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Abstract In this paper a new algorithm for online management of fuzzy rules base
for nonlinear modeling is proposed. The online management problem is complex
due to limitations of memory and time needed for calculations. The proposed
algorithm allows an online creation and management of fuzzy rules base. It is
distinguished, among the others, by mechanisms of: managing of number of fuzzy
rules, managing of fuzzy rules weights and possibilities of background learning.
The proposed algorithm was tested on typical nonlinear modeling problems.
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1 Introduction

With the development of technology the amount of information (data) that can be
stored and processed increases significantly. These data exceed the reach of com-
monly used hardware and software tools to capture, process and analyze it in an
acceptable time. The typical systems have limitations due to limit of memory for
storing data and time needed for iterative learning (processing of data to obtain best
possible results of the system [3]). One of the solutions for this problem is online
processing of the data [7]. In this solution the systems usually process incoming
data, adapt to them (by modifying of its parameters) and lose information about
processed data. Systems like that are classified as evolving systems (ES). The key
element of processing data online is to find compromise between complexity and
stability (possibilities of life-long learning - adapting of the system to new data at
any point in time [15]).

The evolving systems include, among the others, the evolving fuzzy systems
(EFS) [6]. The evolving fuzzy systems are based on fuzzy systems and fuzzy
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‘IF… THEN…’ rules [10]. The fuzzy rules allow not only to obtain good accuracy
in the field of modelling, classification and control but also are interpretable [2].
Designing of EFS involves step by step into adding and modification of fuzzy rules
and fuzzy sets to the system in certain situations (for example when new incoming
data sample does not activate any existing fuzzy rule). These methods have their
origin in algorithms used for creation of fuzzy rule base on the basis of data samples
but they needed adaptation for larger data sets while maintaining a simple structure
(see e.g. [8, 9, 13]).

On the other hand, the algorithms for designing systems offline allow to obtain
better accuracy. Moreover they can work on populations of the systems to avoid
local optima (see e.g. [5, 10]). These algorithms are very efficient on smaller data
sets and have problems with iterative processing of larger data.

In this paper a new approach for online modelling with background learning and
using fuzzy rules weights is introduced. The online designing of the system is based
on analyzing of firing level of the rules and using the values of the fuzzy sets
membership functions. The proposed background learning method uses limited
number of prepared samples obtained from processing of data samples. Moreover,
the fuzzy rules weights are calculated on the basis of counters of using fuzzy rules
in a designing process. It is worth to mention that, the purpose of this paper is not
only to achieve best accuracy of the system, but also to show influence of back-
ground learning and weights.

This paper is divided as follows: in Sect. 2 the proposed system is described, in
Sect. 3 an idea of the design of the proposed system is presented, in Sect. 4 sim-
ulation results are shown, whereas in Sect. 5 the conclusions are drawn.

2 Neuro-Fuzzy System for Online Nonlinear Modelling

The proposed approach utilizes a neuro-fuzzy system of Mamdani type [10]. This
system was designed to allow online building and modifying of the fuzzy rules with
automatic weights selection. The fuzzy rules are based on dynamical fuzzy sets base
C defined as follows:

C ¼ A1;1; . . .;A1;LA1
; . . .;An;1; . . .;An;LAn ;

B1;1; . . .;B1;LB1
; . . .;Bm;1; . . .;Bm;LBm

� �
¼ C1; . . .;CLcf g; ð1Þ

where Ai;l stands for input fuzzy sets, i ¼ 1; . . .; n stands for input index, n stands
for number of inputs, l = 1, …, LAi stands for index of fuzzy set, LAi stands for
number of input fuzzy sets from base (1) related to input i. Bj;l stands for output
fuzzy sets, j ¼ 1; . . .;m stands for output index, m stands for number of outputs,
l ¼ 1; . . .; LBj stands for index of fuzzy set, LBj stands for number of output fuzzy

sets from base (1) related to output j, LC ¼Pn
i¼1 L

A
i þ

Pm
j¼1 L

B
j stands for,

changing in the learning process, total number of fuzzy sets. This approach allows
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to work with elastic number of fuzzy sets. Each fuzzy set Ai;l is represented by
membership function lAi;l

