Chapter 2
Mean Field Theory of Slip Statistics

Karin A. Dahmen

Abstract A simple mean field model for the statistics and the dynamics of slip
avalanches in slowly deformed solids is reviewed. Its universal scaling predictions
are compared to experiments on slowly compressed single nanocrystals, microcrys-
tals, bulk metallic glasses, and rocks, as well as to slowly sheared jammed granular
materials, and to earthquakes. The remarkable agreement between model and exper-
iments spanning 12 decades in length and a wide range of material structures implies
that results on the slip statistics can be transferred from one solid material to another
and from one scale to another. Potential applications of the results include materials
testing, failure prediction, and hazard prevention.

2.1 Introduction

Slowly sheared crystals, bulk metallic glasses, composite materials, ferroelastic
materials, densely packed granular materials, rocks, and the earth’s crust all deform
in a jerky way via (slip-) avalanches, such as earthquakes. These slip avalanches have
abroad distribution D(S) of sizes S, following simple functions that are independent
of the microscopic details of the material. Recent experiments, analytic models, and
simulations show that the avalanche size distribution typically follows a power law
over a broad range of sizes, similar to the Gutenberg Richter law of earthquakes. The
power law region is cut off at a size § = S,,,4, that may depend on the applied stress,
strainrate, temperature, or sample size [1-5].

A simple mean field model [5] has proven useful not only for gaining an intuition
for these slip avalanches (also called “serrations” of the stress strain curves), but
also for organizing the experimental data. The model also predicts the observed
statistics of the avalanches, the avalanche dynamics, the time series properties
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of the avalanches, and their dependence on the experimental tuning parameters
[1-4, 6, 11]. In the following we briefly review the model, its predictions, and its
comparison to first experiments.

2.2 The Model

The model assumes that a solid material has weak spots [5]. As the material is slowly
sheared the local shear stress increases everywhere. Each weak spot is stuck until
the local shear stress exceeds its random failure threshold. When that happens it
slips by a random amount, and the released stress is redistributed to the other weak
spots. This may trigger some of the other weak spots to slip also, leading to a failure
cascade, or slip avalanche. The avalanche stops when everywhere in the material the
local stress is below its respective local failure threshold.

After an avalanche is completed, the applied stress is slowly increased further
until the next weak spot slips, thereby triggering the next slip avalanche. The model
can be written [5] either in a continuum description or a discrete description. Both
are reviewed below.

2.2.1 Continuum Version of the Model

One can write the following equation of motion for the model [5, 8]:
n du(r,t)/dt=F + oin(r, t) — fr[u, 1, {(u(r, ' < O)}] (2.1)

where 7 is a damping constant, F is the applied shear stress in the x direction (using
scalar elasticity). u(r, t), is the accumulated slip in the x direction at point r and at
time ¢ (e.g. the displacement discontinuity across the slip plane or shear band, or
earthquake fault), and

t
Oim (1, 1) = / dr’ / ' Jr—r,t—t) x [u,t) —u(r, )] (2.2)

is the shear stress accumulated at point r, at time ¢, resulting from elastic stress
transfer from all previous slips in the solid since time # = 0 when the system started
in arelaxed state. f g represents the quenched random “pinning” stress, that prevents
slips until the local stress exceeds the local failure threshold, as discussed above.
This failure threshold may be history dependent (see also the discussion of the dis-
crete version of the model below). A renormalization group analysis of the model
for positive couplings shows that the coupling between slips of weak spots is suf-
ficiently long range (for example, J(r) = [ dt J(r, t) ~ 12 for parallel straight edge
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dislocations) that mean field theory (MFT) gives the correct scaling behavior in all
dimensions [5, 8]. For small patches slipping along a fault-like plane surrounded by
elastic material J(r) = [ dtJ(r, t) ~ 13 and mean field theory is expected to apply for
2 and higher dimensional slip planes [5, 8]. In most solids the slips or slip avalanches
organize predominantly along shear bands or glide planes, and the positivity of the
coupling applies during avalanches [8—10]. In fact the predictions of MFT agree
with the scaling behavior of the avalanche statistics seen in experiments on crystals,
bulk metallic glasses, high entropy alloys, rocks, granular materials, and earthquakes
[1-3, 6, 11].

2.2.2 Discrete Version of the Model

A simple discrete version of the model can be easily solved in mean field theory.
For a block of material two different loading conditions may be applied:

(I) aslowly increasing shear stress F applied to the boundaries
(IT) a small strain rate imposed at the boundaries.

