Chapter 2
Stress Distribution in Elastic Plane
with a Semi-infinite Notch

Abstract The second chapter presents analysis of stress fields in elastic plane with
a semi-infinite notch under conditions of plane stress state or plane strain state. Well-
known boundary value problem solutions for eigenvalues of a wedge in the plane
elasticity theory are considered at first. Then the same solutions are constructed for
the semi-infinite rounded V-shaped notch. Based on these solutions, the relationship
between stress concentration factor and stress intensity factor in elastic bodies with
rounded or sharp V-shaped notches had been established.

2.1 Methods for Stress Analysis in Notched Bodies

Studies of stress and displacement fields around tip of sharp V-notch with different
boundary conditions given at its edges are of great importance in fracture mechan-
ics. Investigations in this field had been initiated by Wieghardt [242] as far back
as in year 1907. In the thirties of the last century, they were continued by Brahtz
[25-27]. In 1952, Williams [243] had studied the eigenvalues problem for elastic
wedge with various boundary conditions given at its edges. Thereafter these issues
had been examined by many other researchers [11, 13, 44, 96, 105, 106, 182, 187,
208, 216, 218, 222, 244]. Bodies with V-notches, just as bodies with cracks, are clas-
sified in fracture mechanics in relation to loading mode (Fig.2.1). Namely, there is
Mode I, when tensile loads are applied symmetrically with respect to bisector plane,
and Modes II or III, when shear loads are applied antisymmetrically in relation to
bisector plane and directed either perpendicular or parallel to notch front (hereinafter
term “front” designates the intersection of V-notch’s faces, whereas term “edge” cor-
responds to divergent projections of wedge, just in the case of crack). First two loading
modes are created by forces applied to the body with V-notch in the plane that is per-
pendicular to notch front. These modes will be studied in this chapter within a plane
problem of elasticity theory. The third loading mode is created by forces parallel to
notch front and called out-of-plane or antiplane shear. This mode will be considered
in Chap. 10.
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Stresses in elastic body with V-notch can be presented in the form
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where K\, Ky, and Ky, are stress intensity factors (generalized) in the tip of V-notch
with opening angle 28; A1, Ay, and Apy are stress singularity exponents; (r, 6) are
polar coordinates with pole in notch tip and polar axis along axis x (see diagram
in Fig.2.1).

The presence of power singularity in elastic body essentially complicates numer-
ical solution of elasticity theory’s boundary value problems for regions with notched
boundary. It is especially true for problems, in which mixed loading modes
(I4+1I modes) are realized, i.e., simultaneously two different singularities arise near
notch tip. Therefore numerical analysis often relies on approximate approaches,
which either ignore singularities in corner points at all or consider only a single
singularity of higher order [77, 116].

For the first time, stress intensity factor in the tip of sharp edge notch in a rec-
tangular specimen under tension and bending was determined using a method of
boundary collocations [85]. In order to do so, a known [243] expansion into an
eigenfunction series within an elasticity theory plane problem for a wedge was used.
Expansion coefficients were determined from algebraic equations system, which was
constructed by obeying boundary conditions in a respective number of collocation
points. Such approach was proved to be effective at vertex angles 28 < m/3. At
larger vertex angles, it was necessary to take number of collocation points higher
than required to determine coefficients of truncated series, i.e., number of constructed
algebraic equations was higher than number of unknown functions. In such cases
complete equations system were constructed using a least squares method [31, 32].

To solve two-dimensional problems of elasticity theory in notched regions, the
finite elements method (FEM) is most appropriate. This method is based on applica-
tion of special finite elements, which allow describing desired stress field singularity
using asymptotic analytical solutions. Such special elements surround the singularity

Fig. 2.1 Three loading
modes for a body with
V-notch

l/@ 2



2.1 Methods for Stress Analysis in Notched Bodies 59

in the body’s boundary (notch vertex). There are three groups of such finite elements
in use: hybrid elements (see, e.g., [141]), degenerated asymptotic elements [1], and
analytical elements [219].

Stress intensity factors are determined using few different approaches as well
[218, 221]. There are direct methods [141, 217, 219], which yield SIF values imme-
diately from simulated stress field near notch tip; asymptotic methods [213], which
compare stress distributions in vicinity of singularity obtained both analytically and
numerically, and energy methods [10, 16, 29, 30, 37, 43, 142, 143, 180, 226, 227,
230, 256-258], which use energy integrals independent of integration path.

Overviews of studies in notched bodies fracture mechanics performed on the
basis of finite elements method can be found in monographs [216, 218] and papers
[70, 79, 80, 215, 217, 222, 259].

Another approach, frequently used in solving problems of elasticity theory for
bodies with notches, is boundary element method (BEM) [44, 58, 84, 123, 171,
173, 174, 218, 238, 251]. In boundary element approach, only region’s boundaries
are discretized. However, description of stress singularity at the sharp notch vertex
here requires use of special boundary elements similarly to finite elements approach.
Some numerical methods [71-73, 168, 231, 232] use boundary elements or bound-
ary collocation to construct up weighting functions as well. Such functions enable
calculating stress intensity factors at the sharp notch or notch crack tip under any
type of loading based merely on integration of stresses at boundary of body with
corresponding weighting functions. It should be noted that the method of weighting
function has found only limited application in solving problems of elastic regions
with notches.

More frequently used in stress concentration problems is so-called body force
method [157, 158]. Applications of this method in solving problems of stress con-
centration near notches are reviewed in publications [42, 161].

We shall use in present work the method of singular integral equations [188] to
solve two-dimensional problems of elasticity theory. This method allows directly
determining stress intensity factors for any systems of straight [165] or curvilin-
ear [188] cracks as well as analyzing stress distributions in complicated regions with
holes and/or notches [208] or elastic inclusions [207]. One of the first problems
solved using this method was SIF calculating in the tip of edge V-notch in elastic
half-plane [234], integral equation of the problem being derived for a system of arbi-
trarily oriented straight cracks in half-plane [191]. The method of singular integral
equations had proved to be especially effective in elastic regions with smooth bound-
ary. Numerical implementation of this method encounters essential difficulties for
regions with corner points in boundary contours including regions with V-notches
[2, 12, 55, 69, 76, 92, 93, 147, 149, 150, 171, 172, 186, 190, 206, 208, 262-264].
A unified approach was developed for regions with V-notches [107-115, 166, 192—
205, 210-212] consisting in SIF determining in sharp notch tip using data on stress
concentration in tips of corresponding rounded V-notches.

Fracture mechanics includes also problems concerning stress concentration near
V-notches with strongly rounded tips, which generate very high stresses (higher
than ultimate strength of material) even at small loads and prevents from strength



60 2 Stress Distribution in Elastic Plane with a Semi-infinite Notch

estimating from classical criteria. Studies in this field are very rare that can be
explained by analytical difficulties arising in solving problems of elasticity theory for
bodies with rounded V-notches with small radii of curvature in tips. To solve prob-
lems of such class starting from data on stress concentration in the rounded V-notch
tip with a quite large radius of curvature, approximate methods are therefore of great
importance. Such data can be collected by various techniques. To find a solution, one
must know how stress concentration factor for rounded notch tip with a small radius
of curvature asymptotically depends on stress intensity factor for similar sharp stress
concentrator. These dependencies can be obtained by solving the singular boundary
value problem of semi-infinite rounded V-shaped notch in elastic plane under ordi-
nary asymptotic conditions for a stress field at infinity [15, 45, 46]. To construct
solutions to such problems we used the method of singular integral equations.

2.2 Eigensolutions of Elasticity Theory Plane Problem
for Wedge

2.2.1 Characteristic Equations

Let us study the eigenvalues problem for elastic wedge occupying the region S =
{(r,0); r =0, —a <60 < «a}, where r, 0 are polar coordinates with pole in wedge
tip and polar axis along wedge bisector: z = x + iy = rel (Fig.2.2).

Both normal (oyy) and shear (z,¢) stresses at wedge faces are absent

Ogg + iT,@ = 0, 0 = *a. (22)

Stress state inside the wedge is expressed in terms of complex stress potentials
@(z) and ¥ (z) using formulae [153]

o + 0w = 2[ @) + 3@

Oy — ity = B(2) + B(Q) — 20/ (2) — ‘;’W(z). 2.3)

Fig. 2.2 Elastic wedge with
vertex angle 28 y

2B >




2.2 Eigensolutions of Elasticity Theory Plane Problem for Wedge 61
We are seeking the complex stress potentials in the form
D) =Az", @) =B, (2.4)

where A, B are complex constants. Although parameter A can be, in general, complex,
we shall assume for simplicity this parameter A real. It was shown earlier [244] that
the same result can be obtained even without such restriction, i.e., seeking complex
potentials in the form

D) =Az " +A7, @) =B +B (2.5)
where A, B, A’, B are complex constants. It follows from energy considerations (the
condition of energy integral finiteness) that the parameter A must obey the condition

A <1(orRe A < 1)[11, 239, 240].
From equalities (2.3) one derives

oo + it = P(2) + BQ) + 20" (2) + %W(z)- 2.6)

Now write the homogeneous equations system based on boundary conditions

Ae—i)\ot(l _ )\') +Zeika +Beia(2—k) — 0’
Ae(1 — A) + Ae @ 4 Be™@C=M — . (2.7)

Supplement this system with two more adjoint equations

Ae 24 (1 — 1) + A 4 Be?I=% — 0,
Aem"‘(l — + A 4 Be 2ial=h —
A+ Ae?*¥(1 — 1) + Be HeU—M =, (2.8)
A+ Ae 2 (1 — 1) 4+ Be? =M = 0,

In order for existence of nontrivial solution of homogeneous equations system, its
determinant must be zero.

e72i)\a(1 _ )\‘) 1 e2ia(lf)\) 0

eZiAa(l _ )\‘) 1 672ia(17)h) 0
1 eZiAa(l _ )\') 0 672101(17%) =0. (29)
1 672&01(1 _ )\‘) 0 eZia(lf)L)

From here we come to the characteristic equation

(1 — 2)?sin® 2o — sin®Qa(1 — A)) = 0, (2.10)
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which decomposes onto two equations: for symmetrical [243]

(1 —A)sin2a + sin(a(l — 1)) =0 (2.11)
and antisymmetrical [243]

(1 = A)sin2a —sin(2a(l — 1)) =0 (2.12)

stress distributions with respect to wedge bisecting line.