ðxÞ, while each fuzzy set Bj;l is represented by member-
ship function lBj;k

yð Þ. In the proposed approach a Gaussian-type membership
functions were used. Therefore, for the fuzzy sets the following parameters were
assigned:

Ai;l ¼ xAi;l; r
A
i;l; c

A
i;l

n o
; Bj;l ¼ yBj;l; r

B
j;l; c

B
j;l

n o
; ð2Þ

where xAi;l and yBj;l stands for centers of fuzzy sets, rAi;l and rBj;l stands for widths of

fuzzy sets, cAi;l and cBj;l stands for counters (treat as heaviness) of using fuzzy sets.
Fuzzy set is “used” when fuzzy set membership function achieve high value for
specified data sample.

The fuzzy rules base contains fuzzy rules Rk , where k ¼ 1; . . .;N stands for
fuzzy rule index, N stands for actual number of fuzzy sets. The number of fuzzy
rules can change in a learning process (see Sect. 3). In the proposed approach fuzzy
rules are defined as follows:

Rk ¼ IA1;k; . . .; I
A
n;k; I

B
1;k; . . .; I

B
m;k; c

R
k

n o
; ð3Þ

where each index IAi;k refers to one input fuzzy set from base C and each index IBj;k
refers to one output fuzzy set from base C, cRk is fuzzy rule counter (treat as
heaviness) of using fuzzy rule. Fuzzy rule is “used” when fuzzy rule firing level
achieves high value for specified data sample. This approach allows sharing of
single fuzzy sets by many fuzzy rules, which notation is defined as:

Rkjwk: IF

x1 isA1;IA1;k
AND

x2 isA2;IA2;k
AND

. . .
xn isAn;IAn;k

0
BB@

1
CCA THEN

y1 isB1;IB1;k
AND

y2 isB2;IB2;k
AND

. . .
ym isBm;IBm;k

0
BB@

1
CCA; ð4Þ

where wk is a weight of k-th fuzzy rule calculated on the basis of fuzzy rules
counters in a following way:

wk ¼ aþ 1� að Þ �
cRk � min

l¼1;...;N
cRl
� �

max
l¼1;...;N

cRl
� �� min

l¼1;...;N
cRl
� �þ n

0
@

1
A; ð5Þ

where a stands for parameter specifying minimum value of fuzzy rule weight
(wk 2 ½a; 1�), n[ 0 stands for very small value which prevents division by zero.
Equation (5) assigns automatically higher values of weights for rules with higher
value of fuzzy rule counters. It not only allows better interpretation of the rules
(giving information which rule is more important) but also increases the possibil-
ities of obtaining higher accuracy of the system.
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The firing level (activation level) of fuzzy rule Rk is calculated as:

sk �xð Þ ¼ T
n

i¼1
lAi;IA

i;k

�xið Þ
� �

¼ T lA1;IA
1;k

�x1ð Þ; . . .; lAn;IA
n;k

�xnð Þ
� �

; ð6Þ

where T �ð Þ is any triangular t-norm [10]. In case of singleton fuzzification the
interferences from k-th rule are calculated independently for each j-th output using
triangular t-norm (which is an interference operator in the Mamdani type of fuzzy
system):

l�Bj;k
�x; yð Þ ¼ lAk!Bj;k

�x; yð Þ ¼ T sk �xð Þ; lBIB
j;k

yð Þ
� �

: ð7Þ

The aggregation of interference of fuzzy rules is calculated as follows:

l�Bj;k
�x; yð Þ ¼ S�

N

k¼1
l�Bj;k

�x; yð Þ;wk

n o
ð8Þ

where S� �ð Þ is a triangular t-conorm with weights of arguments. The defuzzificated
values of fuzzy system of its j-th output can be calculated with (for example) the
center of area method:

yj �xð Þ ¼
PLBj

l¼1 y
B
j;l � lB0

j
�x; yBj;l
� �

PLBj
l¼1 lB0

j
�x; yBj;l
� � ; ð9Þ

where yBj;l are values equal to maximum (isolated) points of the functions lBj;k
ðyÞ

(which are centers of used in simulations Gaussian-type fuzzy sets).

3 Description of Proposed Method

The proposed method is based on three mechanisms: preliminary analysis of data
samples, building of fuzzy system and background learning. The main idea of
proposed method is presented on Fig. 1. The proposed mechanisms are described in
detail in the further part of this section.

