Chapter 2
Memorized Nonlinear Discrete Systems

In this chapter, basic concepts of memorized nonlinear discrete systems will be
presented. The local theory of stability and bifurcation for memorized nonlinear
discrete systems will be discussed. The stability switching and bifurcation on
specific eigenvectors of the linearized memorized discrete system at fixed points
under specific period will be presented. The higher order singularity and stability
for memorized nonlinear discrete systems on the specific eigenvectors will be
presented. 1-D memorized discrete dynamical systems will be discussed for an
example.

2.1 Definitions

Definition 2.1 For Q,C%" and AC#' with o € Z, consider a vector function with
memorized states f, : Q, x Q, | X -+ x Q, ¢ XA — Q, | which is C"(r>1)-

s
continuous, and there is a memorized discrete (or difference) equation in a form of

Xk+1 = foz(xkvxkfla cry Xk—s, pa)a

(2.1)
x, =Xx,forr=kk—1,--- k+1—3s

where X;_j € Q,_;,j = —1,0,---,s; k,s € Z, andp, € A. The equivalent discrete
system of the memorized nonlinear discrete system is defined by

Yer1 = F.(yop,) (2.2)
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52 2 Memorized Nonlinear Discrete Systems
where the memorized domain and the corresponding vectors are defined as

Qa = Qa X Qacfl X oo X Qa—s C e@n(erl)

T T T T _
Vi = (X X5 X ) = (X Xe—13 -1 Xk—g) € Qy (2.3)
T T T T _ S+ 1
F, =%, X)) = EsX1;-1X) € s+,
With a memorized initial condition of y,(or X¢,X_;---,X_;), the solution of

Eq. (2.2) is given by

Vi = Fo(Fo(- - - (Fy(¥0,Py))))
——
M (2.4)
fory, € Q, =Qy x Qy | X -+ X Qy s,k € Zandp, € A.

(i) The difference equation with the memorized initial condition is called a
memorized discrete dynamical system.
(ii) The vector function f,(Xg, Xx—1, -+, Xx—s, P,) is called a memorized discrete
vector field on Q,.
(iii) The solution x; for each k € Z is called a flow of memorized discrete system.
(iv) The solution x; for all kK € Z on domain Q, is called the trajectory, phase
curve or orbit of memorized discrete dynamical system, which is defined as

Xer1 = £ (X, Xe1, -+ Xems, Dy)
I'=<x¢|x,=x, for r=kk—1,---,k+1—5 ;CUQ,. (2.5)
fork,s € Z, andp, € A

(v) The memorized discrete dynamical system is called a uniform memorized
discrete system if

Xk+1 = foc(xkaxk—h U 7Xk—57pa) = f(xk7xk—l7' o axk—svp)

. (2.6)
fork,s € Z andx;_; € Q= Q,j=—1,0,--- 5.

Otherwise, the memorized discrete dynamical system is called a nonuniform
memorized discrete system.

Definition 2.2 For the memorized discrete dynamical system in Eq. (2.1), the

relation between two equivalent states y, and y,_ ; (k € Z) in the equivalent dis-
crete system in Eq. (2.2) is called a memorized discrete map if

F,
Py iy — Yipandy, | = Puyy (2.7)
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with the following properties:

Py ykuyk+n andy,,, =Py, 0P, 0---0P,y, (2.8)
where
Py = Py, 0Py 0---0P,. (2.9)
fpP, =P, 6 =--=P, =P, then
Plom) = p(n) P,oP,0---0P, (2.10)
with
P =p,oP" Y and PO =1. (2.11)

The total map with n-different submaps is shown in Fig. 2.1. The map P,, with
the relation function f,, (o € Z) is given by Eq. (2.5). The total map Py ) is given
in Eq. (2.9). The domains Q, (¢ € Z) can fully overlap each other or can be
completely separated without any intersection.

Definition 2.3 For a vector function F, : "0+ 1D — "6+ the operator norm of
F, is defined by

Il = DT, max Fy (ve.p) (2.12)

Forann(s+1) x n(s+ 1) matrix Ay = (@y),(5 1 1)xn(s+ 1) N Fo(Yis P2) = Asyy, the
corresponding norm is defined by

Fig. 2.1 a Memorized states (a ___________

and b maps and vector .-=""""memorized states
functions on each subdomain
. . X ooo X
for a memorized nonlinear
discrete dynamical system

\ “’Q‘ ‘ (z+lf.\ —————— -
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n

1Al = lal. (2.13)

ij=1

Definition 2.4 For Q,C#" and AC#™ with a € Z, consider a vector function
£, 00, xQu g X - xQyu ¢ xA—Q, | where x4; € Qy; §=0,1,---,5) and
the resultant memorized vector y, = (Xx;Xg—1;- - ;Xk—s) € 4. The memorized
vector function £, (y;, p,) = £ (Xk, Xe—1, - - - Xe—s, P,,) 18 called to be differentiable at
Y. € Qa if

afa<yka poz) f%<yk + Ayk7 pa) - fﬁf(yka pa)

— lim (2.14)
ayk (Ye:Po) Ay—0 AYk
where fa(yka px) = fd(xkvxkfla ©r o Xg—ss px) with Ye = (XZ, XFI{—I’ e 7XZ—5) € Q,.

Of /Dy, is called the spatial derivative of f,(y;, p,) at y;, and the Jacobian matrix
for the memorized discrete dynamical system is defined as

DF (y* p) = M| = aF{X(i) | (2 15)
e Oy Vi 8)’1<(' Yi .
i) n(s+ 1)xn(s+1)
with
fo = (fga X/{v "'7X£+173)T = (FOC,X/w ) Xk+l—s)
[ aj Ak—1) T A(k—s+1)  Ak(k—s) |
In><n 011><n o 0n><n 011><n
0n><n 0n><n T Onxn 0n><n (216)
_Onxn 0n><n e In><n 0n><n dn(s+ Dxn(s+1)
[Of,
a, = _aT,'yk nxn(r =kk—1,--- k—y).

Definition 2.5 For Q,C#" and AC#' with o € Z, consider a vector function
£, :Q, xQy 1 X+ xQ ¢ XxA—Q, | wherex,; €Q,;(G=0,1,---,5) and
the resultant memorized vector y; = (Xx;Xg—1;- - ;Xk—s) € Qy. The memorized
vector function f,(y.,p,) = £,(Xk, Xe—1, - - Xp—s, P,) is called to satisfy the
Lipschitz condition if

[I£x (26, ) — £ (¥, P < L2 — ¥ | (2.17)

with y,,z; € Q,. The constant L is called the Lipschitz constant.
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2.2 Fixed Points and Stability

Definition 2.6 For a memorized, discrete system Xg 1 = £5,(Xg, Xe—1, * * -, Xk—s, Pyr)s
with y, = (xg;Xg—1; -+ - ;Xk—s) and Fy, = (£,; %15+ ;Xx 1 1-5), the equivalent dis-
crete system is y; . = Fo(y;, Py)-

(i) A point y; € Q, is called a fixed point or period-1 solution of a memorized
discrete nonlinear system y,,; = F,(y,,p,) under a map P, if for y, ;=

Vi = ¥i

Yi = Fa(yi po)- (2.18)

The linearized system of the memorized nonlinear discrete system y, , ; = F,(y;, p,)
in Eq. (2.6) at the fixed point yj is given by

Zi+1 = DPy(yy, P)zi = DFy(yg, P)Zk (2.19)
where
[ an Ap(k—1) " Wp(k—s+1)  Ak(k—s) 1
Lisc  Ouxn -+ Oy 0,1
DF,(y;,p) = | : E : ;
Oin Oen -+ O 0O, (2.20)
[0 O -0 Lo Ousn | s+ 1)xn(s 1)

* *
=Y, —Yiandze 1 =Y — Vi

of,
ak,:a—xr|yz(r:k,kf 1,"',]{*5‘).

(i) A set of points X; € €, (0; € Z) is called the fixed point set or period-1 point
set of the total map P,y with n-different submaps in nonlinear discrete system
of Eq. (2.7) if

yz+j = Fo:j/ (ylt+‘j_17poc,v) fOI'j =12,--,m

) . (2.21)
Yirj = Ve
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Each linearized equation of the total map P, gives

Ziij = DPy (Vi jo1,Po) 2+ j—1 = DFo (i i 15 Py )Ze+j1
withzg ;=¥ ;= ¥y and Zeyj = Yeg i1 = Yiqjo (2.22)

forj=1,2,...,n.

The resultant equation for the total map is
Zip = DP(k,n) (y]t» p)zk (223)

where

* l *
DP i) (¥, P) = H-:n DPy(Yi1i-1,P)

1

= DPy, (Y 1 p-1:Ps,) -+ DPoy (Yi 4 15 Pay) - DPo (Y55 Py)
= DF%n(YZJ,-n—l?pan) e 'DFotz(ylt-&-l’pxz) 'DFOH (yltvpoq)'
(2.24)

The fixed point y; lies in the intersected set of two memorized domains £ C €,
and €, | C ,, as shown in Fig. 2.2. In the vicinity of the fixed point yj, the
incremental relations in the two memorized domains €2 and € , | are different. In
other words, setting z; =y, —y; and % 1 =Y;,| —¥;, > the corresponding
linearization is generated as in Eq. (2.19). Similarly, The fixed point of the total map
with n-different submaps requires the intersection set of two domains £; C Q,, and
Qi ., C L, , there are a set of equations to obtain the fixed points from Eq. (2.21).
The other values of fixed points lie in different domains, ie., y; € Q CQ,
G=k+1,k+2,---k+n—-1; r=2,3,---,n—1), as shown in Fig. 2.3.
The corresponding linearized equations of the memorized discrete dynamical sys-
tems are given in Eq. (2.21). From Eq. (2.22), the local characteristics of the total
map can be discussed as a single map. Thus, the dynamical characteristics for the
fixed point of the single map will be discussed comprehensively, and the fixed points
for the resultant map are applicable. The results can be extended to any period-
m flows with PU").

Definition 2.7 For a memorized discrete system x; 1 = f(Xg, X4—1, "+, Xx—s, P),
with y, = (Xg;Xg—1; - ;X,—y) and F = (£;x4; - - ;X1 1—5), the equivalent discrete

Fig. 2.2 A fixed point
between domains Q; C Q,
and Q1 C Q, fora
memorized discrete
dynamical system
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Fig. 2.3 Fixed points with n-
maps for a memorized
discrete dynamical system
with €, C Q,, and

Qk+n C Qoq

system is y, . ; = F(y;, p). The linearized system of the memorized nonlinear dis-
crete system in the neighborhood of y; is 2z = DF(y;,p)z« (z =y, —y; and
| = k,k+1)inEq. (2.19). The matrix Df (y;, p) possesses n real eigenvalues |4;| <1
(j € N1), n real eigenvalues |4;| > 1 (j € N»), n3 real eigenvalues 4; = 1 (j € N3),
and ny real eigenvalues ;= —1 (G € Ny). N={1,2,---,n(s+1)} and N; =
{iy iz, i UG (i =1,2,3,4) with i, EN (m=1,2,---,n), and X} n; =
n(s+1). NCNUZ, UL N, =N, NNON, = (p #i). N, & if n; =0.
The corresponding eigenvectors for contraction, expansion, invariance, and flip
oscillation are {Vj} GeN;) (i=1,2,3,4), respectively. The stable, unstable,
invariant, and flip subspaces of z; | = DF(y}, p)z in Eq. (2.19) are linear subspace
spanned by {v;} (j € N;) (i = 1,2,3,4), respectively, i.e.,

(DF(y;, p) — 41)v; = 0, }
Ll<lje NCNUGZ [’
(DF(y;, p) — Z41)v; = 0, }
il > 1,j € N CNU S

(DF(y;, p) — 41)v; = 0, }

&= span{vj

= span

(2.25)

li=1,je Ns3CNUZ
(DF(yk,p) 2Dv; =0,

T = span
=—-1,jENJCNU Y

{
0l

where
6 =&, U8 UE, with
(@s _ { (DF(ykvp) /“j )V] - 0 }
o = Spany v;
0</4i<l,jeENPCNU Y
(DF(y;,p) — 41)v; =0, } (2.26)
—-1<2;<0,j e NNCNU I

(DF(y;,p) — 4 )V]_O}
h=0jeNCNUgZ [’

oS __ .
6y = span{vj

~7

& span{v
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£ = & UE" with

DF(y;,p) — AD)v; =0,
& = span{vj ( <Yk p) j ) J };

Jj>1,jeE NJCNU (2.27)
{ (DF(y}E,p) = 4)v; =0, }
&y = span o
)"j ,] S N CNU @
where subscripts “m” and “o” represent the monotonic and oscillatory evolutions.
Definition 2.8 For a memorized discrete system X; i1 = f(Xg, X4—1,* *, Xk—s, P),
with ¥, = (Xg; Xg—1; - - ;Xk—y) and F = (£;x4; -+ - ;X4 1—5), the equivalent discrete

system is ¥, ; = F(y;,p). The linearized system of the memorized nonlinear
discrete system in the neighborhood of yj is z 1 = DF(y;,p)z« (z; =y, — y; and
l =k, k+1) in Eq. (2.19). The matrix DF(y;, p) has complex eigenvalues o; & if3;
with eigenvectors w; +iv; (j € {1,2,---,m}) with 2m = n(s+ 1) and the base of
vector is

B:{ul7vl7"'7uj7vj7"'7umavm}' (228)

The stable, unstable, center subspaces of zy + | = DF(y;, p)z in Eq. (2.19) are linear
subspaces spanned by {w;,v;}(Gj€N;, i=1,2,3), respectively. Set N =
{1,2,---,m} plus N; = {i1,ip, -+, in, ,/UFCNUZ with i, e N (r = 1,2,--- 1)
and X3 \n; =m. U} N;=N with N;O\N, = F(p #i). Ni= & if n; =0. The
stable, unstable, center subspaces of zy + | = DF(y}, p)z in Eq. (2.19) are defined by

= W<l,
(DF(y;,p) — (o £iB)D)(uw; £iv)) = 0, (*
JENC{1,2,--- m}U

= /% —&—[iz >1,
&" = span{ (W, V)| (DR(y;,p) — (o5 + if)D)(w; £iv)) =0, (i (229)
j€N2§{1727 7m}U®

~—
~

oS __
&° = spanq (w;,V;

r = ocf—ﬁ—ﬁf:l,
¢° = spanq (W, V)| (DF(y;, p) — (o5 + i) T)(w; % iv;) = 0,
jENSQ{laza"'am}UQ

Definition 2.9 For a memorized discrete system X; 1 = f(Xg, X¢—1, -+, Xk—s, P),
with y, = (X Xk—15 -3 Xe—s) and F = (£;X4; - - ;X4 1-5), the equivalent discrete
system is y,,; = F(y;,p). The linearized system of the memorized nonlinear
discrete system in the neighborhood of y} is z, 1 = DF(y;,p)z: (z =y, — y; and
=k, k+1)in Eq. (2.19). The fixed point or period-1point is hyperbolic if no any



2.2 Fixed Points and Stability 59

eigenvalues of DF(y;,p) are on the unit circle (@e., [4]#1 for
i=12---,n(s+1)).

Theorem 2.1 For a memorized discrete system Xi+1 = f(Xp, Xg—1, -, Xk—s, P),
with ¥, = (Xg; Xg—1; -+ ; Xk—s) and F = (£;%g; -+ ;X5 4 1-y), the equivalent discrete
system is 'y = F(y;, p). The linearized system of the memorized nonlinear dis-
crete system in the neighborhood of y; is zx+1 = DF(y;,p)zx (z =y, —y; and
=k, k+1) in Eq. (2.19). The eigenspace of DF(y;,p)(i.e., ECA VY in the
linearized dynamical system is expressed by direct sum of three subspaces

E=6@EDE (2.30)

where &*,&" and & are the stable, unstable and center subspaces, respectively.

