
Chapter 2
Gravity Beyond General Relativity

Is this quintessence o[r] dust?
Hamlet, Hamlet, 2.2

At the core of this thesis is the question ofmodifying general relativity. In the previous
chapter, we introduced general relativity and its cosmological solutions, culminating
in a discussion of two key aspects of the cosmological standardmodel:�CDMat late
times and inflation at early times. In this chapter, we extend that discussion to theories
of gravity beyond general relativity, and in particular the theories which will receive
our attention in this thesis: massive gravity, massive bigravity, and Einstein-aether
theory.

General relativity is the unique Lorentz-invariant theory of a massless spin-2
field [1–5]. To move beyond this theory, we must therefore modify its degrees of
freedom. In massive gravity, this is done by endowing the graviton with a small but
nonzero mass. Bigravity extends this by giving dynamics to a second tensor field
which necessarily appears in the action for massive gravity; its dynamical degrees
of freedom are two spin-2 fields, one massive and one massless. Finally, in Einstein-
aether theory the massless graviton is supplemented by a vector field. This vector
is constrained to always have a timelike vacuum expectation value (vev), and so
spontaneously breaks Lorentz invariance by picking out a preferred time direction.
It is thus a useful model for low-energy gravitational Lorentz violation.

2.1 Massive Gravity and Bigravity

The history of massive gravity is an old one, dating back to 1939 when the lin-
ear theory of Fierz and Pauli was published [6]. Studies of interacting spin-2 field
theories also have a long history [7]. However, there had long been an obstacle to
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22 2 Gravity Beyond General Relativity

the construction of a fully nonlinear theory of massive gravity in the form of the
notorious Boulware-Deser ghost [8], a pathological mode that propagates in massive
theories at nonlinear order. This ghost mode was thought to be fatal to massive and
interacting bimetric gravity until only a few years ago, when a way to avoid the ghost
was discovered by utilising a very specific set of symmetric potential terms [9–16].
In this section we review that history, before moving onto the modern formulations
of ghost-free massive gravity and bigravity, and elucidating their cosmological solu-
tions. We refer the reader to [17, 18] for in-depth reviews on massive gravity and its
history.

2.1.1 Building the Massive Graviton

The Fierz–Pauli Mass Term

Let us begin by considering linearised gravity described by a spin-2 field, hμν . We
will routinely refer to this field as the graviton. The theory of a massless graviton
is given by linearising the Einstein–Hilbert action around Minkowski space, i.e., by
splitting the metric up as

gμν = ημν + 1

MPl
hμν, (2.1)

where hμν/MPl � 1, and keeping in the action only terms quadratic in hμν . Doing
this, we obtain the Lagrangian of linearised general relativity,

LGR,linear = −1

4
hμν Ê αβ

μν hαβ, (2.2)

where indices are raised and lowered with the Minkowski metric, ημν , and we have
defined the Lichnerowicz operator, Ê , by

Ê αβ
μν hαβ ≡ −1

2

(
�hμν − 2∂(μ∂αhα

ν) + ∂μ∂νh − ημν(�h − ∂α∂βhαβ)
)

, (2.3)

where h ≡ ημνhμν is the trace of hμν . No other kinetic terms are consistent with
locality, Lorentz invariance, and gauge invariance under linearised diffeomorphisms,

hμν → hμν + 2∂(μξν). (2.4)

Indeed, this uniqueness is a necessary (though not sufficient) part of the aforemen-
tioned uniqueness of general relativity as the nonlinear theory of a massless spin-2
field.

The role of gauge invariance is to ensure that there are no ghosts, i.e., no degrees of
freedomwith higher derivatives orwrong-sign kinetic terms.Ostrogradsky’s theorem
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tells us that, up to a technical condition,1 a Lagrangian with higher than second
derivativeswill lead to aHamiltonianwhich is unbounded frombelow, and thus states
with arbitrarily negative energy are allowed (for a thorough, modern derivation, see
[19]). If we had included in Eq. (2.2) other terms that can be constructed out of hμν

and its first and second derivatives, then the actionwould no longer be invariant under
Eq. (2.4). In that case, we could split hμν into a transverse piece, hT

μν , and a vector
field, χμ, as

hμν = hT
μν + 2∂(μχν), (2.5)

and any terms not included in the action (2.2) would contain pieces with higher
derivatives of χμ. Therefore we can see the linearised Einstein–Hilbert term as the
kinetic term uniquely set by three requirements: locality, Lorentz invariance, and the
absence of a ghost.