Equations(2.11) and (2.12) in the interval 0 < Re A < 1 have no roots for
0 < o < mw/2, whereas for 7/2 < o < m each of these equations has one real
root A1 (symmetrical configuration) and Ay (antisymmetrical configuration), which
belong to the interval (0, 1/2). At @ = 7 (semi-infinite crack) these roots coincide:
A = Ag = 1/2. Numerical values of stress singularity exponents A; and Ay are
presented in Tables 2.1 and 2.2.

Symmetrical stress distribution has a power singularity of order A; for V-notches
with vertex angle 0 < 28 < (7 < 2« < 2m). Antisymmetrical stress distribution
has a power singularity of order Ay for V-notches with vertex angle 0 <28 < 28*.
Here angle g* = 0.894888 (51.2733°) is the root of equation

tan2(wr — B) = 2(x — B), (2.13)

which can be obtained from equality (2.12), if the parameter Ay approaches zero
[11, 28, 236]. Dependence of stress singularity exponents in the tip of V-notch A;
and Ay on vertex angle 2 is presented in Fig.2.3.

To determine parameters A1 and Ap from data from Tables 2.1 and 2.2, the fitting
expressions had been chosen as follows [203]:

A~ 1.247 cos B — 1.312cos? B + 0.8532 cos’ B — 0.2882 cos” 8,
0<B=mn/2; (214

Table 2.1 Values of stress singularity exponent Ay at the tip of elastic wedge under symmetrical
loading

28 0° 10° 15° 30° 45° 60° 75°

AL 0.5000 0.5000 0.4998 0.4986 0.4950 0.4878 0.4753
28 90° 105° 120° 135° 150° 165° 180°
AL 0.4555 0.4261 0.3843 0.3264 0.2480 0.1427 0.0000

Table 2.2 Values of stress singularity exponent Ay at the tip of elastic wedge under antisymmetrical
loading

28 0° 15° 30° 45° 60° 75° 90° 102, 5°
Al 0.5000 |0.4547 0.4018 |0.3403 |0.2691 |0.1868 |0.0915 |0.0000
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Fig. 2.3 Stress singularity Al Al T T T T T T T
exponents in the tip N : : C
of V-notch Ay (curve I) and (o) PR N S S U

Anp (curve 1) with respect to
vertex angle 28 . . . . . . . .

03F---- T U AR R R (R R
02+

01

20° 40° 60° 80° 100° 120° 140°160° 28

A~ 0.5 —0.3134tanB — 0.2479tan’ 8 + 0.1937tan’ 8 — 0.0410tan”,
0<p=<p". (215

Maximal absolute error of these functions was below 0.001. They can serve as a good
initial approximation for numerical solution of Egs.(2.11) and (2.12) using Newton
method.

Note that values 1 = 0 obey both characteristic equations (2.11) and (2.12) at
any angle values «, but this root is extraneous and generates no eigenfunctions. This
root has a definite physical sense only in limit cases, when ¢ — 7 /2 (symmetrical
distribution) or « — 7w — B* (antisymmetrical distribution), see Fig.2.3.

2.2.2 Stress Intensity Factors in V-Notch Tip

Hereinafter we shall consider only elastic wedges with reentrant angles, i.e., vertex
angle 28 < m, when stresses in wedge tip has a power singularity. Let us find from
system (2.7) the relation between coefficients A and B

_ (1'— A) sin(ZAa)A _ q:si?(ZAa)A’ (2.16)
sin(2a (1 — 1)) sin(2a)

where upper and lower signs correspond to symmetrical and antisymmetrical distri-
butions, respectively.

Taking into account that at the symmetry axis (wedge bisecting line) stresses
o9 (r, 0) and 7,4 (r, 0) correspond to symmetrical and antisymmetrical parts of stress
field, respectively, we get from relationships (2.4) and (2.6)
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2 — Ap) sin 2« — sin(2A
099(770)+ifr9(r,0)=r_x‘( 1) $in2a = sin(2A10) Re A +

sin 2«
Sil’l(2)LHC() — )LH sin 26{1

+ irn m A. 2.17)

sin 2o
Hereinafter we shall suppose that the constants A and B correspond to eigenvalues
A1 and Ay responsible for singular stresses in the wedge tip.
Let us introduce stress intensity factors in the V-notch tip for symmetrical KIV

(mode I) and antisymmetrical I?ﬁ’ (mode II) stress distributions with the following
definitions [45, 214]

K = lim [@rr) a0 (r, 0)], (2.18)

Ky = lim @715, (r, 0)]. (2.19)

It should be noted that the alternative stress intensity factor definitions are often
met in the literature as well [15, 85, 208]

Ky = v2r lim [r"ogs(r. 0)] (2.20)
Ky =2m lim [ 70(r, 0)]. (2.21)

Interrelations between these definitions are obvious
K =Q@m)'\P MKy, Ky =@m)\PEKY. (2.22)

We shall apply both stress intensity factors definitions in further outline with the
aim of easier comparing results of different authors.

Notice that SIF kﬁ’ can be expressed also from polar stress gradient in the notch
tip using formula

- 2rr)M 9 ,0
RY = —tim | &7 0000 (1 0) (2.23)
r—=0| 2 —Aq 20
Applying formulae (2.18) and (2.19), we obtain
) 2 — p) sin 2« — sin(2
RY = (@myn G P)sinZe ZSnGhO) By (2.24)
sin 2«
i in(2hpa) — Ay sin(2
RY = 2y SN@A00) — Ausin@e) |y (2.25)

sin 2«
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From here one gets

Re A 1~<IV sin 2«
e = — ,
Qm)*M (A — 2) sin 2« + sin(2A1ex)
Im A ffﬁ/ sin 2«
mA =

N (27'[))LII Sil’l(2)»ua) — Al sin 2¢ )

From relationship (2.16), the constant B can be found as

Re B — Ky sin(2Aa)
Qm)™ (M — 2) sin 2a + sin(2A1a)
Im B kI\II sin(ZAHa)

= ()" sinQiga) — Ay sin 2a

Thus, complex potentials transform into the following form [15]:

K sin 2o
D) =— - .
2w z)M (A — 2) sin 2 + sin 2A 0
iKy sin 2«
(27‘[2))‘” sin 2Aja@ — Ayp sin 2« ’
KY sin (2 1
'II(Z) _ 1 - : ( I ) :
Qrz)M (A — 2) sin 2« + sin 20«
iKYy sin 2

(2w )M sin 2o — Ay sin 2c
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(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

Relationships (2.30) present solution to homogeneous singular boundary value
problem of elasticity theory [45] for wedge with vertex angle 2o > m in a complex
stress state. This eigensolution has a clear physical meaning — it determines singular
stress distribution in the wedge. Arbitrary constants I~(IYH represent stress intensity
factors in the wedge tip. Relations (2.30) can serve as asymptotic at infinity dur-
ing solving various homogeneous singular boundary value problems for V-shaped

regions.

Substituting potentials (2.30) into relationship (2.3), we get stress tensor compo-

nents in the wedge in polar coordinate system [218, 222]

Ky [27%‘ 2 — ) A6 4 cos A @ A)G]—F
o = cos (2 — Ap) a cos cos Aja cos (2 —
QrrM A 12— M ! ' ! !
KY
————— [(1 4+ Ap) sinAga sin (2 — Ay) 6 +
) A, [( 1) 1 ( )

+ 2+ A sin (2 — Ap) o sinApf],
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vV

K,
0gg = ——— [cos (2 — Ap) o cosA@ —cosAix cos (2 — Ap) O]+
%= A [cos ( 1) I I ( 0]
oV
_ K [ — 2) sin Ager sin (2 — Ap) 60 +
Qrr)* A,
+ 2 — i) sin (2 — Ay @ sinApf],
KY A
T = I |: L cos(2— A a sinAi@ — cosia sin (2 — Ap) 9] +
T QA L2 = M
oV
L [(2 —Ap)sinAga cos (2 —Ap) 6 +
Qrr)*n A,

_)\II sin (2 — )LH) o COS )LHQ] , (231)
where

Ay = cos(2 — Ao — cos A,
Az (2 — )\II) sin )\HOl — )"II sin(2 — )LH)OI.

Correspondingly, components of displacement vector in wedge can be represented
in the form

IN(IVr(an)_’\I Kk —1+ A1
= cos(2 — Ao cosAtf + cos A cos(2 — Ap6 | +

u, =
2G(1 — A1) Aq 2— A
Kyr @mr) [(2 — App) sin Age sin (2 — Ap) 6 +
— (2 - sin A sin (2 —
261 — ) As I I 1
+ (k — 14+ Ap)sin (2 — Ap) @ sinAgf],
KYrQar)™ [k +1—Ap
I .
= — 2—A A6
Ug 260 — A [ Sy cos ( Do sinAff +

+cos A sin (2 — Ay) 9] +

i(I\I/r Qmr)~H .
m[ (2 — }\.H) sin )\.HC( COS (2 — A.H) 0+

+ (k41— Aq)sin (2 — A @ cos Agf], (2.32)

where « is an elastic constant (see (1.18)).

Similar relations for Cartesian stress tensor components and components of dis-
placement vector are derivable using potentials (2.30) and relationships from (1.16)
to (1.18) [208]. Relationships (2.31) and (2.32) show that stress intensity factors at
the tip of sharp V-notch K\ and K, determine stress—strain state around the notch
tip. They depend on applied loads and shape of elastic body. These parameters are
therefore the main parameters of linear fracture mechanics for bodies with V-notches.

