Chapter 2
Nonlinear Optical Signals

In this chapter we introduce the background necessary to discuss nonlinear optical
signals in a diagrammatic, fully quantum mechanical framework. Before providing a
rigorous derivation of the nonlinear signals and their perturbative calculation, we first
motivate our approach intuitively and discuss why it is best suited for the problem
at hand. Afterwards, we define the basic interaction Hamiltonian and the Liouville
space notation we adopt in this dissertation. Then we derive general expressions
for arbitrary field observables, and an effective Hamiltonian for the creation and
annihilation of local phonons in an ion trap. These results will be accompanied
by an introduction into the diagrammatic theory of nonlinear optical signals, and
a generalization of the relation between transition amplitudes and susceptibilities
for the quantum domain. We will see that it is then no longer possible to define
susceptibilities without the specification of the initial quantum state of the field,
since the quantum treatment of the field takes the back-action of the matter system
onto the field into account. Hence, each interaction depends on all other interactions
preceding it. Instead, they can be reformulated as quantum field operators. Finally,
we briefly review the perturbative approach in a short synopsis.

2.1 Motivation and Overview

Since this chapter presents the rather abstract formalism, we will first take one step
back, and briefly point out the different steps in our derivation. We also refer to the
sections, in which the underlying rigorous derivations can be found.
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36 2 Nonlinear Optical Signals

Light-matter interaction: In this dissertation, we consider an interaction Hamil-
tonian in the dipole approximation, which is well justified in the optical regime. We
are mostly interested in the interaction with complex quantum systems such as pho-
tosynthetic aggregates. The optically active components are easily photodamaged
under strong illumination [Kok56], such that spectroscopy of such systems needs to
be carried out with the smallest intensity possible to minimize the photodamage. In
this regime, it is sufficient to only consider processes in the interaction Hamiltonian,
in which an excitation of the sample (denoted by the operator V') is accompanied by
the destruction of a photon from the light field (denoted E), or, vice versa, a matter
de-excitation V and a photon creation ET. This Hamiltonian will be introduced in
detail in Sect.2.2.

The signal: Having introduced the interaction Hamiltonian, our first task is to figure
out how the electromagnetic field is influenced by this Hamiltonian. In a first naive
approach, we could assume, for instance, - as in our previous discussion of the
Hamiltonian - that the field creating the signal has to be connected to the de-excitation
of the sample system,

E! V. 2.1)

signal ~
Measuring the intensity of this field is then given by
<E:ignalESignal> ~ (VVT> 2.2)

As we will see, this reasoning is essentially correct when the fluorescence from the
sample is collected. In case the electric field is initially populated and in the case of
more involved measurement setups, a more abstract approach is called for, and it is
presented in Sect. 2.3.

The system evolution: Having derived the observables pertaining to a given experi-
mental setup, the final step in our theory consists in the evaluation of the expectation
value in Eq.(2.2). A direct approach might consist of the evaluation of expecta-
tion values of a (closed) set of operators using the Heisenberg—Langevin formalism
[Gardiner85]. This would also allow for the description of saturation effects under
strong driving conditions [Lehmberg70, Shatokhin05]. However, we will mostly
focus on signals induced by short light pulses, in which the finite bandwidth of the
pulses will be important, and where interactions alternate with periods of field-free
evolution periods. Taking further into account that we focus on very weak fields with
only few photons, a perturbative approach suggests itself for the present study. It will
be elaborated in Sect. 2.5, where we also introduce the diagrammatic representation
of the perturbative expansions, which may provide intuition for the construction of
measurement protocols.
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2.2 Light-Matter Hamiltonian and Liouville Space
Notation

2.2.1 Light-Matter Interaction

We consider a system described by the total Hamiltonian
Hiot = Hpatter + Hfield + Hine, (23)

which decomposes into components describing the matter, the electromagnetic field,
and the interaction between them. Depending on the sample to be probed, the mat-
ter Hamiltonians may exhibit variable structures, so they will be specified later in
this dissertation. Most examples however feature a band structure as depicted in
Fig.2.1; an initial ground state g with well-separated excited state manifolds e and
f.! Neighboring manifolds are coupled by the interaction with the light field.

The starting point of our calculations is the light-matter interaction Hamiltonian
in the dipole approximation [Loudon00]. Since this dissertation deals with the inter-
action of light with sample systems which are typically much smaller than the wave-
length of the light beams, we neglect the spatial dependence of both matter and field
to write the interaction Hamiltonian as

Hy =€V, (2.4)

where V = (\7 + ‘7*) denotes the dipole operator of the sample. Its two compo-
nents V and V' denote the de-excitation (excitation) part of the dipole operator,
respectively. In Fig. 2.1, V determines the transitions f — e— g,and V' the inverse
direction g — e — f. . -

Similarly, € = (E + E ") denotes the electromagnetic field operator, and E and E'
the positive-(negative-)frequency component of the field, respectively. The action
of E destroys a photon in the quantum state, and E' creates one. Depending on
the setup under consideration, we may distinguish different fields by their prop-
agation direction or polarization, such that the total electromagnetic field will be
given by the sum E=FE +E+--.We adopt the field quantization as presented
in Ref. [Blow90] where light propagation along well-defined spatial directions is
considered. In this situation, the modes are characterized by the quantization area
Ap perpendicular to the propagation direction, and continuous frequency distribu-
tions due to an effectively infinite mode extension along the propagation direction.
The positive-frequency component of the field reads in the interaction picture with
respect to Helq [Loudon00]

"'We only consider signals with up to four interactions with the system. In this regime, it is sufficient
to only consider these two manifolds since higher-excited states can only be accessed with higher-
order signals, as we will see.
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Fig. 2.1 The level scheme
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where €y denotes the dielectric constant, ¢ the vacuum speed of light, and ¢ is
the polarization unit vector. The photon annihilation operator a(w) obeys the usual
bosonic commutation relation, [a(w), a’(w')] = §(w — ). In writing Eq. (2.5), we
have adopted the slowly-varying envelope approximation. It assumes that the central
frequency w of the electric field is much larger than the spectral width of the fields,
which is usually fulfilled in the optical regime. This has two consequences: First, it
allows us to evaluate the mode normalization /hw’ /4meygcAg at w, and take it out of
the frequency integral. Hence, by employing this approximation, the field normaliza-
tion turns into a constant number, which can be neglected in the overwhelming part of
this dissertation. Since we only compare perturbative signals with identical numbers
of interactions, each signal carries identical field normalization constants, and we
will therefore refrain from explicitly mentioning them in the following calculations,
since all our signals will be shown normalized. Second, the same reasoning that
lead to the constant field normalization in Eq.(2.5) allows to extend the frequency
integration over the entire real axis [remember, Eq. (2.5) represents only the positive-
frequency component of the electric field]. This approximation yields great practical
simplifications in later calculations, since integrations over the entire frequency axis
often turn into simple Fourier integrals, which may be evaluated analytically (see,
e.g., Appendix A).
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Changing to the interaction picture with respect to the matter and the field Hamil-
tonian, we may employ the rotating wave appr0x1mat10n (RWA) [Loudon00]: The
photon annihilation operator E (1) oscillates as e~ [see Eq. (2.5)], and similarly the
excitation operator VT(t) oscillates as e’“«’, where w., > 0 denotes the energy dif-
ference between the final state ¢ and the initial state a. Hence, the product E (1) VT(t)
oscﬂlates only very slowly near the resonance w' = we,. In contrast, the terms
o (t)V (t) and E (t)V(t) always oscillate very rapidly, and their contribution to
final signals may therefore be neglected near resonance. Physically, this means we
neglect non-energy-conserving terms, where a photon is created (destroyed) and the
sample excited (de-excited) at the same time. Within this approximation, we write
the scalar version of the interaction Hamiltonian as

Hoy=EOVI®O+ET0OVQ®), (2.6)

where V. =¢-V and V7 = ¢ V7 denote the excitation annihilation and creation
operators, respectively.

As mentioned above, in the course of this dissertation, we typically consider level
schemes as depicted in Fig.2.1: three well-separated electronic manifolds denoted
g, e and f, which are dipole-coupled to neighboring manifolds. We may then write
the exciton annihilation operator (in the Schrodinger picture) as

V=" teglg)el + D mele)(fl, @.7)
g.e ef

and, of course, V' is given by the Hermitian conjugate of V.

2.2.2 Liouville Space Notation

Consider the space of linear operators £ acting on the matter-field Hilbert space Hy.
By virtue of the Hilbert—Schmidt product, which for two operators A and B is given
by [Reed81]

((AIB)) = {A"B}, (2.8)

L inherits the Hilbert space structure from the original Hilbert space, and operators
A acting on Hyy, are vectors |A)) in L. This space is often called the Liouville space
[Fano64], and operators acting on it are termed superoperators.

The density matrix o of the combined matter-field system is an element in £. In
the interaction picture with respect to Hpauer + Hiield, its time evolution is given by
the von-Neumann equation
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d ) = i
a? =

5 [Hin (1), 0(1)] . (2.9)

Defining the superoperator Hiy — by its action on arbitrary operators X € L,
Hin, - X = HinX — XHint, (2.10)

we write the formal solution of Eq. (2.9) as a Dyson series in Liouville space. Hence,
we obtain the density matrix

o(t) = G(t, to) o(to), 2.11)

with the Liouville space Green’s function

G(t. to) = T exp [—% /dT Him,} , (2.12)

and 7 the time-ordering operator defined by

TA(t1)B(ty) = O(t) — 1)A(t1)B(f2) + O (12 — 1) B()A(t1), (2.13)
where
1 t>0
Ol = [O £ 20 (2.14)

is the Heaviside function. To contrast the Liouville space Green’s function (2.12)
from its Hilbert space counterpart, we will denote the latter one by

: t
G(t, 1) = T exp [—’ﬁ /dT H,-m(7')1| : (2.15)

fo
As initial conditions in (2.9), we always assume factorizing initial conditions, i.e.

Q(t()) = Qmatter(t()) ® Qﬁeld(IO)s (216)

in the course of this dissertation. While this factorization is not necessary for the
validity of our considerations, it greatly simplifies the analysis of optical signals, since
nonlinear signals will always factorize into individual field- and matter-correlation
functions which may be treated separately. Furthermore, our main interest lies in the
interaction of matter with pulsed light. Hence, we can safely assume that there is a
time 7, prior to the pulse passage through the sample where fields and matter have
not yet interacted. Unless specified differently, we further assume the matter part of
the system to be (prepared) in its ground state,
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Omatter(fo) = 19){gl, (2.17)

which is an excellent approximation for the thermal state of the electronic degrees
of freedom in a molecular aggregate.” In case we deal with a manifold of ground
states as depicted in Fig.2.1, however, the initial state may be a thermal mixture of
this ground manifold. This case is not considered in the present dissertation.

Similar to our definition of Hj,, —, we may of course associate with each Hilbert
space operator A a Liouville space operator by defining its action on elements of
L. Specifically, we will also need the anti-commutator superoperator A, which we
define by

1
ALX = (AX +XA). (2.18)

and the left-/right-superoperators via

AL =24, +A_, (2.19)
AR=2A, —A_. (2.20)

2.3 Quantum Optical Field Measurements

This section develops general superoperator expressions for optical signals based on
a fully quantum treatment of the fields. We distinguish between two cases: We refer
to field measurements whenever the detected field is initially populated (i.e. not in the
vacuum), and fluorescence detection otherwise. In both experimental scenarios, our
goal consists in the calculation of a time-dependent observable A(¢) acting only on
the field Hilbert space. Our focus in this section is to determine, how the observable
is influenced by the interaction of the detected field(s) with the sample system prior
to their detection.

We denote the expectation value with respect to the density matrix at time ¢,
Eq.(2.11), by

(A®)) fina = tr{A(D) 0(1) }, (2.21)
where, we employ this nomenclature to clarify that the field measurement takes place

after the fields have interacted with the sample system, and the expectation value
with respect to the initial state by

(A@0) = tr{A(1)o(10)}. (2.22)

2In photosynthetic complexes, the excited state manifold can only be excited optically, i.e. in a
temperature regime similar to the surface of the sun.
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Using Eq. (2.11), we can relate the two as

(A(D)) final = <TA(I) exp [—% /dT Hint,i|>- (2.23)

Here, we have exchanged the position of the time-ordering operator 7 and the mea-
sured quantity A(7), which does not affect the outcome, since - by virtue of defi-
nition (2.13) - all the interactions in the exponential are placed to the right of the
measured quantity. By expanding the exponential in Eq.(2.23), we will later in
Sect. 2.5 obtain perturbative signals in the number of light-matter interactions, which
are then evaluated with respect to the initial state of the matter-light system. For the
sake of simplicity of our notation, we will not distinguish between expectation values
of the matter, the field, or the combined system. Due to our choice of factorizing ini-
tial conditions (2.16), correlation functions with respect to the initial state factorize
into separate field and matter correlation functions. If only operators in one of the
two spaces are contained in the correlation function, the trace with respect to the
other Hilbert space only yields a factor of one.

For the derivation of the signals, we will work with the interaction Hamiltonian
(2.4), and invoke the RWA only at the end of the calculation. We extensively use the
following identity, which holds for commuting operators € and ) [Harbola08]

Hin,— (1) = e (OV_(1) + e_ (V1 (1), (2.24)

where e, and V. are defined by Egs. (2.10) and (2.18), respectively.® This identity
will be regularly employed in the subsequent derivations.