Proof The proof can be referred to Luo (2011). |
Definition 2.10 For a memorized discrete system Xg 1 = f(Xg, Xg—1,* * *, Xk—s, P)s
with y, = (Xx;Xg—1;- - ;Xk—s) and F = (£;x; - - - ;Xg 1 15 ), the equivalent discrete

system is y;, 1 = F(y;, p). Suppose there is a neighborhood of the equilibrium y;
as U(y;) C , and in the neighborhood U(y;),

F(y; — DF(y;
]| =0 [l |

and

;11 = DF(y;, p)zx (2.32)

(i) A C" invariant manifold

lim y, ;= y;and

jo oo N (2.33)
Yis+j € Ulyp) withj € Z 4

FL1oe(Yoo Y3) = {yk € Uly;)

is called the local stable manifold of y;, and the corresponding global stable
manifold is defined as

SV ¥i) = Yjer F(LioeVisjs¥ir ) = Ujer BN Luoe(yio¥0))- (2.34)

(i) A C" invariant manifold % ,c(X,X})



60 2 Memorized Nonlinear Discrete Systems

j==00

R (235)
Yii,; € Uly;) withj € Z_

Uioc(Yis ¥y) = {Yk € U(y;)

lim y, ;= y;and }

is called the local unstable manifold of y, and the corresponding global unstable
manifold is defined as

U(Yir i) = Ujer, Fioc(Yis ;Y54 ) = Ujer, B Uioe(yi:¥7)). - (2.36)

(iii) A C"! invariant manifold %, (y,y") is called the center manifold of y* if
C1oc(y,y") possesses the same dimension of &° for y* € €,.(y,y"), and the
tangential space of %,.(y,y") is identical to &°.

As in continuous dynamical systems, the stable and unstable manifolds are
unique, but the center manifold is not unique. If the nonlinear vector field f is C*>-
continuous, then a C" center manifold can be found for any r < oo.

Theorem 2.2 For a memorized discrete system Xi+1 = £(Xp,Xk—1, ", Xk—s, P),
with ¥, = (Xg; Xg—1; -+ -3 Xk—s) and F = (£;Xg; -+ ;X4 1-5), the equivalent discrete
system is Yy .1 = F(y;, p). Suppose there is a neighborhood of the hyperbolic fixed
point yi (i.e., U(y;) C Q), and F(y,,p) is C" (r> 1)-continuous in U(y;). The
linearized system of the memorized nonlinear discrete system in the neighborhood
U(y;) of ¥; is zx+1 = DF(y;,p)zx (zy =y, — y; and | = k,k+ 1) in Eq. (2.19). If
the homeomorphism between the local invariant subspace E(y;) C U(y;) and the
eigenspace E of the linearized system exists with the condition in Eq. (2.31), the
local invariant subspace is decomposed by

E(ykaYIt) = yloc(YkayZ) 2] %lac<y1c7y2)' (237>

(@) The local stable invariant manifold 91,.(y,y*) possesses the following
properties:

@) for x; € Lioc(¥i,¥5)s Lioc(Yi: ¥5) possesses the same dimension of &°
and the tangential space of S 1oc(Yi,¥i) is identical to &7

(i) for Y € Lioc(Yo: ¥i)s Yi+j € Lioc(Yi, ¥i) and Jim yiy; =y for all
JEZ

(i) for i & L1oc(Yio ¥O)s I¥i+j — Yill =6 for 6 > 0 with j,j1 € Z, and
j=j1 >0.

(b) The local unstable invariant manifold Uioc(yi,yi) possesses the following
properties:

@) fory; € Uioe(Yi, ¥5), Uioc (i, ¥;) possesses the same dimension of 6"
and the tangential space of Uioc(Yi,Yi) is identical to 6"
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(i) for Y € Utoc(Yi: ¥3)s Yivj € Hioc(Yi» ¥;) and jiignm Yirj =Y for all

jez.
(i) for yx & Uioc(y,¥"), ||Yirj — ¥il| 20 for 6 >0 with ji,j € Z_ and
J<j1 <0.
Proof The proof is similar to Nitecki (1971). |
Theorem 2.3 For a memorized discrete system Xi+1 = f(Xp, Xp—1,**, Xk—s, P),
with y, = (Xg; Xg—15 -+ ;Xk—s) and F = (£:%; -+ ;Xp 1 1-y), the equivalent discrete

system is Yy 1 = F(yx, p). Suppose there is a neighborhood of the fixed point y;
(i.e., U(y;) C Q), and F(y,,p) is C" (r > 1)-continuous in U(y;). The linearized
system of the memorized nonlinear discrete system in the neighborhood U(y}) of ¥i
is zx 1 = DF(y;,p)zi (1 =y, —y; and | =k, k+1) in Eq. (2.19). If the homeo-
morphism between the local invariant subspace E(y;) C U(y;) and the eigenspace
& of the linearized system exists with the condition in Eq. (2.31), in addition to the
local stable and unstable invariant manifolds, there is a C'™' center manifold
Cloc(Yi, Y3)- If the homeomorphism between the local invariant subspace E(y;) C
U(y;) and the eigenspace & of the linearized system exists with the condition in
Eq. (2.28). The center manifold possesses the same dimension of &€ for
Y* € Groc(Yi, ¥i), and the tangential space of €1o.(y,Y¥;) is identical to &°. Thus,
the local invariant subspace is decomposed by

E(¥i, Y1) = L1oc(Yis i) © Uioc(Yies 1) © Cloc(Yir Y1) (2.38)
Proof The proof is similar to Guckenhiemer and Holmes (1990). |
Definition 2.11 For a memorized discrete system xi 1 = £(Xp, Xg—1, -+, Xk—s, P)
on domain Q, € #"* Y with Ve = (X X153 Xpes) and F = (£ Xp5 -+ 5 X5 1 1-5),

the equivalent discrete system is y, . = F(y;, p). Suppose there is a metric space
(Q,, p), then the map P under the vector function F(y,,p) is called the a con-
traction map if

p(\) v ) = p(FY p), FyP,p) < ip(y,y?) (2.39)

for j.€ (0,1) and "y, € @ with p(yi"v”) = 1y = ¥l

Theorem 2.4 For a memorized discrete system Xy 1 = f(Xg, Xs_1,+ , Xp—_s, P) OR
domain Q, € #"°+ Y, with Vi = (Xi;Xp—1; 5 Xpk—s) and F = (£, x5+ 5 X 1-5),
the equivalent discrete system is y, ., = F(y;, p). Suppose there is a metric space
(Qy, p), if the map P under the vector function ¥(y,,p) is the a contraction map,
then there is a unique fixed point y; which is globally stable.



62 2 Memorized Nonlinear Discrete Systems

Proof Consider a contraction map as

1 2 1 2
oLy = (R ) F(yELp)) < 2oy ) ve))

1 2
= Jp(F(y(), ). F(yCL p) < 2oyl 10wl )

" i 1 2 i 1 2
= 2p(F(y) 1), FyZL ) <A (v, ).

As j — oo and 0< /A< 1, thus, we have

B 1 2 . 1 1 2
Jim P ¥l ) = Jim !y =0,

If y,@rHl = ]((2> =y}, in domain Q, € 2"¢*Y we have
. 1 2 . 1 *
jlfgcp(y;clj+1a3’1<(lj+l) :jljgc ||YI<CJZ,‘+1 -yl =0.

Consider two fixed points y;; and y;,. The above equation give
1y — Yeall :jlifglo I1¥er = Yot jo1 +Yerjt1 — Yool

Sjliglc 1¥er — Yerjall +jlifglo|\Yk+j+1 — ¥l =0.

Therefore, the fixed point is unique and globally stable. This theorem is proved.
|

Definition 2.12 For a memorized discrete system x; 1 = £(xx, X¢—1, -, X4—s, P)
on domain Q, € #2'¢*Y, with Ve = (X3 Xp—1; 5 Xk—s) and F = (£;x4;- -5

Xi+1-s), the equivalent discrete system is y,.; = F(y,,p). Suppose there is a
neighborhood of the fixed point y; (i.e., U(y;) C ,), and F(y,,p) is C" (r> 1)-
continuous in U(y}). The linearized system of the memorized nonlinear discrete
system in the neighborhood U(y;) of y; is 11 = DF(y;,p)z« (z =Yy, —y; and
I=k,k+1) in Eq. (2.19). Consider a real eigenvalue /; of matrix DF(y;,p)
GieN=1{1,2,---,n(s+1)}) and there is a corresponding eigenvector v;. On the
invariant eigenvector V]((D = v;, consider z,(f> = c,@v,- and Zliil-l = c,ﬁ Vi = }vic,((i)vi,
thus, c,(jlrl = /“Lic,@.

@) y,ii) on the direction v; is stable if

lim V] = lim [(2))"] x el = 0 for |4;]<1. (2.40)
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(ii) y,@ on the direction v; is unstable if

lim ] = lim [(2)"] x e = oo for | 4] > 1. (2.41)

(iii) y,ii) on the direction v; is invariant if

lim ¢\ = Jim (7)) = ¢ for 4y = 1. (2.42)
—00

k—00

(iv) y,g) on the direction v; is flipped if

im @ = lim (1
e T M (4
@ _ ()

. . 2%+ 1 i
lim ¢’ = lim ()%™ x cg> =—c,
2k + 1—o00 2k + 1—o00

12 5 ) — (0

fori; = —1. (2.43)

) y,@ on the direction v; is degenerate if

) = (2)*c) = 0for 4; = 0. (2.44)
Definition 2.13 For a memorized discrete system xy ;| = £(Xx, Xx—1, -+, Xg—s, P) ON
domain @, € 2"+ Y with Ve = (X Xp—1; 3 Xp—y) and F = (£ %45+ 5 X 125)s

the equivalent discrete system is y; , ; = F(y, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C £,), and F(y,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zy =y, —y; and [ = k,k+ 1) in
Eq. (2.19). Consider a pair of complex eigenvalue o; +if5; of matrix DF(y;,p)
(ieN={L,2---,n},i=+/—1)and there is a corresponding eigenvector u; + iv;.
On the invariant plane of (u,(ﬁ , v,@) = (u;, v;), consider y,((i) = y,((i>+ + y,@ with

y,((l) = c,i')u,- —I—a’,gl)vi,y,((')+l = c,((’l o —&-d,gli Vi (2.45)

Thus, ¢! = (c\”,d")" with

)

)| = B! = R (2.46)

where

[ o ﬁ,} [ cos; sin Qi]
Ei = and Ri = . ;
B o —sin0; cos0;

ri=\/o? + B7,cos 0; = o;/r;and sin 0; = B./r;;

(2.47)
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and

k .
k_ | o B k| cosk®; sink0;
B = { 5 ] andRf = [_Smkgi coskd, | (2.48)

@) y,(f) on the plane of (u;,v;) is spirally stable if
tim ||c’|| = lim #||R[| x [|c|| = 0 for r; = | 4| <1. (2.49)
k—00 k—00
(i) y,((i) on the plane of (u;,v;) is spirally unstable if
: D)) _ 130 KT QI 1.
lim ||e’|| = lim 7} ||R}|| X ||ey’|| = oo for r; = |A;] > 1. (2.50)
k—00 k—00

(iii) y,@ on the plane of (u;,v;) is on the invariant circles if,

e[| = AIRE x Jle || = [[el]] for ri = |4] = 1. (2.51)

@iv) y,((i) on the plane of (u;,v;) is degenerate in the direction of w; if §; = 0.

Definition 2.14 For a memorized discrete system x;1 = £(Xx, X¢—1, -, Xk—s, P)
on domain Q, € Z'6tY with Ve = (XisXp—1; -3 Xk—s) and F = (£;x4;--;

Xi+1-s), the equivalent discrete system is y; . = F(y;,p). Suppose there is a
neighborhood of the fixed point y; (i.e., U(y;) C ,), and F(y,,p) is C" (r > 1)-
continuous in U(yj). The linearized system of the memorized nonlinear discrete
system in the neighborhood U(yj) of y; is zx+1 = DF(y;,p)z« (z; =y, —y; and
=k k+1) in Eq. (2.19). The matrix DF(y;,p) possesses m eigenvalues /;
i=1,2,---,m with m = n(s+1).

(i) The fixed point yj is called a hyperbolic point if |4;| # 1 (= 1,2,---,m).
(i) The fixed point yj is called a sink if |4;|<1 (= 1,2,---,m).

(ili) The fixed point y; is called a source if |4;| > 1(G = 1,2,---,m).
(iv) The fixed point y; is called a center if |4;] =1 (i = 1,2, -- -, m) with distinct
eigenvalues.
Definition 2.15 For a memorized discrete system x; 1 = (X, X¢—1, -+, Xk—s, P) ON
domain ©, € 2"¢ 1, with Ve = (X Xp—1; 3 Xp—y) and F = (£ %45+ -5 X 125)s

the equivalent discrete system is y,_, ; = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C £,), and F(y,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
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neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues 4; (i = 1,2, - -, m) with
m=n(s+1).

(i) The fixed point y; is called a stable node if |4;|<1( =1,2,---,m).
(i) The fixed point y; is called an unstable node if |4;| > 1 (i =1,2,---,m).
(ili) The fixed point y; is called an (/; : I;)-saddle if at least one |4;| > 1 (i € L,
C {L,2,---,m})and the other |4;| <1 ( € L, C {1,2,---n})withL; UL, =
{1,2,---,m} and Ly N L, = &. I, = span(L,) and I, = span(L,).
(iv) The fixed point y; is called an Ith-order degenerate case if /; = 0 for all
ie€L={n,ny, -, m}C{1,2,---,m} with I = span(L).

Definition 2.16 For a memorized discrete system x 1 = f(Xg, X1, -+, X¢_5, P) ON
domain ©, € 2"¢ 1V, with Ve = (X5 Xp—1; 3 Xp—) and F = (£ %45+ 5 X 125)s
the equivalent discrete system is y,_, ; = F(y, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C £,), and F(y,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;,p) possesses m complex eigenvalues /Z;
i=1,2,---,;m)ywithm=n(s+1).

(i) The fixed point y; is called a spiral sink if |4;|<1 (i=1,2,---,m) and
Imj; #0 G € {1,2,---,m}).
(i) fixed point y; is called a spiral source if |4;] >1 (i=1,2,---,m) with
Imj; #0 (€ {1,2,---,m}).
(iii) fixed point y; is called a center if
1,2, ,m).

2i

=1 with distinct Im4; #0 (i =

The generalized stability and bifurcation of flows in linearized, nonlinear
dynamical systems in Eq. (2.4) will be discussed as follows.

