Chapter 1
Mathematical Foundation for Quantum
System

Abstract This book introduces group representation theory in terms of quantum
theory. For this purpose, this chapter introduces basic concepts of quantum theory,
measurement, state, composite system, many-body system, and entanglement. It also
prepares mathematical notations for quantum systems. Although these notations are
specified to quantum systems, they are helpful for group representation. Hence, this
book consistently deals with representation theory based on these notations.

1.1 System, State, and Measurement

In the framework of quantum theory for a microscopic system, the object of interest
is called the Quantum system or the System, and is mathematically described as a
complex vector space H with a Hermitian inner product, which is finite-dimensional
or infinite-dimensional. Such a complex vector space H is called a Hilbert space
even though it is finite-dimensional.! Since 7 is a vector space with a Hermitian
inner product, we can choose a completely orthonormal system (CONS) {¢;}. Each
normalized base e; represents a state in the quantum system that is distinguished from
each other. An arbitrary state of the system is given as a normalized vector x € H.
Once a CONS has been fixed as a standard basis, the vector x describing an arbitrary
state is written as a linear combination >, x;e;. In quantum theory, there are two
methods to describe the element x € . One is the description by a ket vector |x),
and the other is that by a bra vector (x|. Although these descriptions are defined to
satisfy the linearity with respect to real coefficients, the multiplication of a complex
coefficient a € C is defined as

lax) = alx), (ax| = a(x|. (1.1)
In particular, for a base e; of the standard basis, |e;) and (e;| are simplified to |i) and

(i], respectively. On the other hand, we define the Hermitian inner product (x|y) for
x,y € H to satisfy the condition (ax|by) = ab(x|y) for a, b € C. Then, the inner

't is required to satisfy the completeness under the given inner product in the infinite-dimensional
case. see Sect. 1.6.
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2 1 Mathematical Foundation for Quantum System

product (x|y) between x and y can be regarded as the multiplication (x| - |y) of the
bra vector and the ket vector.

In addition to a state, a physical quantity is also an important concept. When
the system obeys the classical mechanics, the value of the physical quantity is also
determined according to the state of the system, hence, the physical quantity is given
as a function whose input is the state of the system. However, the physical quantity
does not necessarily take a fixed value, and is defined as a Hermitian linear map on
the Hilbert space.? In the following, for the simplicity, we employ the terminologies
in the finite-dimensional case.

The most important physical quantity is the Hamiltonian, which is written as H.
This is because it is the physical quantity describing the time evolution. Since H is
a Hermitian matrix, ¢'7 is a unitary, where the real number ¢ describes the time.
Then, the map |x) — e/’ |x) describes the evolution of the state of the system, i.e.,
the state change during time period .

As mentioned above, a physical quantity A does not take a fixed value. What is its
exact meaning? To answer this question, we need to consider the measurement of the
physical quantity A. This is because the value of the physical quantity is determined
via the measurement. In quantum theory, any physical quantity A is written as a
Hermitian matrix or a self-adjoint operator on H, and the Hermitian matrix or the
self-adjoint operator is also written as A with this context. When a Hermitian matrix
A has no multiplicity for eigenvalues, it is called non-degenerate. Otherwise, it
is called degenerate. To consider the measurement, we focus on a non-degenerate
Hermitian matrix A. Then, the eigenvalue decomposition of A is given as

A= ailgi) (i, (12)

where a; is an eigenvalue of A and ¢; is an eigenvector corresponding to the eigen-
value qg;.

Once the physical quantity A is measured, the possible outcomes are limited to
the eigenvalues ag; of the Hermitian matrix A. The realized outcome is determined
according to the state of the system. The outcome is determined only probabilistically
except for several special cases. When the state is a normalized vector x € H, the
probability to obtain the outcome q; is given to be

(x|¢i) (ilx) = | {xlgi) . (1.3)

The set of the above values gives the probability distribution because the relation
> [(x|¢:)|> = 1 can be shown by the fact that {¢;}; is a CONS. In particular, when
the state is known to be a base of the CONS {¢; };, we can identify which base is the
state |x) via the above measurement. In general, once a CONS {¢;}; is given, it is

2]t is defined as a self-adjoint operator in the infinite-dimensional case. The precise discussion is
given in Sect. 1.6.
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Fig. 1.1 Measurement state measurement outcome

p (E},; a;

possible to realize the measurement whose outcome corresponding to the base ¢; is
obtained with the probability (1.3) in the above way.

However, a Hermitian matrix might be a degenerate, i.e., might have multiplicity
for eigenvalues, in general. The above fact can be generalized to the degenerate case
by considering the spectral decomposition

A= ZaiEi (14)

instead of the eigenvalue decomposition (1.2). Then, the eigenvalues of A are {a;},
and the eigenspace corresponding to a; is the range of the projection E;. When the
physical quantity A is measured, the probability to obtain the outcome a; is given
tobe (x|E;|x) = Tr E;|x)(x|. Hence, in general, given an orthogonal decomposition
®;H; of the Hilbert space H, a measurement can be defined by the set {E;}; of the
projections E; on the Hilbert space H;. Such a measurement is called a projection-
valued measurement (PVM). As Fig. 1.1, the outcome is given as q;.

Here, we should remark that the above probability is determined by the one-
dimensional projection |x) (x| rather than the vector |x). Hence, even if the vector
|x) is changed to |e/?x) by multiplying the phase factor ¢, the corresponding one-
dimensional projection |x) (x| does not change.