We would like to give hμν a mass—i.e., add a nonderivative interaction term—
while maintaining those three requirements. Unfortunately, it is impossible to con-
struct a local interaction term which is consistent with diffeomorphism invariance
(2.4). Since this was useful in exorcising ghost modes, we will need to take care
to ensure that no ghost is introduced by the mass term. At second order, this is not
especially difficult as there are only two possible terms we can consider: hμνhμν and
h2. We can then consider a general quadratic mass term,

Lmass = −1

8
m2

(
hμνhμν − (1 − a)h2

)
. (2.6)

This leads to a ghostlike, scalar degree of freedom with mass m2
g = 3−4a

2a m2. The
only way to remove the ghost from this theory, besides setting m = 0, is to set a = 0.
The ghost then has infinite mass and is rendered nondynamical. We see the unique
ghost-free action for a massive graviton at quadratic order is the Fierz–Pauli action,

LFP = −1

4
hμν Ê αβ

μν hαβ − 1

8
m2

(
hμνhμν − h2

)
. (2.7)

The Stückelberg “Trick”

Before moving on to higher orders in hμν , let us take a moment to count and classify
the degrees of freedom it contains at linear order. Recall that a massless graviton
contains two polarisations. Because we lose diffeomorphism invariance when we
give the graviton a mass, it will contain more degrees of freedom. In fact, there are
five in total. In principle, a sixth mode can arise, but it is always ghost-like and
must therefore be removed from any healthy theory of massive gravity. To separate
the degrees of freedom contained in the massive graviton, we use the Stückelberg
“trick.”

Stückelberg’s idea is based on the observation that a gauge freedom such as
diffeomorphism is not a physical property of a theory so much as a redundancy in

1Namely that the Lagrangian be nondegenerate, i.e., that ∂L/∂q̇ depend on q̇.



24 2 Gravity Beyond General Relativity

description, and that redundancy can always be introduced by bringing in redundant
variables. Let us consider splitting up hμν as

hμν → hμν + 2

m
∂(μ Aν) + 2

m2
∂μ∂νφ. (2.8)

Defining the field strength tensor for Aμ analogously to electromagnetism, Fμν ≡
1
2∂[μ Aν], as well as �μν ≡ ∂μ∂νφ and the trace notation [A] ≡ ημν Aμν , the Fierz–
Pauli action (2.7) becomes

LFP = −1

4
hμν Ê αβ

μν hαβ − 1

2
hμν

(
�μν − [�]ημν

) − 1

8
Fμν Fμν

= − 1

8
m2

(
hμνhμν − h2

) − 1

2
m (hμν − hημν) ∂(μ Aν). (2.9)

This action is invariant under the simultaneous gauge transformations

hμν → hμν + 2∂(μξν), Aμ → Aμ − m

2
ξμ (2.10)

for hμν and
Aμ → Aμ + ∂μλ, φ → φ − mλ (2.11)

for Aμ.With these gauge invariances restored, one can find that hμν contains the usual
two independent components of a spin-2 degree of freedom, Aμ similarly contains
the standard two independent components, and φ contains one, leading to a total of
2 + 2 + 1 = 5 degrees of freedom for a Fierz–Pauli massive graviton.

Before moving on, let us briefly consider the limit m → 0. Intuitively we would
expect this to reduce to general relativity. In this limit, the vector completely decou-
ples from the other two fields, while the scalar remains mixed with the tensor. They
can be unmixed by transforming hμν → hμν + φημν . However, this transformation
introduces a coupling between φ and the stress-energy tensor for matter (which, for
simplicity, we have neglected so far) which does not vanish in the massless limit.
This is the origin of the van Dam–Veltman–Zakharov (vDVZ) discontinuity [20, 21].
While linearised Fierz–Pauli theory with matter indeed does not reduce to general
relativity in the limit m → 0, nonlinear effects cure this discontinuity: this is the
celebrated Vainshtein mechanism which restores general relativity in environments
where φ is nonlinear and allows theories like massive gravity to agree with solar
system tests of gravity [22]. For a modern introduction to the Vainshtein mechanism,
see Ref. [23].

The Boulware-Deser Ghost

Upon moving beyond linear order, disaster strikes. While the Fierz–Pauli tuning
(expressed above as a = 0) removes a sixth, ghostlike degree of freedom from the
linear theory, Boulware and Deser found that this mode generically reappears at
higher orders [8]. This is the notorious Boulware-Deser ghost. It is infinitely heavy
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on flat backgrounds, as evidenced by its infinitemass at the purely linear level, but can
become light around nontrivial solutions [9], including cosmological backgrounds
[24] and weak-field solutions around static matter [25–27].