Definition 2.17 For a memorized discrete system x; 1 = (X, X¢—1, -, Xk—s, P) ON
domain Q, € 2"+ Y with Ve = (X5 Xp—1; 3 Xp—y) and F = (£ xz5 -5 X 1-5)s
the equivalent discrete system is y,_, ; = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C £,), and F(y,p) is C" (r > 1)-continuous in
U(y;). The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (z; =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues /; (i = 1,2,-- -, m) with
m=n(s+1).SetN = {1,2,--- L I+1,---,(m+1)/2},N; = {j1,j2,* Ju} UL
withj, € N (p = 1,2, -, mj; 1,2, j = 1,2, 1), ZL iy = land 227 sn; =
m— 1. U]:INJ- =N with NyON, = J(r #j). Nj= it n;j=0. N, =N]UN;
(¢ =1,2) and N NN, = & with n}] +nJ = n, where superscripts “m” and “0”
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represent monotonic and oscillatory evolutions. The matrix DF(y}, p) possesses 7, -
stable, ny-unstable, ns-invariant, and n4-flip real eigenvectors plus ns-stable,ng-
unstable and ny-center pairs of complex eigenvectors. Without repeated complex
eigenvalues of | 4;| = 1(i € N3 UN4 UNy), aniterative response of y, ., = F(y,,p)is
an ([0, n9] : [n5',nS] : [n3; k3] : [na; Ka]|ns : ne : n7) flow in the neighborhood of the
fixed point y;. With repeated complex eigenvalues of |4;] = 1 (i € N3 UN4 UN7), an
iterative response of y, . ; = F(y., p) is an ([0, nS] : [0, n3] : [n3; k3] : [na; xa]|nis :
ne : [n7,q;%7]) flow in the neighborhood of the fixed point y;, xp € {&, mp}

(B=3,4.9=(q1,92, *,q,)" and Ky = (71,72, -+, 7,)" with K7 € { &, my;}
G=1,2,---,r). m; = (m71,m72,-~-,n17r)T. The meanings of notations in the
aforementioned structures are defined as follows:

(i) [}, nS] represents n;-sinks with n}"-monotonic convergence and nf-oscil-
latory convergence among nj-directions of v; if |4;]<1 (i€ N; and

1 <n; <n) with distinct or repeated eigenvalues.
(il) [n%,n9] represents ny-sources with n%'-monotonic divergence and nS-oscil-
latory divergence among np-directions of v;(i € Ny) if |4;| > 1 (i € N, and

1 <ny <n) with distinct or repeated eigenvalues.
(ili)) n3 = 1 represents an invariant center on 1-direction of v; if ; =1 (i € N3

and n3; = 1).
(iv) ng4 = 1 represents a flip center on 1-direction of v; if ; = —1 (i € N4 and
ng = 1)

(v) ns represents ns-spiral sinks on ns-pairs of (u;,v;) if |4;] <1 and Im/; # 0
(i € N5 and 1 <ns <n) with distinct or repeated eigenvalues.

(vi) ng represents ng-spiral sources on ng-directions of (u;,v;) if |4;] > 1 and
Im/; # 0 (i € Ng and 1 <ng <n) with distinct or repeated eigenvalues.

(vil) ny represents ns-invariant centers on ny-pairs of (w;,v;) if |4;| =1 and
Im4; # 0 (i € N; and 1 <n; <n) with distinct eigenvalues.

(viii) (& represents an empty set if n; =0 (j € {1,2,---,7}).

(ix) [n3;K3] represents (n3 — Kx3) invariant centers on (n3 — k3) directions of v;,
(i3 € N3) and K3-sources in x3-directions of v;,(j3 € N3 and j3 # i3) if 4; =
1 (i € N3 and n3 <n) with the (k3 + 1)th-order nilpotent matrix N’f th=y
O<k3<nz—1).

(x) [n3; ] represents nj invariant centers on nj-directions of v; if 4; =1
(i € N3 and 1 <n3 <n) with a nilpotent matrix N3 = 0.

(xi) [na; x4) represents (ny — k4) flip oscillatory centers on (ny — k4) directions
of v;, (is € N4) and x4-sources in 1c4-directions of vj, (j4 € Ny and j # iy) if
Ai=—1 (i € Ny and ny <n) with the (x4 + 1)th-order nilpotent matrix
NEH =0 (0<ry<ng — D).

(xil) [n4; ] represents ng flip oscillatory centers on ng-directions of v; if 4; =
—1 (i € Ny and 1 <ny <n) with a nilpotent matrix Ny = 0.

(xiii) [n7,q; k7] represents (n; — Z;:1K7j) invariant centers on (n; — Z;:lm_,-)
pairs of (w;,, v;;)(i7 € N7) and 27_,x7; sources on 27_, k7; pairs of (w;;, v;,)
(7 € N7 and J7 75 i7) if ‘/L,‘ =1 and ImJ/; 75 0 (i € N7 and ny; <n) for q;



2.2 Fixed Points and Stability 67

pairs of repeated eigenvalues with the (k7 + 1)th-order nilpotent matrix
NG =0 0<Ky<gpj=12,.1.

(xiv) [n7,q; ] represents ns-invariant centers on ny-pairs of (u;,v;) if |4;] =1
and ImA; # 0 (i € N7 and 1 <n; <n) for (g;+ 1) pairs of repeated eigen-

values with a nilpotent matrix N7; =0 (j = 1,2,---,7).
Definition 2.18 For a memorized discrete system x; 1 = £(X, X¢—1, - -, Xk—s, P) ON
domain Q, € 2"+ Y with Ve = (X Xp—1; 3 Xp—y) and F = (£ %z5 -+ 5 X 125)s

the equivalent discrete system is y, , | = F(y, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C £,), and F(y,,p) is C" (r > 1)-continuous in
U(y;). The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;}) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues /; (i = 1,2, - -, m) with
m=n(s+1).SetN = {1,2,--- LI+ 1,---,(m+1)/2},N; = {ji, )2, jn,} UL
with j, e N p=1,2,---,n55 j=1,2,---,7), 24 - n; =1 and ZZ,SnJ =m-—1.
U|N; = N with NyON, = Z(r #j). Ny = & lfnj =0.N, =N"PUN? (x=1,2)
and NJ'NNy = ¢ with n +n) = n, where superscripts “m” and “0” represent
monotonic and oscillatory evolutions. The matrix DF(y;,p) possesses n;-stable,
np-unstable, n3-invariant, and ny-flip real eigenvectors plus ns-stable,ng-unstable and
ny-center pairs of complex eigenvectors. Without repeated complex eigenvalues of
|4:| = 1(i € N3 UN4UN3), an iterative response of y; ., = F(y,, p) is an ([n]",n]] :
(15, 18] : [n3; k3] : [na; K4]|ns < ne = n7) flow in the neighborhood of the fixed point
y;. With repeated complex eigenvalues of |1;] =1 (i € N3UNs UN5), an iterative
response of y, . =F(y,,p) is an ([0, nf] : 05, nd] : [n3; k3] : [na; K4l|ns = ne :
[n7,q;x7]) flow in the neighborhood of the fixed point y}, x5 € {F,mp} (f = 3,4).
q= (ql,Q2, < -7q,)T aHdK7 = (K71,KZ727 <. ‘,K7,)T with K7j S {@7m7j} (] = 1,2,' . -,r).
m7; = (m71,m72, T 7m7r)T~

I. Nondegenerate cases

(i) The fixed point y; is an an([n}',nS]: [n5,nS] : & : Dlns : ne : &)
hyperbolic point.
(i) The fixed point y; is an ([n]", Y] : (&, ] : & : Blns : & = &F)-sink .
(i) The fixed point y; is an ([, ] : 03,05 : & : S| : ne : &)-
source.
(iv) The fixed point y; is an ([J, ] : [, D] : & : S| : & : m/2)-
circular center.
(v) The fixed point y; is an ((&5.Q]:(20.0]: 0 QID: -
[m/2,q; &])-circular center.
(vi) The fixed point y; is an ([, T]: [T, D] T: BT : T
[m/2, q; my])-point.
(vii) The fixed point y; is an ([n]',n}] : [F, F] : & : Dns : & : ny)-point.
(viii) The fixed point y; is an ([, ] : [n’2“ ) : &« DI : ng : ny7)-point.
(ix) The fixed point y; is an ([n]", ‘1’] ([0, ng] - & : Bns : ne : n7)-point.
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I. Simple special cases

@
(i1)
(iif)
@iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(x1)
(xii)
(xiii)

(xiv)

The fixed point y; is an ([F, &) : [, D] : [m; B : DD - &+ D)-
invariant center (or static center).

The fixed point y; is an ([F, & : [&, D] : [m;m3] : DD - &+ &)-
point.

The fixed point y} is an (&, &) : [F, D] : & : m; DD - & : &)-
flip center.

The fixed point y; is an ([(&, &) : (D, D] : & : [nyma]| T - &+ &)-
point.

The fixed point y; is an ([&, ] : [T, D] : [n3;K3] : [nas k4] = | -
& )-point.

The fixed point y; is an ([&, D] : [T, D] : [1; S : [na; k4] : | -
& )-point.

The fixed point y; is an (@5, @] : [, @) : [nsis] : [1; 2]+ |2
& . )-point.

The fixed point y; is an ([J, ] : [T, S : [n3; k3] : (S T = | T -
& : n7)-point.

The fixed point y; is an ([F, ) : [, D] : [, T [T T | =
& : n7)-point.

The fixed point y; is an ([F, & : [F, D] : [n3; %3] : [ F; DD : & =
[n7,q; k7])-point.

The fixed point y; is an ([F, O] : [T, D] : [T D] : [na; k4] = | -
& : n7)-point.

The fixed point y; is an ([F, & : [F, D] : [T; D] : [na; k4] | D = & =
[n7,q; k7])-point..

The fixed point y; is an ([, ] [D, D] : [n3;K3] : [na; k4]
| : & : nq)-point.

The fixed point y; is an ([, ] : [T, ] : [n3; k3] = [na; k4] | D = & =

[n7, q; k7])-point.

IIl. Complex special cases

@@
(i)
(iii)
@iv)
)
(vi)

The fixed point y; is an ([n],nS] : [n5,nS] : [1; &) : [F; D]|ns : ne :
n7) point.

The fixed point y; is an ([n],nS] : [n5, 03] : [1; O] : [F; D]|ns : ne :
[n7,q; k7])-point.

The fixed point y; is an ([n],nS] : [n5,nS] : [(&F; &) : [1; D]|ns : ne :
n7) point.

The fixed point y; is an ([n],nS] : [n5,nS] : [&F; &) : [1; D]|ns : ne :
[n7,q; k7])-point.

The fixed point y; is an ([n",n{] : [0, nS] : [n3;Ks] @ [na; k4] @ |ns
ng : n7)- point.

The fixed point y; is an ([n],nd] : [05',nS] : [n3; k3] : [na; Ka]|ns < e
[n7, q; ®7])-point.
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Definition 2.19 For a memorized discrete system x 1 = f(Xg, X1, -+, X¢—5, P) ON
domain Q, € 2"+ Y with Ve = (X Xp—1; 3 Xp—y) and F = (£ %45+ -5 X 1-5)s
the equivalent discrete system is y,, ;| = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (.e., U(y;) C €,), and F(y;,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues 4; (i = 1,2, ---,m) with
m=n(s+1). Set N={1,2,---,m}, N;={ji,jo," ",y U with j, €N
p=12,---,n; j=1,2,3,4) and ijlnj =m. szle =N and N;NN, = &
(U#pD. Nj= if nj=0. N, =N;UN; («=1,2) and N} NN, = with
ny +ny = n, where superscripts “m” and “o” represent monotonic and oscillatory
evolutions. The matrix DF(yi, p) possesses n;-stable, ny-unstable, n3-invariant, and
na-flip real eigenvectors. An iterative response of y,  ; = F(y,,p) is an ([n}", nS] :
(5, n9] : [n3; k3] « [na; ka]| flow. k; € {F,m;} G =3,4).
I. Nondegenerate cases

(i) The fixed point y; is an ([n}",nS] : [0, n3] : & : | saddle.
(i) The fixed point yj is an ([a]",nS] : [, &) : & : J|-sink.
(ili) The fixed point y; is an ([F, ] : [n5, 1] : & : |-source.

II. Simple special cases

(i) The fixed point y; is an (]
center (or static center).

S
8
S

, I : [n; D) + J|-invariant

(ii) The fixed point y; is an ([F, ] : [, ] : [n;m] = |-point.

(iii) The fixed point y; is an ([, &) : [, T : & : [n; T]|-flip center.
(iv) The fixed point y; is an ([, & : [, D] : & : [n; m]|-point.

(v) The fixed point y{ is an (&5, &) : [, @] : [ns; k3] : [ma; ] -point.
(vi) The fixed point yj is an ([F, & : [F, D] : [1; ] : [na; k4]|-point.
(vii) The fixed point y; is an ([, ] : [T, F] : [n3; k3] : [1; &]|-point.

(viii) The fixed point y; is an ([F, & : [T, D] : [n3; k3] = [F; &]|-point.

(ix) The fixed point yj is an ([F, & : [F, D] : [F; D] : [n4; x4]|-point.

1. Complex special cases

(i) The fixed point y; is an ([n]",n] : (05", nS] : [1; ] : [&; &]|-point.
(i) The fixed point yj is an ([n]',nS] : [n5',n8] : [&; &) : [1; &]|-point.
(iii) The fixed point y; is an ([n}",nS] : [n5', n9] : [n3; k3] : [n4; K4]|-point.

Definition 2.20 For a memorized discrete system x| = £(x, Xg_1, -+, X¢_s, p) ON
domain Q, € 2"V with y, = (X3 Xp—1; -5 Xk—s) and F = (F;Xg5 5 X4 1-5),
the equivalent discrete system is y,_, ; = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (.e., U(y;) C €,), and F(y;,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
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neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y}, p) possesses 2m eigenvalues A;,(i = 1,2, - - -, 2m) with
2m=n(s+1). Set N={1,2,---,n}, N;={ji,j2, ,jn} U with j, €N
(p=1,2,---,nj=5,67 and X _sn; =n. U_sN; =N and N;N\N; = & (L # )).
N; = & if nj = 0. The matrix DF(y;,p) possesses ns-stable, ne-unstable and n;-
center pairs of complex eigenvectors. Without repeated complex eigenvalues of
|| = 1(k € N7), an iterative response of y, . | = F(y,,p) is an |ns : ng : ny) flow.
With repeated complex eigenvalues of |4 =1 (k € N7), an iterative response of
Vet = F(yip) is an |ns 5 : [n7,q5%7]) flow. 4 = (q1, ¢2,---.4,)" and k7 =
(K71, K72, ", K7r)T with K7 € {Q,m7j} (] = 1,2, cee0F). My = (m71,m72, sy

T
I’H7r) .
I. Nondegenerate cases

(i) The fixed point y; is an |ns : ng : &) spiral hyperbolic point.
(i) The fixed point yj is an |n : & : &) spiral sink.
(iii) The fixed point y; is an | : m : &) spiral source.
(iv) The fixed point y; is an | : & : m)-circular center.
(v) The fixed point y; is an |ns : & : ny)- p01nt
(vi) The fixed point y; is an | : ng : n7)-
(vii) The fixed point y; is an |ns : ng : ny)-

I. Special cases

(i) The fixed point y; is an | : & : [n, q; J])-circular center.
(i) The fixed point yj is an | : &F : [n, q; my7])-point.
(iii) The fixed point y; is an |ns : & : [n7, q; K7])-point.
(iv) The fixed point y; is an | : ne : [n7, q; K7])-point.
(v) The fixed point y; is an |ns : ng : [n7,q; k7])-point.

2.3 Bifurcation and Stability Switching

To understand the qualitative changes of dynamical behaviors of memorized dis-
crete systems with parameters in the neighborhood of fixed points, the bifurcation
theory for fixed points of memorized nonlinear dynamical system in Eq. (2.2) will
be investigated.