The model predicts that the scaling behavior for both boundary conditions is the
same, as was recently also confirmed by experiments [32].

In the discrete version the material is modeled by N lattice points marked by
I=1,...,N. Each lattice point (or weak spot) has its own random local failure shear
stress T,;. We assume it deforms elastically until the local shear stress exceeds this
local threshold. When that happens, the weak spot slips until the local shear stress is
reduced to a lower arrest stress T, ;(“sticking stress”). 7, ; and 7, ; vary randomly in
space, to model the disorder in the material. After re-sticking the weak spot locally
acts again elastically until the local stress again exceeds the failure stress.

Brittle materials: To model brittle (or hardening) materials, the failure stress is
assumed to weaken (or strengthen, respectively) after the initial slip in an avalanche.
For brittle materials, after a point [ slips for the first time during an avalanche, the
local failure threshold is weakened from the static value 7, ; to a diminished value
T4 With 7, < 14 < T5;. The failure stress remains at 7,4 until the avalanche has
been completed. The amount of weakening is given by the weakening parameter
&= (51— T4 /751 [5, 8]. After the completion of an avalanche all weakened failure
stresses are reset to their initial static values T ;.

Hardening Materials: In contrast, for hardening materials upon slipping the failure
thresholds are strengthened by an amount proportional to ¢ < 0, to model the local
energy absorption due to dislocation pair creation and entanglement etc. [4, 5].

Avalanches: The stress that is released during a slip is redistributed to all other
cells in MFT. In MFT the coupling is replaced by a function that is constant in space:
J(r)=J/N. The coupling causes slip avalanches. The local stress t; at a lattice point
lis given by 1, = J/N X, (u,, — u;) + F [5], where F is the applied stress and u;
is the local displacement discontinuity. As described above, each point fails when



22 K.A. Dahmen
(a) 10° (b)
o
B e oy
25 0 et =
28 izl S
E‘ =] 10 % . %
.E 2 Scaling regime 2
] _g g
§E \] 5 iz sealing rest
2 = g 4 = Size scaling regime
[=9 5 \ ::
5 \
o
10°¢ ‘ ‘ : :
1 10 1 10
Avalanche size (MPa) Avalanche size (MPa)

Fig.2.1 Figures reprinted from [6]. Avalanche statistics for quasistatic uniaxial compression of two
specimens of ZrssHf12NbsCujs 4Nij2 6Aljo. The predictions of the mean field model are shown by
the dashed red lines. The data in the scaling regime are also highlighted in red. a The distribution
of stress drop sizes for the 3744 avalanches; the data in the scaling regime have the expected mean
field exponent of —1/2. b The avalanche duration as a function of avalanche size. The data in the
scaling regime have the expected mean field exponent of 1/2

the local stress is bigger than the local failure threshold (slip stress) 7;= 7,,; (or
74.1). When site [ fails, it slips by an amount Au,; resulting in a stress reduction
Tf1 — Tay ~ 2G Au; where G ~ J is the elastic shear modulus. After a slip the site
resticks and the released stress is redistributed to the other sites in the system. A
local slip can then trigger other sites to slip in a slip-avalanche. The avalanche ends
when at all sites the local stresses are below their local failure stresses ;< 7 ;. In
the adiabatic (slow driving) limit, the applied stress F' is increased only after a slip
avalanche has been completed, until the next site fails. For small applied strain rate
§2 the stress F in the dynamical equation is replaced by K (£2t — u;) where K is
an effective loading spring constant [5, 8], which is proportional to G/N /2.

This model can be solved analytically [5, 8]. It predicts the observed scaling
behavior of the slip statistics without the need for any fitting parameters or any
assumptions about length scales or material structures. As a result, it predicts the
same slip statistics for a wide range of scales and materials (Fig.2.1) [1, 5]. The key
model parameters are: the weakening ¢, the boundary conditions, t; ,,7, , and their
distributions, the values of n and the elastic constants, and the form of J(r, t)>0.
Among these, only ¢, and the range of J (r, t) affect the universal (i.e. detail inde-
pendent) aspects of the behavior on long length scales.