2.3.1 Field Measurements

Consider an arbitrary time-dependent operator A(¢) acting only on the field Hilbert
space. In Liouville space notation, its expectation value S is given by

S = (A+(t)>ﬁnal = <TA+(I) exp [—% /dTHim,—(T):|> (2.25)
=Sy — % / dr <TA+(t)Him,_(T) exp [—% / TdeHim,_(T/)D’
(2.26)

where in the second line, we simply wrote out explicitly the final time integration of
the Dyson series. Sy represents the observable’s value without any interaction with
the matter, and without loss of generality we may set it to zero. Since the observable

3This identity can be verified by straightforward calculation.
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A acts only on the field, the only contribution from Hj, _ is e_); (the expectation
value of V_, i.e. of a commutator, vanishes, (V_) = tr{)p} — tr{pV} = 0). Thus, we
obtain

S = —%/dT <TA+(I)€_(T)V+(T) exp [—%/T dT’Him,_(T’)i|>. (2.27)

fo

Furthermore, using the cyclicity of the trace, we can write for any density matrix

tr{Are_po} = %tr{Aeg + €pA — Ape — peA} (2.28)
= tr{(Ae — €A) p} (2.29)
= tr{[A, €] o} = tr{[A, €], o} (2.30)

Note that [A, €], denotes the “+” superoperator of the operator [A, €] as defined in
Eq.(2.18). Therefore, we obtain the leading-order interaction-induced contribution
in the number of matter-field interactions to the observable’s expectation value,

s== [ar (0. o, Ve @31)

Hence, to assess the impact of the interaction with the matter system onto any field
observable A(f), we only need to evaluate the commutator with the field operator e.
In the following, we will carry out this calculation for several prominent examples
of A(?), as sketched in Fig.2.2. First, we discuss transmission measurements, where

(a) (© |
D
A
Eryy
(b) o @

ECXC
Ero

Fig. 2.2 Different measurement setups discussed in this section: a Intensity measurement in trans-
mission. b Heterodyne detection of the signal field. ¢ Two-photon coincidence counting. d Fluo-
rescence measurement




44 2 Nonlinear Optical Signals

the field is either detected directly [panel (a)] or superposed with a local oscillator
field before detection. These two signals constitute standard signals in the semiclas-
sical calculation of the nonlinear signals, and we rederive them using our quantum-
mechanical approach. Having thus verified the validity of our formalism, we then
discuss observables that escape a semiclassical treatment: two-photon counting and
fluorescence signals.

Intensity Measurement in Transmission

We first consider the measurement setup depicted in Fig.2.2a: An optical pulse is
transmitted through a sample, and its intensity after the interaction is recorded. The
change in intensity is often termed transient absorption, or self-heterodyned detection
[MukamelOO]. The intensity at time # is described by the observable A(¢) = a’(Ha@),
where the photon annihilation operator is defined by*

dw it
a(t) = /m a(w)e ", (2.32)

and we recall the commutation relation [a(w), a' ()] = §(w — ’). Thus, we obtain
for an explicit evaluation of the commutator in Eq.(2.31) [recall the definition of e
through E and ET on p. 37]

[A(®), e(1)]

_ Thw do'  [dw" . / o o
o iw=whe | N /N ,—iw"' T Ty W T
coco m N 15 [a (W)aWw"), ia(w")e + (—=i)a' (W")e ]
(2.33)

(27r)2 /67(:::0 /dw /d gl “’)’ —ia(we™ ™ + (—i)aT(w)ef"”’T) (2.34)

Using the decomposition of unity, [ dw expliw(t — 7)] = 276(t — T), we can write

[A(), e(T)] = (—E@) + E* (1)) 6(t — 7). (2.35)

This yields, in Eq. (2.31),

S = —% <(—E+(t) 4 Ei(r)) v+(r)> : (2.36)

final

and, neglecting non-RWA terms EV and ETV7, where a photon is emitted and the
sample excited simultaneously (or, vice versa, a photon is absorbed and the sample
de-excited), we recover the known result [Rahav10]

4Qur choice of normalization with 1 /27 -aswellas 1/(27) in Eq. (2.5) - may seem unnecessarily
complicated. As we will see, it is chosen such that the final expressions of signals do not contain
those factors any more.
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n
I

— (|~ E VIO + ELOV2 )y, )

2
“S(ELOVL®), (2.37)

=

In many realistic cases, the time resolution of the photodetectors (>100 fs [Gan13])
is much weaker than the time scales of typically employed ultrashort pulses (few fs).
The detector then effectively measures the time-integrated signal

2 [ .
S = - / di S(EL(O V)50 (2.38)

as we will employ at the beginning of Chap. 4.
Note that we encounter an apparent ambiguity in the derivation of Eq. (2.37): We
could have also picked the signal

il (2.39)

! 2 X i

S = —ﬁAs(EJr(t) Vi)
Both definitions are mathematically equivalent, since S(EV') = —3J(ETV). How-
ever, their physical interpretation in terms of the underlying process in the sample
differs: In Eq. (2.37), the last interaction corresponds to a de-excitation, and the cre-
ation of a photon which yields the signal, whereas in Eq. (2.39) the final interaction
is an absorption of a photon from the detected pulse. So even though it is irrelevant
in terms of the simulation of optical signals (one may choose either convention), it
is still worthwhile to understand what the underlying physical process really is. The
resolution to this apparent contradiction is given in Ref. [Mukamel 10b] for classical
light fields, and will be presented in Sect. 2.6 for quantum light.

Frequency-Dispersed Intensity Measurement

We still discuss the setup depicted in Fig.2.2a, but now assume that the field is
spectrally dispersed, and then detected. In this case, the observable is given by A(w) =
a’(w)a(w), and the signal, in analogy to Eq.(2.25), by

S = <T (a’f(w)a(w))+ exp I:—% /oodT Him,(T)i|>, (2.40)

fo

where the unitary evolution is carried out to # = 0o, since the detected signal shows
no time resolution, and photons emitted at any instant in time may contribute to it.
The change of the frequency-dispersed intensity induced by the interaction with the
matter is again given by Eq.(2.31). The commutator is calculated just like in our
previous calculation, Eq. (2.34), and we obtain

[A(w), €(T)] = —E(w)e ™7 4+ E" (w)e™7, (2.41)

and Eq. (2.31) then reads


http://dx.doi.org/10.1007/978-3-319-44397-3_4
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S = —% / OZIT ((—E@e ™ + EN(w)e™T), Vi(1)). (2.42)

to

Neglecting non-RWA terms, and sending fy — —oo, which is justified as long as %,
clearly precedes the transmitted pulse(s), we arrive at

2 gt
S = SET VW), (2.43)

>t

Here, we have of course the same ambiguity as in the time-resolved signal above.
Note also that Eq. (2.43) is not simply the Fourier transform of Eq. (2.37): In the time
domain, Eq. (2.43) must be written as

2 ‘
§=129 / dr, / dty U ET 1)V (1)), (2.44)

It contains contributions from two different times #; and f,, and may therefore not be
obtained from Eq. (2.37) which contains only one time. This is one manifestation of
the simple fact that time-resolved and frequency-resolved signals do not contain the
same information, in general. We will encounter frequency-resolved signals later in
Sect. 3.6, as well as in Chaps.4 and 5.

Heterodyne Detection

In this detection scheme, the signal is created by the interaction with one or several
excitation pulses Ecx. wWhich are not detected (see also the discussion in Sect. 1.2. The
signal is superimposed with a local oscillator field, and then detected [see Fig. 2.2b].
If the phase of the local oscillator can be controlled, the state of the signal field may
be reconstructed [Lvovsky09]. The precise technique underlying the reconstruction
shall not be our concern here, such that we take the observable in this case to be the
positive-frequency component of the electric field itself, A(#) = a(¢). The evaluation
of the commutator in Eq. (2.31) yields

1), = ot — 7). 2.45
la(?), e(7)] Seochy (t—m1) (2.45)
The result (2.31) then takes the form
2 hw
S=- V(2 . 2.46
A 26()CAO S( +( ))ﬁnal ( )

Apart from the field normalization, Eq.(2.46) coincides with the semiclassical
expression [Mukamel99], where the matter dipole operator is the source of the non-
linear polarization, as does the intensity signal we have derived above. We will not
discuss heterodyne-detected signals in this dissertation.


http://dx.doi.org/10.1007/978-3-319-44397-3_3
http://dx.doi.org/10.1007/978-3-319-44397-3_4
http://dx.doi.org/10.1007/978-3-319-44397-3_5
http://dx.doi.org/10.1007/978-3-319-44397-3_1
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Two-Photon Counting

Consider two (possibly correlated) fields E; and E,. They may be populated by
entangled photons created in collinear parametric downconversion, and separated
with a beam splitter, as sketched in Fig.2.2c. We assume that only field E, interacts
with the matter system [and thus enters solely in the field €4 (¢) in Eq. (2.6)], and E| is
detected to exploit its quantum correlations with E,. The two-photon counting signal
is given by the operator A(z,t') = aJ{ (t/)a; (t)ay(t)a;(t'), and hence, using Eq. (2.35)

[AG, 1), e2()] = () (—Ez(t) +E} (z)) a()o(t — 7). (2.47)

Therefore, the signal reads

S = %s <(aI (Yar (t)E] (r))+ V+(z)>ﬁnal . (2.48)

Similarly, when the two fields are spectrally dispersed, and then detected, we mea-
sure the quantity A(w, w') = af(w’)a;(w)az(w)al(w/), in which case an identical
calculation as the one leading to Eq.(2.43) yields

S = %s((ai(w’)al(w/)ﬂ (w))+ V+(w)> . (2.49)

final

This signal will be discussed in Chap. 5.

2.3.2 Fluorescence Signals

Fluorescence signals correspond to measuring the intensity of the spontaneously
emitted light field, i.e. of the observable A(f) = a'(t)a(t), just like in transmission
measurements, Eq. (2.37). However, the sample is excited by interaction pulses FEexc
which are not detected, and the signal is created by the spontaneous decay of the
molecular excitation into the vacuum [see Fig.2.2d]. To derive the signal, we do not
take the excitation pulses into account, since they are not detected and merely create
the molecular excitations. So whereas in Eq. (2.37) we calculated the change in inten-
sity of an initially populated field, our goal is now to calculate the intensity a’(t)a(t),
when the field is initially in the vacuum state |0). The lowest-order, non-vanishing
correlation function of the vacuum electric field is given by the anti-normally ordered
correlation function (0|EET|0), which is created by two interactions with the matter
system. So even though Eq. (2.37) is still formally correct, it is misleading, since the
linear term vanishes. We need to expand Eq. (2.25) to second order in the interaction
Hamiltonian with the vacuum field,


http://dx.doi.org/10.1007/978-3-319-44397-3_5
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2 t ™
s=(=) [an [ n et (2:50)

t
( ;) /de dn ([A®), e(m)]4 Vi (72) Hint,— (7)) (2.51)

= (f%) /de/ dry ([A(), e(m)]4 Vi (12) (- () V(1) + €4 (TDV-(T1) )t
J 1o
’ (2.52)

To obtain Eq. (2.52), we have used our previous result, Eq. (2.31) in the second line.
Here, in contrast to the derivation of Eq.(2.37), both terms ~ ¢_); and ~ e, V_ in
Eq.(2.52) need to be taken into account. However, it turns out that the field correlation
function ([A(), €(72)]+ €4 (71)) vanishes for the vacuum state: Using the definitions
(2.10) and (2.18) as well as the result (2.41), the superoperator expression reads

([A(D), ()] 4€4 (1))
=6(t — )0 (~E(®) + E* (1)) (E(r) + E" (1))
+ (E(r) + E*(m)) (~E(®) + E*(1)) |0) (2.53)
=6(t — 7)(0] — EME" (1) + E(r)E" (1)|0) (2.54)

Within the slowly-varying envelope approximation [see Eq. (2.5)] employed in this
dissertation, the two terms yield identical results,

(OIE(t)E" (1)]0) = (O|E(m)E" (1)|0) =

fiw ot 2.55
- @5s)

such that their difference vanishes. It is important to keep in mind that the sim-
plification between Eqgs. (2.53) and (2.54) rests on the fact that the field is in the
vacuum state, and normally-ordered correlation functions vanish. In transmission
measurements (2.37), additional terms need to be taken into account.

The second field correlation function in Eq. (2.52) evaluates to

([A(1), e(2)] e (1))
=0(t — 1)(0] — E()E" (1) — E(1)E"(1)|0), (2.56)

where the two terms now add up constructively. Hence, the resulting signal reads

i\? hw
S =— (—ﬁ) SecAs —— (Ve VL), - (2.57)

As discussed following Eq.(2.37), since the photodetectors collecting the fluores-
cence often possess insufficient time resolution to obtain time-resolved signals, it
may be more appropriate to integrate Eq. (2.57) over time,



2.3 Quantum Optical Field Measurements 49

;o w
5= ZhEOCAO /dt (V+(I)V+(t))ﬁnal' (258)

Employing the interaction Hamiltonian (2.6) in the RWA again, we note that the
nonvanishing contributions to the field correlation function (2.56) are given by, each,
one de-excitation and one excitation operator with the field excitation operator being
the rightmost operator, such that the matter de-excitation operator V needs to be
the rightmost operator as well (i.e. the corresponding matter operators are given by
V)V (1) in the first term, and V' (7)V (¢) in the second term). This reasoning
means, we may write the signal as

— w T
S = Treca VLOVR D)y (2.59)

This result also justifies one further simplification which we will use in Chaps.3
and 7: Consider the expression for the excitation annihilation operator (2.7), which
is valid for the level schemes considered in this dissertation. It is straightforward to
verify that in this case, the product V() VII (1) is given by the sum over projections
on the excited state populations at time ¢, and weighted by the dipole moments of
the transitions the excitation may decay with. This approximation will be employed
in Sect. 3.6.