In general, it is difficult to prepare the state of the system to be a specific state |x)
exactly due to the difficulty of control of the quantum system. The mixture of two
states |x) and |y) with aratio (1 — p) : p is rather natural than the exact preparation
of the state |x). In this case, when the above measurement is applied, the probability
to obtain the outcome ¢; is given to be

(1 = p) Tr(E;i|x)(x|) + p Tr(E;[y){y]) = Tr E;((1 — p)Ix){x| + ply){y]). (1.5)

How can we describe such a mixture of states? Since we cannot recognize the system
by means other than measurements in the quantum system, it is better to identify a
mixture of state with another mixture when they cannot be distinguished via any
measurement. Thus, it is reasonable to define a mixed state by using the right hand
side (RHS) of (1.5). That is, we describe the mixed state as a Hermitian matrix
(1 — p)|x){x| + ply)(y|. In general, the state corresponding to the mixture of several
states |¢;) with the probability p; is expressed as

p = pil) (@il (1.6)

The above p is a Hermitian matrix, in which, the trace is 1 and the eigenvalues
are not less than zero. Thanks to the above discussion, we can correctly describe the
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probability to obtain each outcome of each physical quantity once we know the above
matrix p. Conversely, when a Hermitian matrix p satisfies the two conditions, (1) the
trace is 1 and (2) the eigenvalues are not less than zero, it can be described by the RHS
of (1.6) via the eigenvalue decomposition of p. Here, the set of the states {|¢;)} in the
RHS of (1.6) does not necessarily form a CONS. In the following, a Hermitian matrix
p is called a density matrix when it satisfies the above two conditions. In contrast,
a state described by a normalized vector in H is called a wave function. When a
density matrix is written as a wave function, it is called a pure state. Otherwise, it
is called a mixed state.

Here, let us consider the measurement of the physical quantity A. Then, when the
density matrix of p, the expectation of the outcome is given as

Zai TrE;p = Tr Ap. (1.7)

i

Hence, the density matrix p can be regarded as a non-commutative extension of the
probability distribution. On the other hand, the physical quantity A can be regarded
as a non-commutative extension of a random variable. In probability theory, the
expectation is the sum of the product of the possible values of the random variable
and their probability. Since, in quantum theory, the expectation is the trace of the
multiplication of a density matrix and a physical quantity, the above correspondence
can be thought to be a natural non-commutative extension. Also, the variance is
given as

AQA =D al Tr|g)(@ilp — (Tr Ap)?

L

=Tr A%p — (Tr Ap)> = Tr(A — (Tr Ap)I)*p. (1.8)

When two physical quantities A and B are commutative with each other, a simul-
taneous decomposition of A and B, i.e., the simultaneous measurement of A and
B, is given as follows. Let a;, H;, and E; be an eigenvalue of A, the eigenspace
of A associated to a;, and the projection to H;, respectively. Since B(A — a;) =
(A — a;)B, any vector |x) in H; satisfies (A — a;)B|x) = 0. So, B|x) belongs to
‘H;, i.e., E; B|x) = B]x). For any element |y), we have E; BE;|y) = BE;|y), i.e.,
E;BE; = BE;. Since >, E; = I, we have

B =Y EBE;. (1.9)

Thus, we can make the spectral decomposition {E;;}; of E; BE; on'H; as E;BE; =
2. bjiEj;.Since 3, E;; = I, the decomposition {E ;}; ; forms aPVM. As (1.9)
guarantees that > ;i bjiEji = B,thedecomposition{E} ;};; gives the simultaneous
measurement of A and B.
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In this case, the covariance of two outcomes is given as

A,AoB

1
=5 Trl(B — (Tr Bp))(A — (Tr Ap)) + (A — (Tr Ap))(B — (Tr Bp))lp. (1.10)

Now, we consider the case when A and B are non-commutative. Although A,A o B
can be defined and can be regarded as a kind of correlation between the two physical
quantities A and B, it cannot be thought to be a covariance because the simultaneous
measurement of A and B cannot be defined.

In the above formulation, a measurement is given from a CONS. This formulation
can be generalized as follows. Given a set {|¢;)}; of non-normalized vectors in H,
we assume that

> gl =1, (1.11)

where [ is the unit matrix. Then, the set {|¢;)(¢;|}; gives a decomposition of the
unit matrix /, which gives a measurement as well [58]. Such a decomposition is
called a positive operator-valued measure (POVM). When the above measurement is
applied to the system whose state is given as the density matrix p, the measurement
outcome i is obtained with the probability (¢;|p|¢;). Such a measurement is possible
within the framework of PVMs by extending the system [46, 54, 58]. Such a type of
measurement can be generalized to the continuous case. That is, when normalized
vectors {|Ps)}oco are parameterized by the set ® and the measure on the parameter
space O satisfies the condition

/O 160) (ol 11(d6) = I, (L12)

the decomposition of the unit matrix is called a POVM and gives a measurement in
the above-mentioned sense.

In summary, the key points of quantum theory are summarized as the following
basic concepts, a physical quantity (especially the Hamiltonian), its spectral decom-
position, a wave function as an element of H, and a density matrix.

Exercise 1.1 Define the POVM M = {Mi}?zl and the density matrix p as M| =

1 i 1 _i
( 2, ?),Mz = (% 14),M3 = (8 g),and,o = % (i i).Calculatethedistri-
] 4 8 4

. p
bution Pj,.