Definition 2.21 For a memorized discrete system x 4 1 = £(x, X¢—1, -, Xk—s, P) ON
domain Q, € 2"+ Y with Vi = (X Xp1; 3 Xpms) and F = (£xp; -+ 5 X1 12g)s
the equivalent discrete system is y, , | = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C €,), and F(y,,p) is C" (r > 1)-continuous in
U(y;). The linearized system of the memorized nonlinear discrete system in the
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neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues 4; (i = 1,2, - -, m) with
m :n(s+1)SetN: {1727alal+177(m+l)/2}ﬂlvj = {jlaj25"'ajﬂj} U@
withj, eN@p=1,2,---,n;;1,2,--- iy = 1,2,---,7), Z;‘:lnj :landZZ]?:Snj =
m—1 U]:INJ- =N with NyON, = J(r #j). Nj= it n;=0. N, =N]UN;,
(0 =1,2) and N;' NN, = & with n} +n = n, where superscripts “m” and “0”
represent monotonic and oscillatory evolutions. The matrix DF(y;, p) possesses 7, -
stable, np-unstable, ns-invariant, and ns-flip real eigenvectors plus ns-stable, ng-
unstable and ny-center pairs of complex eigenvectors. Without repeated complex
eigenvalues of | 4;| = 1(i € N3 UN4 UNy), aniterative response of y, ., = F(y,,p)is
an ([nf,n9] : [n5',nS] : [n3; k3] : [na; Ka]|ns : ne : n7) flow in the neighborhood of the
fixed point y;. With repeated complex eigenvalues of |4;] = 1 (i € N3 UN4 UN5), an
iterative response of y, . | = F(y,,p) is an ([n", 1] : [0, n] : [n3; k3] : [na; xa]|ns :
ne : [n7,q; k7)) flow in the neighborhood of the fixed point y;, xp € {J, mp}
(ﬂ = 3,4) q= ((/117 q2,: ,qr)T and K7 = (Kf717 K72, ", K7r)T with K7j S {@, m7j}
(j = 1,2, B ~,r). m; = (m71,m72,- - 7I’I’l7,«)T.

L. Simple switching and bifurcation

() An ([n],n9] : [n3,n8] : 1 : Hns : ne : &) state of the fixed point (yz,, Po)
is a switching of the ([n]"+1,n%]:[n,nS]: & : Dlns : ne : &) spiral
saddle and ([0, 9] : [0S+ 1,n8] : & + ns : ne : &) spiral saddle for the
fixed point (y;,p).

1) An ([n,n9]: [nD,n8] : & : 1|ns : ne : &) state of the fixed point (yj,, py)
is a switching of the ([n",n+1]:[ny,n5]: & : Jns:ne: &) spiral
saddle and ([n}",n9] : [0S, n + 1] : &+ J|ns : ne : &) spiral saddle for the
fixed point (y;,p).

(i) An (], nd]: (S, S :1: Dns : & : ) state of the fixed point (X}, Pg)
is a saddle-stable node bifurcation of the ([n'+1,n]: [, ] : T :
Ons : & : &) spiral sink and ([n]',nS] : [1, D] : & : Hns : & = &) spi-
ral saddle for the fixed point (y;, p).

(iv) An ([n,nf] : (&, D] : & : 1|ns : & : ) state of the fixed point (yj,, Po)
is a stable period-doubling bifurcation of the ([n]*,n{+1]: [, ] & :
DBns : & &) sink and ([, 0] : [T, 1] : & : DBns : &+ &) spiral
saddle for the fixed point (y;, p).

V) An ([, ] [n5,nS] : 1 : D|T : ne : ) state of the fixed point (yjq,, Po)
is a saddle-unstable node bifurcation of the ([, ] : [0S+ 1,n3]: & :
BN ne : &) spiral source and ([1, F]: [n5,nS] : & : DT : ne : &)
spiral saddle for the fixed point (y;,p).

(vi) An ([F, D] : [0S, n8] : & : 1| : ne : &) state of the fixed point (¥, py)
is an unstable period-doubling bifurcation of the ([F, ] : [n}',nS+1]:
& | & ne: &) spiral source and ([F,1]: [0, nS] : &+ D| T : ng
¥) spiral saddle for the fixed point (y;,p).



72

(vii)

(viii)

(ix)

x)

(xi)

(xii)

(xiii)

(xiv)

(xv)

2 Memorized Nonlinear Discrete Systems

An ([nP,nS] : [n5,nS] : & : Dns : ne : 1) state of the fixed point (y;,, Po)
is a switching of the ([n",nS]: [0S, n3]: &: Slns+1:ne: &) spiral
saddle and ([n™", 9] : [0S, nS] : & : Slns : ne+ 1 : ) spiral saddle for the
fixed point (y;,p).

An ([n?,n9] : (&, T : & : Bns + & : 1) state of the fixed point (y;q, Po)
is a stable Neimark bifurcation of the ([n],n}]: [, J]: & : Dns+1:
&+ ) spiral sink and ([n]",n}] : [F, B : & : Dns : 1 : ) spiral saddle
for the fixed point (yj,p).

An ([, ] : 05, nS] : & : BT : ne : 1) state of the fixed point (y;q,, Po)
is an unstable Neimark bifurcation of the ([, & : [0y, n5]: & : T :
ne+ 1 : &) spiral source and ([, I : [n5',nS] : & : D1 : ng : &) spiral
saddle for the fixed point (y},p).

An ([n],n%] : [n5,n8] : 1 : Jns : ng : ny) state of the fixed point (y;q, Po)
is a switching of the ([n]" +1,n9] : [nY,n3] : & : K|ns : ne : ny) state and
([n7,nd] : [0+ 1,n9] : & : Bns : ne : ny) state for the fixed point (y;, p).
An ([n],nS] : [n5,n8] : & : 1|ns : ng : ny) state of the fixed point (y;,, Po)
is a switching of the ([n",nS + 1] : [0S, n3] : & : H|ns : ne : n7) state and
([P, 03] : [n5,nS+1] : & : Hns : ne : n7) state for the fixed point (y;, p).
An ([n],nf) : [n],n5] : 1 : Hns : ne : [n7]) state of the fixed point (y;,, Po)
is a switching of the ([n'+ 1,nS]: [n5,n3]: & : Dns : ne : [n7, q;K7])
state and ([n],nd] : [0 +1,n3] : & : H|ns : ne : [n7,q;K7]) state for the
fixed point (y;,p).

An ([0, nS] : [0S, nS] : & : 1lns : ne : [n7,q; k1)) state of the fixed point
(Yi0,Po) is a switching of the ([n],n+1]: [0S, n3]: & : Blns :ne :
majs 1)) 1)) state and ([nf, ] : (2,8 + 1]+ s @l : mg [y, 7))
state for the fixed point (y;,p).

An ([n,n] : [n),n3] : & : Jns 1 ng : n;+ 1) state of the fixed point
(Y50, Po) is a switching of its ([n,n{] : [n5,nd] : & : BIns+1: ng : ny)
state and ([n)',n%] : (05, n8] : & : Dns : ng+1: ny) state for the fixed
point (y;, ).

An ([0, n9] : [n5,nS] : [n3; k3] : [na; Ka]|ns = ne = n7 + 1) state of the fixed
point (¥, Po) is a switching of the ([n]',nS] : [n5',nS] : [n3; k3] : [n4; K4
ns+1:ng:ny) state and ([n",nf] : [0, 03] : [n3; 53] : [na; Kallns :ne + 1 :
ny) state for the fixed point (yj,p).

I. Complex switching

®

(i)

An ([P, ng] : (03, n3] : [n3;K3) « ns = ne : n7) state of the fixed point
(Y0, Po) is a switching of the ([n]" +n3,nf] : [nY,n9] : & : Sns : ne : n7)
state and ([n7,n{] : [nY +n3,n5] : & : Sns : ne : ny) state for the fixed
point (y;,p).

An ([n],nf] : [0}, n9] : & : [na; ka]|ns : neg = n7) state of the fixed point
(Y0, Po) is a switching of the ([n]*,n{ +n4] : [n5, 18] : & : Bns : ne : n7)
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state and ([0, n9] : [0S, nd +na) : &+ Jns : ne : n7) state for the fixed
point (y;,p).

(i) An ([0, nf] : (03, n15] : [n3 + ks; i3] + ns : ne = ny) state of the fixed point
(Y50, Po) is a switching of the ([0 + k3, nS] : [n5', nS] : [n3; k3] : Dns < ne :
n7) state and ([n,n%] : [0S + ks, 03] : [n3; k3] : Jns : ne : ny) state for the
fixed point (y;,p).

iv) An ([n?,n}] : [n5,nS] : & : [na + ka; K4]|ns : ne : ny) state of the fixed point
(Y50, Po) is a switching of the ([n", n{ + k4] : [n5',nS] : & : [n4; K4]|ns < 1
n7) state and ([n",n3] : [0, nS + ka) : & : [na; x4 |ns : ng : ny) state for the
fixed point (y;,p).

(v) An ([nP,nS] : [n5,n8] : [n3 +ks; i3]+ [na + ka; K4]|ns < ne < n7) state of the
fixed point (y,,Po) is a switching of the ([n" +ks,n+ky]: 05, 03] :
[n3; 3] @ [na; K4]|ns @ ne = n7) state and ([n, 1] : 05 + k3, 1§ + ka] = [n35 53]
[n4; K4]|ns : ne = n7) state for the fixed point (yg, p).

(vi) An ([n7,n9] : [0, nS] : [n3+ks; k3] : B|ns < ne : [n7,q;k7]) state of the
fixed point (yj,, pg) is a switching of the ([n]* + k3, nS| : [n5',nS] : [n3;x3] :
| ns :ne : [n7,q;%7)) state and ([n]',nY] : 05 + k3, 18] : [n3; 3]+ Dns
ne : [n7,q; K7]) state for the fixed point (yj, p).

(vi)) An ([n],nf] : [0}, n5] : & : [na+ka; xa]|ns 2 ng = [n7,1;107]) state of the
fixed point (y;,,pg) is a switching of the ([n}",n{+k4]: [n5,n3]: & :
[n4; K4]|ns < 16 = [n7,q;%7]) state and ([n", nS] @ [0, nS + ka] © & : [na; K4]
|ns : ng : [n7,q; k7)) state for the fixed point (y;, p).

(viii) An ([n7,n9] : [0}, 0] : & : [na +ka; k4]|ns @ ne : [n7,q;K7]) state of the
fixed point (y;,, Po) is a switching of the ([n]",n{+ks]: [0S, 09| : & :
[n4; k4] |ns < ng = [n7,q; k7)) state and ([0, ng] : [0S, nS +ka) © & : [na; K4]
|ns : ng : [n7, q; k7)) state for the fixed point (y;, p).

(ix) An ([n],nS]: [n5,n8] : [n3 +ks; i3] 1 [na 4 ka; ka]|ns < ne = [n7,1;17]) state
of the fixed point (y,, po) is a switching of the ([n" + k3, n + k4] = [n5', n3]
[n3;K3] : [na; Ka]|ns : ne : [n7,q; 7)) state and ([0, nd] : [ + k3, nS + k4] :
[n3;13] © [na; Ka]|ns : ne : [n7,q; k7)) state for the fixed point (y;, p).

x) An ([P, nf] : [0, nS] : [n3; %3] © [na; Kal|ns < ne = [n7 + k7, q; k7)) state of
the fixed point (yj,,Po) is a switching of the ([n]',nS] : [0, n3] : [n3; k3] :
[na; K4]|ns + k7 < ng = [n7,q;%7]) state and ([n],ng] : n§ +ka] : [n3; %3]+ [na;
Ka)|ns : ne + k7 : [n7,q; 7)) state for the fixed point (y;, p).

Definition 2.22 For a memorized discrete system x 1 = £(x, X¢—1, - -, Xk—s, P) ON
domain Q, € 2", with y, = (Xi; X135 Xp—s) and F = (F;x45 5 Xp 1),

the equivalent discrete system is y, , | = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C €,), and F(y,,p) is C" (r > 1)-continuous in
U(y;). The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zi =y, —y; and [ =k, k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues /; (i = 1,2, -- -, m) with
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m=n(s+1). Set N={1,2,---,m}, N;={ji,jo," ", JnyUD with j, €N
P=1,2-,mj=1,234) and X nj=m UL N;=N and N,AN, = &
(U#). Nj= if nj=0. Ny =N]UN; («=1,2) and NI'NN;, = J with
ny +n; = n, where superscripts “m” and “o” represent monotonic and oscillatory
evolutions. The matrix DF(y,’;, p) possesses nj-stable, ny-unstable, nz-invariant, and
na-flip real eigenvectors. An iterative response of y, ., = F(y,, p) is an ([n!", nS] :
[0S, n9] : [n3; k3] « [na; ka]| flow. k; € {F,m;} G =3,4).

L. Simple critical cases

@ An ([nP,nf]:[ny,n9]:1: | state of the fixed point (yi,,py) is a
switching of the ([n*+ 1,n}]: [n5,nS]: & : | saddle and ([n],n]):
[P+ 1,n3] : & : | saddle for the fixed point (y;,p).

() An ([n7,n9]:[n5,nd]: & :1| state of the fixed point (y;y,p,) is a
switching of the ([n]",n)+1]:[n5,nS]: & : | saddle and ([n]",n)]:
15, nS+1] : & : | saddle for the fixed point (y;,p).

(i) An ([n7,n9]: [, T]: 1 : | state of the fixed point (¥}, py) is a saddle-
stable node bifurcation of the ([n'+ 1,n9]: [F, ] : & : | sink and
([ nd] : [1, ] : & : | saddle for the fixed point (y},p).

(iv) An ([a],nf] : [, F] : & : 1] state of the fixed point (y;,, po) is a stable
period-doubling bifurcation of the ([n]*,n? +1] : [F, &] : & : ] sink and
([n7,n9] : [, 1] : & : | saddle for the fixed point (y}, p).

v) An ([, ] : [n5,nS] : 1 : | state of the fixed point (¥}, Py) is a saddle-
unstable node bifurcation of the ([, @] : [n5' + 1,n8] : & : | source and
([1, ] = [n5,nS] : & = | saddle for the fixed point (y;,p).

(vi) An ([, ] : [n3,n9]: & : 1| state of the fixed point (yj,,Py) is an
unstable period-doubling bifurcation of the ([F, ] : [n5',nS+ 1] : & : |
source and ([F,1] : [0, n9] : & : | saddle for the fixed point (y;,p).

(vi)) An ([n",n9]: [, n3]:1: | state of the fixed point (y;y,py) is a
switching of the ([n]'+1,n%]: [n5,n8]: & : | saddle and ([, nS]:
5+ 1,n9] : & : | saddle for the fixed point (y,p).

(viii) An ([n],nf]: [0}, n5]: & : 1] state of the fixed point (yj5,py) is a
switching of the ([n]",n)+1]:[n5,nS]: & : | saddle and ([n]",n]]:
5, nS+1] : & : | saddle for the fixed point (yj,p).

II. Complex switching

(i) An ([a],nf] : [0}, n8)] : [n3; %3] + | state of the fixed point (yi,, po) is a
switching of the ([n"+n3,nS]: [n5,ns]: & : | saddle and ([n'",nS]:
[+ n3,n3] : & : | saddle for the fixed point (y;, p).

(i) An ([n],nf]: [n5,n8] : & : [ns; k4]| state of the fixed point (yi,, po) is a
switching of the ([n]',n{ +n4] : [n5,n3] : & : | saddle and ([n]',nS] : 05,
ng +mn4) : &+ | saddle for the fixed point (yg,p).
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(i) An ([n",nS] : [0, n3] : [n3 + k3; k3] © ] state of the fixed point (y§,, po) is a
switching of the ([ + ks, ng] : [0, n3] : [n3;x3) + | state and ([n™", nS] :
[ + k3, n3] : [n3; k3] : | state for the fixed point (y;, p).