2.3.3 Classical Versus Quantum Response Functions

In the preceding section, we have derived optical signals in a fully quantum-
mechanical treatment. This approach always involves a contribution of a e_ operator.
The physical intuition is clear: In order to create a signal, the sample system first
has to emit a photon, and this photon has to be reabsorbed at the detector. In the
semiclassical treatment we sketched in Sect. 1.2, the signals are derived by solving
Maxwell’s equations, in which the matter correlation functions enter as source terms
for the polarization ~ (V). This means, the field operators in Eq. (2.6) are replaced
by c-numbers, for which commutator terms vanish. In our formalism this amounts
to setting e = 0. But there are further important effects which are not captured by
the semiclassical approach: Neglecting the e_ term in Eq.(2.24), the semiclassical
interaction Hamiltonian is simply given by

Hsemiclassical(t) = €4 (Z)V— ([), (260)
and the matter correlation functions therefore read [Mukamel11]

R™(t, ..., 1) o< (Vo(O)V_(1) ... V_(11)), (2.61)
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which were called classical response functions in the above reference.’ These func-
tions are however incapable of describing photon-mediated interactions between oth-
erwise noninteracting constituents - say, molecules, of the sample, where one mole-
cule emits a photon, which is then reabsorbed by another molecule. Such processes
lead to noticeable effects in the ensemble signal, such as cascading and local field
corrections [Bennett14], where two (or, in principle, more) products of lower-order
susceptibilities appear like one higher-order susceptibility, satisfying the same phase-
matching conditions, but not containing the same information content, as well as
dipole forces [BuhmannO7] such as Forster resonant energy transfer [Forster4S§].
Typically, these effects are added phenomenologically, either as additional source
terms in the Maxwell equations in the former case, or as effective master equations
in the system dynamics in the latter case. The fully quantum mechanical treatment
presented here is able to capture all of these effects in one consistent approach.
Except for Chap. 4, Eq. (4.18), however, we will be concerned with signals asso-
ciated with classical response functions in the remainder of this dissertation, and
nonclassicality will enter through the initial quantum state of the light field.

2.4 Effective Interactions in Ion Chains

In the previous section, we have established a framework to describe the impact of
the interaction with a material system for general field observables - using only the
dipole Hamiltonian (2.4), and properties of the Liouville space superoperators. In
principle, these ingredients are sufficient to derive formally correct expressions for
arbitrary nonlinear optical signals. However, the description on the basis of the dipole
Hamiltonian is often unnecessarily complicated, and - even worse - may cloud the
essential physics in the relevant degrees of freedom. Hence, we devote this section
to a simplification, which we will use extensively in Chap.7: the development of
effective interactions in ion chains, which will greatly simplify the development of
nonlinear signals in these well-controlled systems. The basic idea follows in spirit the
development of the theory of quantum computation and simulation with trapped ions:
Instead of explicitly treating the full Hamiltonian of an ion chain, which comprises the
motional and electronic degrees of freedom as well as their laser-induced coupling,
such that even for few ions the Hamiltonian has an enormous dimension, we derive
a set of effective interaction operators that suffice to calculate nonlinear signals with
manageable overhead.’

3The left-most operator V. stems from the signal, and the other operators V_ from the expansion
of the Dyson series (2.12) with the semiclassical Hamiltonian (2.60).

%A notable example of such effective interactions from the literature includes the Mglmer—Sgrensen
Hamiltonian, which will be discussed in Chap. 7 (see Eq.(7.8)). It describes an interaction that can
drive pairs of qubits into entangled states. Even though the interaction is facilitated via laser coupling
of the spin states to the motional degrees of freedom, the explicit treatment of the latter is subsumed
into the effective Hamiltonian, thus greatly reducing the dimensionality of the problem.
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To derive the effective interactions, we consider a single trapped ion. We take into
account three electronic states: two long-lived states, which we denote by || ) and
| 1), respectively, as well as a short-lived state | x). In the case of 40Cqat, for instance,
we identify || ) with the ground state Sy,», and | 1) with the state D3/, or Ds/,. The
decay of both excited states to the ground state is dipole-forbidden by selection rules,
such that they show extremely long lifetimes of ~1.2 s. The short-lived state |y) in
this case is provided by P », with a lifetime of only 7 ns [Ramm13].

As we will show in the following derivation, due to the short lifetime of |x),
population in |x) can be neglected, and the state can therefore be eliminated from
the theoretical description. It will be used implicitly in our theory, for instance in the
measurement of the spin population, but will never be treated explicitly. Furthermore,
when the ions are cooled close to their motional ground state, the confinement in
the trap potential may be approximated by a harmonic potential [Leibfried03]. The
frequency v, of the ion chain’s center-of-mass vibrations is directly controlled by
the strength of this external potential.

2.4.1 Phonon Excitation by Stimulated Raman Scattering

We now present two derivations for the effective phonon (de-)excitation operator -
one following standard approaches in the trapped ion community, which we call the
“quantum-optical derivation”, and one following a standard approach in nonlinear
spectroscopy, the “spectroscopic derivation”. Finally, we compare differences and
similarities between the two approaches.

Quantum-Optical Derivation

Our first goal consists in the effective description of the controlled creation or annihi-
lation of vibrations in the trap potential. To this end, we imagine a setup as described
in Fig.2.3a. Two laser fields £, and E, with central frequencies w; and w, couple
the vibrational states via an off-resonant Raman transition, which is why we choose
wy = wy — v, (Where v, is the trap potential frequency, and hence, the vibrational
transition’s energy). We neglect the finite bandwidth of the excitation pulses, and
instead treat the two fields as plane waves,

E(t) = E; &0 L ¢ . (2.62)

We further introduce the Pauli operators o = |x)({ | and o_ = || ) (x| to describe
the electronic transitions, as well as the phonon creation (annihilation) operators
a’(a). This allows us to write the Hamiltonian (in the interaction picture with respect
to the electromagnetic field Hamiltonian) as
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Fig. 2.3 a Level scheme for the creation of local phonons via stimulated Raman scattering. b
Diagrammatic representation of the Raman scattering process. The two-photon process may be
described by the effective interaction, Eq.(2.101), which will be described by a single wavy line

Hin (1) = hweo o + hV_xaTa
+ oy (hQ] ei(ic‘177w1t+¢1) + FLQ2 ei(l_c‘ﬁfwzt+¢2))

+o (th emikii—witton | hQ, e—i@z?—wzmz)) , (2.63)

where w, denotes the transition frequency between |y) and || ). In the spirit of the
conventional (nonperturbative) formalism, we further introduced the Rabi frequen-
cies ; = pk;/h pertaining to the coupling between the field j and the electronic
transition. In contrast to our “spectroscopic” derivation, which we will present later,
the transition dipole y is not dressed with the vibrational eigenstates. Instead, the
spatial dependence of the interaction Hamiltonian - and hence, its coupling to the
motional degrees of freedom - is accounted for by the exponential exp(ik;7), where
7 denotes the position of the ion. Assuming that the light fields are polarized such
that they only couple to the axial vibration we wish to excite, we may write the
exponential as [Leibfried03]

kit = ginitata) (2.64)

where 7, = k/fi/2muy is the Lamb-Dicke parameter [Dicke53], and m the mass of
the ion [Leibfried03]. In the present case, we only consider the Lamb—Dicke limit
nj(Z(aTa) + 1) <« 1 of low phonon numbers and weak recoil from the interaction
with the laser fields, in which case we may approximate the exponential (2.64) by
its linear contribution

einf(a+aT) ~ 1+ ”71(‘1 + aT)’ (265)
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i.e., one can restrict the theoretical treatment to the excitation or annihilation of
individual phonons.

The Hamiltonian (2.63) describes the dipole interaction between the ion and the
two laser fields, which are both detuned by A = w, — w from the electronic tran-
sition w,, and we further restrict our attention to the strongly detuned case where
A > v,. To obtain an effective Hamiltonian for the excitation and destruction of
phonons, we proceed in two steps: First, we transform into a rotating frame in order
to identify rapidly oscillating terms. Second, we employ the Magnus expansion to
obtain multiphoton processes, which do not oscillate as rapidly, and therefore yield
the dominant contribution to the full evolution

Usea(t) = T exp |:—% /dTHim(T)i| . (2.66)
0

A similar derivation can be found in Ref. [Roos08]. Our goal in this derivation is to
replace the time-ordered integrations in Eq. (2.66) by an effective interaction,

i
Uﬁeld(t) x~ exp |:_}__lvphononti| . (267)

Step 1: We change to the interaction picture with respect to the ion Hamiltonian
described by the transformation

Uo(t) = e~ Iwerro-twalar, (2.68)
such that we obtain

H'(1) = Uy () Hin () Uo (1) — hweoryo— — hia'a (2.69)
e

=0, (th e—iAtei(m(ae"‘”’“+uTe’."X’)+<b1) + e—i(A—Vx)tei(ng(aef’."*"+aTe"”’“)+d)2)
2

tHe (2.70)

Here, we have used the fact that w, = w; — v, which is why the second term oscil-
lates with the frequency A — v, (compared to the frequency A in the first term).

Step 2: As mentioned before, we assume that the two laser fields are far detuned
from the electronic transition, i.e. A > v,. Hence, clearly all the terms in Eq. (2.70)
oscillate very rapidly, and only products of two interactions can contribute signif-
icantly to Eq.(2.66). This hand-waving argument is made precise by the Magnus
series [Magnus54], which replaces the time-ordered exponential in Eq. (2.66) by the
exponential of a series expansion,
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T exp [—% / drH’(T)] = exp [Z Fn(z)} , .71)
0

n=1

which may be terminated after some finite N in most practical applications. The first
two terms are given by [Mukamel99]

Fi(t) = —%/Odn H'(1y), (2.72)

and

1 -\ 2 t T
Fat) = 5 (_%) /0 dry /0 dr [H'(r), H (7)]. (2.73)

The integrand of Eq. (2.72) oscillates rapidly between the initial time O and the final
time . As we will see, Eq.(2.73) on the other hand contains terms, which only
oscillate rapidly between the first and the second interaction [see also Fig. 2.3b], thus
yielding the dominant contribution to the Magnus series. The evaluation of Eq. (2.73)
will result in the effective interaction operator we wish to obtain. Before evaluating
the commutator, we carry out the time integrals first. Inserting Eq. (2.70) in Eq. (2.73),
we note that it is sufficient to evaluate integrals of the form

t Tz . . .
(1) = / dm / dry e AT ki gl (2.74)
0 0

where the terms exp(ikv, ) and exp(—ilv,l), k, I = £1, stem from the expansion
of the exponentials exp(in(ae ™7 4+ a’e 7)) in Eq. (2.70), and exp(—iA(m, — 1))
from the two involved electronic transitions. To disentangle the two time integrations,
we change to the variable s = 7, — 7, and obtain

t t
(1) = / dry e 1(A=ls / ds ' k=Dvm (2.75)
0 0

The 7,-integration yields

t ) e i(A=lv)r _ —i
o —i(A = lvy) A

where we assumed again that the laser fields ar far off-resonant, hence A >
|lv,|. Furthermore, we neglected the rapidly oscillating term exp(—iAt). The same
reasoning applies to the s-integration, which creates a rapidly oscillating signal
~exp(i(k — Dvyt) - unless k = I, in which case the result simply reads fol dm =1t.
We only retain this dominant contribution, and therefore arrive at approximate time
dependence
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[
i (1) =~ X [—idkit + O /10)]. (2.77)

This linear time dependence of F (¢) shows that the resulting operator may interpreted
as the action of an effective Hamiltonian, i.e.

Fy(t) ~ —iVigt /B, (2.78)

as discussed in Eq. (2.67).
The evaluation of the commutator terms in Eq.(2.73) is now straightforward:
Inserting the Hamiltonian (2.70) in Eq. (2.73), we obtain four different terms,

Fy(t) = F"V () + F&2 () + FS2 (1) + F V() (2.79)

Here, the brackets indicate the light fields involved, i.e. F*? corresponds to two
interaction with field E, etc. Two of these correspond to two interactions of the ion
with either of the light fields 1 and 2, Fz(l’l)(t) + Féz’z) (#), and are independent of
the laser phases ¢, and ¢,, and - as we shall see - are responsible for elastic light
scattering, thereby only creating an additional phase shift in the ion. The remaining
two terms F' él 2) M+ F f’ D (#) depend on the phase difference +=(¢; — ¢,), and create
or destroy phonons in the system. The first phase-independent term in the Lamb—
Dicke limit (2.65) is given by

wn 1 i\2 rt "2 .
/== —-- dr | dr e” 2T
2 2\ n) Jo 0

X |:U+ (l + ing (ae” T 4 a*eil’ﬂz)) Lo_ (1 — in(ae” ™ 4 aTei"-“T'))] +H.c.,
(2.80)

which yields in total eighteen different terms. According to Eq.(2.77), only those
terms dominate in the final propagator, in which the frequency in the left argument
of the commutator (2.67), kv, and in the right argument, —/v,, cancel one another.
Hence, we obtain

1 ih\? [! ™ ,
B0 =5 (_ihle) /de/ dry 7B
JO 0

X ([a+, o_]+ 1712[U+a, o_ale (=) 4 1712[0+aT, a,a]e"”*'(Tsz‘)) + H.c.