A full history of this ghost mode is beyond the scope of this thesis; we will simply,
following the review [17], introduce the simplest nonlinear extension of the Fierz–
Pauli mass term and demonstrate the existence of a ghost mode, as an illustration of
the fact that nontrivial interaction terms are required beyond the linear order in order
to obtain a ghost-free theory of massive gravity. Let us define the matrix

M
μ

ν ≡ gμαηνα. (2.12)

Linearising this matrix around ημν as above, we find

1

MPl
hμ

ν ≈ δμ
ν − M

μ
ν. (2.13)

The Fierz–Pauli term (2.7) can be obtained by linearising (gμν = ημν + hμν/MPl)
the nonlinear action [25]

LFP,nonlinear = −m2M2
Pl

√−g
{[(I − M)2] − [I − M]2

}
, (2.14)

where I is the identity matrix in four dimensions.
With a candidate nonlinear completion of massive gravity in hand, let us examine

the behaviour of the helicity-0 mode, φ, ignoring the helicity-1 and helicity-2 modes
for simplicity. The matrixM becomes

M
μ

ν = δμ
ν − 2

MPlm2
�μ

ν + 1

M2
Plm

4
�μ

α�α
ν. (2.15)

Plugging this into our nonlinear action, we find

LFP,nonlinear = − 4

m2

(
[�2] − [�]2

)
+ 4

MPlm2

(
[�3] − [�][�2]

)
+ 1

M2
Plm

6

(
[�4] − [�2]2

)
.

(2.16)

This clearly contains higher time derivatives for φ, and will therefore lead to an
Ostrogradsky instability and hence to ghosts. In fact, even the first, quadratic term—
the most obvious ancestor of the Fierz–Pauli term—has higher derivatives. However,
they turn out to be harmless for the reason that this quadratic term is, after integration
by parts, a total derivative and therefore does not contribute to the dynamics. This
miracle does not extend to any of the higher terms, which lead to a genuine sixth
degree of freedom.2

2While we have seemingly split the metric up into five degrees of freedom—two tensor, two vector,
and one scalar—and focused on the scalar, when φ has higher time derivatives it in fact contains
two degrees of freedom, one of which is generically a ghost.
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The Boulware-Deser ghost is not specific to this particular, simple nonlinear com-
pletion of the Fierz–Pauli term. It is a very generic problem, to the point that as of
a decade ago it was thought to plague all nonlinear massive gravity theories [26].
The ghost can, however, be removed: one can consider general higher-order exten-
sions and, at each order, tune the coefficients to eliminate higher time derivatives by
packaging them into total derivative terms [9]. This led to a ghost-free, fully nonlin-
ear theory of massive gravity in [10], nearly four decades after the discovery of the
Boulware-Deser ghost.

To the Nonlinear Theory

Taken on its own, linearised gravity in the form (2.2) is a perfectly acceptable theory
without being seen as a truncation of a nonlinear theory such as general relativity.
Indeed, it is even a perfectly fine gauge theory, as its linearised diffeomorphism
invariance is exact (as long aswe include theStückelbergfields, ifwe take the graviton
to bemassive). Thewrench in theworks comeswhenwe addmatter in.Unfortunately,
the coupling to matter is necessary, as we prefer our theories to communicate with
the rest of the Universe and hence be subject to experiment.

The coupling to matter at the linear level is of the form

Lmatter,linear = 1

2MPl
hμνT μν

0 , (2.17)

where T μν
0 is the stress-energy tensor of our matter source. Diffeomorphism invari-

ance is preserved in thematter sector if stress-energy is conserved, i.e., if ∂μT μν
0 = 0.

However, the coupling to hμν necessarily induces a violation of this conservation.
For a simple example of this using a scalar field, see Ref. [17]. This problem is fixed
by adding nonlinear corrections both to the matter coupling,

Lmatter,nonlinear = 1

2MPl
hμνT μν

0 + 1

2M2
Pl

hμνhαβ T μναβ

1 , (2.18)

for some tensor T μναβ

1 , and to the gauge symmetry, symbolically written as

h → h + ∂ξ + 1

MPl
∂(hξ). (2.19)

While this ensures the conservation of the stress-energy tensor at the linear level, it
is broken at the next order, and so we must continue this procedure order by order,
ad infinitum.