(v) An ([n],nf] : [n5,n8] : & : [ns + ka; 14]| state of the fixed point (y,, py) is a
switching of the ([n]",n{ +ks] : [0}, n5] : & : [na; k4]| state and ([}, nS] :
5, nS +ka] : & : [na; k4| state for the fixed point (y;,p).

v) An ([n7,n9] : [n5,n3] : [n3 4 k3; k3] : [na + ka; ka]| state of the fixed point
(¥ro> Po) is a switching of the ([n]* 4 k3, n + ka] = [n5', 1S : [n3; k3] : [na; K4]|
state and ([n'",nS] : [0S + k3, nS + ka] = [n3; k3] : [na; x4 state for the fixed
point (y;,p)-

Definition 2.23 For a memorized discrete system x; 1 = (X, X¢—1, - -, Xk—s, P) ON
domain Q, € 2"+ Y with Ve = (X Xp—1; 3 Xp—y) and F = (£ %z5 -+ 5 X 125)s
the equivalent discrete system is y, , | = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C £,), and F(y,p) is C" (r > 1)-continuous in
U(y;). The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;}) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses 2m eigenvalues 4;(i = 1,2, - - -, 2m) with
2m=n(s+1). Set N={1,2,---,n}, Nj={ji,j2, . jn} U with j, €N
(p=1,2,---,nj=5,6,77and X_sn; = n. UL_sN; = N and N;(\N; = & (L # )).
N; = & if nj = 0. The matrix DF(y;,p) possesses ns-stable,ng-unstable and n;-
center pairs of complex eigenvectors. Without repeated complex eigenvalues of
|| = 1(k € N7), an iterative response of ¥, | = F(y,, p) is an |ns : ng : ny) flow.
With repeated complex eigenvalues of || = 1 (k € N7), an iterative response of

Vi1 =F(y,p) is an |ns : ng : [n7,q;%7]) flow. q = (g1, Q27"'761r)T and k; =
(K71, K72, -+ 1er,) T With gy € { G, my} G = 1,2, -+, r).my = (my1,mp, -+ ma,)".

L. Simple switching and bifurcation

(i) An|ns : ng : 1) state of the fixed point (yj,, py) is a switching of the |ns + 1 :
ne : ) spiral saddle and |ns : ng+ 1 : &) spiral saddle for the fixed point
(¥ p)-

(i) An |ns: & : 1) state of the fixed point (y;,, po) is a stable Neimark bifur-
cation of the |ns+ 1 : & : () spiral sink and |ns : 1 : &) spiral saddle for
the fixed point (y;, p).

(i) An |F:ne: 1) state of the fixed point (y;,,py) is an unstable Neimark
bifurcation of the |(J:n¢+1: ) spiral source and |1 :ng: F) spiral
saddle for the fixed point (y;, p).

(iv) An |ns : ne : n7+ 1) state of the fixed point (yj,,p) is a switching of the
|ns + 1 : ng : n7) state and |ns : ng + 1 : n7) state for the fixed point (yj, p).

(V) An |J :ne:n7+1) state of the fixed point (yj,, py) is a switching of the
|1 :ng : ny) state and |ns : ng+ 1 : ny) state for the fixed point (y;, p).

(vi) An |ns: & :n;+1) state of the fixed point (y;,py) is a switching of the
|ns+1: & : ny) state and |ns : 1 : ny) state for the fixed point (y;, p).
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II. Complex switching

(i) An|ns : ne : [n7,q;K7]) state of the fixed point (y},, py) is a switching of the
|ns +n7 : ne : &) spiral saddle and |ns : ng +n7 : ) spiral saddle for the
fixed point (y;,p).

(i) An |ns : ng : [n7+ k7, q; K7]) state of the fixed point (y},, py) is a switching
of the |ns+ k7 : ng : [n7,q; 7)) state and |ns : ng + k7 : [n7,q; k7)) state for
the fixed point (y;, p).

(iii) An |ns:ng: [n7+ks — ke, q,; k7)) state of the fixed point (yi,,Po) is a
switching of the |ns+ks : ng : [n7,qy;K7]) state and |ns : ng + ke : [17,q3;
K7]) state for the fixed point (yj, p).

2.3.1 Stability and Switching

To extend the idea of Definitions 2.11 and 2.12, a new function will be defined to
determine the stability and the stability state switching.

Definition 2.24 For a memorized discrete system x| = £(x, X¢_1, -, X¢—s, p) ON
domain Q, € 2"+ Y with Ve = (X3 X135 Xees) and F = (£ x4+ 5 X4 15)s
the equivalent discrete system is y; , ; = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (.e., U(y;) C €,), and F(y;,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (z; =y, —y; and [ =k, k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues /; (i = 1,2, -- -, m) with
m = n(s+ 1), and there are m linearly independent vectors v; (i = 1,2, ---,m). Fora

perturbation of fixed point z; = y; — yj, let z,ii) = c,@vi and szll = c,(f)+ 1Vi. Define

s,(:) =vi =V (Y —¥;) (2.52)

where s,@ = c,({i)||vl-||2. Define the following functions

Gi(yup) = v, - [F(y,,p) — ¥i (2.53)

and

1 i i i
Gl (vip) = v} - DF(vils,).p) = v/ - Dy F(yi(sy), )00 yid

(2.54)
i -2
=1 - Dy F(y(st), p)vil[vil|

G (i) = V! - DR (vi(s).p) =] - D (DY VF(yi(sy”),p) (255
k ,

(i)
Sk

where Do () = 9() /0s\) and DU (-) = Dy (D" V).

Sk Sk
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Definition 2.25 For a memorized discrete system x 1 = f(Xg, X1, -+, X¢—5, P) ON
domain Q, € 2"+ Y with Ve = (X Xp—1; 3 Xp—y) and F = (£ %45+ -5 X 1-5)s
the equivalent discrete system is y,, ;| = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (.e., U(y;) C €,), and F(y;,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues 4; (i = 1,2, - - -, m) with
m = n(s+ 1), and there are m linearly independent vectors v; ( = 1,2, ---,m). Fora

perturbation of fixed point z; = y; — yj, let z,(:) = c,(f)vi and zy)ﬂ = c,(f)+ 1Vi-

(1) ¥i4;0 € Z) at fixed point y; on the direction v; is stable if

Vi e = ¥OI<IVi - (3 = )] (2.56)
fory, € «(y;) C Q,. The fixed point yj is called the sink (or stable node) on
the direction v;.

(i) yi4;( € Z) at fixed point y; on the direction v; is unstable if

Vi - e =¥0l > i (v = v0)l (2.57)
fory, € U(y;) C Q,. The fixed point y; is called the source (or unstable node)

on the direction v;.

(ili) xx4;(j € Z) at fixed point y; on the direction v; is invariant if

Vi =YD =v - (e —y;) (2.58)

for y, € U(y;) C Q,. The fixed point y} is called to be degenerate on the
direction v;.

(iv) ¥i4;( € Z) at fixed point y; on the direction v; is symmetrically flipped if

Vi e —y0) =i - (%~ ¥) (2.59)

for y, € U(y;) C Q,. The equilibrium yj is called to be degenerate on the
direction v;.

The stability of fixed points for a specific eigenvector is presented in Fig. 2.4.
The solid curve is v} -y, .1 = v} - F(y, p). The circular symbol is fixed point. The
shaded regions are stable. The horizontal solid line is for a degenerate case. The
vertical solid line is for a line with infinite slope. The monotonically stable node
(sink) is presented in Fig. 2.4a. The dashed and dotted lines are for v -y, =
v -y and V] -z = —v] -z, respectively. From the fixed point, let
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() (b)

T
Vx 'yk+l

T
Vi Yk

Fig. 2.4 Stability of fixed points: a monotonically stable node (sink), b monotonically unstable
node (source); ¢ oscillatory stable node (sink) and d oscillatory unstable node (sink); e oscillatory
stable node (sink) and f oscillatory unstable node (sink). Shaded areas are stable zones.
(Z =y, —y; and Ze 1 =¥y — Vi)
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Zr =Y, —Y; and z; | =Yy, —Y;. The iterative responses approach the fixed
point. However, the monotonically unstable (source) is presented in Fig. 2.4b. The
iterative responses go away from the fixed point. Similarly, the oscillatory stable
node (sink) after iteration with a flip v - zz = —v[ -z, is presented in Fig. 2.4c.
The dashed and dotted lines are for v - z; 1 = —v} -zx and V] -y, = V] -y, 1,
respectively. In a similar fashion, the oscillatory unstable node (source) is presented
in Fig. 2.4d. This illustration can be easily observed for the stability of fixed points.
In Fig. 2.4e, f, the oscillatory stable and unstable nodes are presented as usual
through the two-time iterations.

Theorem 2.5 For a memorized discrete system Xy 1 = £(Xg, Xk—1, "+, Xp—s, P) OR
domain Q, € #"+ Y, with Ve = (Xi;Xp—1; 3 Xe—s) and F = (£ %45+ 5 X 1-5),
the equivalent discrete system is y, | = F(yi, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C &), and F(y,,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y}) of ¥i is zx+1 = DF(y;,p)zx (z =y, — y; and | = k,k+ 1) in
Eq. (2.19). The matrix DF(y;,p) possesses m eigenvalues A; (i = 1,2, -, m) with
m =n(s+ 1), and there are m linearly independent vectors v; (i=1,2,--- m).

For a perturbation of fixed point z; =y, —y;, let Z,(Ci) = c,(f)vi and Zy)ﬂ = C/(<i>+ LVi.

() Yi4;U € Z) at fixed point y; on the direction v; is stable if and only if

Gil(vip) = ke (—1,1) (2.60)

S

fory, € U(y;) C Q.
(i) Y, € Z) at fixed point y; on the direction v; is unstable if and only if

G')(v;,p) = 4 € (1,00) and (00, —1) (2.61)

s

(iii) ¥y ,;( € Z) at fixed point y; on the direction V; is invariant if and only if

G (yip) =4 =1and G (yi,p) =0 m; =2,3,--- (2.62)

0

fory, € U(y;) C Q,.
(iv) xx4( € Z) at fixed point X; on the direction v; is symmetrically flipped if
and only if

G (yip) = 4= —1and G (yi,p) = 0m; = 2,3, -- (2.63)

Sk Sk

fory, € U(y;) C Q.
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Proof Consider the increment on the eigenvector v; as

(@)

Skl+1:ViT'(Yk+1*yZ):V,T~y,’§+G() (@) T o

(v )y +o(s)) — v - yi

R

1 * i i
=Gy p)st +olsy)
k

(

Due to any selection of ski) and s\

iy 1 s an infinitesimal, we have

i 1), « i
Slgirl ZG([))(yk,p)S,g),

(
Sk

1 * * -2
G (vi,p) = v - Dy F(yi, p)vil|vill

Sk

= V;T . j.iV,'HV,'||72 = /Ii.
(1) From definition in Eq. (2.56), we have

VT e = YD1V e — vl = I <[5

which gives

1 * i i
G (v p)s <5

()
Sk

Thus,

({))(y}:’p) = j'i S (_la 1)

(
Sk

1 *
G (y;,p)|<1=G

s
Therefore, y; , (j € Z) at fixed point y; on the direction v; is stable, vice versa.

(i) From definition in Eq. (2.57),

VT (ey = YOI > VT (v = vl = Ist 1| > s

which requires

1 % i i
G (vi,p)st| > 15t

Sk

Thus,

) (yi,p) = A € (—00, —1)and (1,00).

k

G (v, p)| > 1= G

1
i
S s

Therefore, y; | j(j € Z) at fixed point y; on the direction v; is unstable, vice versa.
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(iii)) Because

s =V (Ve —¥))
* 1 * i 00 1 m; *
:ﬁﬂn+0$wbméﬁ%§;p,<0<Rn¢x<h —vi v
=G\

Sk

Y P) Yk + Zmi 2m' yk,p)( ())m

From definition in Eq. (2.58)

VzT (Ves1—Yp) = ViT (Vi —¥i) = sl(zrl = Sl(cl)

Due to any selection of s,@ and s,(jl_l as an infinitesimal, we have

Gi;.?(yz,p) =)= landGi;")(y,t,p) =0 form; =2,3,---.

Therefore, y, . ;(j € Z) at fixed point y; on the direction v; is invariant, vice versa.
(iv) From definition in Eq. (2.59)
A T e A L (R

Due to any selection of s,f) and s,(f)ﬂ as an infinitesimal, we have

G\ (yi,p) = 4 = —1and G, )(yz,p)zoformi:2,3,~-

i)
Yk

Therefore, y; . ;(j € Z) at fixed point y; on the direction v; is flipped, vice versa.

The theorem is proved. |
Definition 2.26 For a memorized discrete system Xz 1 = £(Xx, X¢—1, -, X4y, P)
on domain Q, € FA?”(”I), with y, = (Xi;Xe—1; - ;Xk—s) and F = (£;x45--;

Xi+1-s), the equivalent discrete system is y,,; = F(y,,p). Suppose there is a
neighborhood of the fixed point y; (i.e., U(y;) C ,), and F(y,,p) is C" (r> 1)-
continuous in U(yj). The linearized system of the memorized nonlinear discrete
system in the neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (z1 =y, —y; and
=k k+1) in Eq. (2.19). The matrix DF(y;,p) possesses m eigenvalues /;
(i=1,2,---,m) with m = n(s + 1), and there are m linearly independent vectors v;
(i=1,2,---,m). For a perturbation of fixed point z; =y, — y;, let z,ii) = c,(f)vi and

o _ O
Z = Gy rVie
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() ¥4, € Z) at fixed point y; on the direction v; is monotonically stable of the
(2m; 4 1)th-order if

GA(-Z‘))(y:?p) :Oforri = 2737"'72mi7
k

G(Zm,- +1) (y;;? p) # 07

(i)
sk'

|V5T (Vi1 — YOI <|V,'T (e =yl

(2.64)

for y, € U(y;) C Q,. The fixed point y; is called the monotonic sink (or stable
node) of the (2m; + 1)th-order on the direction v;.

(i1) ¥i4;( € Z) at fixed point y; on the direction v; is monotonically unstable of
the (2m; + 1)th-order if

1), o« ,

Gi(i))(kap) =A=1,
k

G((r:l))(YIt>p) = Oforri = 2a 3a e 72mi;
Sk
2m; *

Gi(i) +1)<yk7p) 7& 0;
k

Vi e =YL > IV (9= vl

(2.65)

for y, € U(y;) C Q,. The fixed point y; is called the monotonic source (or un-
stable node) of the (2m; + 1)th-order on the direction v;.

(iil) yi4 ;0 € Z) at fixed point y; on the direction v; is monotonically unstable of
the (2m;)th-order, lower saddle if

1 % q
GE([’)) (ykap) =4 = 1a
S

G\ (v, p) = Oforr = 2,3, 2m; — 1;
Yk

G (v p) #0, (2.66)
Yk

)

VT (et — ¥ <IVE - (v — yp)| for sy’ >0

vi - (Yes1 — Yo > Vi (v — yZ)|f0rs](j) <0

for y, € U(y;) C ,. The fixed point y; is called the monotonic, lower saddle of
the (2m;)th-order on the direction v;.
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(iv) ¥i4;( € Z) at fixed point y; on the direction v; is monotonically unstable of
the (2m;)th-order, upper saddle if

1

G(xJ)(yZap) = /11' = 1;

(
Sk

G"(y;,p) = Ofor r; = 2,3, -+, 2m; — 1;

st
G (yip) # 0, (2.67)
Sk
vi - (Yes1 — Y0 > Vi - (v — yZ)|f0rs]<j) >0
VT (v —YOI<IVT- (v — y0)| forst” <0
for y, € U(y;) C ,. The fixed point y; is called the monotonic, upper saddle of
the (2m;)th-order on the direction v;.