(2.81)
0 \2 it .
- (_’T‘) XIZO'Z (1 +nQata+ 1)) —He. (2.82)
ta Qzl
= iicz (l + 7]%(2(1Ta + 1)) >~ ii”@ (2.83)

where we neglected corrections to the Lamb-Dicke limit (2.65) in the final step. The
factor Q% /A describes the effective two-photon coupling strength of the ion to the
laser field. It only couples via o, to the ion, thus causing the optical Stark effect
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[Cohen-Tannoud;ji92]. Apparently, Eq. (2.83) does not change the phononic (nor the
electronic) population, but merely adds a population-dependent phase. Similarly, we
obtain for the interaction with field 2,

F&P (1) = 192 (1 +ni@afa+ 1)) ~ zQ—%ta (2.84)
2A ! 2A 7 ’

While these contributions may be used to, e.g., induce electronic dephasing artifi-
cially [Gessner14b], they are not of interest for our present purpose. Instead, we are
mostly interested in the phase-dependent terms, such as

1 h21 hQ
Fél’z)(t) _ E( ) e s /de/ dry e~ iBT=T) 4i(61-62)

x e T |:O'+ (1 + i1 (ae™ ™™ 4 aTe”’XTz)) Lo (1 — inp(ae™ ™™ 4 a%”’"”))]
+H.c. (2.85)

The only relevant difference (apart from the different Lamb—Dicke parameter 7,
and Rabi frequency €2,) with respect to Eq. (2.80) consists in the additional factor
exp(—iv,T1) in the second line of Eq. (2.85), which stems from the frequency dif-
ference between the two laser fields £ and E, [see Eq.(2.70)]. This factor changes
the dominant contributions to F'%(¢). Using Eq.(2.77), we again only retain those
commutator terms satisfying k = I,

FIP (= - QZ/dTZ/ dry eI gilé1—0)

X ([O’+, —imo_a 1+ [in10+aT, a_]ei”‘(Tsz‘)) + H.c. (2.86)
QR — m)t .
e Z(ZIA ) o. (ae—t(¢|—¢z) — atei@r= ¢2)) . (2.87)

We obtain the same result for F. 2(2’ b (1), such that the full effective phononic interaction
reads

l(iw t¢_afelo>)t, (2.88)

(1,2) @.1)
70+ Fy7 () = _ﬁ A o,(ae

where

¢ = o1 — 0. (2.89)

Since we never populate the upper state |x), we can eliminate this state from the
explicit treatment, and remove the electronic operator o, from the result. With regard
to our initial goal (2.67), we arrive at
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v . ihQIQZ(Ul — )
phonon — A

(ae_"/) — aTei‘"ﬁ) . (2.90)
Our present approach yields the maximal effective interaction when n; = —n;,, i.e.
when the two fields are counter-propagating. This is in agreement with similar cal-
culations for the excitation of electronic states in trapped ions using Raman coupling
[Wineland98]. Note that due to the imaginary factor i in Eq. (2.90), the phonon anni-
hilation operator enters with opposite sign (remember, the phonon annihilation is
the Hermitian conjugated process of the phonon creation). This relative sign is a
direct consequence of the two-photon nature of the phonon excitation/annihilation
process. As we will describe in greater detail in Chap.7, this structure will deter-
mine the relative signs of different Feynman diagrams in nonlinear measurement
protocols.

“Spectroscopic” Derivation

In our second derivation, we provide an alternative path to obtain (2.67), which
follows similar calculations in chemical physics [Mukamel09]. We take the finite
bandwidth of the two laser fields into account, which creates an explicit time depen-
dence of the effective interaction, as we will discuss in the following. The light-ion
interaction Hamiltonians then read in the interaction picture with respect to the free
evolution of matter and field,

Hini() = E0) > ) (4 nle™ " +he.  iel,2, (2.91)

where (i, denotes the dipole matrix element coupling the n-th vibrational state with
the short-lived state |), and w,, the energy difference between the states |x) and
| {, n). We reiterate that here, in contrast to Eq. (2.62), the fields E;(¢) are not plane
waves, but finite-bandwidth pulses. The Raman transition amplitude may be obtained
by a perturbative expansion in the interaction Hamiltonian to second order, where
the wavefunction first interacts with E;, and then with E»,

2\ 2 t )
[Vfinal (1)) = (—}%) /de/ d7i Hint 2 (2)Hine 1 (7)) 4on— 1) + -+
1o J10

N2 ot ) . .
:<_in) / d / dn E5(m)Ey () pin-1 pine™ 00T L) £ (2.92)
1o 1

0

Here, the dots represent other second-order processes such as elastic scattering,
which we describe by two interactions with the same field, i.e. ~u,21E;“ (m)Ei(1),
which were treated in our previous derivation in Egs. (2.83) and (2.84), and whose
derivation we will not repeat. The other relevant term is the phonon annihilation,
which is simply the inverse process of Eq.(2.92), in which the system ends in the
state | |, n — 2). Our process of interest is represented diagrammatically in Fig. 2.3b:
In this representation, the evolution of the wavefunction is represented by the vertical
line, where time runs from bottom to top, and excitations (de-excitations) are depicted
by arrows pointing towards (away from) the solid line, respectively. To evaluate the
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nested time integrations in the above expression, we first write the fields in their
frequency decomposition,

d ) .
El([) — / %Ai(w)eflw(fft}m)*l(f’i’ (293)

where we introduce the central time of the pulse ti(o), and an additional phase ¢;.

We further introduced the pulse amplitude A; (w). Furthermore, we will denote the
pulse’s center frequency w;. Both control parameters will be used in Chap. 7 to design
measurement protocols.

To simplify Eq.(2.92), we may extend the integration over the interaction time
T — 00, since the next interactions will be well separated from the interaction with
these two fields [Mukamel09]. The field envelope will drop to zero after the fields
have interacted with the system, such that the integration to co yields the same result.
Furthermore, sending the initial time ) — —oo using the same argument, together
with the substitution to the integration variable s = 7, — 77, we obtain

.\ 2

i dw [ du' e
Vhna) = | —5 / — / 1 A1 (@)AF (@))€

h 27 27

iei(wfw’)tgo)
x 210w — W — V) ———————| |, n) - (2.94)
W — Wyp—1 + 1IN
i\* [ dw »
= (—5) 2 M1 AL @)AS @ — v)e @7
: il/,J}O)

— (2.95)
W — Wyn—1 + m

where we introduced the infinitesimal imaginary factor i7). Since we sent the final time
t — 00, the final state no longer explicitly depends on time. Without this approxima-
tion, the second time integration may not be carried out explicitly, and the “exact” time
dependence is contained in this 7, -integration. To maximize the Raman amplitude, we
choose the central time of the two pulses to coincide, i.e. téo) = t}o) . We further used
thatw, , = wy ,—1 — v, (see Fig.2.3) to combine the exponentials exp(—iw,,T2) and
exp(iwy,—171) in Eq.(2.92).

To further simplify Eq.(2.95), we note that the detuning A = |w| — wy,—1] is
much larger than the bandwidth of both £ and E,. Hence, the integrand in Eq. (2.95)
is non-zero only on the tails of the Lorentzian 1/(w — wy,—1 + in). This allows us
to replace it by the detuning A, and take it out of the integration,

U n—1 i(h s N in, 4O dw
["final) = _l»/”hlzinAlet(dn G +ivet) ot — t}o))/ o A](&))A%(u} —v)ld.n)+--- (2.96)

Hence, we have derived the transition amplitude, which connects the initial state
| ,n — 1) with the state | |, n) due to the interaction with the two pulse amplitudes
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A; and A,. In contrast to our previous derivation, the two fields are accounted for via
their spectral overlap, f dw Ay (w)Aj(w — vy), which clearly has maximal strength
when the central frequencies of the two fields satisfy w; = w, + v,. Furthermore,
the transition amplitude carries the phase ¢ = ¢, — ¢;, which may be controlled
experimentally, and which we will use in Chap. 7 for pathway selection in nonlinear
measurements. Since we are only interested in the phononic dynamics, we now
combine the quantities referring to the electronic degrees of freedom in a prefactor
k, which only depends very weakly on the vibrational state of the system. This allows
us to write the transition amplitude in Eq.(2.96) (which, in molecular spectroscopy
would be called a polarizability [Mukamel09]) as

Q1 (1) = iRe5( — 1) Lon)(L,n— 1 (2.97)

We can now write | |, n)(|,n — 1] =a'| |,n— 1)(},n — 1|//n, and obtain

)
Cn1 () = e 6t —tMa'| on—1)(}.n—1] (2.98)

Combining this quantity for all vibrational states n, we notice that in the presented
limit (off-resonant single-photon transitions, fast pulses compared to the vibra-
tional dynamics), the combination of the two fields effectively creates the operator
~> kna'| L, n —1)(}, n — 1], where x, depends only weakly on the phonon num-
ber n, i.e. K, ~ r: The only n-dependent terms are - apart from the factor 1/+/n - the
dipole moments i, and 1, . These were defined without reference to the vibrational
state to which they couple, which is clearly a weakness of the present derivation. We
can however estimate their dependence on n by invoking the Franck—Condon factor
[May04]. It relates transition dipole moments between electronic states with different
phononic quantum number to the spatial overlap to the overlap of the two involved
vibrational states - which are both determined by the same external trap potential in
the present case. It is easy to see that the maximal contribution to Eq.(2.98) stems
from the coupling to excited states with either n or n — 1 phonons, which implies that
Uniin—1 ~ +/7: Since, for instance, the transition | |, n — 1) — |x, n — 1),which is
quantified by the dipole moment

pin—1 &< ({on = oy |x,n—1) = poc (| |oy|x)(n— lin = 1), (2.99)

is independent of n, the subsequent de-excitation process |x,n) — | |,n) is
described by

fin o (X, n = llo"al L, n) = (x|o~| )(n — llaln) ~ /n, (2.100)

which is thus proportional to /7. Taken together, this factor cancels the contribution
from the factor 1/4/n in Eq.(2.98), and % is indeed independent of .
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Since we assumed the two pulses to interact with the sample simultaneously, we
also need to consider the inverse process, where a phonon is destroyed. It is given
by the Hermitian conjugate process of Eq.(2.97), such that we obtain the effective
interaction operator

VPhcnon(t) =K (aTeiO - ae_id)) ot — ti())), (2.101)

where k = ik/\/n, a denotes the phonon annihilation operator, and we recall the
phase ¢ is defined in Eq. (2.89).

Our above derivation of the excitation of phonons was carried out for an individual
trapped ion. As we will see in Chap. 7, when several ions are trapped in a linear chain,
their individual vibrational modes are coupled [see, e.g., Eq.(7.1)], i.e. local vibra-
tions are not eigenstates of the chain’s Hamiltonian. In order to nevertheless excite
localized wavepackets, and monitor their spreading over the chain, it is necessary to
excite faster than the excitation spreads over the chain. Spectrally, this implies that
the laser fields need to have sufficient bandwidth to access all delocalized vibrational
eigenstates of the entire chain, whose superposition creates a localized wavepacket.

Note that there exist other methods to excite phonons in ion chains. They include
strong resonant pulses [Harlanderl1, Brownll, Hazel2, Toyodal3], or trains of
pulses [Mizrahil3], which directly excite vibrations in the ion chain due to the
momentum transfer during the light scattering. Again, if the pulse durations are short
compared to the tunnel rates between the ions, these methods may induce the same
instantaneous excitation or destruction of phonons as the Raman process described
here.

Comparison

We have presented two possible derivations of the effective interaction operator
for the creation or destruction of phonons: One derivation closely followed similar
approaches in the trapped ion community, and by neglecting the pulse bandwidths
resulted in Eq. (2.90). The other derivation explicitly takes the finite bandwidths into
account, and by following similar derivations in chemical physics [Mukamel09], we
obtained Eq.(2.101). Both approaches yielded the same functional dependence on
the phonon operators.

The first derivation offers some clear advantages: By explicit evaluation of the
propagator (2.66), we obtain the effective Hamiltonian (2.90), whose validity is only
limited by the Lamb—Dicke limit (2.65). This allows, for instance, for the definition
of a displacement operator, in case one is interested in the study of macroscopic
superposition states [Monroe96]. By taking additional orders on the expansion of
the exponential in Eq. (2.65) into account, it is, in principle, possible to obtain results
beyond the Lamb-Dicke limit. Furthermore, the explicit treatment of the spatial
dependence of the light-ion interaction enabled us to obtain the explicit dependence
of the Raman process on the beam geometry: The factor ; — 17, in Eq. (2.90) clarifies
that it is most efficient to excite vibrations in a non-collinear geometry (when the
recoil of the first interaction can be counteracted by the interaction with the other
beam), which maximizes the difference between the two factors. This cannot be seen
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from the “spectroscopic derivation”, where the information is hidden in the dipole
moments, which would have to be obtained separately.

On the other hand, in our use of the effective interaction in Chap.7, we investi-
gate the creation of local phonons in an ion chain. Due to the Coulomb interaction
between the ions, local phonons are not eigenstates of the full system. Hence, a finite
bandwidth is essential to excite them, and in this sense the “spectroscopic derivation”
can be employed to calculate the influence of a given pulse bandwidth on the phonon
excitation, by virtue of the spectral overlap in Eq.(2.96), and an evaluation of the
Franck—Condon factor in Egs. (2.99) and (2.100) could be employed to obtain the
precise coupling constants. This demonstrates that - in situations, where the finite
bandwidth is relevant (as will be the case in most of this dissertation) - a perturbative
approach comprises the only viable option.

2.4.2 Electronic Transitions

Apart from the vibrations, we will also consider nonlinear spectroscopy of the elec-
tronic degrees of freedom of the trapped ions. Using narrowband laser pulses, it is
possible to selectively couple only two or three electronic states. In this situation,
it is possible to restrict the necessary theoretical treatment to these two or three
states. The resulting level scheme we will consider is depicted in Fig.2.4. The long-
lived electronic states | 1) and | | ) may be directly coupled using narrow-band lasers
[Leibfried03], where, as before, the laser phase may be controlled to extract sig-
nals. By coupling | 1) to a short-lived state | x), and collecting fluorescence from the
|x) — |{) transition, the electronic populations may be assessed: As described at
the end of Sect.2.3.2 in the derivation of fluorescence signals, this measurement is
proportional to the population in the upper state, such that the populations in both
states may be identified with close to unit efficiency [Leibfried03] (i.e. ion bright
— | 1), ion dark — | |)). This measurement is then described by the observable o,.’
By driving the electronic transition between | |) and | 1) for the time * = 7/2€2,
where Q2 denotes the Rabi frequency of the process, we can generate the effective
interaction

1 . )
Vag=— (07’ —oe ™), (2.102)
V2 ( )
where o_ = |} ) (1| and o4 = [1) (]| denote the transition operators between the two

states. We assume that the Rabi frequency is much faster than the induced dynamics,
such that we may again - just like in our derivation of the phononic interaction
(2.90) - take the excitation (2.102) to be instantaneous, i.e. that the excitation

7Note that more elaborate measurement schemes allow for the measurement of electronic coherence
as well, see e.g. [Hatfner08].
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Fig. 2.4 Level scheme of
the relevant electronic states: =
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takes place at a well-defined moment during the system’s evolution. In contrast

to Eq. (2.90), however, the present interaction need not be weak.