For a massless spin-2 field, the end result of this procedure is well-known: it is
general relativity. The fully nonlinear gauge symmetry is diffeomorphism invariance,
and as long as the matter action is invariant under this symmetry, the stress-energy
tensor is covariantly conserved,∇μT μν = 0.The linear action (2.2)must be promoted
to something which is also consistent with this symmetry, and there is one answer:
the Einstein–Hilbert action (1.4).

http://dx.doi.org/10.1007/978-3-319-46621-7_1
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Ifwewish to extend this procedure to amassive graviton, i.e., nonlinearly complete
the Fierz–Pauli mass term, then, as discussed in Sect. 2.1.1, the Boulware-Deser
ghost looms as a pitfall. Demanding that this ghost be absent will severely restrict
the allowed potentials to a very specific and special set of functions ofM. However,
the gauge invariance can still be restored quite easily by a nonlinear version of the
Stückelberg trick. Because this elucidates several of the properties ofmassive gravity,
we will review it here.

When constructing a nonlinear candidate theory of massive gravity in Sect. 2.1.1,
we employed the matrix M = g−1η, where g−1 is the inverse of the dynamical
metric and η is the Minkowski metric. The appearance of a second, fixed metric
in addition to the dynamical one is new to massive gravity. Indeed, it is necessary
to have such a second metric, or reference metric, in order to give the graviton a
mass. A mass term is a nonderivative interaction,3 and the only nonderivative scalars
or scalar densities we can construct out of gμν alone are tr g = 4 and det g. The
first possibility is trivial, while it was shown in Ref. [8] that functions of the metric
determinant can only consistently lead to a cosmological constant as well. Therefore
we need a reference metric in order to construct a massive graviton.4

Note that, while we have so far taken the reference metric to be Minkowski,
in principle we could extend the theory to a more general reference metric, fμν .
Consequently, even once we have specified the interaction potential there are many
different massive gravity theories, one for each reference metric. Alternatively, fμν

can be viewed as a “constant tensor” which must be specified by hand. Physically,
the reference metric corresponds to the background around which linear fluctuations
acquire the Fierz–Pauli form [15, 34]. This is why we have naturally discussed
theories with a Minkowski reference metric: we began by considering fluctuations
around that metric, and so it remains when extending to the nonlinear theory. Note
that fμν = ημν is a natural choice, as the theory then possesses a Poincaré-invariant
preferred metric, allowing us to define mass and spin regardless of the solutions of
the theory.5

The nonlinear Stückelberg trick is simply to introduce into the reference metric
four Stückelberg fields, φa , as

fμν → f̃μν ≡ fab∂μφa∂νφ
b. (2.20)

Note that here Latin indices are in field space, not spacetime; in particular, each
of the φa fields transforms as a spacetime scalar. Consequently, f̃μν transforms as
a tensor under general coordinate transformations, as well as Mμ

ν and all of the
nonlinear completions of the Fierz–Pauli term constructed out of it, as long as we

3We could not have kinetic interactions anyway; in four dimensions, the Einstein–Hilbert term is
unique [28].
4We have assumed locality in this discussion. A nonlocal theory can give the graviton amasswithout
the need for a reference metric [29–31]; see Refs. [32, 33] for studies of two interesting realisations
of this idea.
5We thank Claudia de Rham for emphasising this point.
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replace fμν with f̃μν . If we choose the coordinate axes to align with the Stückelberg
fields, xa = φa , then we have f̃μν = fμν and recover the previous description. This
is called unitary gauge. For simplicity we will usually work in unitary gauge when
dealing with massive gravity.

2.1.2 Ghost-Free Massive Gravity

de Rham-Gabadadze-Tolley Massive Gravity

Recent years have seen a breakthrough in massive gravity, stemming from the devel-
opment of a fully ghost-free and nonlinear theory by deRham,Gabadadze, andTolley
(dRGT) [9, 10], following the important preliminary steps taken in [35, 36] using
auxiliary extra dimensions. The full proof that the dRGT theory is ghost-free, includ-
ing for a general reference metric, was completed in [14–16]. There are indications
that this theory is the unique ghost-free massive gravity; in particular, new kinetic
interactions do not appear to be consistent [37, 38]. We will use the formulation of
the dRGT interaction potential developed in Ref. [13].