Exercise 1.2 Give the spectral decomposition of A = (_Ol (l)) and B = ((1) (l))

Exercise 1.3 Calculate the expectation when the measurement is the spectral decom-

position of A given in Exercise 1.2 and the state is p = % ((1) (1))
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Exercise 1.4 Calculate the variance A,A in Exercise 1.3.

Exercise 1.5 Calculate the value A,A o B when A, B and p are given in Exercises
1.2 and 1.3, respectively.

1.2 Composite System

1.2.1 Tensor Product System

When we have two quantum systems H 4 and H p and we treat them as one quantum
system, we need a description for the whole system as Fig. 1.2. For example, when
the system H 4 describes the internal freedom of a particle and the system Hp does
its position, we need the quantum system that describing the whole freedom of the
particle, whose typical example is given in Sect.5.4. Such a quantum system is
called the composite system of H 4 and Hp. The composite system is given by the
tensor product space H4 ® Hpz. When H, and Hp have their CONSs {|v,‘)}f:1

and {|u j)}’jzl, respectively, the tensor product space H4 ® Hp is given as the linear

system is given as the product space H, @ H . However, the composite system is
as the tensor product space H4 ® Hp. To understand the reason, we consider the
typical classical case. Remember that the product space H4 @ Hp has the CONS
{lvi) f:] U {|u1>}]]:1

In the classical case, the state is given as a probability distribution over the set of
events. That is, to identify the system, we need to identify the set of events. The basis
of the quantum system corresponds to the set of events. In the classical case, an event
of the composite system is given as a pair of events of the respective systems. That
is, the set of events of the composite system is the product set of the sets of events of
the respective systems. Considering the relation between the basis of the quantum
system and the events of the classical system, we find that the basis of the composite
system is the tensor product system H 4 ® H . When we need to identify the basis of
the composite system with a single number, we number it as |e; yx(j—1)) = |v;, u).

Next, let us consider the case when the respective states of the systems 4 and
‘Hp are independently prepared to be the density matrices p and o. When p =
Zﬁi,zl a; i|vi) (v and o = le’j,zl bj yluj){ujl, the state of the composite sys-
tem is given as the tensor product state p ® o := Zfﬁ,zl le,j’=1 aiirbj jr|vi, uj)

Fig. 1.2 Composite system composite system

individual systems
of two quantum systems

P o p®C
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(vir, uj|. In the following, for simplicity, we consider the case when these density

matrices are diagonal, i.e., p = Zle a;|v;){v;| and o = le=1

bj|uj)(uj|. Since
p®O = Zf.‘zl le=1 aibjlvi,u;j){v;, u;|, the event (v;, u;) occurs with the proba-
bility a;b;. Hence, the above independent situation does not contradict the indepen-
dence in the classical case. Therefore, when the respective states are independently
prepared in the quantum system, the state of the composite system is given as the
tensor product state.
k 1

Here, we should remark that the tensor product [v) ® |u) = >, >, ¢i f;
[vi, uj) of two wave functions |v) = Zf:l cilv;) and |u) = lezl filuj) is inde-
pendent of the choice of the bases of the respective systems. To check this fact,
it is sufficient to show that the tensor product based on other CONSs {|t7,-)}f , and

{l2;) }lj=1 of the respective systems H 4 and H g equals the tensor product |v) ® |u) =

Zf‘(:l le=1 ¢; fjlvi, u;) based on the original bases. When the wave functions |v) and
|u) are given as |v) = Zle Cs|U,) and |u) = Zle fi|@i;), the tensor product based
on the basis {|3;)}*_, and {|i@,)}/_, is X, , & f:|¥s, @i;). Now, we employ the unitary
matrices U and V defined as |0,) = >, Vi ;|v;) and |id,) = D, U, j|u;). Then, we
have ¢, = > & Vi, and f, = >, f,U, ;, which implies that

D Ehilbs i) = D & fiVeilUnjlvioug) = > ¢ filviouj).
5.t ij

ERNN

Thus, given a matrix X on H 4 and a matrix Y on H g, their tensor product is defined
as a linear map on the composite system H, ® Hp as follows.

XQY(Jv) ® |u)) := (X[v)) ® (Y]u)). (1.13)

Since the tensor product of |v) and |u) is defined independently of the choice of the
bases, the definition of the linear map X ® Y does not depend on the choice of the
bases. Hence, the tensor product state p ® o of p = Zﬁ,zl a; i’|lvi)(vi| and o =
> oy biplup)uyl is defined as 375, 3 ) @by jlvi, ug)(vir, uy|, which
does not depend on the choice of the bases. States of the composite system H 4 ® Hp
cannot be restricted to tensor product states p @ o or their convex combinations
2.; Pjpj ® o, which are called separable states, where p; is a probability and p;
and o are density matrices on H4 and H g, respectively.

1.2.2 Entangled State

We need to notice that all states on the composite system are not necessarily sepa-
rable, i.e., do not necessarily have the form > jPiPj ® 0. For example, the pure
state corresponding to the vector >, \/p;|v;, u;) cannot be described as a convex
combination of tensor product states unless p; is a deterministic distribution. For
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Fig. 1.3 Entangled state composite system

between two quantum
systems

1
$(|ul,v1>+|u2,v2>)¢|x>®|y>

example, the state %(Wl, v1) + |uz, v2)) cannot be written with any convex com-
bination (Fig.1.3). It is not a separable state. Such a state is called an entangled
state, which has been studied as a resource of quantum information processing. In
particular, such a property is called entanglement.