(V) ¥x4,;( €Z) at fixed point y; on the direction v; is oscillatory stable of the
(2m; + 1)th-order if

k
r;)

Sy, p) =0forr; =2,3,--- 2my;
sk (2.68)

2m; + 1 *
Gi(i) i )(Ykap) #0,
Yk
V- (Ve = YOI<IV] - (v = v7)l

for y, € U(y;) C Q5. The fixed point y; is called the oscillatory sink (or stable
node) of the (2m; + 1)th-order on the direction v;.

(Vi) ¥i4;( € Z) at fixed point y; on the direction v; is oscillatory unstable of the
(2m; + 1)th-order if

(2.69)

Vi e =¥ > v (3= %)

fory, € U(y;) C ,. The fixed point y; is called the oscillatory source (or unstable
node) of the (2m; + 1)th-order on the direction v;.
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(vii) yi4 ;0 € Z) at fixed point y; on the direction v; is oscillatory unstable of the
(2m;)th-order, lower saddle if

Gi(r))(yzvp) = )vi = _17
k

G((l>(yk7p)_0forr,—2 3, 2m; — 1;

s

k
G (vip) £ 0, (2:10)

VT (Yest —¥i)l > VT - (v — yp)| forsy) > 0,
| T

Ve — ¥ <IVE - (v — yp)l forsy <0

fory, € U(y;) C . The fixed point yj is called the oscillatory lower saddle of the
(2m;)th-order on the direction v;.

(viii) y;.;(j € Z) at fixed point y; on the direction v; is oscillatory unstable of the
(2m;)th-order, upper saddle if

1 *
Gi(i))(y]wp) = )“i = _17
“k

G(Zrl)>(y27p) = Oforri :2737"'a2mi _ 1’

G(zml)(ykap) # 0, (2.71)
VT (Yot — YOI <V - (v, — ¥ fors) > 0,
VT Wt = Y01 > 19T+ (v = ¥l fors) <0

for y, € U(y;) C Q,. The fixed point y; is called the oscillatory, upper saddle of
the (2m;)th-order on the direction v;.

The monotonic stability of fixed points with higher order singularity for a
speciﬁc eigenvector is presented in Fig. 2.5. The solid curve is
Y1 = VI - F(y;, p). The circular symbol is fixed pointed. The shaded regions

are stable. The horizontal solid line is also for the degenerate case. The vertical solid
line is for a line with infinite slope. The monotonically stable node (sink) of the
(2m; + 1)th order is sketched in Fig. 2.5a. The dashed and dotted lines are for
VI ye=V] -y iand V] -z = —V] - 7, respectively. The nonlinear curve lies
in the stable zone, and the iterative responses approach the fixed point. However,
the monotonically unstable node source of the (2m;+ 1)th order is presented in
Fig. 2.5b. The nonlinear curve lies in the unstable zone, and the iterative responses
go away from the fixed point. The monotonically lower saddle of the (2m;)th order
is presented in Fig. 2.5c. The nonlinear curve is tangential to the line of v} -y, =
v} +¥i,1 with the (2m;)th order, and the one branch is in the stable zone and
another branch is in the unstable zone. Similarly, the monotonically upper saddle of
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(a) (b)
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Fig. 2.5 Monotonic stability of fixed points with higher order singularity: a monotonically stable
node (sink) of (2m; + 1)th-order, b monotonically unstable node (source) of (2m; + 1)th-order,
¢ monotonically lower saddle of (2m;)th-order and d monotonically upper saddle of (2m;)th-order.
Shaded areas are stable zones. (zy =y, —y; and Zx | =y, 1 — ¥;)

the (2m;)th order is presented in Fig. 2.5d. The oscillatory stability of fixed points
with higher order singularity for a specific eigenvector after iteration with a flip

vl.T Iy = —V;r - Zx +1 is presented in Fig. 2.6. The oscillatory stable node (sink) of
the (2m; + 1)th order is sketched in Fig. 2.6a. The dashed and dotted lines are for
v -z 1 =—v] -z and v] -y, = v] -y |, respectively. The nonlinear curve lies

in the stable zone, and the iterative responses approach the fixed point. However,
the oscillatory unstable node (source) of the (2m;+ 1)th order is presented in
Fig. 2.6b. The nonlinear curve lies in the unstable zone, and the iterative responses
go away from the fixed point. The oscillatory lower saddle of the (2m;)th order is
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(a) (b)
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A . \ .
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Fig. 2.6 Oscillatory stability of fixed points with higher order singularity after iteration with a flip
v,.T Sz = fv[T -7+ 1: a oscillatory stable node (sink) of (2m; + 1)th-order, b oscillatory unstable

node (source) of (2m; + 1)th-order, ¢ oscillatory lower saddle of (2m;)th-order and d oscillatory
upper saddle of (2m;)th-order. Shaded areas are stable zones. (zx =y, —y; and

— *
Zip 1 = Yes1 — Vi)

presented in Fig. 2.6c. The nonlinear curve is tangential to and below the line of
vl.T Ly = fvl.T - Z with the (2m;)th order, and the one branch is in the stable zone
and another branch is in the unstable zone. Finally, the oscillatory upper saddle of
the (2m;)th order is presented in Fig. 2.6d. For clear illustrations, oscillatory sta-
bility of fixed points with higher order singularity for the two-time iterations are

presented in Fig. 2.7.

Theorem 2.6 For a memorized discrete system Xy 1 = f(Xg, Xs—1,+ , Xp—_s, P) OR
domain Q, € %n(s+l), with Y. = (Xk; X153 ;kas) and F = (f, ). (A ;Xk+1fs),
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Fig. 2.7 Oscillatory stability of fixed points with higher order singularity for the two-time
iterations: a oscillatory stable node (sink) of (2m;+ 1)th-order, b oscillatory unstable node
(source) of (2m; + 1)th-order, ¢ oscillatory lower saddle of (2m;)th-order and d oscillatory upper
saddle of (2m;)th-order. Shaded areas are stable zones. (zx =y; — y; and Zx 1 = Y 1— Y5)

the equivalent discrete system is y, .| = F(yi, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C ), and F(y,,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y}) of yi is tx+1 = DF(y;,p)zx (z =y, — yi and | =k, k+ 1) in
Eq. (2.19). The matrix DF(y}, p) possesses m-eigenvalues A; (i = 1,2, - -, m) with
m = n(s+ 1), and there are m linearly independent vectors vi(i = 1,2, - - - ,m). For
a perturbation of fixed point zy =y, — y;, let z,((i) = c,(f)vi and z,((izrl = c,(fzr | Vi

() Yii,;U € Z) at fixed point y; on the direction v; is monotonically stable of

the (2m; + 1)th-order if and only if
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>(yk,p) —Oforr; =2,3,---,2m,, (2.72)

fory, € U(y;) C Q,.
() Yi4 ;U € Z) at fixed point y; on the direction V; is monotonically unstable of
the (2m; + 1)th-order if and only if

G\ vip) =i =1,

A
G(; J(y:,p) = Oforr; =2,3,--,2m,, (2.73)
G£§>ml+l>(3’kap) >0

fory, € U(yp) C Q..
(i) yx4 ;G € Z) at fixed point y; on the direction v; is monotonically unstable of
the (2m;)th-order, lower saddle if and only if

G yp) =2 =1,

(
Sk
G (vi,p) = Oforr; = 2,3, 2m; — 1,
k

; (2.74)
G((Zl m(y;; p) <0 stable for s,(cl) > 0;

Sk

G(M) (Y%, P) <Ounstable for sk <0

for x, € U(x}) C Q,.
(iv) Yi4 ;U € Z) at fixed point y; on the direction v; is monotonically unstable of
the (2m;)th-order if and only if

G i) =4 =1,
GEQ’>(y,t,p) = 0forr; =2,3, -, 2m; — 1,
k
GE(Z ’)(y,’;,p) > O unstable fors,(f) > 0; 273)
k

Gi(z "’)(yk,p) > 0 stable for: 9k ) <0

k

fory, € U(y;) C Q.
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(V) Yiy;U € Z) at fixed point y; on the direction V; is oscillatory stable of the
(2m; + 1)th-order if and only if

1 *
GE(:))(y]wp) = )"i = 717
k
G\ (vi,p) = Oforr; = 2,3, 2m;, (2.76)
(

k
2m; + 1
G (i) - )(ykv p) 0
k
Jory, € Uyp) C Q.
(Vi) ¥i4;( € Z) at fixed point y; on the direction v; is oscillatory unstable of the
(2m; + 1)th-order if and only if

1 *

Gi(i)) (¥i,p) =4 =—1,
k
k

2m; + 1 %
GE(:‘) - >(yka p) < O
*k

fory, € U(y;) C Q,.
(vii) ¥ ;( € Z) at fixed point y; on the direction v; is oscillatory unstable of the
(2m;)th-order, upper saddle if and only if

1 *
Gi(i?(ykap) = j'i = _17
k

G((rz,)>(ylt7p) =0forr; = 2737 ce. 72]/)11- -1,
2 (2.78)
G( m')(yk,p) > (O stable fors,i) > 0;

k

G(zm’) (¥:,p) > Ounstable for s,g) <0

k

fory, € U(y;) C Q,.
(viil) ¥y ;G € Z) at fixed point y; on the direction V; is oscillatory unstable of the
(2m;)th-order lower saddle if and only if

Gi;?(yzvp) = /li = _17

G((;))(yz?p) = Ofor ri = 2737 e 72mi _ 17
2 (2.79)
G( "1)(yk7p) <Ostableforsk> <0;

Sk

G(zm)(yk7 p) <Ounstable for s’ > 0

Sk
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Proof Because

SIE)H*V “(Yes1 —¥0)

(1 2m; +1 1 ri "
=V Yk+G l>(YkaP )5y + Z G( )( 1 P)(s U)

ri!
Vi el
1 * 1 2m; 1 r; * Fi
= Gio?()’k,l’)si) + Zr;*Zﬁ (m)( k,P)(Sk))
k
! @mi+1) ox 3 (D) 2mi 4 1 (i)y2m; 41
+ Qi 1150 (Vi P)(5) +o((s") )
and
st/ = (v = v0)
(i) From the first two equations of Eq. (2.72), for the infinitesimal s,@, one

obtains

i Dox 1 2mi+1) s D\2m (i
r = 6000+ oy G e )

Since
Vi e = YOI<IV] - (e — ¥,
we have
i * 1 2m; miy (i
s 1] = ’[Gf_(li))(ykap)"_ WG( Diyep) )™y
k 1 .
1 % 2m; + 1 * 2m;
= 6 v p) + = G ) )" |
Sk (2m,—|— 1)'
<|s¥).

For Gf(l)) (¥i,p) = 1, we have
Yk

1

1+ -
1+ (2m; + 1)!

GW*%mmUWﬂ<L
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Since the infinitesimal s,(f) is arbitrarily selected, the foregoing equation
gives

2m; + 1 *
Gi(f) i )(ykvp) <0.
“k

Therefore, x4 ;(j € Z) at fixed point x; on the direction v; is monotonically
stable of the (2m; + 1)th-order, vice versa.
(i) Similarly, since

Vi e = YOI<IV] - (v — ¥,
we have

1 2m; + 1 2m;
1+ WG( '(yi,p)(s <)) > 1.

For the arbitrarily infinitesimal s,@, the foregoing equation requires

2m; +1 %
Gi(i) " )(ykvp) > 0.

k
Therefore, y, . ;(j € Z) at fixed point y; on the direction v; is monotonically
unstable of the (2m; + 1)th-order, vice versa.

(iii) The Taylor expansion of s,(ci)+1 keeps up to the (2m;)th term of s,(ci)

Sl(<l>+1 = V'T (Ves1 — YZ)

2m;
=V -y +Gl, l> i p)se + > yk,p)( Oy

T 2r|
-v yﬁo((s?)z'"')
(1 2m;—
Glf (¥i,p)sy +Z 7 e ) (s

(
&) (v, ) (s >2m‘+o<<s£">>2'"'>.

1
LG
T 2m)

From the first two equations of Eq. (2.74), for the infinitesimal s,@, one

obtains

@ _ O
Sir1 =8 t

1 m; m;
(Zm)lG(ZT)( k?p)( ())2 .
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(iv)

)

2 Memorized Nonlinear Discrete Systems

Thus

i 1 2m) D\2mi—17 (i
= 1+ e G )
1) k

5.

2m; * i)\2m;—1
— |1+ G 6 w0
j

For G(ﬁ@(yz, p) <O, if s,(f> > 0, we have
Sk

s <5 = V- (et — YOI <IVF - (v — ¥))], and

if s,@ <0, we have

s > 18 = VT (s — i)l > IV (= vl

Thus, x;1;(j € Z) at fixed point y; on the direction v; is monotonically
unstable of the (2m;)th-order, lower saddle, vice versa.

Similar to (iii), for G(i:"")(y,ﬁ,p) >0, if s,(f) > 0, we have
Sk

s 11> 15 = VT (e =¥ > VT - (v = vo)ls
if s,@ <0, we have
s I <lIs ] = VT Wes s — vl <V - (e — v,

Thus, y,,;(j € Z) at fixed point y; on the direction v; is monotonically
unstable of the (2m;)th-order, upper saddle, vice versa.
Similar to case (i), consider

Vi e = YOI<IV - (e =¥,

For Gi(l)) (¥5,p) = —1, we have
Yk

1 @2mi+1) /% (i)\2m;
-1+ ——=G"" <.
| + (2m; +1)! 5 (Yo p)(sp )™

Since the infinitesimal s,(f) is arbitrarily selected, the foregoing equation

gives

2m; + 1 *
Gi(n " )(Yk7p) > 0.

“k
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(vi)

(vii)

Therefore, y, ., ;(j € Z) at fixed point y; on the direction v; is oscillatory
stable of the (2m; + 1)th-order, vice versa.
Similar to case (ii), consider

Vi (e = YOI > IV - (e — vl

For G}/ (¥5,p) = —1, we have

()
S

1 (2m; +1) (i)\2m;
S I R > 1.
=14 e O G

Since the infinitesimal s,(:) is arbitrarily selected, the foregoing equation
gives

2mi+1) /%
G (yi,p) <0
Yk

Therefore, y, ., ;(j € Z) at fixed point y; on the direction v; is oscillatory
unstable of the (2m; + 1)th-order, vice versa.
Similar to (iii), from the first two equations of Eq. (2.78), for the

infinitesimal s,@, one obtains

i i 1 2m; * i)\2m;
sl(czrl = —Si) + (2mi)! Giii) )(yk7p)(sl(<>)

Thus

i 1 2m; * 1)\2m;— i
|$m=h4+ G (e, p) sy s

2m) 7 s?
1 2m;) % i)\2m;— i
:Puqszb%%m@wZ‘bw-

For G2 (yi,p) > 0, if 5" > 0, we have

Sk
s <[5 = VT (et — YOI< VT - (v — ¥7)], and
if s,((i> <0, we have

s> 15 = VT ey — YOI > VT (v — ¥))l.
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Thus, y, , (j € Z) at fixed point y; on the direction v; is oscillatory unstable
of the (2m;)th-order, upper saddle, vice versa.