The action for dRGT massive gravity around a general reference metric, fμν ,6 is

SdRGT = − M2
Pl

2

∫
d4x

√−gR + m2M2
Pl

∫
d4x

√−g
4∑

n=0

αnen(K) +
∫

d4x
√−gLm (g,�i ) ,

(2.21)
or, equivalently,

SdRGT = − M2
Pl

2

∫
d4x

√−gR + m2M2
Pl

∫
d4x

√−g
4∑

n=0

βnen(X) +
∫

d4x
√−gLm (g,�i ) ,

(2.22)
where we have defined the square-root matrix X as

X ≡
√

g−1 f , (2.23)

i.e., defined X so that (reintroducing explicit spacetime indices) Xμ
αX

α
ν = gμα fαν ,

and the related matrix K by
K ≡ I − X. (2.24)

Here, αn and βn are dimensionless coupling constants, generally taken to be free
parameters, and en are the elementary symmetric polynomials of the eigenvalues λi

of the matrix argument. In terms of the eigenvalues, assuming i runs from 1 to 4,
these are (taking as the argument a general matrix, A, for concreteness)

6As discussed above, we are, strictly speaking, writing the action for massive gravity in unitary
gauge. Extending to a more general gauge by including Stückleberg fields by promoting fμν to
fab∂μφa∂νφ

b is trivial.
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e0(A) = 1,

e1(A) = λ1 + λ2 + λ3 + λ4,

e2(A) = λ1λ2 + λ1λ3 + λ1λ4 + λ2λ3 + λ2λ4 + λ3λ4,

e3(A) = λ1λ2λ3 + λ1λ2λ4 + λ1λ3λ4 + λ2λ3λ4,

e4(A) = λ1λ2λ3λ4 = detA. (2.25)

It is often more useful to write these polynomials directly in terms of the matrix,

e0(A) ≡ 1,

e1(A) ≡ [A],
e2(A) ≡ 1

2

([A]2 − [A2]) ,

e3(A) ≡ 1

6

([A]3 − 3[A][A2] + 2[A3]) ,

e4(A) ≡ det (A) . (2.26)

The formulations (2.21) and (2.22) in terms ofK = I−√
g−1 f andX = √

g−1 f are
both very common in the literature. For reasons partly physical and partly historical,
the K formulation is more common in massive gravity, while X is predominant in
bigravity. The free parameters in the two formulations, αn and βn , are related by [13]

βn = (4 − n)!
4∑

i=n

(−1)i+n

(4 − i)!(i − n)!αi . (2.27)

Throughout this thesis we will use the X basis and βn parametrisation except when
stated otherwise.

Notice that although these potential terms are very complicated, they have a signif-
icant amount of structure. This can be better understood by decomposing the metrics
into their vielbeins, defined by

gμν = ηab Ea
μEb

ν, fμν = ηab La
μLb

ν . (2.28)

Since vielbeins are, in a sense, the “square roots” of the metrics, and the dRGT
potential terms are built out of a square rootmatrix, this is a natural language inwhich
to formulate massive gravity. The interaction terms are, up to numerical constants,
given by [39]

e0(X) ∝ ε̃abcd ε̃
μναβ Ea

μEb
ν Ec

α Ed
β,

e1(X) ∝ ε̃abcd ε̃
μναβ Ea

μEb
ν Ec

α Ld
β,

e2(X) ∝ ε̃abcd ε̃
μναβ Ea

μEb
ν Lc

α Ld
β,
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e3(X) ∝ ε̃abcd ε̃
μναβ Ea

μLb
ν Lc

α Ld
β,

e0(X) ∝ ε̃abcd ε̃
μναβ La

μLb
ν Lc

α Ld
β. (2.29)

We can now understand the simplicity of the dRGT interaction potential: it is a
linear combination of the only possible wedge products one can construct from
Ea = Ea

μdxμ and La = La
μdxμ.

Finally, notice that we have only coupled matter minimally to the dynamical met-
ric, gμν . More general matter couplings are certainly possible, but the vast majority of
attempts to couple the same matter sector to both metrics reintroduce the Boulware-
Deser ghost [40–42]. The question of formulating and studying more general matter
couplings will form a significant part of this thesis, lying at the heart of Chaps. 5–7.