When the state of the composite system H 4 ® Hp is given as the density matrix

[
p= Z z Cijir, Vi, wj){vp, upl,
Q=1 j'=I

there exists a density matrix Try, p such that
Tr(Try, p)X =Trp(X @ In,)

for any matrix X on the system H 4. Thus, it is natural to consider that the state of
the smaller system 4 is given as the density matrix Try, p. The state Try, o is
called the partial trace of p, and is calculated as

kool
Try, p = Z Zci,j.i',jlvi)<vi'|-

ii'=1 j=1

When the density matrix p is diagonal under the basis {|v;, u;)}; ;, the partial trace
coincides with the marginal distribution of the distribution composed of the diagonal
elements. The partial trace can be defined when p is not necessarily a density matrix.
When itis a density matrix, the partial trace is also called the reduced density matrix
of p. In the following, when there is no possibility for confusion, Try,, is simplified
to Trp.

Now, we consider the linear space of Hermitian matrices on H4 as the normed
linear space B3(H 4) with respect to the matrix norm. The partial trace Try;, can be
regarded as a linear map from B(H ® Hp) to B(H4). The norm of the linear map
is min{dim H g, dim H 4} because the relation

| Tryg, X||

T min{dim H, dim H,} (1.14)

holds for a Hermitian matrix X on H4 ® Hp.
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In this book, if there is no possibility for confusion, for a matrix X on H,4 and
a matrix ¥ on Hp, the matrices X ® I3, and Iy, ® Y on H4 ® Hp are simplified
to X and Y. Hence, X ® Y is written as XY. Once standard bases of the systems
‘H 4 and H p are fixed, we use the following simplified notations. Since two quantum
systems are addressed, the ket vectors of their standard bases are distinguished as
|7)a, |j) - Hence, the basis of the composite system Ha ® Hpis |k)a ® |j)p, which
is simplified to |k, j)a B.

In the following, given a matrix X = (x; ;), we denote the complex conjugate
matrix (The entries are given as the complex conjugate of the original entries.)
under the standard basis by X, and the transposed matrix under the standard basis
by X7 Then, we denote the complex conjugate transposed matrix by X . Although
the matrices X and X’ depend on the choice of the standard basis, the matrix X
depends only on the Hermitian matrix and does not depend on the choice of the
standard basis. Using the matrix X = (xi ;), we denote the vector Zk’j Xk jlk, j)a,B
on the composite system H4 ® Hp by | X)) a.p. Then, we have

YQ®ZIX)as=IYXZ )45 (1.15)
The inner product of two vectors | X)) 4 g and |Y)) 4 p is given as
A, B{(X|Y)ap=TrX'Y. (1.16)
Hence, the vector | X)) 4 p is a wave function, i.e., its norm is 1 if and only if
TrX'X =1. (1.17)
We also have the following formula for the partial trace;

Trg | XWap as(X|=XX", TralXWas as(X|=X"X. (1.18)

F(o ) (To)), e

» are called Bell states. Since they form a CONS on C? ® C?
A,B

10
L
Further, the states ‘ﬁ (O l) >>A,B’

1 01
‘% -10
(see Exercise 1.7), they give a PVM, i.e., a measurement on the composite system
C? @ C2. The measurement is called Bell measurement. To realize this measure-
ment, the measurement device needs to handle the quantum correlation between two
systems (Fig. 1.4).

Fig. 1.4 Bell measurement outcome
measurement 14

—t—
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Exercise 1.6 Assume that X is a 2 x 2 matrix. Show that the state |X))4 5 4.5 (X]|

is entangled if and only if det X # 0.
10 10 01
i L L L
Exercise 1.7 Showthat‘ﬁ (0 1) >>A’B, 7 (O _1) »A,B, ‘ﬁ (1 O) >>A’B,and

‘\/LE (_01 (1)) >>A,B forms a CONS on C? @ C2.

1.3 Many-Body System

Consider the case when there are n particles and their quantum systems are given as
H; (i =1,...,n) (Fig.1.5). When they can be distinguished from each other, the
composite system of these n particles is given as (((H; ® Hz) - - ) ® H,,). Since the
tensor product space does not depend on the order of the tensor products, the above
tensor product space is the same as (H,(--- (H,—1 ® H,))). Hence, we denote it
by Hi @ Hy ® - - - ® H,. In particular, when each system H; is isometric to H, the
tensor product space is simplified to H®".

However, when these particles are the same particles and cannot be distinguished
from each other, we cannot use the above notation. Such a difficult case will be
addressed as bosonic system or fermionic system in the latter chapter (Sects.4.4.2
and 7.4). Even if these n particles are the same particles, they might be distinguished
from each other. For example, when the system H; describes the internal freedom of
the particle and the position of each particle can be distinguished with probability 1,
the composite system is given as H; @ Ho ® - - - @ H,,.

When the state of each system H; is independently prepared to be the density
matrix p;, the state of the composite system is given as (((p; ® p2) -+ -) ® pn). Since
the tensor product of the matrices does not depend on the order of the tensor product,
the density matrix given by the tensor product is written as p; ® p2--- ® p,. In
particular, when p; = p, i.e., the state p is independently prepared in n quantum
systems, the density matrix of the composite system is simplified to p®", and is
called an n-fold tensor product state of p. This notation can be applied to the case
when p and p; are not restricted to density matrices.