2mi * . i
(m )(Yk’P) <0, if Sl(<>

(viii) Similar to (vii), for G > 0, we have

Sk
sl > 151 = VT i =¥l > ¥ - e =yl

if s,((i> > 0, we have

s <Is | = VT e — ¥OI<IVE - (v — vo)l-

Thus, y,,;(j € Z) at fixed point y; on the direction v; is monotonically
unstable of the (2m;)th-order, lower saddle, vice versa. This theorem is

proved. |
Definition 2.27 For a memorized discrete system x 1 = £(x, X¢—1, -, Xk—s, p) OD
domain Q, € 2"V, with y;, = (X¢;Xe—13 1 Xey), and F = (£ %5+ 5 Xe 1),

the equivalent discrete systemis y, , ; = F(y;, p). Suppose there is a neighborhood of
the fixed point y; (i.e., U(y;) C ,), and F(y,, p) is C" (r > 1)-continuous in U(y}).
The linearized system of the memorized nonlinear discrete system in the neighbor-
hood U(y};) of y; iszx+1 = DF(y;,p)zx (z =y, — y; and [l = k, k+ 1) in Eq. (2.19).
Consider, a pair of complex -eigenvalues o; £if; from m eigenvalues
4G =1,2,---,m)withm = n(s + 1) of matrix DF(y;, p) with a pair of eigenvectors

u; + iv;. On the invariant plane of (u;, v;), consider r,@ = zlii) = z,iil + z,(fz with

I']((i) = c,@u,- + d,ii)vi,

i i i (2.80)
il =l wd v
and
C(i>—l[A(T- _A T,
b=y Be(uy - ze) — An(v; -z,
; 1
d = A ALV - ) — A (u] - z)); (2.81)
Ar = [|wl?, Ay = [[Vil[*, Ao = wf - v
A=AA — AL,
Consider a polar coordinate of (ry, 6;) defined by
c,Ei) = ,ii) cos 0,@, and d,@ = ,((D sin 9,@;
(2.82)

r =€)+ (dP)?, and 6" = arctan (d” /).
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Thus
o) = K[AzG 0 (Yo P) — A12G o0 (Yi, P)]
o ‘ (2.83)
di"., = 5 [M1G o (v p) = MG (v P)
where
% o8] 1 m; i i)\m;
G (yi:p) = w7 - [F(y,,p) = yk]sz_:lﬁGEUJ)(@,ﬁ))(nﬁ)) ;
’ Lo (2.84)
Gyo(ve:p) = v} - [F(y.p) — i) =Zmi:lm—ilcfggke,?’)(r,ﬁ”)’"z
G<m‘ (9< )=u] 8’"’ F(y,,p)[u; cos H(i)+v-sin9(i)]'""
kap i k i k (v: p),
r 2.85
G(mi) g(i) _ .8(mi)F . 0(5) o g(i) m; ( )
o (07) = v; - 0y F(yi, p)[ui cos 0" + v sin 0] .
dl( (ykvp)
Thus
i i) ml m; i
A=V @ = [ el o)
(i — o8] i i— m; i 2.86
= /e \/H_(Grf)l) S 28

01&11 = arctan( k+1/ k+1)

where

6% o) =7 3] { 006t o))+ 606 o)

Tk Skt diy e
(2.87)
and
a0 =3 [AzG (00 - Al (0],
k+1 N
" ' ! mi i
G‘(’“)) (0') = A [A‘G( 0 (0)") - AlzGE.m)(@;(c))L (2.88)
k+1 L
CZI, _ mi!



96 2 Memorized Nonlinear Discrete Systems

From the foregoing definition, consider the first-order terms of G-function

1 1
G (31p) = G (v p) + Gl (v ),
(f) (i) (2.89)
Gd](f) (yka p) = G )Ex 1(Yka p) + Gd(z (Yk7 p)
where
Gifﬂl(yk, p) = “iT 'Dku(ykap)acl((f)yk = uiT 'Dku(ykv p)u;
L
= - (—fvit o) = oA — BiA, (2.90)
Giifz(yk, p) = “iT D kF(yk7p)8dIEi)Yk = lliT - Dy, Dy, F(y, p)vi
k
= v - (B +0v;) = oA + By
and
Gf},-))l(yk, p) =V, - DyF(y,, P)O 0¥ = v) - Dy F(y., p)u;
k
=V (=it o) = =My + A, (2.91)
Gf,(?)z(y,p) =V; 'Dku(yk7p)ad£f)Yk = ViT - Dy F(y;, p)Vi
=V; D (B4 0vi) = aihy + BiApo.
Substitution of Egs. (2.89)—(2.91) into Eq. (2.85) gives
1) ni 1 i 1 NG
G1(0))) = Gl (viop) cos 0 +G 1] (v, p) sin 6}
= (A1 — B;Ar2) cos 0<i) + (A2 + B;Ay) sin 0](:)7 (2.92)
1 i 1 . i ’
G (0)) = G (veop) cos O + G (e, p) sin 0]
= (_BiAZ + O(iAlz) coS 0]((1) + (OCiAQ + ﬁiAIZ) sin 0]9
From Eq. (2.85), we have
1 i 1 1) (i) 1)
Gl (0) = 114G (0))) — A2G ) (6]
k+1 k k
= 0;COS 0<i) + B, sin 0(!’)7
fisinty (2.93)

L6 (00) — AnGl(0)

dk; 1 A [ d(l

= o;sin Qk — ficos 0,@.

3
-
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Thus
2 i 1 i 1 i 1 i 1 i
Gt (0 =165 @6 O +6Y) 06k 0]
L Ckt1 St 1 k41 k41 (294)
= +f;.
Furthermore, Eq. (2.86) gives
P = o +o(ryand 01, | = 0 — 9, +o(r(). (2.95)
where
¥; = arctan(f;/o;) and p; = 1/ 02 + 7. (2.96)
As r,ii) < 1 and r, — 0, we have
PO = pir and 6y, =, - 6. (2.97)

With an initial condition of r,(f) = r]? and 0,(3) = 0,(3), the corresponding solution of
Eq. 2.97) is
1= (p) R and 00 = jo; — 0. (2.98)

k+j

From Egs. (2.83), (2.84) and (2.93), we have

c,(f)H = ocir,(f) cos 0/(;) + ﬁ,-r,(f) sin 9,(:) = ocic,({i) + ,Bidlii), (2.99)
d,(('ll = oc,-r,(f) sin 0,@ — ﬁir,ii) cos 0,@ = —ﬁicff) + oc,-d,ii). .

That is,

Cl(cil-l | B c,((o B cosv; sint; Cl(ci) (2.100)
a0 [ T LB w ]\l [ T =singr costi |1 g0 [0

From the foregoing equation, we have

C/Elir,i _ | ﬁij c,(;:) :(p_)j cosjv;  sinjv; c,(j? (2.101)
d(l) —p; o d]gz) 1 —sinjd;  cosjv; d,@ . .

k+j
Definition 2.28 For a memorized discrete system x;; = £(xx, X¢—1, -, Xk—s, P)
on domain Q, € 2"+, with Vi = (X3 Xp—1; - 5Xk—s) and F = (£;x4;-- 5

Xi+1-s), the equivalent discrete system is y,.; = F(y,,p). Suppose there is a
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neighborhood of the fixed point y; (i.e., U(y;) C ,), and F(y,,p) is C" (r>1)-
continuous in U(y}). The linearized system of the memorized nonlinear discrete
system in the neighborhood U(y;) of y; is 11 = DF(y;,p)z« (z =Yy, —y; and
I =k,k+1)in Eq. (2.19). Consider a pair of complex eigenvalues o; £ if5; from m
eigenvalues A;,(j = 1,2,---,m) with m = n(s+ 1) of matrix DF(y;,p) with a pair
of eigenvectors u; & iv;. On the invariant plane of (u;,v;), consider rf(") = z,(f) =
2\ +2 with Eqgs. (2.80) and (2.82). For any arbitrarily small ¢ > 0, the stability
of the equilibrium y; on the invariant plane of (u;,v;) can be determined.

) y,f) at the fixed point y; on the plane of (u;,v;)is spirally stable if

A=) <o. (2.102)

(i1) y,@ at the fixed point y; on the plane of (u;,v;)is spirally unstable if

(i)

P = >o0. (2.103)

(iii) y,@ at the fixed point y; on the plane of (u;,v;) is spirally stable with the
m;th-order singularity if for 0,@ € [0,2m)

Pi = \/ a12+ﬁ12: la

@

i) .

GU ) (0) = 0forsl) = 1,2, ,m; — 1 (2.104)
Tt

r,iill — r,(ci) <0.

(@iv) y,g) at the fixed point y; on the plane of (u;,V;) is spirally unstable with the
mjth-order singularity if for 0,@ € [0,2n)

pi= \/ 0512+ﬁ12: la

(0 )
G (0) = 0forsl) = 1,2, m; — 1 (2.105)
Tt

r,illl — r,ii) > 0.

v) y,@ at the fixed point y; on the plane of (u;, v;)is circular if for 9,@ € [0,2x)

(i)

i
Tev1 —

r) =0, (2.106)

(vi) y,(ci) at the fixed point y; on the plane of (u;, v;) is degenerate in the direction
of u; if
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B =0and 0 -6\ = 0. (2.107)
Theorem 2.7 For a memorized discrete system Xy 1 = f(Xg, Xk—1, +, Xp—s, P) OR
domain Q, € #" V) with Ve = (X Xp—1; 3 Xees) and F = (£, %55+ 5 X1 1—5),

the equivalent discrete system is y, | = F(yi, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C &), and F(y,,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y}) of ¥i is zx+1 = DF(y;,p)zx (z =y, — y; and | = k,k+ 1) in
Eq. (2.19). Consider a pair of complex eigenvalues o; +1if; from m eigenvalues
2iG=1,2,---,m) with m = n(s+1) of matrix DF(y;,p) with a pair of eigen-
vectors w; t iv;. On the invariant plane of (w;,V;), consider r,(f) = z,gi) = z,(fzr + z,(fz
with Egs. (2.80) and (2.82). For any arbitrarily small ¢ > 0, the stability of the
equilibrium y; on the invariant plane of (w;,v;) can be determined.

1) y,ii) at the fixed point y; on the plane of (w;, v;) is spirally stable if and only if

<. 2.108
P (

(i1) y,g) at the fixed point y; on the plane of (w;,v;) is spirally unstable if and only

if
p; > 1. (2.109)

(iii) y,g) at the fixed point y; on the plane of (w;,v;) is spirally stable with the
mjth-order singularity if and only if for 9,@ € [0,2x)

s i
G((Z;)(H](()):Oforsk:laza7m1_1 (2110)

k
G0 <o.
k
@iv) y,ii) at the fixed point y; on the plane of (w;, v;) is spirally unstable with the
myth-order singularity if and only if for 0,(:) € [0,2n)

pi: atz+ﬁ12:17

G0y = 0fors!) =0,1,2, -, m; — 1 (2.111)
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W) y,i at the fixed point y; on the plane of (w;,v;) is circular if and only if for

0 € [0,2n)
p:\/az—f—ﬁlz:l’

) (2.112)
G j, 0y = oforsl’ = 0,1

Proof Consider

i 1
o) = K [A2G 0 (1 P) = Ai2G o (¥ D))

=3 [A Gy (Y P) = A2G o (¥, P))-

(i)

For y, .1 = ¥« = ¥%» rx = 0. The first order approximation of ¢;”, ; and d,Eizrl in the

Taylor series expansion gives

by =G4 (0 +o(r"),

Crt1

1 i i i
= 6 0O ot

k+1

where ) = 2 + d™? and 0 = arctan(d® /c?
k k k k k /Ck

i 1 i
G4 (o) =—[A2G<}3<0§ ) = ARGl (0)))

e A
Gy () = [AIGE;R (0)) = 412G (60)")
and
G(0V) = (oAy — BiA1z) cos 0 + (a:Apy + BiA) sin 0
€
sz?) (0) = (—Bitda + 0:A12) cos 0 + (o:dg + BAr2) sin 0
Therefore,

G(xlg (0,?') ) = a;cos 0,@ + B;sin 0,(;),
k+1

Gfil(% (0,@) = q; sin H,f) — B, cos (9,((">

k+1
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Further
c,((izr L= ocir,(f) cos 0,@ + ﬁ,-r,(f) sin 9,(3) = ocicff) + ﬁid,(f),
d,gi)ﬂ = acir,((i) sin Hlii) — ﬁir,ii) cos 9,(:) = —ﬁic,(f) + ocid,ii).
That is,

{c,ﬂl } _ [ % ﬁ,} { e\ } —p»[ cos ¥; sim?i] { ctl }
d}i’il —B; i) a [ —sind; cos®i || g

From the foregoing equation,
r,(fll = p,-r,Ei> —&-o(r,(f)) and (),(fll = ()f(") 0, + 0(r1£i))_
where

¥; = arctan(B;/o;) and p; = \/o? + 7

As r,(f) < 1 and ry — 0, we have

r,(jil = pirlgi) and 9,(:11 =1; — 9,(5).

(i) For fixed point stability, if p; <1, then

() ()
T <7y

which implies y,Ei) at the fixed point x; on the plane of (u;,v;) is spirally
stable, vice versa.
(i) If p; > 1, then

() ()
Te1 = Tk

which implies y,@ at the fixed point y; on the plane of (u;,v;) is spirally
stable, vice versa.

(iii) If for 0,(:) € [0, 27] the following conditions exist

pi= G((2i)> = \/0‘,'2+ﬁ,'2:1,

k+1
) (i i
G (0) = 0forsl = 1,2, m; — 1
T+t
(m) () ") (o) D) _
G (0,7)#0,and |G} "(0,)| <oofor s;” =mi+1,m+2---.

k+1 k+1
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then the higher terms can be ignored, i.e.,

SO ¢ L+ et (o)

k+1

If Gl(‘gl)’)l (9,@) is independent of 0,(:) (i.e., G(?j (9,@) = const), it can be used
to determine the equilibrium stability. If G (0,(([)) <0, then

(i
k+1

~

Iz

(i) (i)
e <rp'

In other words, y,ii) at the fixed point y; on the plane of (u;,v;) is spirally
stable, vice versa.
Gv) 1f G (61) > 0, then

k+1

(@)

Tt

o A0

That is, y,@ at the fixed point y; on the plane of (u;, v;) is spirally unstable
with the (my — 1)th-order singularity, vice versa.

(v) If for (),({i) € [0, 27] the following conditions exist
) (i i
G (00) = ofor s\ = 1,2, -,

(i)
Tt

then
i i)
rl(<->‘rl =7 1<< :
Therefore y,(f) at the fixed point y; on the plane of (u;,v;) is circular vice
versa. This theorem is proved. |
2.3.2 Bifurcations
Definition 2.29 For a memorized discrete system x 1 = £(X, X¢—1, - - -, Xk—s, P) OD
domain Q, € 2"+ 1, with Ve = (Xi;Xp—1; -3 Xp—s) and F = (£, x5+ 5 Xp 1 125)s

the equivalent discrete system is y, , | = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (i.e., U(y;) C £,), and F(y,p) is C" (r > 1)-continuous in
U(y;). The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of yi is zx+1 = DF(y},p)zx (zi =y, —y; and [ =k, k+ 1) in
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Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues /; (i = 1,2, -- -, m) with
m = n(s+ 1), and there are m linearly independent vectors v; (i = 1,2, ---,m). Fora

perturbation of fixed point z; =y, — yj, let z,(:) = c,@vi and z,(j)+ = c,(ji Vi

Sk = Vi cZy = V’lr . (yk — y;;) (2113)

where s,@ = c,({i)||vl-||2.

s =V oz =V [F(yp) — ¥il. (2.114)

In the vicinity of point (X}, Po), v T F(y., p) can be expended for (0<0<1) as
v [F(yioP) = Vi) = ails — si’&;) +b] - (p— py)

“ 1 1 r —r,r i)* 0)* \qg—r r
10 9) SR TR U S )

4=2 r=0 (2.115)
115 = 53090 + (P — Po) " !

x (vi - F(yi) + 0] - Ayi, po +6; - Ap))

where

- (2.116)
a;” :ViT-ﬁ 8,(5) (¥e:P)

q | —
(X, 0) (g —r)!