Hassan–Rosen Bigravity

In dRGT massive gravity, the reference metric, fμν , is fixed and must be put into the
theory by hand. This leads to a multiplicity of theories of massive gravity: massive
gravity around Minkowski, around de Sitter, around anti-de Sitter, and so on. As
shown by Hassan and Rosen in Ref. [43], the reference metric can be freely given
dynamics without spoiling the ghost-free nature of the theory, as long as its kinetic
term is also of the Einstein–Hilbert form. This leads to Hassan–Rosen bigravity or
massive bigravity,

SHR = − M2
g

2

∫
d4x

√−gR(g) − M2
f

2

∫
d4x

√− f R( f )

+ m2M2
g

∫
d4x

√−g
4∑

n=0

βnen(X) +
∫

d4x
√−gLm (g,�i ) , (2.30)

where R(g) and R( f ) are the Ricci scalars corresponding to each of the metrics.
We have allowed for the two metrics to have different Planck masses, Mg and M f ,
although as long as both are finite, they can be set equal to each other by performing
the constant rescalings [44]

fμν → M−2
� fμν, βn → Mn

� βn, (2.31)

where M� ≡ M f /Mg . Therefore the f -metric Planck mass is a redundant parameter.
Wewill generally perform this rescaling implicitly in later chapters, although for now
wewill leave both Planck masses in to help to elucidate some of the physical features
of the theory.

In terms of free parameters bigravity is simpler than massive gravity: we have
traded a constant matrix ( fμν) for a constant number (M f ) which is not even physi-
cally relevant. We thus need to specify fewer theory ingredients to test its solutions.7

7Note however that the f -metric cosmological constant, β4, is physically relevant in bigravity but
not in massive gravity, as it is independent of gμν and hence only contributes to the equation of
motion for fμν .

http://dx.doi.org/10.1007/978-3-319-46621-7_5
http://dx.doi.org/10.1007/978-3-319-46621-7_7
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On the other hand, it is less simple from the more theoretical point of view that it
contains more degrees of freedom. The mass spectrum of bigravity contains two
spin-2 fields, one massive and one massless. We can see this at the linear level by
expanding each metric around the same background, ḡμν , as

gμν = ḡμν + 1

Mg
hμν, fμν = ḡμν + 1

M f
lμν. (2.32)

For simplicity we assume the “minimal model” introduced in Ref. [13], given by

β0 = 3, β1 = −1, β2 = 0, β3 = 0, β4 = 1. (2.33)

The quadratic Lagrangian is given by [43]

LHR,linear = −1

4
hμν Ê αβ

μν hαβ − 1

4
lμν Ê αβ

μν lαβ

− 1

8
m2M2

eff

[(
hμ

ν

Mg
− lμν

M f

)2

−
(

h

Mg
− l

M f

)2
]

, (2.34)

where we have defined M−2
eff ≡ M−2

g + M−2
f . Indices are raised and lowered with the

background metric. We notice the usual Einstein–Hilbert terms for each of the two
metric perturbations, as well as two Fierz–Pauli terms with some additional mixing
between hμν and lμν . This can be easily diagonalised by performing the change of
variables

1

Meff
uμν ≡ 1

M f
hμν + 1

Mg
lμν,

1

Meff
vμν ≡ 1

M f
hμν − 1

Mg
lμν. (2.35)

The resultant unmixed Lagrangian,

LHR,linear = −1

4
uμν Ê αβ

μν uαβ − 1

4
vμν Ê αβ

μν vαβ − 1

8
m2

(
vμνv

μν − v2
)
, (2.36)

contains a Fierz–Pauli term for vμν and no interaction term for uμν . Therefore in
the linearised theory uμν corresponds to a massless graviton and vμν to a ghost-free
massive onewithmassm.We can see that in the limit where one Planckmass is much
larger than the other, the metric with the larger Planck mass corresponds mostly to
the massless graviton: if M f 	 Mg , then (uμν, vμν) → (lμν, hμν), and similarly
if Mg 	 M f , then (uμν, vμν) → (hμν,−lμν). This formalises the notion, which is
intuitive from Eq. (2.30), that we can recover dRGTmassive gravity by taking one of
the Planck masses to infinity. In that case, the massless mode corresponds entirely to
the metric with the infinite Planck mass, its dynamics freeze out so that it becomes
fixed, and the massless mode decouples from the theory, leaving us with what we
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expect for massive gravity.8 Note, finally, that the notion of mass is only really
well-defined around Minkowski space, as it follows from Poincaré invariance. More
generally we can identify modes with a Fierz–Pauli term as massive, by analogy to
the Minkowski case. As shown above, one can identify massive and massless linear
fluctuations in this way around equal backgrounds for a special parameter choice, and
indeed this can be done for general parameters as long as gμν and fμν are conformally
related [40], but for general backgrounds there is no unambiguous splitting of the
massive and massless modes in bigravity.