Note that relations (2.31) and (2.32) are valid only for vertex angles 28 < m, anti-
symmetrical part with intensity factor kﬁ/ being absent in the interval 8* < B < 2x
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since the characteristic equation (2.12) have no solutions here. Let us consider in more
detail a borderline case when 8§ — B* (A;; — 0). In this case complex potentials for
antisymmetrical part of stress distribution

. *
6 sin 2« ~v

P =i S G2
> isin2a* -y
o) = S sin2a
2ia* ~ v . .
![/()(Z) = mKH, o =T — ,3 (233)

and corresponding stresses in the wedge

a* sin 20 + 20 sin 2a* -,
Oy = " )
20* — sin 2a* 1
20 sin 20" — 2a*sin20 -,
Oy = : e
20* — sin 2a*
20* cos 20 — sin2a* -,
T,9 = - Ky (2.34)
2a* — sin 20*

are independent of radial coordinate r and depend only on the angle 6. Here C is areal
constant irrelevant of stress state in the wedge. Shear stresses at wedge bisecting line
are constant, i.e., T4(r, 0) = I~(IY

This section contains results of studying stress and displacement distributions
around a V-shaped notch in isotropic homogeneous linearly elastic material. Similar
studies were conducted also for other materials in both linear and nonlinear approach.
In particular, one can find publications devoted to studying stress distribution around
V-shaped notch in viscoelastic solids [5, 24], linearly elastic orthotropic [18, 19, 78,
146, 155, 245, 247] or anisotropic materials [3, 4, 14, 17, 22, 49-51, 61, 95, 101,
102, 104, 130, 169, 246]. Publications are also known on piecewise homogeneous
wedge consisting of isotropic [8, 9, 20, 21, 23, 34, 35, 40, 41, 59, 60, 62, 66, 86,
91, 100, 118-122, 137, 139, 151, 152, 154, 159, 175-177, 179, 183-185, 223, 228,
233], orthotropic [248, 249], or anisotropic [52-54, 97, 103, 117, 131, 138, 148,
250] materials. Several works present stress state around V-shaped notch in nonlinear
homogeneous [38, 39, 74, 124-127, 134, 145, 160, 237, 241, 252, 253, 260, 261,
267] or piecewise homogeneous [209, 265] materials.

It should be highlighted that the knowledge about stress—strain state distribution
near V-shaped notch gives as a foundation for experimental techniques for notch
stress intensity factor determination [87].
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2.2.3 Constructing General Solution Using Eigenfunctions

Characteristic equations (2.11) and (2.12) have an infinite number of roots, some
of them possibly being complex. Corresponding to these roots eigensolutions (eigen-
values) in form of complex potentials, stresses, or displacements obey zero boundary
conditions for stresses at wedge faces. General solution to plane elasticity theory
problem for region with sharp V-notch can be written in the form of eigenfunction
series with unknown constant coefficients. Such approach had been used in many
applications, for example, in finite element method at simulating a special element
with sharp V-notch [7, 57, 70, 140, 217-220, 235, 254, 255] and boundary colloca-
tions method for finite elastic bodies with V-notches. In such cases unknown coef-
ficients are sought from equations system obtained by obeying boundary conditions
in points of collocation at elastic region’s boundary beyond the notch faces [29-33,
85, 163].

Based on relationships (2.31) and (2.32), which are valid for other eigenvalues as
well, the general solution can be rewritten also in terms of stresses and displacements
as

o0
0i(r,0) = 3 [0, 6, 1") + offh(r, 0,04 ]

n=0
Ure(ra 9) = fr(?(rv 9)7
o0
wi(r,0) = > [l 0.4 +ullr 0,250 ] ij=r.0, (239)
n=0

where symmetrical

An 242" (n) ) () ()
ar(f)s =— ) cos(2 — Ap e cosAp 0 + coshpa cos(2— A7)0 |,
' r)‘l Agn) 2 — )"I
A
agg)s = ()7" [cos(Z - Ai"))a cos )Lfn)H — cos k;”)a cos(2 — )»%"))0] ,
’ A
A
o) A r (n) (n) ) ()
n n n . n n . n
G5 = cos(2 — Ap Da sinA; "0 —cosApa sin(2 — A )0 |
T )AE”) 2— )»f")
(n) r
A,rt—h Kk—1+ A
u = 2 N i )I cos(2 — M")a cos 16 +
T2G( = A"AY L 2=
+ cos Al(")ot cos(2 — Al("))é] ,
4, r (n)
—Aprth K4+1—2x
ugli = " N C )I cos(2 — kf"))a sin Al(")Q—i—
To260 = A"AT L 2=

+ cos A{" et sin(@ = 4”6 ] (2.36)
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and antisymmetrical

B .
r(rn)a = /\(,,)—n(n) [(1 kﬁ”) sin A(")a sin(2 — )\('1))9_,_
riu A2
(n) n) o)
+(2 + Ay ) sin(2 — Ao sin Ay 9]
B ) .
%(g)a = Tnn [(Xﬁl) — 2)sin )Lﬁl)oe sin(2 — )»ff))9+
rkll Aé)
+2 = Ay sin2 — A sin )Lﬁog] ’
A,
i = AP [@=Asinafla cos@ - A6+

—)\g) sin(2 — )Lﬁ'))a cos A(")G]

B, rl_)‘iln)
f‘nt)l = m [(2 )“(n)) Sill)\.(n)()l sm(2 )\.(n))e—i-

+(k -1+ A(")) sin(2 — A("))a sin A(")G]

) B,r' 0 o o
Upo = — [(2 — Ay)sin Ao cos(2 — Ay )0+
T 2G(1 — A AL

+ (K F1- x("’) sin2 — A" cos ,\(")9] (2.37)
parts of eigensolutions contain arbitrary constants A, and B,, respectively. Here

A(") = cos(2 — A" — cos e,
A(") 2 - )\(")) sin A(") )\g” 51n(2 A("))a;

A™ and A" are roots of characteristic equations (2.11) and (2.12), where A0 = A,
k? = Aqr; constants Ay and By are connected with stress intensity factors I~(IV and I~(I\I'
by obvious interrelation.

Eigensolutions representation in the form (2.36) and (2.37) is valid, generally
speaking, only for real eigenvalues Af") and )»ﬂ'). If eigenvalues are complex, formu-
lae (2.36) and (2.37) must be modified in such way that right sides were real, because
their left sides are real (see e.g. [218]). This can be made by taking into consideration
the fact that each complex eigenvalue has its conjugated eigenvalue. It follows from
the structure of characteristic equations (2.11) and (2.12).

Relationships (2.30) can serve as a starting point for similarly expanding the
general solution in terms of complex potentials.
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2.3 Semi-infinite Curvilinear Notches in Elastic Plane

2.3.1 Parabolic Notch

2.3.1.1 Symmetrical Loading

Assume that a semi-infinite crack is located in elastic plane along the negative semi-
axis x. Kolosov—Muskhelishvili complex stress potentials, which determine principal
initial stress state as follows from relationships (2.30), have the following form for
the symmetrical loading:

K (o) K
, Z) = ,
22z 0 IWeLT:
0

where Kj is stress intensity factor at a crack tip. In this general approach, stresses oy,
at the complementary semi-axis x are given by the formula

Dy(z) = 7 =1x+1iy, (2.38)

0 Ki -1/2
oy (x,0) = Ex , (x > 0). (2.39)

Consider now a parabolic notch with the contour L specified by equation
p )
ZZE(I_”?) ) —00 < 1 < 00. (2.40)

The parabola (2.40) has focus in point z = 0 and vertex in point z = p/2. Here p is
radius of curvature in notch tip (Fig.2.4). When radius of curvature approaches zero,
parabolic notch transforms into the semi-infinite crack. Assume that the principal
stress state in elastic region is determined by potentials (2.38) and that notch contour
L is free of stresses

N.(t) +iT(t) =0, tel. (2.41)

Fig. 2.4 Parabolic notch
in elastic plane
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where N, (¢) and T,(#) are normal and shear components of stress vector at notch
contour.
Complex stress potentials for plane with a parabolic notch are sought as the sum

P.(2) = Po(2) + P(2),  Wil(z) =¥(2) + ¥ (2), (2.42)

where functions @((z) and ¥(z) are defined by the formulae (2.38) and potentials
@(z) and ¥ (z) describe disturbed stress state induced by the notch [15]

PoK;

P(z) =0, V(@) = ——. 243
() @) = (2.43)
Maximal stress (in the tip of parabola) is equal to
. 2K;

(Gy Jmax = «/7[_'0 (2.44)

Taking into account relationships (2.39), the last equality is in the form

* Ky -1/2 f

(Jy Jmax = Rip > (Ry =2v2). (2.45)

Var

Introduced here factor Ry (stress rounding factor) characterizes transition from the
stress oy in vicinity of sharp notch or crack tip to the maximal stress o in the tip
of rounded notch. The formula (2.44) has found a wide application in engineer-
ing practice for estimating maximal stresses in tips of narrow notches. It was first
published by Irwin [98], and thereafter it is frequently encountered in later publica-
tions [6, 48, 56, 75, 81, 82, 89, 133, 156, 162, 189, 229].

From relationships (2.44) or (2.45), a formula follows to determine stress intensity
factor in crack tip through stress concentration factor or maximal stress o,y in the
tip of narrow notch [36, 98, 181, 189, 225]

_ . Umax
Ki = lim ( 7o ) . (2.46)

It should be highlighted that the formula (2.46) has not general applicability. It is
valid only at transition from a parabolic notch or a notch reducible to parabolic (for
example, hyperbolic notch with zero vertex angle) to crack. Such transition depends
not only on radius of curvature p, but also factor Ry, which in its turn depends on
notch shape in vicinity of its tip.

Based on precise solution to the problem about elastic plane with elliptical hole
under tension, the limit transition with major axis of an ellipse approaching infinity
was used to construct formulae for symmetrical stress distribution near parabolic
notch tip [56]
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K T 0 .0 . 30 0 360
o, = cos—({1—sin— sin— ) — —cos— |,
2 2r 2
L
2r

K [ 6 .6 . 36 30
oy = cosz 1—|—sm5 sm; + 0057 ,

.0 6 30 p . 36
Tyy = ———— | sih — cos — cos — — —sin — |, 2.47)
’ 2ar L 2 2 2 2r 2

where r, 0, (z = x + 1y = rexp(if)) are polar coordinates with pole in focus
of parabola (see Fig.2.4).

Using formulae (2.42) and (2.43), we obtain corresponding relations for displace-
ment components [164]

r 1 06 1 30 p 6
2Gu =Ky, — | lx — =) cos = — —cos — + —cos — |,
2 2 2 2 2 r 2
"G K r +1 .0 1.39+p.9 (2.48)
= _— — mn— — —Sin — — Sin — R
VERY g [\ Ty Tty s

where designations are the same as used for crack (1.64).