2.5 Diagram Construction

We now turn to the final step of our approach sketched in Sect. 2.1: the evaluation of
optical signals. We give a concise introduction to the diagrammatic representation of
nonlinear signals, and also touch upon the interpretation of individual diagrams. To
facilitate an intuitive understanding, all the diagrams are derived exemplarily at hand
of the absorption detection, Eq.(2.37), or of fluorescence signals, Eq. (2.57). As we
shall see, depending on whether we expand wavefunctions or density matrices, we
naturally obtain different types of diagrams, which, of course, can be transformed

into one another.

2.5.1 Loop Diagrams

Loop diagrams are the natural description of nonlinear optical signals based on the

propagation of a combined matter-field wavefunction,?

8For a concise introduction via the Schwinger loop, see, e.g., Ref. [Hansen12].
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[4(n) =T exp [—}% /dTHim(T)} [¥(10)). (2.103)

Note that in contrast to the superoperator Dyson series, Eq. (2.12), here we deal with
the Dyson series (2.15) of the Hamiltonian operator in the lower-dimensional Hilbert
space. As we have seen before, the absorption signal is given by Eq.(2.37), where
we recall that the expectation value is taken with respect to the final density matrix
o(t). In the present case, we have o(¢) = |¢(¢)) (¢ (¢)|, such that the signal reads

2
S, T) = ﬁﬁ(%b(t)lET(t)V(t)Il//(t)% (2.104)

where I" summarizes the set of external control parameters. Expansion of the expo-
nential in Eq.(2.103) to the desired order in Hj,, generates approximate expressions
for th signal S. Hence, the n-th order signal reads

. 2.
SO =23 2L WO OIE VOO 0), (2.105)

k+l=n

where the k-th order wavefunction in the interaction picture is given by

(1)) = (——) / dr, / dri. / dry Hie(72) . . Hing (1) [1(10)).

(2.106)

Using the definition of the interaction Hamiltonian in the rotating wave approxima-
tion (2.6), and the initial condition (2.16), the terms in the n-th order signal may
be written as convolutions of n 4 1-point matter, and n + 1-point field correlation
functions [where the “+1” is due to the interaction creating the signal in Eq. (2.104)],

SEOT) = WP OIE OV 0" (1)

S\t T
= (—=DF (—%) /dT,é.../dTl/dTl /dn
to

< (V) .. VEOVOV@) ... V()
X (e(r) ... eDE (De(m) ... . e(m)). (2.107)

Note that, for simplicity of notation, we have not yet employed the rotating wave
approximation in Eq. (2.107), such that we work with the quantities ¢ = E + E" and
VY =V + VT [recall Eq.(2.24)]. The signal contribution (2.107) is written as a time-
ordered sequence of integrations over the so-called interaction times. It is possible
to decouple the integrations by changing to the loop times, which are defined by the
time delays between consecutive interactions, s; = 7j4+1 — 7;, and sending the initial
time #y) — —oo, which is justified as long as f, clearly predates the interaction with



64 2 Nonlinear Optical Signals

the first pulse [see also our discussion of the Raman polarizability in the preceding
section leading to Eq.(2.95)]. Rewriting the signal in the Schrédinger picture with
respect to the matter Hamiltonian,

Vimeraction (t) = GT (I)VSchrédingerG(t)» (2 108)

and using the properties of the time propagator G'(¢) = G(—t) as well as G(t,)
G(t) = G(t; + 12), we may rewrite the signal in terms of the propagators G (7j1 —
i)

S(k,l)(r) — (_1)k (_i)n/oodsn .. ./oodsl
h 0 0

x(VGT(s)V...G (s i) VG(s)V -+ G(s)V)

x(e(t — sppr - — s)€t — - 5m1) . ET (@Ot — sp) €t — -+ — s51)).
(2.109)

The time integrations along the ket have been transformed into the loop variables
s1, - - ., 8, and the integrations along the brainto s, 1, . . ., s,. This way, the time argu-
ments of the field correlations functions have become more involved. For instance,
71 has turned into t —s; — - -+ — s, and 7 into £ — s;4; — - - - 5,,. In the course of
this dissertation, we will nonetheless see that this representation in terms of loop
times is beneficial in the evaluation of optical signals: Matter correlation functions
are typically more expensive to evaluate, and it is therefore helpful to choose a basis
in which they are particularly simple.

Note that to obtain the semiclassical expression for nonlinear signals, which we
briefly sketched in Sect. 1.2 we simply need to replace the field correlation function
in Eq.(2.109) by classical field amplitudes A = A + A*,

(et = spt - = s)et = 8m1) . EF (Oelt =5 et =+ = 51)) L sscat

=.A(I —Si41 0 — Sn).A(Z — e Su_) .. A*(I)A(l —S5)... .A(t — =5
(2.110)

Therefore, the current approach naturally encompasses this semiclassical theory, and
we will employ classical field amplitudes on several occasions in the course of this
dissertation, for comparison to signals induced by quantum light.

Diagrammatic representation So far, we simply applied standard perturbation the-
ory to the signal in Eq. (2.104). However, a straightforward evaluation of Eq. (2.109)
quickly runs into problems, since - by definition ¥ = V 4+ V7 - we have 2" pos-
sible terms [even using the RWA (2.6)], which may contribute to Eq.(2.109). To
circumvent this problem, it is simpler to represent the different terms (pathways)
by diagrams which immediately tell the experienced reader, which pathways con-
tribute - and what the underlying physical processes are (for problems regarding the
interpretation, see Sect.2.6).
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Specifically, we now discuss in detail the case where n = 3 pulses are injected,
since this includes classical four-wave mixing signals [Boyd03] such as the photon
echo [Brixner04, Ginsberg09], which are of special importance in nonlinear spec-
troscopy. For this case, we have to consider four possible terms in Eq. (2.105), S&9,
S@D 1.2 and SO which read, for instance,

.\ 3 0o 00 00
§GO = (—1)3 (—%) / ds3 / ds, / ds1(VG' (s3)VG' (s) VG (s)) V)
0 0 0

X (e(t — 51 — 8 — 853)e(t — 51 — s)e(t — sl)ET(t)), (2.111)
:\3 poo 00 )
s = (-n! (—%) / ds3/ dS2/ ds1(VG'(s3)VG(52) VG (s)V)
0 0 0
x (e(t — s9)ET(De(t — s2)e(t — 55 — 51)), (2.112)

and the other two cases may be obtained similarly.

To reduce the number of terms that need to be taken into account, we can now apply
the rotating wave approximation, meaning that each matter excitation is accompanied
by a field de-excitation and vice versa. But still, since we have YV =V + VT, each
matter correlation function above contains 2° = 8 different contributions, yielding
a total of 3 x 8 = 24 possible excitation pathways. However, in many situations
this number may be reduced substantially by employing, e.g. phase matching or
selection rules: In this dissertation, we will typically deal with electronic transitions
between neighboring manifolds, such that, e.g., direct transitions between the g- and
f-manifold (recall the level scheme of Fig.2.1) may be neglected, which is a good
approximation, since such transitions are dipole-forbidden. Furthermore, the system
is initially in the electronic ground state, such that the first excitation has to be an
excitation of the system. As we will show now in detail, these restrictions together
with the fact that the excitation pathway along the loop has to end up in the initial
state again (since otherwise the matter correlation function would vanish) allow us
to describe optical signals with at most four diagrams in this dissertation.

To construct the diagrammatic representation of such expressions, we restrict our
discussion to one specific quantum pathway (i.e. one specific sequence of excitations
and de-excitations in the matter correlation function) contributing to the S signal
(2.112),

Sexample = (WP OIET )V ()92 (1)), (2.113)

which we derive in the Schrodinger representation. We start with the propagation of
the wavefunction along the ket, taking us from the initial state [1(zy)) to [1p® (1)),
according to Eq. (2.106). We recall that ¢/ lives in the combined field-matter Hilbert
space, such that - using the factorizing initial conditions (2.16) in the wavefunction
description [¢(10)) = [¢mater(f0)) ® |¥seia(to)) - the final state is given by
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Fig. 2.5 Construction of the third-order loop diagram pertaining to Eq. (2.116): a The evolution of
the wavefunction according to Eq. (2.103) is represented by a vertical line, where time is running
from bottom to top. Interactions between matter and field are indicated by arrows pointing to - or
away from - the wavefunction. b The loop diagram representing the amplitude (2.113) is obtained
from the evolution of two wavefunctions |w(2)) and (w(” |, see Egs.(2.114) and (2.115), as well as
the final interaction ETV (only V is made explicit in the diagram) at time 7. The loop times sj (i.e.
time delays between successive interactions) and the interaction times 7; are indicated

-\ 2 oo 0o
W2 (@) = (—%) / ds) / dsi G(s)V' G DV [Ymaer(0))
0 0
XE(t — s)E(t — 52 — 51)|Ygena(to)).  (2.114)

It is easy to realize that the only contribution to |+/® (¢)) consists of the two excita-
tions in Eq. (2.114): We start in the electronic ground state, so the first interaction has
to be an excitation. If the second interaction de-excites the sample again, the final
interaction V (), that creates the signal, acts on the ground state, and destroys the sig-
nal. Hence, the only remaining contribution to [¢)® (¢)) consists of two excitations.’
This process is depicted by the Feynman diagram in Fig. 2.5a, where time is running
from bottom to top. Each excitation of the matter (and simultaneous de-excitation of
the field) is represented by an arrow pointing towards the ket. Note that this represen-
tation originates in the semiclassical picture, where only the evolution of the matter
system has to be treated quantum mechanically, and therefore the de-excitation of
the field is not explicitly accounted for. But of course, the field correlation function
may be obtained just as straightforwardly from this representation, by keeping in
mind that each excitation of the matter system is accompanied by a de-excitation of
the field, and vice versa.
Similarly, the evolution of the bra-side is given by

WP = - (—%) /0 ds3 (Vmarer (10)|V G (53)
x (Yfiela (1) |ET (t — s3), (2.115)

and represented by the right transition amplitude in Fig.2.5b. The minus-sign in
Eq.(2.115) stems from taking the Hermitian conjugate of |/1).

9We did not specify |¢ge1q), which could further restrict the number of relevant pathways.
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The final signal E7V (which is time-independent in the Schrédinger picture), see
Eq.(2.113), is sandwiched between these two expressions to yield

i 3 roo 00 00 K R i
Sexanple = — (—%) [ s [[as [[as vaispvaeavicev
x (E*(t — s3)E"(E(t — )E(t — 55 — 51))- (2.116)
By convention,'” this final interaction is added to the ket-side of the diagram, and the
two evolutions are connected by a dotted half-circle, indicating that their combination
creates the contribution to the absorption signal (2.113).

Note that interactions are ordered along the loop: If we follow the evolution
clockwise along the loop, i.e. following the evolution of the ket from 7y to ¢, and
then the evolution of the bra back from ¢ to 7y. Mathematically, this forward and
backward time integration may be described by a closed contour integration - a so-
called Schwinger-loop (or Schwinger-Keldysh loop) [Schwinger61, Keldysh65] - in
the complex plane (where the physical time is the real axis), which lends the diagram
its name. There is no time ordering between interactions on the bra and the ket side.

2.5.2 Unrestricted Loop Diagrams

One is not always interested solely in the evaluation of specific nonlinear signals,
i.e. of specific observables. For instance, in Chap.3, we mostly simulate excited
state population distributions, without reference to a specific measurement setup.
Furthermore, as discussed at hand of Eq.(2.37) on p. 45, optical signals may be
ambiguous, and accordingly, so is their diagrammatic representation. To understand
what is really going on in the matter system, we need to compare these optical signals
to transition amplitudes between states in the matter system. Their calculation natu-
rally leads us to different expressions, which are termed unrestricted loop diagrams
in [Mukamel10b], which we will discuss in the following.

Suppose we want to calculate a molecular transition from an initial molecular
state i to a final molecular state f, perturbatively in the matter-field interaction. After
evaluating the matrix elements with respect to the matter degree of freedom, one is
left with transition operators acting on the field space,

T5(1) = (f(OIT exp [—%/dTHim(T)] |i(t0))

=T" O+ TP+ 10 (0. 2.117)

10We could have also added the final interaction to the propagation of the bra, and depicted it by
an excitation of the bra at time ¢. This ambiguity in the description of nonlinear signals will be
elaborated further in Sect.2.6.
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where we obtain, for instance,'! the first-order transition amplitude
[Cohen-Tannoudji92]

T (1) = —% / dr (f()[V(T)]i(to) (7). (2.118)

to

The probability for the transition between the state |{) and |f) will be the modulus
square of Eq.(2.117), when averaged with respect to the initial state of the electro-
magnetic fields,

Pl = (T} OT(0) = e [T} O T 0p0at0) | (2.119)

where pgeig denotes the initial state of the electromagnetic field. Expansion of
Eq.(2.119) in the form of Eq.(2.117), and evaluation thereof will lead to expres-
sions of the form

pﬁ,example(t) = (T;(])(I)ngs) (t))

( i)3 (l) t T3 e t
=(-- - d7’3/ de/ dTl/dT’
h h /fo o 4] to :

x (i(t)) [V (T POV (1) VT () V()i (1))
x (E"(r)E"(3) E(m)E(11)), (2.120)

where we introduce the projector onto the final state P(t) = [f(2))(f(#)|. In loop
times, Eq. (2.120) reads

i 4 oo o0 o0 )
pﬁ,example(t) = - (__) / dS4/ dS3/ dSz/ ds;
h 0 0 0 0

x (VG (s4)P;G(s3)VG(s) VI G(s1)VT)
x (ET(t — s))E"(t — s3)E(t — 53 — 2)E(t — 53 — 55 — 51)),  (2.121)

which looks indeed very similar to the integral expressions of our previous exam-
ple of a loop diagram, Eq. (2.116), except that the two transition amplitudes are no
longer connected by a final matter-field interaction creating the signal. The diagram-
matic representation in Fig. 2.6 of the above expression is straightforward, using our
derivation of the loop diagram (2.112): Each (k-th order) transition amplitude Tjék)
is represented by a vertical blue line, in analogy to Fig.2.5a, in which each of the
k interactions is represented by an arrow. The two transition amplitudes are finally

1Note that the states carry explicit time dependence since the transition amplitudes are formulated
in the interaction picture with respect to the free Hamiltonians of matter and field.
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Fig. 2.6 Splitting of an unrestricted loop diagram, i.e. of a process that does not end with a mea-
surement, pertaining to Eq. (2.120) as the sum of two loop diagrams, according to Eq. (2.123). The
loop times s; and the interaction times 7; are indicated

connected by a solid semicircle to signify the projector py (). Therefore, its diagram-
matic representation does not feature a final interaction at time #, and to distinguish
this process from the loop diagram before, it is usually termed an unrestricted loop
diagram [Mukamel10b].