An interesting and useful property of Hassan–Rosen bigravity is that while gμν

and fμν do not appear symmetrically in the action (2.30), it nevertheless does treat
does metrics on equal footing, ignoring the matter coupling. In particular, the mass
term has the property

√−g
4∑

n=0

βnen

(√
g−1 f

)
= √− f

4∑

n=0

β4−nen

(√
f −1g

)
, (2.37)

which follows from the identity
√−gen

(√
g−1 f

)
= √− f e4−n

(√
f −1g

)
[43].

This can easily be seen by formulating the en polynomials in terms of the eigen-
values of X as in Eq. (2.26). The result follows from using basic properties of the
determinant and the fact that, because

√
g−1 f and

√
f −1g are inverses of each other,

their eigenvalues are inverses as well. As a consequence, the entire Hassan–Rosen
action in vacuum is invariant under the exchange of the two metrics up to parameter
redefinitions,

gμν ↔ fμν, Mg ↔ M f , βn → β4−n. (2.38)

The fact that the matter coupling breaks this duality by coupling matter to only one
metric will motivate the search for “double couplings” in later chapters.

By varying the action (2.30) with respect to the g and f metrics we obtain the
generalised Einstein equations for massive bigravity [13],

Gμν(g) + m2
3∑

n=0

(−1)n βngμαY α
(n)ν

(√
g−1 f

)
= 1

M2
g

Tμν, (2.39)

Gμν( f ) + m2

M2
�

3∑

n=0

(−1)n β4−n fμαY α
(n)ν

(√
f −1g

)
= 0, (2.40)

where Gμν is the Einstein tensor computed for a given metric. The interaction matri-
ces Y(n)(X) are defined as

8See, however, [45] for some caveats on taking the massive-gravity limit of bigravity.
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Y(0)(X) ≡ I,

Y(1)(X) ≡ X − I[X],
Y(2)(X) ≡ X

2 − X[X] + 1

2
I
([X]2 − [X2]) ,

Y(3)(X) ≡ X
3 − X

2[X] + 1

2
X

([X]2 − [X2])

− 1

6
I
([X]3 − 3[X][X2] + 2[X3]) . (2.41)

Notice that they satisfy the relation [40]

Y(n)(X) =
n∑

i=0

(−1)i
X

n−i ei (X). (2.42)

The tensors gμλY λ
(n)ν are symmetric and so do not need to be explicitly symmetrised

[40], although this fact has gone unnoticed in much of the literature. Finally, Tμν is
the stress-energy tensor defined with respect to the matter metric, g,

Tμν ≡ − 2√− det g

δ(
√− det gL g

m )

δgμν
. (2.43)

It is not difficult to check that when Tμν = 0, the Einstein equations are symmetric
under the interchanges (2.38).

General covariance of the matter sector implies conservation of the stress-energy
tensor as in general relativity,

∇μ
g Tμν = 0. (2.44)

Furthermore, by combining the Bianchi identities for the g and f metrics with the
field Eqs. (2.39) and (2.40), we obtain the following two Bianchi constraints on the
mass terms:

∇μ
g

m2

2

3∑

n=0

(−1)n βngμαY α
(n)ν

(√
g−1 f

)
= 0, (2.45)

∇μ

f

m2

2M2
�

3∑

n=0

(−1)n β4−n fμαY α
(n)ν

(√
f −1g

)
= 0, (2.46)

after using Eq. (2.44). Only one of Eqs. (2.45) and (2.46) is independent: a linear
combination of the two divergences can be formed which vanishes as an identity,
i.e., regardless of whether gμν and fμν satisfy the correct equations of motion [46],
so either of the Bianchi constraints implies the other.
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Field Equations for Massive Gravity

Note that we can also easily obtain the equations of motion for dRGTmassive gravity
from the bimetric equations: the Einstein equation is simply Eq. (2.39) with fμν fixed
to the desired reference metric,