Note that formulae (2.47) ensue also directly from complex stress potentials (2.42)
and (2.43) derived for the parabolic notch. These formulae frequently find application
as asymptotic expressions at estimating stress distribution near narrow notches with
small relative rounding radius in the tip.

2.3.1.2 Antisymmetrical Loading

Complex stress potentials for semi-infinite crack along the negative semi-axis, which
determine principal initial stress state as follows from relationships (2.30), have the
following form for the antisymmetrical loading

iKH 3iI{H
., W) = ,
2/2mz 42z

where Kjy is stress intensity factor at a crack tip. In this general approach, stresses
1:)2, at the complementary semi-axis x are given by the formula

Do(z) = — 7 =x+1y, (2.49)

K
(0 = ——=x""2 (x> 0). (2.50)

V2r

Again complex stress potentials for elastic plane with a parabolic notch are sought
as the sum (2.42), where principal stress state is determined by potentials (2.49) while
disturbed stress state induced by the parabolic notch is described by functions [15]
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ipKy

274/ 2n7

This time normal and shear components of stress vector at notch tip are zero. Shear
stresses reach maximum values in the point that lays inside the elastic region on axis
Ox at the distance p from parabola tip

D(2)=0, Y@ =- (2.51)

) (2.52)
max — Xy 2 ’ - 3@. .

Extremal values of tangential normal stress at the notch contour are attained in points
x=0,y==p
Ku

fextr = 2.53
Us.exlr :F m ( )
Taking into account relationships (2.50), write the last equality in the form
|07 exr| = all Rup™ ', (Ru=+2), (2.54)
B N2

where stress rounding factor Ry plays under antisymmetrical loading the same role
as the factor Ry under symmetrical loading.

From relationship (2.53), a formula follows to determine stress intensity factor
in crack tip Ky through stress concentration factor or maximal stress oy, near the
tip of narrow notch under antisymmetrical loading [189, 225]

Ky = /1)113) (\/ npamax) . (255)

Corresponding formula connecting the factor Kj; and maximal shear stresses Tyax
can be derived based on the relation (2.52) [15, 178, 189, 266]

3
Kq = lir% (5\/371,01,,,“) . (2.56)
p—

The formulae (2.55) and (2.56) are valid only at transition from a parabolic notch
or a notch reducible to parabolic to crack. It must be noted that the relation (2.56)
in some publications is erroneously presented [36, 181] in somewhat another form.

Based on the precise solution to the problem about elastic plane with elliptical hole
under tension, the formulae were constructed for antisymmetrical stress distribution
near parabolic notch tip as well [56]

o, = — sin— {2+cos— cos— ) — —sin— |,
2rr 2 2 2 2r 2
KII 0 30 P 36
o, = sin — cos — cos — — — sin — |,
Y Snr 2 2 2 2
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_ Ku 0 .6 . 360 P 36
Ty = ——=|[cos~ {1 —sin— sin— ) — — cos — |. (2.57)
27 r 2 2 2 2r 2

Using formulae (2.42) and (2.51), we obtain corresponding relations for displace-
ment components [164]

2Gu = K, r +3 s'n9—|—1c0s39 'Os'ne
HEAN o |\ T )y TRy TS
/ 3 0 1 30 0
2Gv = K é |:(—/< + 5) cos 5735 cos > + écos 5] , (2.58)

where designations are the same as used for crack (1.64).

Note that formulae (2.57) are also in accordance with the analytical solution (2.42),
(2.49) and (2.51). The relationships (2.44), (2.52) and (2.53) can be readily derived
asymptotically [189] for small relative radius of curvature in the tip of elliptical
hole, if precise problem solution is known. General solution to homogeneous bound-
ary value problem for elastic plane with a parabolic notch had been derived also
by Cherepanov [45] in somewhat another form than relationships (2.42), (2.43)
and (2.51).

2.3.1.3 Complex-Stressed State

In the case of complex loading, stress distribution around tip of a parabolic notch
will be described by expressions that can be obtained as sums of relationships (2.47)
and (2.57). The same expressions in polar coordinate system r, 6 are [164]

5co8 ¢ —cos 26 — 22 cos &
o, 2 2 3 2
1 Ki 6 3 2p 0
oy :Z 5 3cos§+cos§9+7cos§ +
Tr
Tro in @ in 3 20 Gin @
51n2+s1n29—|— = sin 5
[ —5sin 2 + 3sin 20 — 2L gin ¢
2 2 r 2
1 KH .0 .3 20 s 0
+4—l 5 —sin 3 —sin 56 + £ sin 3 . (2.59)
Tr
[4 3g __ 20 0
[ cos5 +3cos3560 — L cos 3

Corresponding formulae for displacements have the form

[ZGu,]:KI [T (k — 1) cos g — Lcos30 + 2 cos 16 N
2Gug 27 —(K—}-%) sin%—i—%sin %9— £ sin %9
r [—(K—%)sin§+%sin%0+§sin%

—(k+3)cos§ + 2 cos 20 + £ cos §

] . (2.60)
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To estimate limit equilibrium of bodies with sharp or rounded notches under
complex stress state, there is a concept of elastic strain energy density in fracture
mechanics [167, 170, 224]. Strain energy density in polar coordinate system can be
represented as

W 1 314, + U, T 1 31,{9 4 1 814, 4 8u9 Ug (2 61)
=—|lo,— +op| —+—— To | — ———1. .
2 or “\r r 00 “\r 90 or r

Substituting components of stresses (2.59) and displacements (2.60), one comes
to [164]

1
W = — (ank} + 2anKikn + ankKj) (2.62)
where
1T 2
ayp = 3G _(1 + cosf) (k —cosB) + (é) i| ,
= L coso — e — 1sino — 2 sino
ap = Ye cos K Sin p sin s
1 4p yol 2
an = — 1k (1 = cos6) + (1 +3cos 0) cos O] — — cos 6 + (_) . (2.63)
8G r ,

At p = 0, the expression (2.62) transforms into well-known relationship [167, 170]
for strain energy density in mechanics of cracks.

2.3.2 Hyperbolic Notch

2.3.2.1 Symmetrical Loading

Let us consider elastic wedge with the tip in coordinate system origin and vertex
angle 2o (/2 < a < m) (Fig.2.5). Wedge edges are located in left half-plane and
described by equation

y = £x tana. (2.64)

Kolosov—Muskhelishvili complex stress potentials, which determine principal
stress state have the following form for the symmetrical loading (see (2.30)):

®3(2) = — Al sin 2a L
O /o (M — 2) sin 2 + sin 2«
KY sin (2A 1)
¥ (2) = —2 , 2.65
0@ = = G =2 sin2a + sinZga (2.65)
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Fig. 2.5 Hyperbolic notch
in elastic plane

where K|' is notch stress intensity factor in the wedge tip introduced so as stresses
0’8 at the complementary semi-axis x are determined by the formula

0 KIV —Ar
oy (x,0) = N X (x> 0). (2.66)

Let the hyperbolic notch be cut in the elastic wedge so that the notch’s contour L
(namely, left branch of hyperbola) is described by the equation [15]

cos o .
7=p——F—exp (i), -1<&<1. (2.67)
cosa — cos (Ea)

Asymptotes to the hyperbola

y=Z4xtana + (2.68)

S o

intersect with angle 28 (0 < 8 = 7 — o < 7/2), its focus is located in point z = 0,
and its vertex in point

cos o ,o( 2oe)
=p————=—(1—cot"=).
¢ pcosoz—l 2 €0 2

Radius of hyperbola curvature in its vertex equals to p. At « = m, hyperbola con-
verges into parabola (2.40).

The problem for disturbed stress state induced in the wedge by a hyperbolic
notch with unloaded contour L was reduced [15] to Sherman-Lauricella integral
equation [153], which can be solved numerically. The results of stress rounding
factor Ry in the formula for maximal stresses in notch tip



2.3 Semi-infinite Curvilinear Notches in Elastic Plane 77

r!‘able 23 StrF:ss rounding 28 R;
Zz:lcgtloer Slilfflf;pdelrfézrl?g;\s?}fx Benthem Lazzarin— | Strandberg | Filippi
[15] Tovo [133] | [229] et al. [75]
0° 23/2 24/2 — 22
30° 2.814 2912 3.01 3.013
60° 2.769 2.906 3.03 3.080
90° 2.665 2.768 2.98 2.985
120° | 2.444 2.460 2.81 2.675
150° | 1.992 1.946 2.24 2.087
165° |1.613 1.576 —
180° |1 1 — —
\4
() s = 5;7 Rip™" (2:69)

are presented in Table?2.3.

2.3.2.2 Antisymmetrical Loading

Complex stress potentials in this case are similarly sought in the form (2.42), where
principal stress state in accordance with relationships (2.30) is given by functions

042 iKY sin 2« o
0t = N2 sin 2)\.]]0[ — )‘-H sin 2« . ’
iKY sin Ao
Wi(z) = 2 o M, (2.70)

27 sin 2 g — Aq sin 2o

where KI\I’ is notch stress intensity factor in the wedge tip and stresses r)g, at the
complementary semi-axis x are determined by the formula

KV
T0(x,0) = ﬁ XM (x> 0). @2.71)

Extremal normal stresses are attained in two points of the notch contour and can
be represented as [15]

KV

il

|7 x| =
s, extr _\/—
2

where numerical values of the factor Ry are given in Table 2.4. The table presents also
coordinates of extremum points (coordinate x’ has origin in the vertex of hyperbola)

Ryp~™1, (2.72)
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Table 2.4 Values of parameter Ay, factor Ryj, and coordinate of points, in which normal stress is

2 Stress Distribution in Elastic Plane with a Semi-infinite Notch

equal to =& |0y, exir| [15]

200 AT R x'/p Fy/p
257.4534° 0 1.666844 —0.669 1.426
260° 0.019525 1.674068 —0.581 1.281
270° 0.091471 1.715070 —0.469 1.076
300° 0.269099 1.803234 —0.446 0.979
330° 0.401808 1.7567 —0.480 0.988
360° 0.5 V2 -0.5 1

Table 2.5 Values of parameter Ay, maximal dimensionless shear stress Tmax = /277 0 Tax /K IY
and coordinates of points at axis x, in which the maximum is attained [15]

2a Al Timax xX'/p
257.4534° 0 1 00
260° 0.019525 0.954819 5.83
270° 0.091471 0.877002 2.184
300° 0.269099 0.776696 1.208
330° 0.401808 0.695245 1.038
360° 0.5 24/2/(3/3) 1

x—x = B(l —cotzg).
2 2

Maximal shear stresses Ty, are attained in inner points at the axis x. Their coor-
dinates x” and dimensionless values of stress are presented in Table 2.5.