As noted above, the final interaction creating the signal is the only difference
between the loop diagrams discussed in the previous section and the present unre-
stricted loops. Hence, it is quite intuitive that we can relate any unrestricted diagram
to regular loop diagrams by introducing time-ordering between the final interactions
on both sides of the density matrix, as we will show in the following. Let us start
again with Eq.(2.120), where the final interactions at times 7| and 73 are not time-
ordered, since they are both integrated between the initial time #y and the final time
t. We now introduce the time-ordering artificially, by writing

t t t R t T
/d7'3/d7'1' =/d7’3/ dr| +/d71// drs. (2.122)
1 1o o 0 fo fo

This procedure splits Eq. (2.120) in two terms

i re i reo ,
pﬁ,example(t) = (__) /dT3 P (7-3) + (_) /dTll Pw) (7-1)» (2123)
h)Js h)Js

where each of the two terms is given by a “regular” loop diagram,

.\ 3
B i 73 T2 73
p(a)(T3)=—(——) /de/ d’Tl/ d’Tl/
h‘ Iy o 1o

x (i) |V (T POV () VT (1) VT (1) i(10))
x (ET()E" (13)E(m)E(11)), (2.124)

and
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.\ 3 !
5 , i Ty T3 iyl
Dy (1) = (——) / d73/ de/ dm
h to to fo

x (i(to) [V (T POV (3) VT () VI (1) i (1))
x (E"(r)E"(13)E() E (1)), (2.125)

We have thus expressed the transition probability between state |i) and state |f) in
terms of loop diagrams, which may be evaluated using the rules of the previous
Sect.2.5.1. One small difference between the two still remains: Since we only con-
sidered a single final state f, the resulting loops (2.124) and (2.125) still contain the
projector onto this state. In an optical measurement, of course, all possible final states
contribute to the signal. This amounts to a summation over all final states Zf Pr(t)
in Egs. (2.124) and (2.125), which yields the identity. Hence, in this rather abstract
calculation, we showed how to relate loop diagrams (from optical measurements)
with unrestricted loop diagrams (from transition amplitudes). In Sect.2.6, we will
follow the derivation in the opposite direction to express optical signals in terms of
transition amplitudes.

2.5.3 Ladder Diagrams

So far, we have been concerned with the development of nonlinear signals based
on the propagation of wavefunctions, and did not take advantage of the Liouville
space notation introduced in Sect.2.2. When we expand the entire density matrix
(2.12), we obtain fully time-ordered expressions [MukamelO8]. This is necessary,
for instance, when the system is coupled to a dissipative environment, and the time
evolution is described by an effective quantum master equation [Breuer02]. Typically,
this environmental noise drives the system into a thermal equilibrium state, thereby
decreasing the purity of the initial state. On a formal level, it implies that backwards
time propagation along the loop is no longer possible (G' as defined in Eq. (2.12) is,
in an open system, no longer a trace-reserving, completely positive map [Breuer(02]).

It is possible to obtain fully time-ordered expressions from loop diagrams in two
steps: First, one has to rewrite Hilbert space expressions such as Eq. (2.116) as time-
ordered Liouville space expressions,

. 3 t T t
Sexampie = (—1) (—%) / drs / dr, / (VD VLV, () Vi (7))

x (ER(TDE} (DEL(T)EL(T)), (2.126)

where we have adopted the “left” and “right” Liouville superoperators, Eqs. (2.19)
and (2.20), which simply tell us whether the interaction takes place on the ket or on
the bra side of the density matrix. Note that the original Hilbert space expression
(2.116) may be obtained again from Eq.(2.126) by employing the definition of the



2.5 Diagram Construction 71

left- and right-superoperators: We assume that our initial density matrix is given
by the pure state o(fy) = |1(f)){¥(ty)| (as was used in the derivation of the loop
diagrams), and write

(VR VL@V, (m) V] () = e {V (O VT (m) VT (7)) 0(10) V (1) } (2.127)
=w{VEDVOV )V}, (2.128)

which coincides with the matter correlation function in Eq.(2.116), when changing
to loop time variables s; (Of course, the same calculation may be carried out with
the field correlation function). Since “left” and “right” superoperators commute,
[VL, VRT ] = 0, which may be verified by straightforward calculation, we may change
the position of the right-operator V(7}) in the matter correlation function to obtain
the different possible full time-orderings, without altering the correlation function
itself. This allows us in the final step to break up the time integrations into all fully
time-ordered combinations,

i 3
Sexample = (_1) (_ﬁ)
t T 7 t ) st t it )
X(/de/dTl/dT{+/de/dT{/dT1+/dT{/d’l‘z/dﬂ)
to o I0) fo 10 Iy o fo 0

x (V(TD VLV, (1) V] (r)ONER(TDES (DEL(T2)EL (1)) (2.129)

One usually relabels the time integrations to 7y, ..., 73 in ascending chronological
order as depicted in Fig.2.7,

i 3 t T3 )
Sexample = (=D (_ﬁ) /d7-3/ dTZ/ dr
In) Iy Iy

x (( Vi)V, (1) V[ (m) Ve(r)O)EL (D EL(T3) EL () Ef (1)) (2.130)

f
f
%

ts t3 t3

t1 ty t1

U(to)) (¥ (to)|

Fig. 2.7 The loop diagram, Eq.(2.116), may be written as the sum (2.129) of three fully time-
ordered ladder diagrams. Instead of time-ordering along the loop, ladder diagrams describe fully
time-ordered expressions, which can describe dissipative dynamics. The loop times s;, the interaction
times 7;, and the ladder times ¢#; are indicated
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+ (VL) V] (73) Vr(2) V, (r)NE} (DEL(T3) Ef(72) EL (1)) (2.131)

+ (VL@ Vr(m3) V] () V] (n))(EZ(r)E,Z(n)EL(Tz)EL<n>)). (2.132)

In analogy to the loop times [see their introduction following Eq.(2.107)], we may
also simplify the evaluation of these nested integrals by changing to the time delays
between interactions (now in physical time),

L =Ty — T, (2.133)

and sending fp — —oo. The resulting expression in the Schrodinger picture with
respect to the matter Hamiltonian reads

i 3 roo oo o
Sexample = (=D (_ﬁ) / dt3/ dtz/ dt; x
0 0 0

((ng(t3>vJ GOV GUDVR)E (t = 1z — 1 = )E'(VE(t — t)E(t — 15 — b))+

(VLG )V, G(0) VrG(t) VI )NET (t — 15 — )ET(E(t — t)E(t — 15 — 12 — 1))+

(ViG(5) VRG () Vi Gt VINET (t — 5)ET(E(t — 15 — 1)E(t — 15 — 1 — zl))).
(2.134)

Even though the expressions in Eq. (2.134) look rather deterrently, they may be easily
visualized by their Feynman diagrams. To that end, let us discuss the second line
of Eq.(2.134) in more detail, which is represented by the left-most ladder diagram
in Fig.2.7. Its matter correlation function (V.G 1)V, GV, G(ty) Vi) is to be read
from right to left: First, the bra side of the density matrix is excited by Vg, represented
by the arrow pointing from the right towards the density matrix in the diagrammatic
representation. After the first free evolution period #; with the Liouville space prop-
agator G(t), the interaction VZ creates an excitation on the kez-side, represented by
the arrow pointing towards the density matrix from the left. The next free evolution
t, is followed by the third interaction VLT , and - after the final free evolution 73 - the
last interaction V, creates the signal.

In the course of this dissertation, we do not take dissipative effects on the propa-
gating light fields into account. In actual experimental setups, fluctuations in the laser
systems, the optical instruments, or the like will most certainly affect the quantum
state of the light to some extent. Here, we present proof-of-principle demonstrations
of the effects of quantum correlations of the light onto optical signals, which are
not degraded by fluctuations. Hence, the field correlation functions in Eq.(2.134)
may still be evaluated in Hilbert space, yielding the same correlation functions as in
Eq.(2.116), albeit written in the ladder diagram variables ¢, . . ., t4. Hence, the field
operator E}g associated with the matter interaction Vg may be pulled over to the right
in each of the terms in Eq. (2.132)
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tr [EZ(t)EL(t —B)E(t — 13 — IZ)E;;(I —h—1h— ll)Qﬁeld]
=tr{E"(t —t3 — tp — 1) E"(DE(t — t3)E(t — 13 — 1) Ofie1d } - (2.135)

This is the reason all the field correlation functions in Eq. (2.134) may be written in
normally ordered form.

Despite their apparent greater complexity, ladder diagrams of the type (2.134),
depicted in Fig.2.7, offer several major advantages compared to loop diagrams:
First and foremost, they allow for the treatment of open quantum systems since the
Liouville space propagator G(¢) in Eq. (2.12) may also describe dissipative dynamics.
Second, the propagation happens in real time such that we know the quantum state
of the combined matter field system at any instant in time. This is not the case for
loops, where we do not know at which point in time interactions on the bra side
occur with respect to those on the ket side.

2.5.4 Time Versus Frequency Domain Expressions

It is of course possible to express the nested time integrals in terms of multiple fre-
quency integrals. In the course of this dissertation, we will use both cases depending
on the specific problem.

Letus consider Eq. (2.116) as a concrete example. To obtain the frequency domain
expression, we decompose the field correlation into its Fourier components

(E7(t — s))ET(OE(t — s2)E(t — 55 — 51))

/du}a dwb / /dwb i(w[’,-}w,’)—uu—u.)b)teiwaxlei(wa+ub)sze—iw;.¥3

x(E* (%)ET(w,,)E(wb)E(wa)), (2.136)

which allows us to carry out the time integrations in Eq. (2.116), and replace the time-
dependent propagators G(s1), G(s,), and G'(s3) by the frequency domain Green’s
functions

Gw) = / oods e“SG(s) (2.137)
0
i

_ _ (2.138)
w— Hmatler/h +1n

Equation (2.116) then takes the form
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Sexample = ( ) /dwa /dwb / /dwb i(W), W) —wa—wp )1

x (VG (W)VG(wy +wp)VIGwa)VT)
x (ET (W) ET(w))E(wp)E(wy))- (2.139)

As one can see from Eq. (2.139), the frequency domain representation may be ben-
eficial in the case of time-integrated signals such as Eq.(2.38): Integrating over ¢
in Eq. (2.139) directly yields a delta-function 276 (w), + w) — w, — wp). As arule of
thumb, it is typically more convenient to evaluate signals in the time domain when the
matter correlation function is more complicated than the field correlation function,
and in the frequency domain otherwise.

2.5.5 Impulsive Limit

In many standard nonlinear optical signals, the pulse durations of the excitation
pulses are very short compared to the relevant dynamics in the matter system. The
impulsive limit then often yields an excellent approximation to simulate the signal,
and greatly simplifies its numerical evaluation: One assumes that the pulses are given
by delta pulses,

E(t) =0t — " —12). (2.140)

We may then carry out the time integrations in any perturbative signal. For instance,
we obtain for Eq. (2.134)

N\ 3
Sexample = (—1) (— ;L) ((ngaé“’)v*g(r(O))v; Gt Vi)

+ (ViGN G VG (") V) + (ngo;‘”)ng<t<°))vL"'g<t§‘”>V2'))
(2.141)

where the times tfo), téo), t§0) denote the time delays between the laser pulses, and

not integration variables. Hence, in this limit we obtain direct access to the matter
response function, and Fourier transform of the time delays reveals the true line
broadening of resonances, and is not perturbed by finite pulse bandwidths. Of course,
it also represents a great technical simplification since the previous multiple time
integrations are no longer necessary.
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2.6 Susceptibilities Versus Transition Amplitudes
in the Quantum Domain

Nonlinear (quantum) optics is mainly concerned with the evolution of the electro-
magnetic fields, and matter systems typically enter the description in terms of sus-
ceptibilities [Boyd03]. As mentioned in the derivation of Eq.(2.37), this approach
suffers from important drawbacks since the interpretation of the underlying, physical
processes in the matter system seems ambiguous. This ambiguity may be resolved
by calculating transition amplitudes between energy levels of the sample system,
where the final state is clearly unambiguous. However, it is not at all obvious how to
relate these transition amplitudes to optical signals since those also contain paramet-
ric processes where system and light do not exchange energy, but rather contribute
to dispersion of light inside the sample medium.

In the diagrammatic representation of optical signals, the connection between
these two approaches becomes evident: One has to relate the loop diagrams describing
optical signals with the unrestricted loop diagrams describing products of transition
amplitudes. This will be elaborated in the following for the first- and third-order
contribution of intensity measurements, Eq. (2.37). We again consider a three-level
system consisting of a ground state manifold g, a single-exciton manifold e, and the
two-exciton manifold f (see Fig.2.1). We first discuss the first-order contribution,
which serves as a showcase example to illustrate the perturbative construction of
optical signals, and will therefore be discussed in quite some detail.