Given a matrix A on the tensor product system H; @ H, ® - - - ® H,,, we denote
the partial trace of A with respect to the system H; by Try, A. Conversely, we denote
the partial trace with respect to the all systems except for the system H; by Try; A.
In particular, when A is a density matrix p, Tryy p is simplified to p3;, or p;. On the
other hand, given a matrix A on the system ;, the matrix /®~!' ® A ® I®"~' on

Fig. 1.5 Composite system individual systems composite system
of n quantum systems )

PP Pu P®P,®®p,
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the composite system H; @ H, ® - - - ® H,, is simplified to A;. We also abbreviate
the matrix > _/_; A; to A™.

As mentioned above, to consider the quantum system, we need to discuss a phys-
ical quantity (especially Hamiltonian), its spectral decomposition, a wave func-
tion, and a density matrix. However, even when the respective systems H; are
2-dimensional, the composite system has the dimension 2" and requires very com-
plicated treatment. So, we have serious troubles to handle physical quantities and
density matrices. However, when they have invariance with respect to physical trans-
formation, the number of parameters to describe them can be reduced so that their
mathematical treatment is simplified. The purpose of this book is to provide the
systematic method to treat physical quantities and density matrices by reducing the
freedom under the suitable physical invariance.

Exercise 1.8 Give the spectral decomposition of p®" when p = %Eo + %El on C2.

1.4 Hamiltonian

1.4.1 Dynamics and Hamiltonian

In the isolated quantum system, time evolution of the state of the system is given by
the time span ¢ and the Hamiltonian H as

p— UpUT, (1.19)

where the unitary matrix U is defined as U := ¢/'# (Fig. 1.6). However, when we
cannot estimate the time ¢, we need to take the average with respect to T as

1 /T )
T / e pe=itH gy (1.20)
0

In particular, taking the limit 7 — oo, we have the state > j E; p E; when the Hamil-
tonian H has the spectral decomposition >_; i; E; (see Exercise 1.9). Then, only
eigenvectors are stable. Hence, it is an important topic to calculate eigenvectors of
the Hamiltonian H. That is, we need to the following equation;

H|x) = E|x) (1.21)

with eigenvalue E, which is called Schrodinger equation.

Fig. 1.6 Time evaluation ;
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Hamiltonian has another role in quantum theory. When the system is correlated to
ahuge system called an environment system or a heat bath during a long time, the state
of the system approaches to the state e ## / Tr e =## called the thermal equilibrium
state or thermal state, where the parameter § is called the inverse temperature. On
the other hand, under the limit that the inverse temperature 8 goes to infinity, the
state converges to an eigenvector of H associated with the minimum eigenvalue.
Especially, when the eigenspace is the one-dimensional, the state is called the ground
state. Such a state can be realized by keeping the system at a lower temperature.
Therefore, it is a central issue to derive the ground state for a given Hamiltonian. In
general, the number of particles in the given system is not necessarily one. When
the particle is the type of fermion, more than one particles cannot share the same
state. That is, when one particle takes the ground state, another particle takes a state
orthogonal to the ground state. Hence, to clarify all of states of these particles, we
need to calculate several eigenvectors of the Hamiltonian H associated to lower
eigenvalues.

However, in general, it is often difficult to describe the exact form of the Hamil-
tonian. In some cases, the main term H, of the Hamiltonian is given and the fluc-
tuation AH is given as a small constant € times of another Hermitian matrix H;.
In particular, when Hy and H; are commutative with each other, we have common
eigenvectors as a basis. Then, we can take a eigenvector system of H independently
of the coefficient €.

Exercise 1.9 Show thatlimr_.. + [\ ¢/ pe™'dt =Y E;pE; when H =Y,

1.4.2 Simultaneous Diagonalization

Now, we consider the diagonalization of a given Hamiltonian H on a given com-
posite system H; ® H,. Usually, this task needs our complicated operation for the
composite system H; ® H,. However, when a non-degenerate Hermitian matrix A
on H, is commutative with H as a Hermitian matrix on H; ® H,, this task can be
decomposed to several operations on the subsystems H; and H, as follows. First, we
diagonalize A as D, a;|x;)(x;|. When |x;) (x;] is identified with |x;) (x;| ® I},, this
diagonalization can be regarded as the diagonalization of a matrix on the composite
system H; ® H,. Then, we have a Hermitian matrix H; := Tryy, |x;) (x; | H |x;) (x;]
on H;. Now, we diagonalize H; as H; = zj h;;E;;. Since

i) (i | H ;) {x; | = Zhj,i(Ej,i & |xi) (xil), (1.22)
J

we obtain the spectral decompositionof H as H = > jii hjiEj; ® |x;)(x;|. from the
discussion before (1.10). This method is employed in Sect.5.1.
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Notice that this method does not work when the Hermitian matrix A is degenerate
because (1.22) does not hold in general. To resolve this problem, we consider a
set of Hermitian matrices {Ay}; on H, such that the simultaneous measurement
of the Hermitian matrices {Ay}; is composed of rank-one projections, i.e., has the
form {|x;)(x;|};. In this case, we can show that |x;){x;| H|x;){x;| = H|x;){x;|, which
implies that

H = lei)(xilHlxiMxil- (1.23)

Then, we can define the Hermitian matrix H; on H; in the same way. Using the
spectral decomposition of H;, we obtain that of H in the above way.

Exercise 1.10 Give the simultaneous diagonalization of A ® I and I ® B, where
A and B are given in Exercise 1.2.