2.2.2.1 Model Predictions for Avalanche Statistics
and Comparison to Experiments

For zero weakening (¢=0) the model predicts the scaling behavior of the slip statistics
on long length scales for a wide range of materials, irrespective of the microscopic
details. In particular it predicts the probability distributions of D(S) of finding
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avalanches of size S at applied shear stress F [5, 8]:

D(S, F) ~1/SGs(S(F — F.)"°)  wherein MFT x = 1.5 and 1/o =2
and Gg(x) ~ A'exp(— B'x),

with A’ and B’ non-universal constants. F'. is the flow stress or critical stress. The
avalanche size S could be the total slip for experiments with slowly increasing applied
shear stress, or total stress drop for experiments at imposed slow strain rate. Similarly
it predicts the probability of finding avalanches of energy E at stress Fto scale as
[12].

D(E, F). ~1/E7"Gg(E(F, — F)?=°v9/°) with n=4/3 and 2—ovz)/o =3,
ovz = 0.5,0 = 0.5 and Gg(x) is another universal scaling function [3, 13]. Here
the energy E scales as E ~ [v2(t) dt, and v(z) is proportional to the instan-
taneous growth rate of the avalanche (either the slip rate for slowly increas-
ing stress or the stress drop rate for slow strain rate boundary conditions). In
some experiments histograms of avalanche energies or sizes are collected over
the entire stress range, in that case D(S, F) and D(E, F)are integrated over the
applied stress F, from 0 to F., which yields the power law stress-integrated his-
tograms D, (S) ~ S~ F Gy 5 (S/Spax). Here S,.qxis a measure for the largest
observed avalanche size, which is usually a function of the tuning parameters
in the system, such as temperature, sample size, etc. G, s(x) is another scal-
ing function. In some acoustic emission experiments the energy may be defined
as E, ~ (v(t))?,, i.€. as proportional to the highest slip-velocity squared dur-
ing an avalanche [1]. In MFT histograms of this quantity scale as D(E,,, F) ~
(Em)_(lL—H)/2 GEm(Em/Em’max )withEm,max ~ (Fc - F)_Zp where (/J, + 1)/2 =
1.5 and 2p = 2 in MFT and Gg,,(x) is yet another scaling function. Correspond-
ingly the stress integrated distribution scales as D, (E,,) ~ (E,,) " WntD/2+1/2p)]
Gim,Em(Em/Emvmax )) ~ (Em)_2 Gint,Em(Em/Emvmax) [14, 15] Table2.1 sum-
marizes some of the results from MFT. All symbols with a subscript “max” (or
“min”) denote maximum (or minimum) values of the scaling variable, that typi-
cally depend on experimental tuning parameters, such as temperature, sample size,
and others. The results shown in Table2.1 are compiled from references [1, 5, 12,
14, 15]. Table2.1a, b show some of the scaling relations predicted by mean field
theory, while Table2.1c shows the comparison to a wide range of recent experi-
ments. A comparison of some of these predictions to experiments on the slow shear
of nanocrystals, amorphous materials, rocks, granular materials, and the earth’s crust
is shown in [1].

The most extensive comparison to experiments has probably been done for bulk
metallic glasses (BMGs), which shows agreement with the model predictions for
more than 12 different statistical quantities [6]. For BMGs that are compressed at
slow strainrate, Fig.2.1 shows the complementary cumulative stress drop size dis-

oo
tribution C(S) = / D (') dS’ which gives the probability to observe avalanches
s

larger than size S. For deformation in the steady state, the mean field model
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Table 2.1 Results form MFT

K.A. Dahmen

Statistical Distributions

Scaling forms predicted by the model [5-
7]

D(S,F), of avalanche size, S (slip size or stress
drop at stress F)

D(S) ~ S™ Gs(S/Smax)

Din(S) of avalanche size S integrated over stress F

DintlS) ~ S Gintys(S/Smax)

D(v,F), of stress-drop rate, v

D(v) ~ V™% Gu(v/Vimax)

D(T,F), of avalanche durations, T

D(T) ~T ﬂxGT(T/Tmux)

Dine(T) of avalanche durations integrated over
stress F

Dind T)~ T D G T/ Tonar)

Power spectrum of the stress drop rate versus
time, P(w,F), at frequency, w

P(w) ~ w Dy (w/Wnmin)

D(E,F), of energy E ~[v*dt released in a slip close
to failure

D(E/F) ~ E_’] GE(E/Emax)

Dint(E) of energy E ~[v*dt integrated over stress F

Dine(E) ~ ECT 2 G (E/E )

D(E., F) of peak velocity squared Em™V’max

D(Em,F) ~ (En) ™™ Gl En/Emymax)

Dint(Em) of peak velocity squared E,,,“vzmax
integrated over stress F

Dint(Em)N(Em)rmlﬂ) 2 (Zp)]G/'nt,Em(Em/Em/ max)