3.1 Preliminary Analysis of Data Samples

The purpose of preliminary analysis of data samples is to estimate initialization
values of widths of fuzzy sets. Each sample �x consist of n input signals and
m output signals: �x ¼ �x1; . . .;�xn;�xnþ 1; . . .;�xnþmf g ¼ �x1; . . .;�xnf g, for which a

18 K. Łapa



minims xmin and maxims xmax are determined. The minims and maxims allows to
determine widths of fuzzy sets in the following way:

ri ¼ rpar � xmax
i � xmin

i

� 	
; ð10Þ

where rpar 2 0; 1½ � stands for parameter specifying the initial width of fuzzy sets.
The minimums and maximums are initially calculated only for first set of data
samples, and they are updated with every further data sample.

3.2 Building of Fuzzy System

In the proposed method a new fuzzy rules are added into the system when actual
data sample �x does not activate with (specified by parameter sakt 2 0; 1½ �) level any
of existed fuzzy rules in form of (4). This condition can be write as:

sakt\ max
k¼1;...;N

ffiffiffiffiffiffiffiffiffiffiffi
sk �xð Þn

pn o
: ð11Þ

The use of the square root in the Eq. (11) reduces the impact of the system (9)
inputs number on results of fuzzy rules activation. If the condition (11) is met the
counter of the fuzzy rule cRk (where k stands for index of fuzzy rule with highest
value of firing level) is increased and the parameters of fuzzy rule are modified as
follows:

xAi;l ¼
cAi;l�xAi;l þ 1��xi

cAi;l þ 1 ; cAi;l ¼ cAi;l þ 1 for input fuzzy set ði� nÞ
yBi�n;l ¼

cBi�n;l�yBi�n;l þ 1��xi
cBi�n;l þ 1 ; cBi�n;l ¼ cBi�n;l þ 1 for output fuzzy set ði[ nÞ

;

8><
>: ð12Þ

Fig. 1 The idea of proposed evolving fuzzy system
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Due to using heaviness of fuzzy sets in this modification, the insensitivity of
changes slowly decreases. Thanks to that the fuzzy sets retain in a clear (inter-
pretable) positions (they do not overlap each other). This idea is based on the idea
of moving clusters from the Ward method [16].

If the condition (11) is not met a new fuzzy rule is added to the system (4).
Newly created fuzzy rules can use both the existing in the base (1) and newly
created fuzzy sets. To check if the fuzzy rule can use already existing fuzzy set for
each input signal �xi from data sample �x the following condition is checked:

lakt [ max
l¼1;...;LAi

lAh;l
�xið Þ

n o
for input fuzzy set ði� nÞ

lakt [ max
l¼1;...;LBi�n

lBh�n;l
�xið Þ

n o
for output fuzzy set ði[ nÞ

;

8><
>: ð13Þ

where lakt 2 0; 1½ � stands for threshold value specifying when existing fuzzy set
might be used (it acts similar to a function parameter sakt of fuzzy rules). If the
condition (13) is met, a fuzzy rules can use existing fuzzy set (with highest value of
membership function), the parameters of fuzzy set are modified according to (12),
and the index IAi or IBi�n of the fuzzy rule is set to index of this fuzzy set. In the other
case, a new fuzzy set is inserted into fuzzy sets base (1) with parameters initialized
as follows:

xAi;l ¼ �xi; rAi;l ¼ ri; cAi;l ¼ 1 for input fuzzy set ði� nÞ
yBj;l ¼ �xnþ j; rBj;l ¼ rnþ j; cBj;l ¼ 1 for output fuzzy set ði[ nÞ :

�
ð14Þ

The building of fuzzy system is based on standard fuzzy system mechanisms: the
analysis of firing (activation) of fuzzy rules and analysis of the values of fuzzy sets
membership functions. The weights of fuzzy rules are calculated automatically on
the basis of fuzz rules counters (heaviness). This approach is new in the literature.

