po) 1~
=2 r=0 4
1 ) * §
+ a6~ €io)d + (e — i) + (b~ po)p]"

x (v - £(x + 0Ax, x{" + 0AX", py + 0Ap));
(2.122)
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and
(s,7) €k~ Cko
GU(x",x™,p) = w - {[0() + Ox ()] cos Oy
Cr — ckO
d‘[ d;c:* . s a(r) T
+[0x() + F— 0 )]ve sin 0]} 0 F (x, X7, p) :
dk - dkO (x*,x™,p)
G4 (x X7, p) = VT - ([0 + S50 5 () cos 0
Ck = Cro
di — di '
+ [0k () + E—E2 0 ()] Vi sin O, O E (x, X", p) ;
di — dj (x*x™p)
(2.123)
al = u - Opf(x,x", p), bz = v - Opf(x,x", p);
¢l — ¢}
an =y - [Ox() + ua OJf(x,x", p)ug,
Cr — CkO
axiz =l - [0+ S o Ol x°, p)vis
k dy —d,jo * AR (2.124)
¢t — ¢}
ar = vy - [0x() + Ma Off(x,x", p)uy,
Ck = Cro
d dT*
arn = Vi - [0x() + =0 I (x, X", p) Vi
dy — dj,
Thus,
7x = ¢ cos O + dk sin 0;
:z;z;q' 4 r:l ") (0, o) (P — Po)* 1,
. . (2.125)
O = I‘I:I (dk cos 0, — ¢ sin Hk)
m_q
=3 G (6 po) (b — o)
g=1 r=0 q
where
1 . m—r,r) (¥ *
Gﬁ:”_”)(ek,po) = K[(Ag cos B — Aqp sin Qk)G( (X, X7, )
+(AZSin@k AIZCOSBk)Gm ”)( *7xr*ap0)]a (2 126)

ey 1 M=FF) (% T*
Gi}k ’)(ekypo) [(AzsmBkJrAlgCOSQk)G )( X7, Po)

— (A cos O — Ay sin 0;) G (m— ”)( X7 po)]-
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Suppose
a; - (p—po) = Oandby - (p — py) =0, (2.127)

then

it = (o + G (0k,p) - (p — Po))”k+ a1 LG (03, po)ri +0(r7),

(2.128)
ﬂk+G()k (kap(ﬂ (P—P0)+ G (9k7po)rk+0(rk)
where
G\ (0, py) = G(“)(p)andG”(@k,p) G2 (py),
Gy, (0, p0) = Gy (po) and G (0, po) = Gy (py)- 212

If oz, =0 and p = p,, the stability of current equilibrium x* =x* on an
eigenvector plane of (uy, v;) changes from stable to unstable state (or from unstable
to stable state). The bifurcation manifold in the direction of v, is determined by

(oo +G(rk1’l>(9k,P0) (P —Po))re+ ,G 20 (0, po)ri = 0,

31 (2.130)
1,1
Bro JFGék' (04, py) - (P — po) + 3, (Hk;l)o)rk =0
where
(1,1) _
Grk (0k7p0> - ap“k'(xg,po) 7& 0) (2131)

[G1 (06 po) - (B = o)) X GV (0k, po) <O

Such a bifurcation at point (xj,Xx;",py) is called the Hopf bifurcation on the
eigenvector plane of (uy, v).

For the repeated eigenvalues of Df(x*, x™*, p), the bifurcation of equilibrium can
be similarly discussed in the foregoing two Theorems 2.9 and 2.10. Herein, such a
procedure will not be repeated.

As in Luo (2012), the Hopf bifurcation points possess the higher-order singu-
larity of the flow in dynamical system in the corresponding radial direction. For the
stable Hopf bifurcation, the mth-order singularity of the flow at the bifurcation point
exists as a sink of the mth-order in the radial direction. For the unstable Hopf
bifurcation, the mth-order singularity of the flow at the bifurcation point exists as a
source of the mth-order in the radial direction.

The stability and bifurcation of equilibriums are summarized in Fig. 2.1 with
det(Df) = det(Df(x}, x5, po)) and tr(Df) = tr(DE(x5, x5", py)) for 2D nonlinear
time-delay system. The thick dashed lines are bifurcation lines. The stability of
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Re Im

tr(Df) T Unstable node
/
|
| <
|

Re

//Im

(@]
O Re
Hopf bifurcation

— — — —

det(Df) Re

Stable focus
O Re

Stable node = -

Saddle

Unstable focus

Im

Saddle-node blfurcatlon

Im
Node-focus separatrix

Fig. 2.1 Stability and bifurcation diagrams through the complex plane of eigenvalues for 2D
nonlinear time-delay systems

equilibriums is given by the eigenvalues in complex plane. The stability of equi-
libriums for higher dimensional systems can be identified by using a naming of
stability for linear dynamical systems in Luo (2012). The saddle-node bifurcation
possesses stable saddle-node bifurcation (critical) and unstable saddle-node bifur-
cation (degenerate).
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