2.3.3 Curvilinear Notch of Special Shape

2.3.3.1 Approach of Lazarin and Tovo [133]

Lazarin and Tovo [133] were first who had derived stress distribution around
the curvilinear notch tip, which can be approximated by a rounded V-notch with
vertex angle 28 (Fig.2.6). To construct the solution to this problem, they have used
curvilinear coordinates u and v, which are binded with Cartesian coordinates x and
y by relationship

z=x+iy=w! = (u+iv)¢, g=2—-p8/n). (2.73)
The line # = 0 in new coordinate system is an image of wedge boundary with vertex
angle 2o = 2(w — B). Coordinate curve u = uy = r, 1 where r is the distance
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Fig. 2.6 Curvilinear notch
of special shape

\/

of its vertex from origin of coordinate system, corresponds to edge of curvilinear
semi-infinite notch (Fig.2.6). Radius of curvature in the notch tip p depends on the
distance ry: p = qro/(g — 1). Selecting different distances ry, it is possible to obtain
curvilinear notches with different curvatures in their tips.

Then the approximate eigensolutions for thus defined curvilinear semi-infinite
notches in elastic plane has been found. On this basis, approximate expressions
binding stress components in elastic region to notch stress intensity factors K, and
KI\I/ in the tip of respective sharp V-notch were written as follows

060 1 r—)qKIV (2 — A1) cos A10
Orr = (2 + )\.I) Ccos )L]Q =+
Tro V2w 2= dit ik Arsin A0
cos(2 — Ap)6
+x1A1 § —cos(2 — A0 § +
sin(2 — Ap)0

prth—1 cos(1 4 up)é
+ (—) 2+ A — x1A1) 1 —cos(l 4+ up)é +
"0 sin(1 + pup)0
1 r,)LHKI\I/ —(2 — )VII) sin )»1[9
+ —Q2 4+ An)sinApf ¢ +

V27 A+ xn(2 — A A COS A0

— sin(2 — )\,11)0
+xu(2—=2An)y sin2—-Ampo -+
cos(2 — Ao
r Sin(l + Mll)e

pu+Ain—1
+ (—) [An — xu(2 — Am)] ] —sin(1 + uy)o ,
"o —cos(1 + u)é

(2.74)
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where r, 6 are polar coordinates with pole in V-notch tip (z = rexp(if)); A1, Anp €
(0, 1) are roots of characteristic equations (2.11) and (2.12);

rgr . 2—Apgm
sin

X1 = —sin > ,
_ g a7 (2 — An)gm
xm = > 5 ,
= 1 M-Q-M/q+ M2 -1 —1/q) !
I=-= - 1,
q 24+ A1 — xiM
2 4+ AmAin — xu(2 — An)?
s = ~ @+ AmAn — xu( m 1 2.75)

An — xu(2 — An)

Starting from these expressions for the case of symmetrical loading, the analytical
dependence of maximal stresses omax = (0y)max in the notch tip on stress intensity
factor KIV , vertex angle of V-notch 2, and radius of curvature in the notch tip p, has
been found

Omax = 4Klv,p (; : N (2.76)
sin (Ao T —
\/E[(z_)\l)_hsina(Z—)\I)]( 2 )

Comparison of this relation (2.76) with solutions to specific problems for speci-
mens with rounded V-notches had revealed poor accuracy of derived formula. There-
fore, later [75] the solution (2.76) was revised to improve accuracy. As a result,
formula that is much more complicated was obtained

_ K 4a )(n—Zﬂ )‘*' 27
Omax = \/E w1 2 Y .

where

o :(1+M)Xd+Xc o
Q=M +rxp 20T —2B)°
sin Ajo
sin2 — Apa’
e =[(1=w? = A+ w/q] 24 10 - )] - B - we,
xa=1/g—1—w) 2+ u(l —y)] —e,
e=2+ 02—y — Q2—M)/q— A, (2.78)

Xb =

and p (u < Ap) is the root of equation

xa(1 4+ @) cos(1 — wya + x.cos(1 + w)a = 0.
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Note thatif in formulae (2.76) and (2.77) we puta = 7, we getrelationship (2.44),
i.e., we return thereby to a parabolic notch. Numerical results for the factor Ry in rela-
tionship (2.69) calculated using these formulae are presented in Table 2.3, maximal
stress data (2.77) being calculated only for those notch vertex angles, for which val-
ues of parameters i, xp, X and xy are known [75]. There was introduced a concept
of generalized stress intensity factors for rounded notches in the same publication.
Later these matters were considered in more details in papers [63-65, 83, 94, 132,
136, 144].

The generalized stress intensity factor for the case of symmetrical loading when
maximal normal stress o, 1S attained in notch tip can be presented in the form [132]

'
Kp,l = Omax

A
v2n (q_l ) . (2.79)

1+ oy q P
When the angle 8 = 0, (¢ = 2, A1 = 1/2, »; = 1), an equality follows from the
formula (2.79)

1
K/ = 3 Omax~/TC0> (2.80)

which coincides with relationship (2.44) for the parabolic notch, if the following
substitution is made therein: K = K;Y,r The same conclusion is valid for relationship
(2.77) for a general notch type.

Similar relationships were also introduced for antisymmetrical loading [132]
in terms of maximal shear stresses attained in inner points of elastic region at the
wedge bisecting line.

2.3.3.2 Rounded Notch in the Edge of Half-Plane

Interrelation between stress concentration and stress intensity factors was studied
also for the rounded boundary notch in half-plane [229]. In this case, the tip of sharp
V-notch with vertex angle 28 was rounded along the circular arc with radius p and
length 2p¢ (¢ = /2 — B). The circular arc was smoothly connected with straight
edges of sharp notch using third order (cubic) curves (Fig.2.7). If the rounding radius
is small in comparison with notch depth, we come to semi-infinite rounded notch
(principle of microscope [45]).

The problem of stress concentration in elastic half-plane with thus constructed
smooth curvilinear notch was reduced to Sherman—Lauricella integral equation [153],
which was solved by a numerical technique. In order to derive the relationship (2.69)
independent on configuration of elastic region beyond the V-notch, sufficiently small
curvature radius values of the notch tip in comparison with the notch’s depth were
examined. Table2.3 demonstrates values of factor R; calculated for five angles 8.
Strandberg [229] failed to find numerical solution in above outlined way for the angle
B = 0; nevertheless, he mentioned that such solution is already known and it is met
with the result (2.45) for a parabolic notch.
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Fig. 2.7 Edge rounded
notch in half-plane

Analysis of data in Table 2.3 shows that values of dimensionless factor Ry obtained
by various authors converge only for angles 8 = 0 (parabolic notch) and 8 = 7/2
(smooth edge). For other angle § values, relative difference between published data
is as high as 10 %. The relationship (2.69) that contains the factor Ry is frequently
applied in engineering calculations, in particular, for approximate stress concentra-
tion factor estimations in tip of rounded V-notch with small radius of curvature based
on known stress intensity factor in tip of corresponding sharp V-notch. It can be also
used to find stress intensity factors starting from solution to the problem concerning
stress concentration near rounded notches. Therefore, it is desirable to have values
of factor Ry with accuracy as high as possible.

Discrepancies in data presented above as well as lack of solution for most impor-
tant shape of rounded V-notch, that is for wedge with rectilinear faces and tip rounded
by the circular arc, stimulated the present authors to conduct their own study of this
problem [192].

2.4 Rounded V-Notch Under Symmetrical Loading

2.4.1 Problem Definition and Reduction to Singular Integral
Equation [192]

2.4.1.1 Problem statement

Let the elastic plane contain sharp V-notch with the tip in coordinate system origin
and vertex angle 28, (0 < B < m) (Fig.2.8a). Assume that stress state of the
notched plane is determined by complex potentials @(z) and ¥ (z) (2.65) presented
in somewhat different form
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(a) (b)

™

=

Fig. 2.8 Sharp (a) and rounded (b) V-notches

vV

s K, sin 2a Y
Dy(z) = — - - M
2m)M (A — 2) sin 2« + sin 2«
KY sin (2A0r) a

, (2.81)

(IIS — 1
0@ 2m)M (A — 2) sin 2« + sin 2\« <

which ensure zero stresses at the notch contour L°.

Let us consider the smooth contour L* composing of straight segments parallel
to wedge faces L and circular arc with radius p in its tip. Let us write the vector
of normal (a,? ) and shear (r,?s) stresses at this contour

0 0 K B () d; YIRS 7T *
o +ith = O3+ B (D + [ O+ D] =-pw, rerr 282

Now consider the rounded V-notch with the same vertex angle and free of stresses
contour L* in the plane (Fig.2.8b). Let an asymptotic stress distribution be given at
infinity, which is determined by potentials @;(z) and ¥;(z) (2.65). We shall apply
a superposition technique to solve this boundary value problem. Write above stress
potentials in the form

D,(2) = Pp(2) +P(2), V(2 =¥ () +¥(2), (2.83)

where @ (z) and ¥ (z) are Kolosov—Muskhelishvili functions describing the disturbed
stress state induced by a rounded V-notch L*.