3.3 Background Learning

EFS are, by default, systems which parameters cannot be tuned. It results from
theoretically infinite number of incoming online data samples. However a method
of background learning (tuning) of parameters of fuzzy sets is presented (as an
additional option—see Fig. 1). It was achieved by creating and storing maximum of
Rmax auxiliary samples for each fuzzy rule. Each auxiliary sample of k-th rule is
stored in the form of cluster as in Ward’s method [16]. Each cluster is represented
by centers xRh;k;d and heaviness cRk;d where d ¼ 1; . . .;Rmax is an index of auxiliary
sample and h ¼ 1; . . .; nþm.
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The process of creating auxiliary samples is connected to the process of creating
and modifying fuzzy rules. Each of incoming data samples becomes an auxiliary
sample for those rules for with highest value of firing (activation) level:

xRh;k;d ¼ �xh; cRk;d ¼ 1: ð15Þ

When the number of auxiliary samples for specified fuzzy rule is higher than
maximum number of data samples Rmax then, two closest auxiliary samples are
merged. The distance between auxiliary samples (with taking into account heavi-
ness) is calculated as follows:

distd1;d2 ¼
cRk;d1 � cRk;d2
cRk;d1 þ cRk;d2

�
Xnþm

h¼1

xRh;k;d1 � xRh;k;d2
xmax
h � xmin

h

�����
�����; ð16Þ

where d1, d2 are indexes of two comparing auxiliary samples. Therefore, the
number Rmax cannot be very high. The merging of two closest auxiliary samples is
performed as follows:

xRh;k;d3 ¼
cRk;d1 � xRh;k;d1 þ cRk;d2 � xRh;k;d2

cRk;d1 þ cRk;d2
; cRk;d3 ¼ cRk;d1 þ cRk;d2; ð17Þ

where d3 is an index of newly created auxiliary sample. For the background
learning, a genetic algorithm (GA) [10] was used (however any other learning
methods can be also used—see e.g. [11, 12]), which aims to minimize error
obtained for all auxiliary samples in all rules (in the learning process the auxiliary
samples are treated as normal learning data samples).

3.4 System Evaluation

The evaluation function for GA includes both the complexity and accuracy of the
system (9). The complexity of system (9) is defined as follows:

CMPL ¼ wrule � Nþwfset �
Xn
i¼1

LAi þ
Xm
j¼1

LBj

 !
; ð18Þ

where wrule 2 ½0; 1� stands for weight of fuzzy rules (set experimentally to 1.0),
wfset 2 ½0; 1� stands for weight of fuzzy sets (set experimentally to 0.5). The
accuracy of the system (9) is determined by RMSE:

RMSE ¼ 1
Z � m

XZ
i¼1

Xm
j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�yj �xzð Þ � xz;nþ j
� 	2q

: ð19Þ
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4 Simulations

In this paper a four simulation cases were tested (see Table 1). In the case I the
proposed mechanisms of background learning and using fuzzy rule weights were
turned-off (for a comparison). In the case II the fuzzy rule weights were turned-off
to compare influence of weights on the results (case III). The case IV purpose was
to achieve systems with simpler structures (by changing values of system param-
eters rpar, sakt, lakt—see Table 1).

In this paper a set of modelling problems was used (presented in Table 2). The
used data sets were modified in a way to allow to test the background learning in an
online creation of fuzzy system: (a) from data a 10 % randomly chosen samples are
selected and delivered into fuzzy system, (b) those samples are used to create
auxiliary samples, (c) the background learning mechanism is applied (in case II–
IV), (d) the 100 % of data is used for testing the system (9). This test procedure was
repeated 20 times. Typical EFS are tested with each simulation for each problem,
and it was repeated 50 times and then results were averaged.

The simulation parameters rpar, sakt, and lakt have a deciding impact on accuracy
and complexity of the system and they were set experimentally according to
Table 1 (for example an increase of sakt causes creating more fuzzy rules). The
weight parameter a was set to 0.2. The background learning parameters were
chosen experimentally: mutation probability pm ¼ 0:15, crossover probability
pc ¼ 0:75, number of maximum auxiliary samples Rmax ¼ 3. In equations that
define firing level of rules (6), interference of rules (7) and aggregation of inter-
ference (8) and the product triangular norms were used.