As pointed out in Ref. [Mukamell0b], the transition amplitudes are connected
to the energy exchanged between field and matter system. To measure the total
transferred energy, we integrate Eq.(2.37) over time. We further aim to address the
described ambiguity in the representation of optical signals, which we had noted
in Sect.2.3. To this end, we symmetrize the signal with respect to the two possible
representations, Eqs. (2.37) and (2.39), of the final interaction,

U (2 2 i
S =3 / oslt (ﬁ\s(b;(r) Vi) — EJ@(E.;.(I) V+(t))ﬁnal) : (2.142)
We only consider unitary evolution, such that we can use a Hilbert space description,
replace the Liouville space expectation value above by a Hilbert space expectation
value (i.e. we simply replace E; — E etc.), and obtain the result in terms of loop
diagrams.

2.6.1 Linear Absorption

We first analyze the first term in Eq. (2.142), (E*(t) V (t)). The linear absorption signal
is obtained by expanding the exponential (2.15) to first order, which leaves us with
two possible contributions,
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Fig. 2.8 The loop diagrams (a)

comprising the symmetrized B
linear absorption signal ""’W""‘ t i """‘%"‘ t
(2.142). Diagram a is
obtained from the expansion ,

(2.145) of (ETV), and 1 """'*‘“’”‘
diagram b from the

expansion of (EVT) _"Wh_) n

STOr) = % / “a SO OIE OV OO 0), (2.143)
SOy = 711 / s SWOOIE VO o), (2.144)

where we recall our definition (2.106) of the k-th wavefunction. In Eq.(2.143), the
de-excitation operator V (¢) acts on the ground state, and this contribution therefore
vanishes.!? To avoid this situation in Eq. (2.144), the one interaction with the field
has to create an excitation in the sample. Hence, the linear signal is given by S,
and we can write

1 [ j . ]
so0w)y = [ dr fans (—%) WOWIE OV OEV (m) (1),
—00 f
(2.145)
This expression may be represented by diagram (a) in Fig.2.8. Using the initial fac-

torizing condition |4)? (#9)) = |g) ® |15e1a), and changing to the Schrodinger picture
of the sample system, we obtain

0,1) _ 1 > ! ~ i T T
sODT) = ﬁ/ a’t/dn \S(—%) (gIVG (@t —m)VIIQET(ME(T)), (2.146)

where we abbreviate (E*(1)E(71)) = (¢fiela|E* (1) E(71) [tfe1a). Using the definition
of V as in Fig.2.1, Eq.(2.7), the matter correlation function is given by the sum-
over-states expression

GIVGE—)VTIg) =D lugel>e ™), (2.147)

12Note, however, that if we discussed a situation in which the system is not prepared in the ground
state, this contribution would have to be taken into account as well.
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where the sum e runs over all the single exciton states in the associated manifold in
Fig.2.1.13 To evaluate the signal, we now change to the loop time s = ¢ — 71, and
decompose the field correlation function as

(ETDE(t —5)) = ‘22 / C;iei‘“’_iw/(’_“)(ET(w)E(w/)), (2.148)
vy I8

and, after inserting Eqs. (2.147) and (2.148) in (2.146), we can carry out the time
integrations, and obtain

1 fdw  |pgel?
SO = —:/—4 EY(WEW)). 2.149
I 2 27Tu}_wﬁm( (W)E(W)) ( )

Here, we have added the infinitesimal complex factor in to evaluate the s-integration
in Eq.(2.146), after the substitution s = r — 7. The #-integration yielded a delta
function 276 (w — W').

To rewrite Eq. (2.149) as the modulus square of a transition amplitude, we now
define the first-order transition amplitude operator acting on the field Hilbert space,

TVw=> %E(w). (2.150)

€g
e

This allows us to write the signal as
0,1 _ ~ [&¥ (Dt (1
sOD(T) = Zﬂs T r— in(Teg TS W))- (2.151)

Finally, we employ the identity (also known as the Sokhotski-Plemelj theorem)
[Weinberg95, Cohen-Tannoud;ji92]

1
w+in

1
— PP— — ind(w), (2.152)
w

where PP denotes the principal value, and §(w) the delta distribution. The field
correlation function is a real number (77T, since it is simply the norm of the vector
T (w)|9fieia), SO We arrive at

SON(r) = =3 ST o), (2.153)

e

where we used the short-hand notation |T|> = T'T.

13Similarly, we will denote summations over the other state manifolds in Fig.2.1 by summation
indices g, f, etc. in the following.
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In an identical derivation, we can express the second term in Eq.(2.142) by the
single Feynman diagram (b) in Fig.2.8. In contrast to Egs. (2.143) and (2.144), only
the first-order function () (V| EV |1/} yields a signal, such that the diagram features
its single excitation of the right (bra) side. A very similar calculation as before yields
the same result as for S, Eq.(2.153). Hence, the full linear absorption signal is
given by

SO == (IT @) P). (2.154)

e

We have thus related the linear susceptibility responsible for the linear absorption
with the modulus square of the transition operator acting on the field Hilbert space,
which simultaneously promotes the matter system from the ground state g to the
excited state e. This result should not come as a surprise, but - apart from being
a clean example, in which we could derive the diagrammatic representation of the
signal in detail - we can already draw some useful conclusions from Eq. (2.154): The
sign of the linear absorption is negative due to our definition (2.31) of the signal. The
linear absorption always reduces the number of photons in the field (keeping in mind
that we assumed the matter system to be initialized in its ground state). Therefore,
the change of photon number (2.37) is negative. We have also seen that, in fact, both
terms in Eq.(2.142) yield the same transition amplitude (|Te(g1)(we)|2), even though
their diagrammatic representation in Fig. 2.8 could give the false impression that they
corresponded to different processes, for instance, diagram (a) to a scattering process,
while diagram (b) indeed described an absorption event.

2.6.2 Third-Order Absorption

We now turn to the next order in the number of matter-field interactions. This will
be especially relevant for the rest of the dissertation, since it features four-point field
correlation functions. It is those correlation functions that are responsible for the
entangled photon effects described in Sect. 1.3, and therefore this is the lowest order
where we can expect to see entanglement effects in optical signals. Expanding the
time evolution operator (2.15) to third order, we obtain the loop diagrams depicted in
Fig.2.9. Diagrams (Ia)—(I'Va) are obtained by expanding the first term in Eq. (2.142),
and the convention that the final interaction happens on the ket-side. Similarly, the
second line, diagrams (Ib)—(IVb), stem from the expansion of the second term in
Eq.(2.142). Diagrams (I) and (IT) will be termed rwo-photon absorption (TPA) path-
ways since the system evolves through a doubly excited state at some fraction of the
time evolution. They feature matter correlation functions of the form (VVVTVT),
i.e. (reading from right to left) two excitations (or photon absorptions, represented by
arrows pointing towards the density matrix) followed by two de-excitations (arrows
pointing away from it) when following the propagation around the loop. Similarly,
diagrams (IIT) and (IV) will be called Raman pathways, since they show a succession


http://dx.doi.org/10.1007/978-3-319-44397-3_1

2.6 Susceptibilities Versus Transition Amplitudes in the Quantum Domain 79

(a) . (a) .. (Ia) .. (Iva) .
‘ iy ; ‘ iy ; ‘ - : ‘ i k
. 4—*—?& 72, +ﬁ
MR —~— -
""*-F"l 7|
e &
(Ib) IIb) .- (IIb) .. (AVb) ..
* o ¢ : ‘ iy ! ‘ iy : ‘ i,
il K e 7 |t
—r— - * B 72’~+.-
™ -i*-— G
o e | e

Fig.2.9 The loop diagrams comprising the symmetrized third-order absorption signal contributing
to Eq. (2.142). Diagrams (/) and (/) represent two-photon absorption (TPA) pathways, where the
system evolves through a double excited state, and diagrams (/I7) and (/V)) are Raman contributions,
where the system can reveal vibrational resonances

of excitations and de-excitations, (V VTV V). When the ground state of the system
contains a ladder of vibrational states, these may be accessed in these transition
pathways via a two-photon process. For instance, in our derivation of the effective
phonon interaction in ion traps, Eq.(2.90), the polarizability consisted of a succes-
sion of electronic excitation and de-excitation, i.e. V'V, and we will later encounter
this quantity in Chap. 6. It is in this spirit that the four-point correlation functions
(VVTVVT)in diagrams (IIT) and (IV) are called Raman pathways.

We reiterate (see our previous discussion of the linear absorption signal) that each
line of diagrams in Fig. 2.9 separately allows the calculation of the third-order signal
S®)(T). But we will now show how their combination allows us to express the signal
in terms of transition amplitudes.

Two-Photon Absorption Pathways

We start with the calculation of diagram (Ia),

1 i 3 roo t T t
S{%:—ﬁ[(—ﬁ) / dt/dn/ dn/dT{(V(T{)V(r)V*(rz)V*(n))
—00 I T I

x(E*v{)E*(t)E(Tz)E(n))]

(2.155)

(Note that the factor —1 stems from the single interaction acting on the bra). To
proceed, we decompose the field correlation function into frequency components,
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d a d d / dw/ S .
(ET(r)ET()E(n)E(T)) = / ; % % /_bew,+,W,,t_mm_,%

x (ET (W) E" (W) E(wp)E(wa))- (2.156)

By changing to the loop times defined in Sect.2.5, and evaluating the matter corre-
lation function in a sum-over-states expression, using Eq. (2.7),

(VG (s5)VG(s2)VIG(s)VT) = Z [ge€ S rore ™ 52 1 0% 11 (2.157)

g.e.f ¢

we may carry out the time integrations,

S('; ls . i 3 dwa d(Ub
= p h 2m

x (E"(w) )E*(wbw(wb)E(wa))

d
/ ol 276 (wg + wp — W, — w))

ifge Iflef
Wa _we+lnwa+wb_w]"+in

_. /
x ,Lfe./ﬁe’g} (2.158)
Wl — W — I

where we again introduced the usual infinitesimal factor 7 to write the matter prop-
agators in frequency domain [see Eq. (2.138)]. Changing to the integration variable
Wsum = Wq + wp, and defining the second-order transition operator acting on the field
space as

dwa — Pgelte
Y}S,?)(Wsum) 52 Z/ZT( w _gw il E(wsum — wa)E(wy), (2.159)

we may rewrite the signal as

dw 1
3 _x sum )t )
Sy = \9[;/ o qu (Waum) Ty, (wsum))m_—w] (2.160)

Finally, as in our derivation of Eq.(2.154), we use the identity (2.152) to express
Eq.(2.160) as the modulus square of transition amplitude operators acting on the
initial quantum state of the light,

1
St = =3 2 (T3 @nP). 2.161)
f

In an identical calculation, we obtain
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Sty =—= z (172 wp)P?). (2.162)

Hence, the final third-order contribution to the signal (2.142), which contains their
sum, yields exactly the contribution of the absorption of two photon pairs, which
promote the system from the ground state manifold ¢ to the two-exciton manifold
f, and calculating either of the two possibilities contains the full information con-
tent on this particular excitation pathway. Just like the linear absorption signal, this
contribution is always negative, since two photons need to be absorbed to promote
the system into the f-manifold, thereby reducing the number of photons in the light
field.
For diagrams (Ila) and (IIb), we obtain similarly

dw + 1
3) _~ (D) 3)
St (D) = \s[ 2 / e (T, (7T, (w))—w S in}’ (2.163)
and

dw 1
Sfﬁ{,><r)=—3[z / o (T8 w >T£i}<w>)T_in} (2.164)

with the first- and third-order transition amplitude operators

T)) (W) = ”egE( ), (2.165)
dw, [dw, L,
T(3)( )= - Z/ / Fef vfe'
h 2w wa—we+mwx—wf+m
x ET(w, — WE Wy — wa)E(wy). (2.166)

Thus, employing Eq. (2.152), the sum of the these two diagrams may be written as,
3 3
S((HL)(F) + S((H{))(F)
=3 Z / — [ imd(w — w)[TS) @IS (W) + TS (@) TS ()

pp;(

W — W,

DTNT (W) = TV (W) T (w) )} (2.167)

eq ey eq eg

The second line vanishes, since the principal value returns a real number. Hence, we
finally arrive at

St (D) + S, (D) = —2%2 (T3 we) TS (we). (2.168)
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and the sum of the TPA pathways yields

St (D) = = D (175 @) = 20 D (T @ TS we)). (2.169)
! ¢

The second term also enters with a negative sign. However, since it is the real part
of the product of two different operators, it may become positive, as we will see in
Chap.4.

Raman Pathways

In addition to our previous definitions, we introduce the transition amplitude opera-
tors

1 dw ,
@) — a  Mgeleg 4
Tygw) =15 Z/g mE (Wa = W)E(wa), (2.170)

7% (W) = z/d"‘)a /dw_ Heg'pg'e
Leg n 27 wa—we—i-mw,—wq—i-m

X E(w — w_)E (W, — w_)E(wy). (2.171)

Tg(,zg) describes a generalization of the Raman process we described in the derivation
of the effective interaction operators earlier in Sect. 2.4. In the case of an off-resonant
excited state, we may take the denominator w, — w, + in out of the integration, and
obtain a quantized version of Eq. (2.97). T'® corresponds to a Raman process where
the system evolves in the ground state after the first two interactions, whereas T®’
defined in Eq.(2.166) describes the two-photon absorption (TPA) process. After
similar calculations as before, we obtain the final result

Stoman (D) = D (T2 @) 2) = 20 D (TS (W) TLS) (we)). (2.172)

g ¢

Here, the first term enters with a positive sign. It creates a positive contribution to the
third-order signal, since the second photon in the Raman process g — ¢’ is emitted,
and thereby increases the number of photons in the detected field. The 7VT7/®)-
contribution has the same sign as its TPA analog in Eq. (2.168). However, note that
the 7 amplitude (2.166) has a photon creation operator as leftmost operator. Hence,
it finishes with a photon emission. The T7'®-pathway in the Raman signals finishes
with a photon annihilation. As we will show in Chap.4, this differences causes the
two contributions to have opposite signs after all.