To find the disturbed stress state, we have to solve the boundary value problem
for elastic plane containing the rounded V-notch with a contour L*, at which the
boundary condition

on it =p @), telL”, (2.84)

is satisfied, and stresses vanish at infinity.
Since stresses vanish at infinity, the disturbed stress state can be obtained also as
a limit case of plane with smooth symmetrical curvilinear crack L along the contour
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Fig. 2.9 Curvilinear crack
along contour of rounded
V-notch

L* (Fig.2.9) by elongating it to infinity and loading its edges with stresses

of +itt =0, +it,=p@), tel, (2.85)
where upper indexes indicate limit values of respective parameters at contour L
when approaching it from the left (4-) or from the right (—). It was the last method
we applied to solve the above-stated problem.
2.4.1.2 Singular Integral Equation of the Problem
The problem for stress distribution in elastic plane with a curvilinear crack will be

solved here using the method of singular integral equations [188]. Integral represen-
tation of the solution is taken in the form

¢(z)=i/&dz,

27 ) t—2z
L
_Lrlgn o 180
W (7) = 2n/|:t_zdt = dt:|. (2.86)
L

Using expressions of stress field components oy, oy, T, in terms of complex poten-
tials @ (z) and ¥ (z) (1.16) and (1.17), and satisfying the boundary conditions (2.85),
we get the singular integral equation of the problem [188]

%/ [K(t.1) g dt+L(t.¢)g 0di] =p(f), €L, (2.87)
L

with kernels K (t, t’) and L (t, t/) being given by formulae (1.59).
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A unique solution of integral equation (2.87) in class of functions, which have
an integrable singularity at the ends of integration contours exists, if the additional
condition is satisfied

/ g (1) dr=0, (2.88)

L

which ensures uniqueness of displacements during tracing the crack contour.
The equation of crack contour can be written in the parametric form

(§ +&0) cos B + esin B+
+i[(E+&)sinB —ecosB], —1 <& < —&,
t=lw () =17 ¢ecos(§/e)+iesin (§/¢), —& <& <&, (2.89)
— (& — &) cos B + esin B+
+i[(§ —&p)sinp+ecosB], & =& =<1,

where £ = 1/(1 4 6) is the value of parameter & corresponding to straight-to-
curvilinear transition point at the crack contour; @ is straight segments length to
circular segment length ratio; p is radius of circular segment; ¢ = p/I. The length
of crack is 2 = p(w — 2) (1 + é)

As calculations show, the same solution is obtained in the assumption that the
crack contour L is infinite and coincides with notch contour L* (L = L*). Such
approach greatly simplifies solution of the problem since there is no need in limit
transition between contours. In this approach, equation of notch/crack contour can
be written in the parametric form

—1/sina — B), —1<§& < —&,
t=pw(E), wE) =] 1, —&p <& <&, (2.90)
I/sinGa+p), Ep<E&<l,

where &g = (/2 — )/« is dimensionless angular coordinate of a contour point L,
in which the circular arc transforms into the straight segment.

Let us examine in parallel the similar problem for the hyperbolic notch that was
solved earlier [15] using the method of Sherman-Lauricella integral equations (see
also Sect.2.2.2). Parametric equation for this problem has the form

(= po®). o) = e 1 e ]
= , w¢)=——79—¥—+—cot"= + —,
pe cosa —coséa 2 2 2

a=m—-8, —-1<&<l. (2.91)

Vortices of both notches lay in the point z = p (Fig.2.10).
Based on parametric equations (2.90) and (2.91), reduce the Egs. (2.87) and (2.88)
to the dimensionless form
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Fig. 2.10 Comparison

of two contours L; (rounded
V-notch) and L, (hyperbolic
notch) with identical vertex

angles 2 = 7 /6 and notch

tip rounding radii p

l/I[M(e Yu )+ N (& )@]L— )
7_[_1 ’77 7” m_p 77 3

. (2.92)
dg
— =0,
/1 “© S
where
1= pw),
M (&, n) = pK (pw (&), pw (1)),
NE&,n) =pL(pwE), po (1),
1O _ ey @,
V- 52 p
1 -
p(n) = l—?p(pw(n)), p=K"/Qmp)*. (2.93)

Make the substitution to increase the accuracy of integral equation (2.92) solution
as recommended in [67, 68, 99]

& =G (t) = asinh (ut), 4 = arsinh l, n=G(), (2.94)
a

which maps a interval T € [—1, 1] onto the interval £ € [—1, 1]. Such nonlinear
transformation produces thickening of quadrature nodes near the point & = 0. The
constant a in the substitution (2.94) is chosen based on numerical experiments (here
we adopted a = 107°).

Now Eq. (2.92) transforms into the following

1
1
n/[M(E mu* (t) + N &, nu*(r) |\/— =p@m,

! (2.95)

/() drt 0
Y Ao

-1
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where the following designation was introduced

u* (1) :M(S)G/(f)
Ji—2 J1—g

(2.96)

Solve the Eq.(2.95) numerically using quadrature method and applying Gauss—
Chebyshev quadratures (1.100) and (1.101) to compute integrals. The system of linear
complex algebraic equations 2n will result

1 2n
5 22 [M Enn) " (@) + N ) (@] = p (1)
k=1

m=1,...,Qn—1, (297

2n
1
— > ut (1) =0,
2n pan

where
2% —1
£ =G(w), rk=cos¥, k=1,...,2n (2.98)
n
N = G (&m) §m=cosz—m, m=1,...,2n—1. (2.99)
n

The problem is symmetrical with respect to axis x, thereby providing satisfaction
of symmetry condition [208]

u* (—1) = u* (7). (2.100)

Taking into account relationship (2.100), one can twice reduce order of the sys-
tem (2.97). As a result, we come to the following system of algebraic equations:

I - Ty —
oo 2 M G ) (@) + N7 G ) 0 (@] = p ()
k=1
m=1,...,n, (2.101)
1 2n
o= D W (@) + w (@)l =0,
2n ;

where

M* (Ekv nm) =M (gkv nm) +N (_skv nm) s
N* (&, 1m) = N G, 1) + M (=&, 1) - (2.102)

For the collocation node 7, = 0 at the axis of symmetry (x axis), respective
complex equation of the system (2.101) is reduced to real one due to symmetry
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of the problem. Finally,atm = 1, ..., n, we get 2n — 1 real equations, which create,
together with the last real equation, a closed system of 2n real algebraic equations
for n complex unknown functions u*(7}), (k = 1,2, ..., n).

2.4.2 Symmetrical Stress Distribution in Plane with Rounded
V-Notch [192]

2.4.2.1 Stresses at Notch Contour

Tangential normal stresses at right edge of crack/notch L (at contour of rounded
V-notch) are derivable from the relationship

o =4Re [Py () + P~ (1], r€L, (2.103)

which follows from (1.159) in absence of loads at notch contour.

Boundary value of potential @(z) at contour L is computable using Sokhotski—
Plemelj formula (1.34). Considering substitutions (2.93) and (2.94) as well as first
of formulae (2.65), one gets

") = 4 kY R |: — sin 2« 1 N
7= (2mp)* ¢ (A1 — 1) sin 2« + sin 20« [a)(n)])“
w1 ww |
2G()wmyT-g2 2 ) o) —w) V1-72
_ & R 2.104
= Gy RiCBo . (2.104)

Apply the quadrature formula (1.100) to compute singular integral in relation-
ship (2.104). Using the condition of symmetry (2.100), we can find dimensionless

stress Ry(B, n;) in nodes ¢; = cos(jm/(2n)),j =1, ..., (2n — 1) from the formula
Ri(B. 1) = 4R —sin 2« 1 n
, j) = € - :
1 1) (A1 — 2) sin 2« + sin 2000 (@ ()M

i *(g;
_5 u (5}) +
G'(spe' /1 = ¢}

1 < u* (%) w* (T
— — . (2.105
* p |:w(§k) — w(n)) * w (&) — w(nj):“ ( )
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Fig. 2.11 Comparison Ri(B, &)
of dimensionless stress

distributions along rounded

V-notch (solid curve) or

hyperbolic notch (dashed 2r
curve) for various vertex
angles at symmetrical
loading

-

-1 -08 -06 -0

Values of function u*(7) in arbitrary point T # 1; are computable with the help
of interpolation formula (1.98). Again using the condition of symmetry (2.100), we
get the following relation

1 - u(t)  uln)
=— ) (=D 1y, -1 - ) 2.106
u(t) Zn;( ) Tou() 7] [Hrk T_TJ (2.106)
Since in nodes ¢,, = cos(zrm/(2n)) (n = 1,...,n — 1) Chebyshev polynomial is

T5,(gm) = (—1)", we have

_in_k-&-m 2 M_M(Tk)
u(gm)—ZHkZ:;( 1) \/ﬁ[gmﬂk gm_rk] (2.107)

Authors [111, 112] had calculated dimensionless stress Ry(8, £) along notch con-
tour for vertex angles 28 € [0, w] and two different contour geometries L (2.90)
(rounded V-notch) or (2.91) (hyperbolic notch) with identical radii of curvature
intips p (Fig.2.11). We can see that stress distributions along notch contour is essen-
tially different in these two cases. Their relative differences reach 10 % in the notch

tip.

2.4.2.2 V-Notch Stress Rounding Factor

In the notch tip z = p (§ = 0) dimensionless stress Ry(8, 0) reaches the maximal
value Ry(8) = Ry. The effect of notch tip rounding on maximal stresses is described
by expression [15]

I”{V

(0) e = (ZT‘)MRI,O*M. (2.108)
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The stress rounding factor in the expression is computable using formula (2.105).
We can find values of functions ©#*(7) in the point t = 0 using the interpolation
polynomial (2.107), which for this case has a simplified form

n(2k — 1)

2.10
4n (2.109)

1 n
u*(0) = - Z(—l)"*” Re u*(7;) tan
k=1

Calculations of stress rounding factor values Rj(f) were performed for notch
vertex angles 28 changing in the interval 0 < 28 < m with increment 7 /360.
So fine resolution was necessary to construct a sufficiently accurate fitting function
Ry (B) for rounded V-notch. We had estimated the accuracy of stress rounding factor
Ry determination procedure in the following way: the order of algebraic equations
systems (2.101) was doubled until the relative difference R; for the given angle
became less than 0.1 %.

For hyperbolic notch (2.91), obtained values of factor Ry were in good accor-
dance with known results [15], the relative difference being below 0.1%, which
confirmed correctness of present calculations. Figure 2.12 demonstrates dependence
of the factor R;(8) on vertex angle 2. At28 = m both curves gain the obvious value
Ry = 1. At B = 0, when the hyperbolic notch transforms into the parabolic one, the

Fig. 2.12 Influence of notch R I I T T T T T T
geometry on factor Ry at 3 3 : : : 1 1 1
various vertex angles 2:
rounded V-notch (1)

versus hyperbolic notch (2)

1 1 1 1 1 1

i
0 20° 40° 60° 80° 100° 120° 140° 160° 2B

Fig. 2.13 U-notch in elastic
plane
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value R} = 24/2 is observed. At 28 = 0, when the rounded V-notch transforms
into a U-shaped notch (Fig.2.13), observed value Ry = 2,992 is close to known
results [128, 142]. Relative differences of results for hyperbolic and rounded
V-notches reaches 6 -~ 10 % at vertex angles 28 < 2m /3 that confirms the essential
influence of notch geometry on maximal stresses near notch tip.