Table 1 Considered simulation cases

Case BL Weights rpar sakt lakt Case description

I No No 0.15 0.25 0.25 Typical EFS

II Yes No 0.15 0.25 0.25 Proposed EFS + BL

III Yes Yes 0.15 0.25 0.25 Proposed EFS + BL + rule weights

IV Yes Yes 0.18 0.20 0.20 Proposed EFS + lower complexity

BL stands for background learning

Table 2 List of used simulation problems

Problem id (#) Problem name Reference Inputs Outputs Samples

1 Hang function [14] 2 1 50

2 Chemical plant [1] 3 1 70

3 Abalone [17] 8 1 4178

4 Machine CPU [4] 7 1 210
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4.1 Simulation Results

The results obtained for considered problems for all cases are shown in Table 4.
The RMSE from all test phases is shown in Fig. 3. The examples of obtained fuzzy
sets for case IV are shown in Fig. 2 and corresponding fuzzy rules are presented in
Table 5 (fuzzy sets were replaced by their linguistic labels ‘v.low’, ‘low’, ‘medium’,
‘high’, ‘v.high’—see Fig. 2 and the weights values were replaced by linguistic
labels ‘l’, ‘i’, ‘v’—see Table 3).

4.2 Simulations Conclusions

The conclusions from simulations can be summed up as follows: (a) the results
obtained for the proposed approach are close (in a field of accuracy) to the results

Table 3 Linguistic labels used for fuzzy rule weights

Weight value Linguistic label Definition

<0.4 l Low important

2 0:4; 0:7h i i Important

>0.7 v Very important

Table 4 Summary results of RMSE and CMPL (best CMPL concern best RMSE result)

# Case Avg.
RMSE

Avg.
CMPL

Best
RMSE

Best
CMPL

Avg.
N

Avg. fuzzy
sets

1 I 0.3798 12.1868 0.1371 13.5000 7.33 9.70

II 0.3215 12.7000 0.1221 16.0000 7.66 10.08

III 0.3040 12.9052 0.1153 14.5000 7.81 10.19

IV 0.3711 11.1184 0.0946 13.0000 6.66 8.92
2 I 0.0483 13.8392 0.0223 13.5000 6.98 13.46

II 0.0383 14.0454 0.0117 15.0000 7.24 15.22

III 0.0379 14.0846 0.0144 16.0000 7.25 16.53

IV 0.0399 12.5100 0.0165 14.0000 6.35 14.89

3 I 3.0375 24.2604 1.7169 25.5000 10.30 27.91

II 2.5806 25.7413 1.5007 27.0000 11.19 29.10

III 2.4931 25.4470 1.5251 26.5000 10.97 28.95

IV 2.6760 21.4996 1.1781 22.5000 8.90 25.21
4 I 95.3925 22.8983 36.8803 22.0000 9.46 26.88

II 58.7915 23.3000 18.1972 24.0000 9.80 27.00

III 53.1230 23.3774 15.1279 24.0000 9.84 27.08

IV 64.9428 20.7622 17.3769 21.0000 8.68 24.17
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obtained by other authors for offline learning and (for most cases) with use of not
interpretable systems, (b) the proposed approach allowed to achieve interpretable
fuzzy rules (see Fig. 2 and Table 5), (c) the background learning improved EFS by
approximately 15–20 % (see Table 4), (d) the use of automatically calculated fuzzy
rule weights improved EFS by additional approximately 5 %, (e) the case IV allows
to obtain good accuracy with lower number of rules and lower number of fuzzy sets,
(f) the method without background learning stops improving after process-
ing *50 % of data sets (see test phase number 5 on Fig. 3).
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Fig. 2 The examples of fuzzy sets for considered problems: a #1, b #2, c #3, d #4. Dotted lines
stands for minimums (left line) and maximums (right line) of learning data
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5 Conclusions

In this paper a new algorithm for online management of fuzzy rules base for
nonlinear modeling was proposed. This algorithm allows, among the others, online
creating of fuzzy rules and fuzzy sets, assigning weights to fuzzy rules weights and
use proposed background learning mechanism. The proposed approach allows to
achieve good accuracy in comparison to standard EFS. The biggest improvement
was obtained by using the background learning on the basis of auxiliary data
samples. The proposed method of calculating fuzzy rules weights allows for further
improvement in accuracy of the system. Moreover, the proper selection of the
system parameters allows to obtain clear fuzzy rules simultaneously with low
complexity of the system. The obtained results can be considered as satisfactory.
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