If a; = 1 and p = p,, the stability of fixed point y; on an eigenvector v; changes
from stable to unstable state (or from unstable to stable state). The bifurcation
manifold on the direction of v; is determined by

m q

bl - (p - po) + Z Cral™ ™ (p—py)* (s —sip) =0.  (2.117)
—2 r—0 4

In the neighborhood of (yz(o), Po), when other components of fixed point y; on
the eigenvector of v; for all j # i, (i,j € N) do not change their stability states,
Eq. (2.114) possesses [-branch solutions of equilibrium s,(f)* (0<i<m) with [;-
stable and l-unstable solutions (/,5, € {0,1,2,---,1}). Such I-branch solutions
are called the bifurcation solutions of fixed point y; on the eigenvector of v; in the
neighborhood of (y; ), Po). Such a bifurcation at point (y;,Po) is called the
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hyperbolic bifurcation of mth-order on the eigenvector of v;. Consider two special
cases herein.

i) If
1 )% i)*
=0andb” - (p — py) + Ea,@m(s,y — i) =0 (2.118)
where
a*" = 900" F(y,,p) = v} - 0%F(y;,p)
% (Xlt(f)) Po) k (X;(o) Po)
2) o 2.11
=T OPF ()= G iR 20, 1)

b;f = V? ! 8PF(yka p)

(s p0) 7 O

a5 [bT - (p — po)] <O, (2.120)

such a bifurcation at point (x{, p,) is called the saddle-node bifurcation on the
eigenvector of v;.

@) If
b - (p — py) = Oand
11 i) L 20, (i) i)\ 2 (2.121)
( ) (P — Po) (5 ) _5<()))+5 :( )(S/E) _S/(c()o)) =0
where
al('2<,0) = ViT ’ as((%))algo)F(Yk» p) = ViT a(m)F(ka P)
! <X;(0) o) (X;(o) Po)
2) 1%
=V OPF(y D)) . =G (Vi) o) # 0,
( k(o)apﬂ) Sk
(2.122)
1,1
al( ) =Y, af(l))al()l)F(ybp) = eate) F(kap)
(X4(0)P0) i0)P0)

' (X(0)Po)

such a bifurcation at point (x,’;«)), Po) is called the transcritical bifurcation on
the eigenvector of v;.
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Definition 2.30 For a memorized discrete system x 1 = f(Xg, X1, -+, X¢—5, P) O
domain Q, € 2"+ Y with Ve = (X Xp—1; 3 Xp—y) and F = (£ %45+ -5 X 1-5)s
the equivalent discrete system is y,, ;| = F(y,, p). Suppose there is a neighborhood
of the fixed point y; (.e., U(y;) C €,), and F(y;,p) is C" (r > 1)-continuous in
U(y;)- The linearized system of the memorized nonlinear discrete system in the
neighborhood U(y;) of y; is zx+1 = DF(y;,p)zx (zi =y, — y; and [ = k,k+ 1) in
Eq. (2.19). The matrix DF(y;, p) possesses m eigenvalues 4; (i = 1,2, - - -, m) with
m = n(s+ 1), and there are m linearly independent vectors v; ( = 1,2, ---,m). Fora
perturbation of fixed point z =y; —y;, let z,@ = c,@vi and Z/(<i>+1 = C/(ci>+1"i-
Equations (2.113), (2.114) and (2.116) hold. In the vicinity of point (y},, Po). V
F(y,, p) can be expended for 6; = (01,012, - -, 01m)T 0O<0y<1,j=1,2,---,m)
and 0, = (031,00, -, 0)" (0<0y<1,j=1,2,---,])as

VI [F(y0P) = ¥i 1 1(0)] = @ilsy’ — sioy) +b7 - (p = py)

x (V] - F(y}) + 07 - Ay, py + 61 - Ap))
(2.123)

and
Vi (Wi 10P) = Vi) = ailsy = s¢r o) + b7 - (P — o)
& 1 1 rr), (i )% —r r
+ZZEC3(] Ll_sill(o))q (P—Po)

g=2 r=0
1 i) i)* m+1
O~ a0, + (= o))"
x (VIT ’ F(y2+1<o> +01T A 415 Po +92T -Ap)).
(2.124)
If a; = —1 and p = p,, the stability of current equilibrium y; on an eigenvector

v; changes from stable to unstable state (or from unstable to stable state). The
bifurcation manifold in the direction of v; is determined by
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aC;al(q rr) (S]((lz_l . S]((t):l(o))q—r(p . po)r _ (S]({l)* . S[((()*))

In the neighborhood of (x,ﬁ(o), Po), when other components of fixed point X}Z(O) on
the eigenvector of v; for all j # i, (j,i € N) do not change their stability states,
Eq. (2.125) possesses [-branch solutions of equ1hbr1um vk (0<I<m) with [}-
stable and l;-unstable solutions (I;,/, € {0, 1,2,---,I}). Such [-branch solutions are
called the bifurcation solutions of fixed point XZ on the eigenvector of v; in the
neighborhood of (yj ), Po). Such a bifurcation at point (yj ), Po) is called the

hyperbolic bifurcation of mth-order with doubling iterations on the eigenvector of v;.
Consider a special case. If

bl (p—py) = 0,0, = —1,a"” = 0,a"" = 0,a'” =0,
' ey, L B0 e
[ (p = po) +al (s = o) + gy s = sk’
= (s =5 o) (2.126)

* 1) 1 3,0)/ x *
- (p— p0)+al](vl(cltl gz(cl. )+§z( )(sk+1_sk+1(0))3

(S/(cl)* - SJE?g))

ai*” =i - 00 F(ye.p)

i)
Sk

3
= V;‘r : ai(a)F(Yka 1))
(y:(0)7p0> *

— 3o
(yz(o)’pﬂ)i Gi (yk(o)»P0> 7& Oa

(%) Po)

= ViT : 8§3)F(Yk7 p)(Viviv;)

(2.127)
1,
aE 1) = V;r . aj((ll))al()l)F(ykvp) = v;r ’ aspapF(yk’ p) *
{ (¥ 0) Yito )
= V;r : anapF(Yka p)Vi (ylt(o)’p())?é 0,
a;3,o) % [al(m - (p = po)] <O, (2.128)

such a bifurcation at point (xz(o),po) is called the pitchfork bifurcation (or
period-doubling bifurcation) on the eigenvector of v;.
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Definition 2.31 For a memorized discrete system x;y = £(xx, X¢—1, -, Xk—s, P)
on domain Q, € 2"+, with Ve = (XisXp—1;- - Xk—s) and F = (£;x45- -
Xi+1-s), the equivalent discrete system is y;; = F(y;,p). Suppose there is a
neighborhood of the fixed point y; (i.e., U(y;) C Q,), and F(y,,p) is C" (r> 1)-
continuous in U(yj). The linearized system of the memorized nonlinear discrete
system in the neighborhood U(yj) of y; is zx+1 = DF(y;,p)zx (z =y, —y; and
I =k,k+1)in Eq. (2.19). Consider a pair of complex eigenvalues o; & iff; from m
eigenvalues 4;(j = 1,2,---,m) with m = n(s+ 1) of matrix DF(y;, p) with a pair
of eigenvectors u; £ iv;. On the invariant plane of (u;,v;), consider r,ii) = zl(j) =

z,ii)+ +z,<{il with

r,(f) = c,((i>ui + d,ii)vi

(0 0 (i (2.129)
N = G Wity Vi
and
M _1 T T
¢ =y [Ba(uy - zi) — Ana(v; - 2],
(@) _ l T . . T .
dk A [Al(vi zk) A12(ui zk)}a (2130)
Ay = [[wl], Ay = Vil Az = u! - v;;
A=AA — A,
Consider a polar coordinate of (ry, 6) defined by
c,@ = r,Ei) cos 9,((0,
d,£i> = r,(ci) sin Ql(ci); : )
2.131
r]((l) _ (C]El))Z + (dlgl))Z,
9,(:) = arctan (d,(ﬁ/ c,(f)).
Thus
o _1
€1 T A [AzGcg’) (Vi) — A12Gd£f> (¥:p)]
2.132
0 1 (2.132)
di 1 = 3 [A1G o (¥i: P) = A12G o (¥ P)]
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where
= a? (P — o) +dins (c“) — e +am(d) —dy)
+ z; Z Cr' q i) (0)7p0)(p - Po)ri(”/(ci))qiri
4=2 r=
1 i i i i)x m
ol - %)% +(dy = di{5)0,0+ ( — Po) 3" !
x (uf “F(yi0) +07 - Ay, po + 05 - Ap)),
(2.133)
Gd(’ (ykap) [F(yk7p) ( )]
=D (p—po) +am (e} - C]((() ) +aa(dy _dk o)
+ zz CrG (Vi) Po) (D~ p) ()"
q=2 r;=
! 0 _ (i) i) _ (i i1
+ (m; + 1) [(e” = Ck(O))ac,Ei) +(d — dk(@))adifl + (P — Po) 5]
x (vi - F(yi() + 0] - Ay, po +6; - Ap));
(2.134)
and

G (¥4 Po) = U] - [0y, Ouscos 0 + 8y, (v sin 0OV F(y,.p)|
k (¥4(0)P0)

GY (%50 P0) = VI - [0y, Owicos 0 +ay, (visin PO F(yp)|
k (yk(o)ﬁpo)

(2.135)

a; =u} - 0,F(y;,p),b] =V} - OF(y;.p);
,-T - Oy F(yi, p)ui, aip = U,T - Oy F(yi, p)ui; (2.136)
ap] = V,~T : 3ku(Yk>P)uiaai22 = ViT : aku(ka p)vi.

ajp =1u

Suppose

a; = 0,b; = 0,G 17 (x;, py) = 0and G (x;, py) = 0 (2.137)
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then
i i) \2 i) \2
= el ) +<d£ll>
Zm 2 ri
\/ o (2.138)
= /6 \/ 104 3% 40 (02
k+1 3
0,(:)+ L= arctan(d,i’lr W/ c,((’l )
where
G<(2i)> = G(o) ) + G((o ) and 1) = /G With
T Tt T k+1 I.+1

2.0 0 0
G5 =160, po)l* + G )w,i),po)]z,

(i)
Ten Ckt1 4t

1,1 M M 1 -
G((f) ) = Z Z Cnrrqlf+1n1~—2
[ m;=2 m=2 (mi + m; — 2)' i L

1,m;—1 i mi— 1,m;—1 i mj—
(G50 o) - (0 = p0)" NG (0 o) - (0~ po)" ]
+

k+1

1m;— i mi— 1mj—1 i mj—
160 o) - (0 = po)” G0 o) - (0~ )" )
k+1 +1
(2.139)

and

A =65 65 with
k+l

k+l

= O S G
r]((zll m' m mi=1 mj=1 (m,-—l—mj—m)' m; + mj—m

G0 p0) - (0 —2o)" G0 o) - (0 )" "

k+1 k+1

+G," (0 po) - (b —po)" SGZS 0 pg) - (0 po)" "),
(2.140)
G r>m g (O, po) = *[AZG it (x :(0)7130) A12G o r)( k(0 )apo)}
Ck+l A
1 (2.141)
Gdrm Ok, po) = A[A1G<',>m r)(Xk( )2 Po) — A12G£23m7r)(xz(0)ap0)}'
k+1 k
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It G(igo) =1 and p = p,, the stability of current fixed point X; on an eigenvector

Texi

plane of (u;, v;) changes from stable to unstable state (or from unstable to stable
state). The bifurcation manifold in the direction of v; is determined by

Wy A (rDym=2 — g, (2.142)

Such a bifurcation at the fixed point (x,’;(o),po) is called the generalized Neimark

bifurcation on the eigenvector plane of (u;,v;).
For a special case, if

A0 4389002 = 0, fori® x 2! <0and /Y =0 (2.143)

*

such a bifurcation at point (X, Po) is called the Neimark bifurcation on the
eigenvector plane of (u;,v;).

2.3.3 1-D Memorized Nonlinear Discrete Systems

Consider a 1-D memorized nonlinear discrete system

X = (X, X1y * * Xk
k1 f('k, k=15 Xk—s, P), (2.144)
Xj:Xj(]:k,k—l,"',k—S+l).
The memorized vectors are introduced as
Yer1 = (xk+1axka"'7xk—s+1)T = (xk+1§xk§"'§xk—s+1)
Vi = (0 Xty X)) = (Xt Xes) (2.145)
F= (faxkv e 7xkfs+1)T = (f;xk;" : ;xkfs+1)

Thus the equivalent discrete systems of Eq. (2.144) is

Yii1 = F(¥i, p)- (2.146)

The fixed point y; , ; = y; is determined by y; = F(y;,p). ie.,

Xpr1 =X = X1 = = Xg—s

* .k N (2.147)
X+ 1 =fOG X1 X P)-

The linearized equation at the fixed point is

Ayy i = DF(yZ, p)Ay, (2.148)
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where
Ak Qi(k—1) " Ak(k—s+1)  Qk(k—s)
1 0 e 0 0
DF(y;,p) = : : : :
0 0 e 0 0 (2.149)
0 0 e 1 0
0
akaa—f: j=kk—1,--- k—s).
J

The eigenvalue analysis of Eq. (2.148) is completed by
|DF(yz,p) — 1] = 0. (2.150)

For s = 1, we have

Xe1 = f (X, x—1,P),

(2.151)
Xk = Xk

Based on the notations of

Yeir1 = (xk+17xk)T = (xk+1§xk)a)'k = (Xkaxkq)T = (xk§xk71)

2.152
F=(fx)" = (f;x), ( )

the equivalent discrete system is obtained in Eq. (2.146). From the equivalent
discrete system, the corresponding fixed points of y; | =y, are achieved. The
linearized discrete system in the vicinity of y;_, ; = yj is

Ay, .1 = DF(y;, p)Ay, (2.153)
where
« Aie Qg (k—1
(2.154)
Q= 9 anda _ 9
= B K=1) = 5
From the eigenvalue analysis
IDF(y;,p) — 21 = | 7% A0~ o, (2.155)
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we have
22— apd — ayg_y) =0, (2.156)

and

ape £ a,%k + 4ak(k,1)
2

Mo = (2.157)

The stability and bifurcation conditions for 1-D memorized systems with 1-step
memorization are given as follows.

(i) period-doubling (flip or pitchfork) bifurcation

Of (xx, Xi—1) Of (xi, xx1)
e — @i H1=0, 70 " g ) == g H1=0
(2.158)
(i) saddle-node bifurcation
1 — ayp—1) = ik,
- Of (i, Xi—1) | _ O (e, Xa—1) | (2.159)
axk—l (xz,x,*‘il) - an (xz,xzil)
(iii)) Neimark bifurcation
Q-1 = —1,
af(xk,xk,l) ‘ - (2160)
Oxp—1 (X)) ’

The bifurcation and stability conditions 1-D memorized systems with 1-step
memorization are summarized in Fig. 2.8 with det(DP")) = det(DP") (X;(0)Po))

and tr(DP™) = tr(DP™ (X;(0):Po))- The thick dashed lines are bifurcation lines.

The stability of fixed point is given by the eigenvalues in complex plane. The
stability of fixed point for higher dimensional systems can be identified by using a
naming of stability for linear dynamical systems in Chap. 1. The saddle-node
bifurcation possesses stable saddle-node bifurcation (critical) and unstable
saddle-node bifurcation (degenerate).


http://dx.doi.org/10.1007/978-3-319-42778-2_1
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Fig. 2.8 Stability and bifurcation diagrams through the complex plane of eigenvalues for 1D-
discrete dynamical systems with 1-step memorization
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