Note that maximal stresses (2.108) in the tip of U-shaped notch (A; = 1/2)
virtually coincide with respective values for semi-infinite crack with a circular hole
of the radius p in its tip [47]

K;
=299 ——, 2.110
Omax m ( )

where K is stress intensity factor at a crack tip. An asymptotic solution had been
built for the last problem as well [129].

Since the stress rounding factor Ry for rounded V-notch will be often used in next
sections, calculated values of Ry are presented in Table 2.6 for individual notch vertex
angles.

These results were used to construct the fitting expression [203]

142875y +98.04y% — 102.1y° +47.42* — 8.441y/°

) = 2_ 5
142071y y=n/2-F

@2.111)

1

which provides relative errors less than 0.1 % in the interval 8 € [0°, 83°] and 0.4 %
in the interval B € [83°, 90°]. Coefficients at y* and y° in the formula (2.111)
slightly differ from those published in [192, 193], that gave us a possibility to reach
higher accuracy.

Above-presented analysis shows that interrelation between stress intensity and
stress concentration factors for sharp and rounded notches depends not only on
radius of curvature in the notch tip, but also on notch shape near the tip. In past,
many researchers had believed that the relation (2.44) is precise for narrow U-shaped
notches (8 = 0), that is the difference between parabolic and U-shaped notches was
neglected (see, e.g., [88, 90, 135]). They had paid attention to only radius of curvature
in notch tip and ignored the notch shape in some vicinity of its tip.

Table 2.6 Values of stress rounding factor Ry(S) for rounded V-notch

28 0° 1° 5° 10° 15° 30° 45° 60°

Ry 2.992 2.992 2.993 2.994 2.995 2.999 2.997 2.986
28 75° 90° 105° 120° 135° 150° 165° 180°
Ry 2.957 2.901 2.806 2.659 2.439 2.123 1.677 1.000
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2.5 Rounded V-Notch Under Mixed Loading

2.5.1 Antisymmetric Stress Distribution [204]

2.5.1.1 Problem Statement

Let the elastic plane contain sharp V-notch with the tip in coordinate system origin
and vertex angle 28 (0 < 28 < ) (Fig.2.8a). Assume that stress state of the notched
plane is determined by complex potentials @ (z) and ¥’ (z) (2.70), which ensure zero
stresses at the notch contour L°. Let us consider the smooth contour L composing
of straight segments parallel to wedge faces Ly and circular arc with radius p and
center in the notch tip. Let us write the vector of normal (a,?) and shear (7:,?3) stresses
at this contour

- W —
ol +it) = O () + D (t)—i—d—t [@/g 0+ ¥ (t)] =—p(t), tel* (2.112)

Now consider the rounded V-notch with the same vertex angle and free of stresses
contour L* in the plane (Fig.2.8b). Let an asymptotic stress distribution is given at
infinity, which is determined by potentials

P4(z) iKYy sin 2a
0% = (2 sin 2o — Ay sin 2o’
iKY sin 2Ao
Wi(z) = —A0 1 (2.113)

(2 sin 2Apoe — Ay sin 2o

We shall apply a superposition technique to solve this boundary value problem.
Write above stress potentials in the form

D.(2) = P5() + P(2), (@) =¥'@) +¥(2), (2.114)

where functions @(z) and ¥ (z) describe the disturbed stress state induced by
arounded V-notch L*.

To find the disturbed stress state, we have to solve the boundary value problem
for elastic plane containing the rounded V-notch with a contour L*, at which the
boundary condition

on+ity =p (), telL”, (2.115)

is satisfied, and stresses vanish at infinity. Stresses p (¢) here are determined from the
formula (2.112).
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2.5.1.2 Singular Integral Equation

Above-stated boundary value problem will be solved here using the method of singu-
lar integral equations similarly to previous case of symmetrical loading. Namely, we
shall reduce it to boundary value problem for crack/notch along contour L, which,
in limit case when the crack length approaches infinity, approaches the contour L*
(2.90). Integral representation of the solution is taken in the form (2.86). Satisfying
the boundary conditions at crack edges, we get the singular integral equation of the
problem

%/{mnwgmm+Lmﬁy®&}=mﬁ, /el (2.116)
L

with kernels being given by the formulae (1.59).

A unique solution of integral equation (2.116) in class of functions, which have
an integrable singularity at the ends of integration contours, exists if the additional
condition is satisfied during tracing the crack contour

/gmm:a (2.117)
L

Solve the Eq.(2.116) numerically under condition (2.117) and get results for
rounded V-notch (2.90) and hyperbolic notch (2.91). Write the Eqgs.(2.116)
and (2.117) in the canonical dimensionless form

1

1 _

;/[M(E, meE) +NE, meE)]1ds =pm), —l<n=<1,
~1

| (2.118)
1
—/qﬁ(é)w/(é)ds =0,
T
—1
where
1
¢) = ;g/(pw(é)),
M, n) = po(§) K(pw(§), p,
N, n) = po' (&) L(pw(§), pw(n)),
()_l( ) T = kl\l/ (2.119)
p(n) = —plpw (), = Grpy .

Since we are considering the infinite contour L and in its ends (that is in points
& + 1) unknown function ¢ (&) is constrained, we shall seek this function in the class
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$E) =1 —E2u®), (2.120)

where u(£) is a continuous function.
Solve the integral equation (2.118) numerically using quadrature method with
quadrature formulae (1.108) and (1.109). As a result, we come to the system of 2n

linear complex algebraic equations for 2z unknown functions u(&;) (k =1, ..., 2n)
2n
T 2 MmO + N m)uEo) | = pn),
k=1
m=1,...,2n—1, (2.121)
2n
/
- =0,
P ;wkw (&) u(&)
where
.2 T 2
= _—, = = l - )
& = cos o wy = sin i &
2 1
Nm = COS M (2.122)
22n+1)
Using the condition of antisymmetry
u(=§) = u(§), (2.123)
we twice reduce order of the system (2.121)
O "
ST 2 e M) + N (= ma) @0+
k=1
IV G ) + M (=8, 1) &0 | = pn),
m=1,...,n—1,
] (2.124)

o 1Im ;wk {IM (&, 0) + N (=&, 0)]u(ér)+

+ NG, 0) + M (=&, 01 uE0 | = Im p(0),

2n+1

Im > o E)uE) =0.
k=1

In deriving above relationship we had taken into account equalities

(&) = - (=€),  Epks1 = —&
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as well as that normal stresses at axis Ox (1, = 0) are zero (Re p(0) = 0) due to
antisymmetry.

Similarly to symmetrical case, here we get the formula for stress o

of =4Re [®5(1) + 2~ (1], (2.125)

which, after substitution, takes the form

Ky Re[ 4 sin 2a _2iu(n),/1—n2+

= Q2rp) (@ (7)™ sin 2An@ — Ay sin 2 o (1)

1 -
1_ g2 v
+%/ 1 Eu(’;‘)dS Kj
Z1

a;(n)

(&) — () = Grpyt Ru(n). (2.126)

Using the condition of antisymmetry (2.123), we can find dimensionless stress
Ru(n,,) in nodes n,,, ;m =1, ..., n — 1) from the formula

41 sin 2«
Ru(mm) = R - - —2i/1—n?
1 (7m) © ’ (w(Mp))* sin 2A00 — Agp sin 2a ! o (1) +

Z e o' EJuE) o (EJuE) 127)
k=1 a)(é,-:k) - w(nm) CL)(E]() — (l)(nm)

2n+1

Values of the function u(n) in nodes 7,, can be calculated using Lagrangian interpo-
lation formula, which becomes after considering the condition (2.123) into

1 “ u(&) u(€x)
= - —— -1 m-+k 1 — 2 _
M(n ) (2n+1)\/1—n,2n Zl“( ) ( sk)|:nm+$k nm_gk:|

(2.128)

2.5.1.3 Numerical Results

Stresses at notch contours o were found in nodes n,, (m = 1, ..., n). Changing to
polar coordinates r, 6 with the pole in point z = 0, we obtain 6, (0,,) = o),
On = arg(ty), t, = pw(n,). Dependence of dimensionless stress Rp(f) =
—Ry(—6) (2.127) at upper branch of boundary contour on angular coordinate 6
(0 < 6 < «a*) for both notches at various values of their vertex angles 28 is illus-
trated in Fig.2.14.

It can be concluded while comparing presented data for rounded V-notch and
hyperbolic notch at the same radii of curvature p and vertex angles 28 in the notch
tip that there is a great difference between them at antisymmetrical distribution.
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(b)
Ru(6)
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Fig.2.14 Dimensionless stress distribution Ryj(6) along contours of rounded V-notch (a) or hyper-
bolic notch (b)

Extremal stress values differ more than twice in both cases. Note that presented
solution for hyperbolic notch well agree with the known data [15].

If parameter Ay > 0, then stresses o have a local extremum in vicinity of notch
tip and approach zero at infinity (§ — 1). In the limit case when angle § — B*
(At — 0), stresses o;" at infinity approach a definite value coinciding with the stress
o (a*) (2.34)

(@) = ———"— Ky = —————— K & —1.203Ky. (2.129)

2% — sin 2a* /1 +4(a*)? +1

Extremal values of dimensionless stresses Ry = Ry (Omax) (Fig. 2.15b) are reached
in points . (Fig.2.15a) at some distance from the notch tip.

For U-shaped notch (8 = 0), extremal values of dimensionless stresses Ry =
—3.592 are attained when 6 = 1, 082. Obtained values for hyperbolic notch are
in very good accordance with known results [15] at individual notch vertex angles

3a*sin2a* -, 3a*
(

(a) (b)

Qmax . I?” .
70° ‘ 15 :
65° : :
60° : = f
2o 1 25 :
50° : :
45° ; -3 !
40° ; !
250 | | 35 :
30° i i i i

H H i _4 i i i i
0 20° 40° 60° 80° 2B 0 20° 40° 60° 80° 2B

Fig. 2.15 Dependencies of angular coordinate 6n,x (@) and respective dimensionless stress Ry =
R11(6max) (b) on notch vertex angle 28 (1 — rounded V-notch; 2 — hyperbolic notch)
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28. At g = 0, hyperbolic notch transforms into the parabolic one, which has a well-
known closed analytical solution (2.53).