D(vp,, F) of maximum velocities vy, during
avalanche

D (Vm,F )N (Vm)i“va( Vm/ Vm,max)

Dint(vm) of max. velocities v, integrated over

D/nt( Vm) ~ (Vm)-{uﬂ/p) G/‘nt/vm(vm/ Vm,max)

stress F

(a)

Scaling relations | Exponent values | Exponent relations
in Mean Field
Theory (MFT)
<E|S>~SY/<T|S> | 2-0vz=3/2 (x-1)= (n-1) (2-ovz), n=4/3 in MFT
~ SZ-UVZ
<S| T>~1il/ov) 1/(ovz)=2 K= k+0 =2 (in MFT for the stress integrated
exponent of D;u(S))
<T|S>~ S ovz=1/2 Nine = 1 + 0/(2-00z)=5/3 (in MFT for stress integrated
exponent of D;(E))
<V |S>~S%P po=1/2 (Kin=1) =(Minr-1) (2- o02)
WV | T>TPOD o/(vz)=1
<E|S>~57°" 2-0vz=3/2
<Ep|S>~ 2 20p=1
<E|T>~ TV | 2.6v2)/(ov2)=3 | (k-1)=(a-1)ovz
<Ep|T> ~T2P/02) 2p/(vz)=2
Strain-rate p=1
<V|F>~ (F-F ) for
F > F. (depinned)

Fixed-stress loading conditions:
slowly increasing stress, F, up to
the failure stress, F.

Fixed-strain-rate loading
conditions: moving the boundary at
a slow strain rate, Q

Smax ~ (FC_F)71 ’

Smax ~ Q—/\ (ozv)

Vmax ™ (FC_F - Vmax ™ Q_l

Tmax ~ (FC_F)_VZ Tmax ~ Q_A

Wmin ~ (Fc_F)VZ Wmin ~ Q

EmaXN(Fc' F)—(Z—uvz)/a Emax ~ Q—(Z—m/z)/\/(crvz)
Envmor™ (FeF)* Emmax™ QP
Vm,mux~(F c'F ) i Ym, max ~ -Q-M/{VZ)

(b)

(continued)
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Table 2.1 (continued)

25

Exponents

Sam-
ple
Size

Kint=

K+0O

1/ovz

a

¢

A=vz/p

Model Predictions

Mean Field Theory
(MFT) [5,14,15]

15

0.5

4/3

Experimental
Verifications*

Nanocrystals
(Molybdenum (Mo),
Compression, see
[3,16]

1.5

0.5

Microcrystals
(Nickel (Ni),
Compression [4,17])

1.5

Bulk Metallic Glass
(BMG) (Cua7Zraz.sAls
(18],

ZrasHf12NbsCui1s.aNi12
6Al10[6], and
Zr64.13Cu15.75Ni10.12Al
10 [2], atomic
percent)
Compression.

15

0.5

Lab-scale rocks
(Sidobre granite,
Compression
[19,20,21])

~1.5

1.66-
2.2

Lab-scale rocks
(Westerly granite,
Frictional sliding
[22])

~1.5

Jammed granular
materials (Photo-
elastic disks in

Couette cells and

other geometries
also in 3 dimensions
[23,24])

~1.5

1.8-2.5

Earthquakes
[25,26,27]

10°m

~1.5

(©

(continued)
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Table 2.1 (continued)

Lab-scale rocks 10°m | ~1.5 | 1.66-
(Sidobre granite, 2.2
Compression

[19,20,21])

Lab-scale rocks 10°m | ~1.5

(Westerly granite,
Frictional sliding
[22])

Jammed granular 1m ~1.5 1.8-2.5 [~2
materials (Photo-
elastic disks in
Couette cells and
other geometries
[23])

Earthquakes 10°m | ~1.5 2
[25,26,27]

(c)

*Exponents from experiments and observations quoted here have a 10% error range due to statistical

fluctuations [1]. Exponents from previous rock experiments were obtained from [19, 20] at the largest
stresses, using that the Gutenberg Richter exponent, b, in [19] is related to our exponents via b =
3(k-1)/2 (see [8, 21]). For the relationship between the slip-size and the acoustic-emission signal
see [21], the Supplementary Information of 3, 15], and references therein

predicts C(S) ~ S~*~D for a certain scaling regime range of (small) avalanche sizes
Smin < S < Spuax, With k = 1.5. Power laws fitted to experimental data on crystals
and bulk metallic glasses are consistent with mean field theory « — 1 = 0.51 £ 0.03
[3, 5, 6, 19]. For models of brittle materials, such as BMGs, the weakening parame-
ter ¢ >0 and the model predicts additional large (i.e. system spanning) avalanches
that recur almost periodically, with the power law distributed smaller avalanches
observed in between the occurrence of the large avalanches [5, 6, 23]. Both small
and large avalanches have recently been observed in experiments on BMGs [6, 7].