1.4.3 Relation to Representation

Due to the above discussion, it is important to derive the spectral decompositions of
the Hamiltonian H and the related Hermitian matrices. When the system H is too
large and/or is too complicated, it is very difficult to find their spectral decomposi-
tions. That is, it is almost impossible to derive them without reducing the problem
to an easier problem.

When a set of Hermitian matrices {A}; satisfies the following condition, the
condition almost determines the structure of these Hermitian matrices. There exists
a set of real numbers ¢y ;; such that

i[A; Al =D e juAnx (1.24)
1

where [X, Y] := XY — Y X. Indeed, the condition vanishes a larger part of the free-
dom of these Hermitian matrices. Then, the difficulty of the spectral decomposition is
transformed to an algebraic problem. When we use terminologies roughly, this com-
mutation condition (1.24) is called a representation of Lie algebra, and brings very
powerful methods. This method is related to the fact that the set of skew-Hermitian
matrices is closed with respect to the commutation relation.

Next, we focus on the set of unitary matrices. The set of unitary matrices is closed
with respect to the matrix product. Now, we assume that a subset S of the set of unitary
matrices are closed with respect to the matrix product. When the Hamiltonian H is
invariant for S, i.e., UHUT = H for any element U € S, the algebraic structure of
S for the matrix product determines a larger part of the structure of H. At least,
the structure vanishes a larger part of freedom of the Hilbert space H. Hence, the
problem of the analysis of the Hamiltonian can be reduced to much more simple
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problem. When we use terminologies roughly, the condition for the subset S is called
a representation of a group. A representation of a group is a powerful tool as well as
arepresentation of Lie algebra. To discuss a representation of a group, we need more
rigorous formulation. So, in the next chapter, we start our study of a representation
of a group with the formal definition of a group. Since a representation of Lie algebra
requires much more preparation, we can start its discussion in the middle in Chap. 3.

1.5 Relation to Symmetry

As above-mentioned, symmetry plays an important role in the derivation of
Schrodinger equation. In fact, the three dimensional space has natural symmetry
with respect to the three-dimensional rotation and displacement. The symmetry of
three-dimensional rotation is crucial to discuss quantum system. These symmetries
are related to the freedom of the physical space and appear even in classical mechan-
ics.

However, quantum mechanics has a different type of symmetry as Fig. 1.7. Since
quantum mechanical object is composed of microscopic particles, we cannot distin-
guish them when they are the same kind of particles, like, electrons. This problem
appears when we have more than one particles while this problem does not occur
for the single particle case. Indeed, in quantum theory, it is the most important thing
to identify the Hilbert space H to describe the quantum system because we cannot
discuss anything without identifying the Hilbert space 7. Hence, we need a proper
Hilbert space H to describe the possible physical freedom reflecting the indistin-
guishability. Since the indistinguishability is related to a special kind of symmetry,
this description is closely related to the symmetry, which never appear in the classi-
cal mechanics. The symmetry is rooted in group representation theory and requires
many preparations. Indeed, at least, we have two kinds of indistinguishable particles,
boson and fermion. We need different type of symmetry dependently of the type of
indistinguishable particles. Hence, we discuss both types of indistinguishable par-
ticles in Sect.4.4.2 after many discussions for group representation theory. Then,
we apply this description of the Hilbert space H to several important real physical
systems in Chaps.5 and 7.

Fig. 1.7 Classical and classical

. quantum
quantum symmetries symmetry

symmetry

rotation symmetry
rotation symmetry translation symmetry

internal (spin) symmetry

translation symmetry

permutation symmetry
(due to
indistinguishability)
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As another relation between quantum system and symmetry, we have discrete
symmetry of available unitaries. When we artificially control the quantum system,
we need to consider the set of possible unitaries, which usually forms a finite set
because it is quite hard to prepare the devices corresponding to infinitely many
unitaries. In this case, it is important to discuss what subset of unitaries generates
the given subset of unitaries. To discuss this issue, we need algebraic structure of
the set based on the matrix product. In this context, representation theory plays a
crucial role for the design of quantum operation. To protect quantum state from the
noises, we often the quantum noise based on this algebraic structure. Hence, this
algebraic structure brings us an essential utility for quantum technologies. Since this
kind of symmetry has analogy with boson, we discuss it in Chap. 8 after Chap. 7 that
discusses the detail of boson.

1.6 Remark for Unbounded Case*

Finally, we remark several mathematical issues for precise description. If a reader is
not interested in such mathematical issues, he/she can skip this part. When the system
‘H is infinite-dimensional, we need more careful discussions. Firstly, the system H
needs to satisfy the completeness under the given inner product, i.e., the system
‘H needs to contain the limit of Cauchy sequences in 7. When it does not satisfy
the condition, we need to attach the completion for a given vector space H with
Hermitian inner product, which is explained below. First, consider the set of Cauchy
sequences {x,} in H. Second, we introduce the equivalence of the set as follows.
Given two Cauchy sequences {x, } and {y, }, we define equivalence {x,} ~ {y,} when
the sequence {||x, — v, ||} goes to zero. Finally, we take the quotient space composed
of sequences with respect to this equivalence. So, the resultant vector space satisfies
the completeness.