Similarly to derivation of relationship (2.23), we can derive here the interrelation
between circular stress gradient in the notch tip and stress intensity factor IE'IY

do*(6) Ky dRu(®) kY
0 looy  Q@up)'™  dO [oy Q)™

R}, (2.130)

Note that at circular segment of rounded V-notch contour (2.90) angular coordinate
0 =¢&a.

Dependencies of dimensionless stress gradient Ry, in the tip of rounded V-notch
or hyperbolic notch on notch vertex angle 28 are shown in Fig.2.16. For U-shaped
notch (B = 0) we have: R; = —5.186.

The angular coordinate of a contour point, in which extremal stresses are reached,
normalized by circular stress gradient in notch tip (Omax/Rj;) depends on vertex angle
2, as shown in Fig. 2.17. For U-shaped notch (8 = 0) we have 0.« /Ry, = —0.209.

In conclusion, we can find stress intensity factor in symmetrical region with sharp
V-notch under antisymmetrical loading using a limit transition from corresponding
rounded notch when rounding radius approaches zero, for which relationships for

(a) (b)
Ry f f f f T R
| | | ‘ I
-3.2
-3.4
-3.6
-3.8
4

i i i i i 42 I i i i H
0 20° 40° 60° 80° 2B 0 20° 40° 60° 80° 2B

Fig. 2.16 Dimensionless stress gradient Ry, in the tip of rounded V-notch (a) or hyperbolic notch
(b) with respect to notch vertex angle 28

Fig. 2.17 Dependence

of ratio Omax /Ry; on notch
vertex angle 28 (1 — rounded
V-notch, 2 — hyperbolic
notch)
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extremal dimensionless stresses Ry; (Fig. 2.15b) or their gradient Ry, in rounded notch
tip (Fig.2.16) were derived.

2.5.2 Complex-Stressed State [205]

When elastic region is symmetrical with respect to V-notch bisecting line, the problem
can be divided into two problems for symmetrical and antisymmetrical loading at
any scheme of applied loading. On the contrary, when elastic region is asymmetrical,
stresses on the boundary contour can attain extremal values at various distances
from notch tip depending on interrelation between stress intensity factors f( Y and

Ky, which precludes usage of obtained extremal stresses dependence on rounding
radius p in the above-mentioned limit transitions. In this case we have a complex-
stressed state in the notch tip that requires conceptually another approach, if both
stress intensity factors K and KH are nonzero.

A unified approach is proposed in this section to solve plane problems of elas-
ticity theory for bodies with sharp or rounded V-notches under complex stressed
state. We have built interrelations between stress intensity factors K and K} in the
sharp V-notch tip, stresses, and their gradient at the boundary contour in the tip
of corresponding rounded notch. These interrelations for finite bodies are of asymp-
totic nature when radius of curvature in the notch tip approaches zero, which opens
a possibility to find SIF in the sharp notch tip based on data about stress and its
gradient in the tip of rounded notch. As soon as stress intensity factor in the sharp
notch tip become known, the derived relations allow estimating stress concentration
near rounded V-notch with small relative rounding radius in the tip, if obtaining the
numerical solution encounters great difficulties of computational nature.

Let the elastic plane be weakened with a semi-infinite V-shaped rounded notch
(Fig.2.8b). We shall assume that the boundary of the elastic region is free of applied
loads and an asymptotic stress field is given at infinity, which is determined by
complex potentials

K sin 2o
Po(2) = — =1 . :
Qrz)M (A — 2) sin 2« + sin 20«
ikﬁ’ sin 2«
(2 )™ sin 2Apoe — Agp sin 2c’
() = I~(V sin (A1)
YT 2m2)M (b — 2) sin 2a + sin 20«
1KI\I/ sin 2\ g«

) 2.131
(2w Z)M sin 2A00 — Aqp sin 2o ( )

when both stress intensity factors K, and K, are nonzero. So stated problem can be
interpreted also in somewhat another manner. Let an elastic wedge in a stress—strain
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state characterized by complex potentials (2.131) have a cut along the contour L
(Fig.2.8b). We have to find the disturbed stress state induced by a rounded V-notch
with boundary contour L in elastic plane (or wedge). Since the elastic region is
symmetrical with respect to axis Ox, the problem can be divided into two problems,
symmetrical and antisymmetrical. As outlined above, solutions to these problems
were found using the singular integral equation method for notch contour that can
be described by the following parametric equation:

t=pwE), —1<&<l, (2.132)

where p is radius of notch tip curvature, t = x + iy € L.

Numerical results were obtained for rounded V-notches (2.90) and hyperbolic
(2.91) notches. Tangential normal stresses at notch contour L can be represented
in the form [205, 210]

kY Ky
os(0) = Grpyn Ry(0, ﬂ)+ o) Ru(9, B) (2.133)

where R1(0, f) = Ri(—6, ) = Ri(0) (Fig.2.18) and Ry (6, B) = —Ru(—6, B) =
Ry (0) (Fig.2.14) are dimensionless stresses under symmetrical or antisymmetrical
distributions, respectively. Note that although stress distribution along notch con-
tour under symmetrical loading had been shown earlier in Fig.2.11, we shall use
the dependence on polar angle 6 for further analysis, which is more convenient
in calculations.

The conclusion follows from representation (2.133) that stress intensity factors
f(IV and f(ﬁ’ determine stress distribution in elastic body weakened by respective
smooth curvilinear notch at small relative rounding radii of the notch tip. It was
already mentioned above that these factors determine stress—strain state near sharp
tip of V-shaped notch in elastic body too. These facts explain the great role, which
stress intensity factors are playing in fracture mechanics.

(a) (b)
Ri(6) Ri(6) T 28=0 j
2500 25NN A ST
: 30° 23
2P 2\ 2 "
‘ 60°
15 15 NN
1 T NN
90/
05 0517209/ NN
0 i i 0 1509 ; ‘
0 45° 90°  135° 2 0 45° 90°  135° 0

Fig. 2.18 Dimensionless stress distribution R} (6) along contour L of rounded V-notch (a) or hyper-
bolic notch (b)
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It can be concluded while comparing presented data for rounded V-notch and
hyperbolic notch at the same radii of curvature p and vertex angles 28 in the notch
tip that there is a great difference between them at antisymmetrical distribution than
at symmetrical one. Extremal stress values in antisymmetrical case differ more than
by two times. On contrary, relative difference in maximal stresses in notch tip under
symmetrical loading is below 15 %.

Consequently, notch contour shape in vicinity of its tip essentially effects on stress
distribution. Therefore, studying into stress concentration near V-shaped rounded
notches as most important for practice (more precisely, having shape of wedge with
straight edges rounded in vertex with circular arc) is very urgent. Advantages of
proposed approach are clearly seen when obtained results are used as asymptotic
solutions at small relative V-notch rounding radii in finite bodies.

Let us confine ourselves with considering only rounded V-notches. Fitting for-
mulae for dimensionless stresses R;(0) and Ry;(0) in the interval 0 < 6 < 6*, where
stresses o,(f) attain maximal values at complex-stressed state (I~(IV # 0, kﬁ/ # 0),
have the following form

R1(0) = a1 + b6 + c16%,
Ru(®) = apb + bud® + ey, 0<6 <6 (2.134)

Here 6* is the angle, at which stresses o,(6) attain extremal values at I~(IV = 0.
Coefficients ay, ayi, by, by, and ¢y, cpy can be presented in analytical form using values
of dimensionless stresses Ry(6) and Ry (0) and their derivatives in notch tip (6 = 0)
and in the point 6 = 6*

—4R 4 R* — R'F0* 2R; — 2R* + RF0*
a=R, b= I+29*12 —, a= : 29i4+ —,
. s o . . (2.135)
R e SRi—4R0 o — T3Ri+2Ry6
an = Ky, 0= 53 = "5
20* 20*
. dRi(®
R = Ri(0), R = Ri(6%), R} = £) ,
6=6" 2.136
. dRu(®) . , (2.136)
Ry = ., Ry =Ru=Ru®).
do |,

Fitting formulae for above-used parameters have the form

6* = 2.081 — exp(0.4458),

Ry = 2.993 4+ 0.18108% — 0.36948° — 0.08291p°,

R} = 1.668 + 0.70498 — 0.32868% — 0.93788°,

R} = —2.004 — 0.2978 — 0.78308% — 0.31018°, 0<pB <,
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Fig. 2.19 Dependencies of angle 6, (a) and dimensionless maximal stress R(y)/Ry (b) on para-
meter y for various vertex angles 28

R} = Ry = 4.467 — 0.875 exp(1.1378),
Ry = 5.234exp(0.1378) — 0.051 exp(3.1148), 0< B <p*, (2137

with relative error below 0.5 %.

Locations of points 6y« (Fig.2.19a), where maximal stresses R(y) = 0;(fmax)
(Fig.2.19b) are reached, depend on parameter y = p* 1K /K. Based on rela-
tionship (2.133), we get the approximate formula for the angle 6y«

9*
Omax (V) = > {1+ tanh [0.58221In(y) + 0.6222]}, 0=<y <oo. (2.138)

Corresponding maximal values of tangential stresses at notch contour can be found
using the formula (2.133), if putting 6 = 6y, in it.

Obtained solutions to singular boundary value problem for semi-infinite rounded
V-shaped notch can be used as asymptotic relations for finite bodies with V-shaped
cracks/holes, when relative rounding radii are small. Having found stress intensity
factors K, and K} , one can easily examine stress concentration in vicinity of notch tip
with small radius of curvature using relationships from (2.133) to (2.138) just in that
very case when obtaining the solution encounters great computational difficulties. On
the other hand, these relationships can be alternatively used to find SIF in the sharp
notch tip based on solutions for respective rounded notches and limit transitions

. 1
\ 2 : AL %
K = R /1)13})[(2@) ol (0],

. 1 do ()
Ky =—1 2rp)t ———
"= R plg})[( ™" g

} . (2.139)
0=0

In the next chapters, applications of this approach will be illustrated with examples
of acute-angled holes and sharp V-shaped notches in elastic regions.
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