2.3 Model Predictions for Avalanche Dynamics
and Comparison to Experiments

The MFT model also predicts average temporal profiles of the avalanches, The time
profile for the average stress drop rate < —do/dt(¢)|T >, which is obtained by
averaging the stress drop rate -do /dt (t) > 0 over all avalanches of the same duration
T, is predicted by mean field theory to follow a parabola. (An avalanche starts when
-do /dt (t) first becomes positive and it stops when it becomes negative again.). The
predictions for the scaling behavior of these profiles have recently been tested for
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bulk metallic glasses for the first time [6]. Machine stiffness effects can flatten out
the shape [6]. An asymmetric profile, i.e. one that is tilted to the right or to the left,
can be an indication that either inertia or delay effects play an important role in the
slip dynamics [5, 23, 28-31].

Also, the time profile for the average stress drop rate < —do/dt(t)|S >, which
is obtained by averaging —do /dt(t) over all avalanches of the same total stress drop
size S, is predicted by MFT to follow a function of the form < —do/dt(t)|S >~
§1=ovzG/(t/§°V7) with cvz = 0.5 in MFT, and G'(x) = A’xexp(—B’x?) where A’
and B’ are experiment-specific constants [1, 5, 6].

Examples of these shapes are shown in Fig.2.2. References [2, 6] contain the
comparison of many more statistical properties with the model predictions.

(a)

Rescaled average scaling form
{(do/dt)/T) / {(do/dt)/T),,

0 0.2 0.4 0.6 0.8 1.0
Rescaled time T

(b) 2
5 ﬂz»:- 600 Tl .
4x10° - 2 AN A
o~ e 300 T
: § TG S, by,
?—“ £ gi b s £ VOO TSP L o+ SRR
= a0 4x10” 8x10”
2 x10° Time(s) & S=040MPa
2 & §=0.67MPa
o S=1.11 MPa
% $=236MPa
" ——-=Axe ™
0 g L PR e T e O Y _— o
0 5x10°* 1x10°

ts™'"?

Fig. 2.2 Figures reprinted from [6]. a The average avalanche shape constructed from all avalanches
in the scaling regime. The stress drop rate is scaled by the maximum stress drop rate for each
avalanche on the vertical axis and by the avalanche duration on the horizontal time axis. The mean
field prediction is also shown. b The unscaled shapes for several small avalanches of various sizes
are shown in the inser. When both axes are scaled by S~1/2, the shapes collapse to the form predicted
by the mean field model (black dashed line). (From [6])
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2.4 Conclusion

Initial measurements indicate that mean field theory makes many predictions for
experiments, some of which have been tested for a range of materials. Initial com-
parisons of theory with experiments suggest that the universality class of the simple
mean field model may be surprisingly large [1]. Table2.1 shows that so far only a
subset of the model predictions have been tested in experiments. More experimental
tests, especially tests at high time resolution on a wide range of materials are needed
to fully test all predictions of the model and to establish the size of the underlying
universality class. Regardless of whether or not a material’s slip statistics agree pre-
cisely with the predictions of the simple model for the scaling exponents and scaling
functions, the model provides valuable intuition and guidance for organizing the data
of experiments and simulations. As recent experiments show [1, 6], the model pre-
dictions agree with experiments on a surprisingly wide range of materials, including
crystals, BMGs, rocks, granular materials, and earthquakes [1].The reason for this
agreement of the simple mean field model with so many experiments likely lies in the
fact that most experiments show some kind of slip localization so that the avalanches
typically propagate in gilde planes, shear bands, or earthquake faults. For this kind
of slip localization one can use tools from the theory of phase transitions, like the
renormalization group, to show that the elastic interactions are positive along such
shear bands and that the discussed mean field theory is expected to fully describe the
scaling behavior on long length scales, in 3 dimensions (up to negligible logarithmic
corrections) [8]. Experiments and simulations of other systems, such as ferroelas-
tics also give related results [12, 33]. Potential applications of the model include
materials testing, failure prediction and hazard prevention [34].
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