Even though the system H satisfies the completeness, we need to care about the
operator norm || H|| := sup, .y ”ﬁ ’ﬁ” for an operator H on H. When the operator
norm || H || takes finite value, the operator is called bounded. Otherwise, it is called
unbounded and we need another mathematical delicate problem. In the infinite-
dimensional case, there is a possibility that an operator H on H is unbounded. In such
a case, the operator H is called unbounded and requires a more delicate treatment.
When we omit this careful treatment, the discussion contains several inconsistencies.>

When the operator norm of an operator H is infinite, we need to restrict the domain
of H to a subspace D(H) of H so that | Hx|| < oo for x € D(H). Then, we define
the graph norm ||x || := +/||x||> + || Hx||2. When the domain D(H) is closed in the
sense of the graph norm, H is called a closed operator. Now, we define the adjoint
operator H' of H on the domain

D(H") := {x € H|3y € H such that (y|z) = (x|Hz) for Vz € D(H)}

3Even if a reader ignores such inconsistencies, so serious problem will not be caused when the
Hilbert space L2(R?) is discussed. So, it is possible to skip this section.
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as
(H'x|z) = (x|Hz) (1.25)

for z € D(H). When D(H) € D(H") and Hx = H'x for x € D(H), H is called
symmetric. When D(H) = D(H") and Hx = H'x forx € D(H), H is called self-
adjoint.

In general, it is quite difficult to directly define a self-adjoint operator H on the
proper domain D(H) because the domain cannot be described explicitly in many
cases. Hence, we often define a self-adjoint operator indirectly as follows. Firstly,
we usually define an operator H on a dense subspace D(H ) of H so that H is
symmetric. Then, we take the completion of the subspace D(H ) in the sense of the
graph norm of H. The completion (the resultant Hilbert space of the completion)
is different from  because we consider the graph norm of H not the norm of the
original Hilbert space H. Then, we denote the completion by D (H) and the operator
H on D(H) by H. Since the operator H is automatically a closed operator, it is
called the closed extension of H. When H is symmetric, the closed extension H
is also symmetric. However, in general, the closed extension H is not necessarily
self-adjoint even though H is symmetric. Indeed, when an operator H has a closed
extension H that is self-adjoint, it is called essentially self-adjoint.

For a self-adjoint operator H, we have the following lemma.

Lemma 1.1 For a self-adjoint operator H, there exists a PVM E on R such that

(v Hx) = /R sOIEs)x). (126)

Conversely, we have the following lemma.

Lemma 1.2 Given a PVM E taking the outcome in R, we define the operator Xg
as

Xgx :=/sE(ds)x (1.27)
R
on
D(Xy) = {x c H’/sz(x|E(ds)x) < oo}. (1.28)
R

Then, X g is a self-adjoint operator.

Due to this lemma, for any self-adjoint operator X and any real-valued function
f, we can define the self-adjoint operator f(X) as fR f(s)Ex(ds), where E is the
PVM defined for the self-adjoint operator X in Lemma 1.1.
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Proof Assume that, for an element x € H, there exists an element y € H such that
(x| XEgz) = (¥]2) (1.29)

for any element z € D(Xg). Hence, it is sufficient to show that fR s2(x|E(ds)x) <
oo. Firstly, we define the bounded subset Sg := {s € R||s| < R}. Then, we have

(yl2) = (x| X52) =1§gxgo<x‘/s sE(ds)z>=1§Ln;O</g sE(ds)x’z) (1.30)

for any element z € D(Xg). Since D(Xg) is a dense subset of H, fSk SE(ds)x
convergestoyas R — oo.Thus, [, s*(x|E(ds)x) = ([s, SEWds)x]| [5, SE(ds)x) <
00, which is the desired statement. |

When a Hamiltonian is given as a self-adjoint operator H, the unitary matrix U
describing the time evolution is given as U := [, ¢ E(dss).

Next, we consider the case when the Hilbert space H is given as the set of square
summable sequences with an index n =0, 1,2, ..., 00. An infinite-dimensional
matrix {h; ;}; j=o is called a band-diagonal matrix with width / when h; ; = 0 for
li—jl>1.

Lemma 1.3 For two band-diagonal matrices {h; j}; j=0 and {g; j}i j=0 with width
[, the sum {h; j + g; j}i j>0 is a band-diagonal matrix with width I, and the product
{fi,j}i.j=0 is a band-diagonal matrix with width 21, where f; ; := Z;j:lifz hijgj.j.

The above lemma shows that the set of band-diagonal matrices are closed with
respect to the sum and the matrix multiplication. A band-diagonal matrix {A; ;}; j>o
is called Hermitian when /; ; = h ;.

Lemma 1.4 ([68, Theorem 2.3]). For a band-diagonal matrix {h; ;}; j>o0, we define
an operator H on

00 1
() = {tay € H| S| S hunvanual <00} (131)
n=0 k=-I
as
1
(Ha)y = D hunsrnti (1.32)
k=—1

fora € D(H). When {h; ;}; j=o0 is Hermitian, the operator H is self-adjoint.

This lemma shows that any band-diagonal matrix can be regarded as a self-adjoint
operator.

Proof Since a € D(H) satisfies H'a = Ha, it is sufficient to show that for an ele-
ment x € H \ D(H), no element y € H satisfies that
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(x|Hz) = (ylz) (1.33)

for z € D(H). When y € 'H satisfies the above condition, the conditions with z =
. . I .

{8m.n )52 implies that y,, = Dy Ry mkXmrk- Since > e [ya|> < 00, x € D(H).

This, we obtain the desired statement. |

Lemma 1.5 Let {h; ;}i j>0 be a Hermitian band-diagonal matrix. When a dense
subspace D(H) of H contains the sequence {Sm.n)ie for any non-negative integer
m and is included in D(H), the operator H defined by the Hermitian band-diagonal
matrix {h; j}; j=o on D(ﬁ) is symmetric. Also, the closed extension ofﬁ is H.