In conclusion, Eqgs.(2.169) and (2.172) express the time-integrated third-order
response in terms of transition amplitudes of the matter system, evaluated for a given
initial quantum state of light, which enters via the expectation value (.. .). It is not
straightforward to connect the diagrams with the corresponding transition ampli-
tudes, but this procedure allows us to make the connection to the underlying material
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system providing some intuition for their interpretation, and to assess whether a given
diagram enters with positive or negative sign.

2.7 Synopsis: Diagrammatics in a Nutshell

This final section briefly summarizes the diagrammatic construction of nonlinear
optical signals. We only state the most convenient representations of optical signals
in the time and in the frequency domain.

The starting point of our derivations is given by the expectation value of an
observable A(¢) (for their derivation, see Sect.2.3),

S T) = (A®) (2.173)

final’
where the expectation value is taken with respect to the final state of the combined
matter-field density matrix. We are interested in the change induced by the interaction
with the sample system, which is given by Eq. (2.31) [or Eq. (2.57) for the fluores-
cence signal]. These expressions relate changes of the field measurements to opera-
tors of the matter system, and they may be calculated with any of the variety of meth-
ods, which have been developed in quantum electrodynamics [Cohen-Tannoudji92],
ranging from perturbation theory in the weak interaction limit to the Heisenberg—
Langevin equations or the optical Bloch equations in the strong coupling regime. In
this dissertation, we work with a perturbative approach, which has been optimized
for the description of nonlinear spectroscopic signals. This strong link to nonlinear
spectroscopy, as described in Sect. 1.2, facilitates a comparison of nonlinear signals
induced by quantum light with conventional spectroscopic signals. Furthermore, its
origin in the description of ultrafast optics implies that it is well suited to treat the
interaction with broad bandwidth, multimode light fields. On the other hand, this
approach comes at the price of not being able to describe strong-field (i.e. nonpertur-
bative) effects, such as Rabi oscillations, due the strong coupling of individual light
modes to the sample [Schwartz11], or due to the excitation by strong fields, which
may drive multiphoton transitions [Gelin11].

In the following two paragraphs, we review the relevant types of diagrams that will
appear throughout this dissertation. The final state in Eq.(2.173) may be obtained
by the propagation of a wavefunction, gg,. = |¥) (1|, in which case a perturbative
expansion yields the loop diagrams (see Sect.2.5.1), or by a general master equation,
which is calculated by ladder diagrams (see Sect. 2.5.3). The diagrams represent per-
turbative expansions of the Dyson series, either Eq. (2.15) in case we are dealing with
the propagation of wavefunctions, or Eq. (2.12) in case we propagate the full density
matrix. The basic building block of the diagrams are the light-matter interactions as
depicted in Fig.2.10. The evolution of the density matrix is represented by two ver-
tical lines, corresponding to the bra or the ket side, respectively, and each interaction
between light field and matter system is represented by an arrow pointing towards
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Fig. 2.10 Diagrammatic representation of light-matter interactions: The evolution of the bra or the
ket side of the density matrix is represented by vertical blue lines. The light-matter interaction in
the QED formulation is represented by horizontal pulsed arrows. An arrow pointing towards the
line corresponds to an excitation of the matter system, and a de-excitation of the light field (and vice
versa for an arrow pointing away from the line). In the impulsive limit considered in Chap. 7, matter
excitations (de-excitations) at time fy are represented by arrows pointing towards (away from) the
line. The explicit field description has been eliminated in this limit

the density matrix (denoting an excitation process) or away from it (indicating a
de-excitation).

For the sake of simplicity, we write the interactions as EV, which may correspond
either to a matter excitation (EV ') or a de-excitation (E7V), and represent them by
a horizontal pulse without an arrow.

2.7.1 Loop Diagrams

Loop diagrams naturally emerge from the description of optical signals based on the
propagation of a wavefunction. The signal after n interactions is given by

SO = > WP 0IAD P ), (2.174)

k+1=n

where the k-th order wavefunction is most efficiently evaluated in time domain by
using the so-called loop time variables, for which the time integrations decouple,

. k o0 o0
1P @) = (—7’3) /O dsy . .. / ds; G(s)VG(sx-1) ... G(s2)VG(s1)V|g)
0
xE@ — s¢) .. B — s — -+ — 51)|¥feld) -
(2.175)

Here, we remind the reader that V denotes either an excitation V' or a de-excitation
V, and E the complementary field operator. In frequency domain, the state reads
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1W® (1)) = (;) d““ /dﬂ G(dw, ...+ w)V...VG(+w)Vlg)

XE(Wg) - . . E(w1)[tgeq) e "t w0t
(2.176)

This representation simplifies the evaluation of the field part of the wavefunction.
The frequency arguments in the matter correlation functions add up from right to
left: The first evolution carries the frequency w,;, where “+” is chosen when the
operator V to its right (i.e. the operator preceding the free evolution) is an exciton
excitation operator, and “—” when it is a de-excitation operator. The second free
evolution is evaluated at +w; & w,, and so on.

As a rule of thumb, it is most convenient to evaluate optical signals in a repre-
sentation in which the more complicated correlation function takes on the simplest
possible form. Hence, as one can already guess from Eqs. (2.175) and (2.176), the
time representation is better suited to simulate signal, in which the matter system
dynamics is more complicated than the field dynamics. Conversely, the frequency
domain is best suited to investigate signals in which the field dynamics is more
involved than the matter system.

In the diagrammatic representation (Fig.2.11), both wavefunctions |4/ (r)) and
(pD(1)| are represented by vertical lines, and each interaction is represented by a
horizontal arrow. The loop times mentioned earlier are indicated. They are given by
the time delays s; between the interactions. Note that there is no time-ordering of the
interactions on the ket with respect to those on the bra side.

Finally, the signal is read out. In the course of this dissertation, the representation
of the read-out depends on the specific signal. If it involves the interaction with the
same fields as the previous interactions, it is represented by an arrow of the same
type. If, however, the signal consists in a fluorescence measurement, it is depicted
by blue, horizontal arrows, in order to distinguish this spontaneous emission from
the other matter-field interactions.

twy - fwg Sk Sk_i_ll j:wi
Sk— S
w k-1 A() k+2]) w
. + < e +
+wy + wo So
“”"WMMWM"”““ T W
+uw, S1 Sk ll Wy wy

Fig.2.11 Key ingredients of a loop diagram: the ke after k interactions [0 ®) (1)) (left), the bra after
I interactions (1)) (r)| (right), and the final interaction creating the signal (center). The arguments
of the matter Green’s functions during the free evolution between the interactions are indicated
in the time and in the frequency domain. +w; indicates an excitation of the matter system, —w; a
de-excitation
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2.7.2 Ladder Diagrams

Ladder diagrams are used when it is necessary to monitor the evolution of the full
density matrix,

SO 1) = (A®),,, = r{A0" 1)}, (2.177)

where 0 (¢) denotes the matter-field density matrix after » interactions between the
matter and the field. In contrast to the loop diagrams, we obtain full time-ordering of
the interactions on the bra side with respect to those on the ket side: Expansion of the
Dyson series (2.12) yields expressions in which an operator acts on one of the two
sides of the density matrix. Hence, the time domain signals are given by expressions
of the form

S\ o0 o0
S r; r>=(f%) (—DF® /0 dty ... /0 dt tr {AOG(t)Vir - .. G(t1) VLR Omatier

xtr{Er/r(t —tn) .. .Ep/r(t =ty — -+ — 1) Oficld } - (2.178)

Here, the subscripts L/R denote the left-/right-superoperators acting only on the ket
or bra side of the density matrix [see Eqgs.(2.19) and (2.20)]. Each interaction Vg
acting on the bra side adds a factor (—1) to the overall sign of the diagram, such that
the final diagram carries the sign (—1)*®, with #(R) the number of interactions on
the bra (Fig.2.12).

Gt |- - - ey “"“’MW"‘ ~ViEr

twi £ twy Sy

tFwy + wo SQT
--------- '-'Mmh*” ~ VrEr
iwl 51

Fig. 2.12 Left Representation of a ladder diagram. The evolution of the entire density matrix is
monitored, i.e. the interactions on ket and bra side are fully time-ordered with respect to each other.
Time (s;) and frequency (wj) variables used for the evaluation of such signals are indicated. Right
An interaction acting on the ket corresponds to left-superoperators [Eq. (2.19)], and those acting on
the bra to right-superoperators [Eq. (2.20)]
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The frequency domain expression of Eq. (2.178) reads

)" d dwy, s,
S® (1 T) =(_%) (—1)*® /%/% griCRo

xtr {A(NG(Fw ... £w) Vg ... G(Ew) VR Omater )
xtr {Ez/r(wn) - .. Er/r(w1) Ofieta} (2.179)

where the same rules as before in Eq.(2.176) apply for the sign of the various fre-
quency components.

Impulsive Limit

As described in Sect. 1.2, the multiple frequency dimensions in which conventional
nonlinear signals are displayed are created by the Fourier transform of time delays
between pulses. In Egs. (2.175) and (2.178), the time delays are included implicitly
in the initial state of the light fields, and hence in the resulting field correlation
functions. If the pulse durations are short compared to the scanned time delays, i.e.
compared to the relevant time scales of the investigated dynamics, it is possible to
apply the impulsive approximation: We replace the pulse envelopes in Eq. (2.178)'
by delta functions. This allows us to carry out the time integrations, and write the
impulsive signal as

SO T) = e {AOGEWesm .. GV romaer | (2.180)

where the times #.”, . . ., 7 now denote the time delays between subsequent excita-

tion pulses - and not integration variables! The explicit treatment of the field degrees
of freedom is thus eliminated.

To distinguish the impulsive signals from the “real” signals given by the convo-
lutions of field and matter correlation functions, we mark the impulsive interactions
by wavy lines as shown in Fig.2.10.

Interpretation

Due to the full time-ordering of all interactions, the ladder diagrams are easier to
interpret, as one can always tell in which state the system evolves in between inter-
actions. This is not the case in the description with loop diagrams: Due to the lack of
time-ordering between the ket and the bra side, different fully time-ordered pathways
may contribute to a given loop diagram. This greater clarification comes at the price
of a much larger number of diagrams that need to be taken into account.

14We only consider impulsive signals described by ladder diagrams in this dissertation. Of course,
the impulsive limit may also be applied to loop diagrams.
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2.7.3 Benefits of the Diagrammatic Representation

In principle, it is always possible to obtain any perturbative nonlinear signal by
straightforward evaluation of all the terms of an expansion of the Dyson series (2.12)
to the desired order. For instance, to calculate the fourth-order contribution of a
signal, as will be the case in the next chapter, we would obtain four terms for each
interaction (two terms from Eq. (2.6) + two possibilities to act either on the ket or on
the bra side of the density matrix), and hence a total of 4% = 256 terms - of which
only six finally contribute to the signal (see Fig.3.13)!

Hence, instead of eliminating these terms by hand, it is a much more economic
approach to construct the signal by directly drawing all possible combinations of
in- and outgoing arrows that yield nonvanishing contributions, using the following
recipe:

(1) Draw the final interaction creating the signal.

(2) Add the minimal arrangement of interactions to obtain a nonvanishing signal.

(3) Distribute the remaining interactions pairwise, such that a) they either create or
destroy one excitation on both sides of the density matrix, or b) they create and
destroy (or vice versa) one excitation on either side of the density matrix.

Figure2.13 shows how the third-order contribution to the intensity signal we had
discussed in Sect. 2.6, see Fig. 2.9, may be obtained using this approach: The signal
is created by a de-excitation at time ¢ [panel (1.)]. The minimal arrangement for a
nonvanishing signal (i.e. in this case the linear absorption) is obtained in panel (2.),
which consists of an excitation at time 7; and the emission creating the signal at
time . To obtain the third-order contribution, we now add pairs of interactions in

Fig. 2.13 Diagram 1.) 2.)

construction of the i Y ;
third-order intensity signal in MM“WWW t MWWW t
Fig.2.9 according to the rules
given in Sect.2.7.3: (1) The
de-excitation of the matter at
time ¢ creates the signal. (2) —vWM\wﬂW T
To obtain a nonvanishing

signal, the ket side has to be

excited at least once prior to 3.)

the signal. (3) The two MW”A“WW . ‘“”"”“\WMW"“‘“ T3

remaining interactions can

/
be added pairwise by either n W Hw &

adding an excitation on both = Diagram (Ia) = Diagram (Ila)
sides of the density matrix,

or by creating and destroying 7 """'““\WWM ’“”"“M\WN""”” T3
one on one side of the ,
density matrix, yielding the n ‘””"'”“wm*“””” MMWMMW ™

four diagrams in Fig.2.9 = Diagram (I11a) = Diagram (IVa)
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between this “backbone”.!> When adding one excitation on each side of the density
matrix, we obtain diagram (Ia) of Fig.2.9. If we add, and then destroy one excitation
on the ket side, we obtain diagram (IIa). Conversely, creating, and then destroying an
excitation on the bra side of the density matrix yields diagram (IIla). And finally, if
we destroy, and then recreate the excitation on the ket, we obtain diagram (IVa). Any
other combination of of interactions yields a vanishing field correlation function,
either because the excitation pathway along the loop would not end up in the ground
state again (to put it differently, such diagrams correspond to terms in Eq. (2.105) in
which the bra (4’| and the ket V (t)|1)®¥) do not end up in the same state, hence
their overlap vanishes), or because a de-excitation acts on the ground state.
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