Proof The first part is trivial because it is included in D(H). Since the domain
of the closed extension of H is included in D(H), it is enough to show that any
element of D(H) is contained in the domain of the closed extension of H. Any finite
sequence {a,})"_ is contained in the domain of the closed extension of H. When a

sequence {a,}°%, satisfies 3. | 34 __, hpnik@nir]> < 00 and 3. |a,|?

the sequence {a,}>, belongs to the domain of the closed extension of H, which
implies the desired statement. |

< 00,

We often consider the case when the Hilbert space H is given as L>(R), which
is defined as follows. Firstly, we consider the set . (R) of rapidly decreasing func-
tions as

F(R) = {

sup < f(x)| < 00,Va, B € Z+} (1.34)

where C*°(R) is the set of smooth functions. Then, we define the space L*(R) as
the completion of the L? norm defined as ||¢||* := fR |¢ (x)]*dx. The multiplication
operator ¢ (x) — x¢ (x) and the differential operator ¢ (x) %(b (x) are defined in
the following way. So, we can define the symmetric operators Q and P on.#(R) by

- N d
Q) (x) :=x9(x), (PP)(x):= —iarﬁ(x). (1.35)

The set.’(R) contains the n-th Hermitian function ¥, (x) := ée A p=x?

which is identified with |r). We define the operators @ and atasa:= TE(Q +iP)

and a' = I(Q—ZP) respectively. Since aln) = /7ln — 1) and afln) =

/n+ 1|n + 1), the operators a and a’ have band-diagonal forms. So, the opera-
tors Q and P have Hermitian band-diagonal forms. Due to Lemmas 1.4 and 1.5,
the closed extensions Q and P of Q and P are self-adjoint. Now, we consider a
two-variable ordered polynomlal /. That is, when the degree is 2, f (a, b) is written
as linear sum of a, b, a?, ab, ba, and b*. Then, an operator f (O, P) is defined on
< (R) as a linear sum of multiplications of P and Q and it has a band-diagonal
form. In this case, the ordered polynomial f equals the opposite ordered polynomial
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of f ifand only if f(a, b) is written as linear sum of a, b, a®, ab + ba, and b>. When
this condition is additionally assumed, the operator f (0, P)is symmetric and has a
Hermitian band-diagonal form. Due to Lemma 1.5, the closed extension f(Q, P) of
f(Q, P)is self-adjoint. So, the operators a and a' are defined as the closed operators
in this way.

Further, we can define the set .7 (R?) of d-dimensional space rapidly decreas-
ing functions in the same way. Taking the completion, we can define the d-
dimensional L? space L*(R?). Then, we can define self-adjoint operators Q i Pj
and f(Qq,...,Qq4, Py, ..., Py) in the above way when f is 2d-variable ordered
polynomial and it equals the opposite ordered polynomial of f.

Now, we consider the case with the Coulomb potential. Firstly, we define the
self-adjoint operator Zi:l Q3 on a dense subspace of L*(R?). Then, according
to the method explained after Lemma 1.2, we define the self-adjoint operator—
(Z?z 1 Qf)’%, which is called the Coulomb potential. This operator is also con-
structed by a closed extension of an operator defined in the domain . (R?).

Lemma 1.6 Let f be a smooth function densely defined on RY. Then, we can define
the self-adjoint operator f(Qq, ..., Q) according to the method explained after
Lemma 1.2. We also define the operator f (Ql, .. Qd) on L (R?). Then, the closed
extension of f(Qq,...,Qu) is f(Qq,..., Q).

Proof Since the domain of £(Qq,..., Q) includes .#(R%), the domain of f(Qy,

., Q) includes the domain of the closed extension of f(Qq,..., Q). So, it is
sufficient to show that any element g of the domain of f(Qy, ..., Q) is expressed
as the limit of sequence in . (R?) in the sense of the graph norm.

Given R > 0, we choose a function gz € . (R?) such that g (x) = 1for|f(x)| <
R and gg(x) =0 for | f(x)| > 2R. We also choose a sequence of functions g, €
Z(R?) such that ||g — g,|| = 0asn — o0o. Now, we choose an integer ng such that
199 = gu)|l < 72

Then, we have §,,g,, € -7 (R?). Now, we show that §,,g,, converges to g in the
sense of graph norm as follows. We have

IGmIn, — 9l < NgmGn,, — Gmgll + lgmg — gll — 0. (1.36)

and

1£ Q1. .... Q) (GnGn, — 9
= ”f(Qh B Qd)(gmgnm - gmg)” + ”f(Qla e Qd)(gmg - g)”

<2m|(gmn, — GmPIl + / lg(s)I*ds

|s|>n,,

1
<2m— + // lg(s)[2ds — 0. (1.37)
m |s|>m
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Although the self-adjoint operator f(Qq, ..., Qq, Py, ..., Py) is defined only on
a dense subspace of the Hilbert space H, to avoid the complexity of description,
we simply say that the self-adjoint operator f(Qq, ..., Qu, Py, ..., Py) is defined
on the Hilbert space H in this book when the self-adjoint operator is defined in the
above way.

Exercise 1.11 Show that the functions x f (x) and %(x) for a function f in .7 (R%)
also belong to .7 (RY).

Exercise 1.12 Consider two functions f and ¢ in . (R?). Show that the product
f(x)g(x) also belongs to .77 (R?).
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