Gμν + m2
3∑

n=0

(−1)n βngμαY α
(n)ν

(√
g−1 f

)
= 1

M2
Pl

Tμν, (2.47)

and matter is conserved with respect to gμν as usual. This quick “derivation” should
be taken purely as a heuristic—i.e., if we had started off with the dRGT action (2.21)
and varied with respect to gμν , we would clearly obtain Eq. (2.47) regardless of
whether fμν is dynamical—and not as the outcome of a limiting procedure. Indeed,
because fμν lacks dynamics there is no analogue of its Einstein equation (2.40),
and including that equation would lead to extra constraints. It turns out that massive
gravity can be obtained as a limit of bigravity, but the process is more subtle than
simply taking M f → ∞ (which freezes out the massless mode and equates it with
fμν , as discussed above) [45, 47]. Alternatively, the dRGT action can be obtained
from the bigravity action by taking M f → 0, but to obtain massive gravity we
must throw away the fμν Einstein equation (2.40) by hand. If we leave it in then it
is determined algebraically in terms of gμν .9 Plugging this into the mass term we
simply obtain a cosmological constant; thus this is the general-relativity limit of
massive gravity.10 This agrees with the linear analysis above, where we found that
in the limit M f → 0, the fluctuations of gμν become massless.

2.1.3 Cosmological Solutions in Massive Bigravity

In this subsection we review the homogeneous and isotropic cosmology of massive
bigravity.Wewill follow the framework derived in Refs. [48, 49], and use, with some
generalisations, the notation and approach summarised in Ref. [50]. As discussed
above, wewill rescale fμν and βn so that the two Planckmasses are equal, M f = Mg .

Cosmological Equations of Motion

Weassume that, at the background level, theUniverse canbedescribedbyFriedmann–
Lemaître–Robertson–Walker (FLRW) metrics for both gμν and fμν . Specialising to
spatially-flat metrics, we have

9This is because we are effectively taking the dRGT action and varying with respect to fμν , treating
it like a Lagrange multiplier. Hence fμν cannot be picked freely in this case but is rather constrained
in terms of gμν .
10We thank Fawad Hassan for helpful discussions on these points.
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ds2g = −N (t)2dt2 + a(t)2d �x2, (2.48)

ds2f = −X (t)2dt2 + Y (t)2d �x2, (2.49)

where a(t) and Y (t) are the spatial scale factors for gμν and fμν , respectively, and
N (t) and X (t) are their lapses. In the rest of this thesis we will leave the time
dependences of these functions implicit. We will find it useful to define the ratios of
the lapses and scale factors,

x ≡ X

N
, y ≡ Y

a
. (2.50)

Notice that these quantities are coordinate-independent: while we can freely choose
either lapse or rescale either scale factor, their ratio is fixed. This is because bigrav-
ity is still invariant under general coordinate transformations as long as the same
transformation is acted on each metric.11

With these choices ofmetrics, the generalisedEinstein equations (2.39) and (2.40),
assuming a perfect-fluid source with density ρ = −T 0

0, give rise to two Friedmann
equations,

3H 2 = N 2

M2
g

ρ + m2N 2
(
β0 + 3β1y + 3β2y2 + β3y3

)
, (2.51)

3K 2 = m2X2
(
β1y−3 + 3β2y−2 + 3β3y−1 + β4

)
, (2.52)

where we have defined the Hubble rates as12

H ≡ ȧ/a, K ≡ Ẏ/Y, (2.53)

and overdots denote time derivatives. We will specialise in this thesis to pressureless
dust, which obeys

ρ̇ + 3Hρ = 0. (2.54)

The Bianchi constraint—either Eq. (2.45) or Eq. (2.46)—yields

m2a2P
(
Xȧ − NẎ

) = 0, (2.55)

where we have defined
P ≡ β1 + 2β2y + β3y2. (2.56)

11In group-theoretic terms, there are two diffeomorphism groups, one for each metric, and bigravity
breaks the symmetry under each of them but maintains the symmetry under their diagonal subgroup.
This is obvious from the fact that the mass term only depends on the metrics in the combination
gμα fαν .
12In order to present the cosmological solutions for general lapses, we will define the g-metric
Hubble rate differently here than in the rest of this thesis; in particular, H is not necessarily the
cosmic-time Hubble rate.
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The Bianchi constraint has two branches of solutions:

Algebraic branch: P = 0,

Dynamical branch: x = Ẏ

ȧ
.

The algebraic branch is satisfied if β1 + 2β2y + β3y2 = 0, which seems to be
nongeneric as it requires tuned initial conditions. Because the solutions on this branch
have y = const., the mass term in Eq. (2.51) clearly reduces to a cosmological
constant. Thus the algebraic branch, at the background level, is equivalent to�CDM
[48, 51]. At the level of linear perturbations, evidence has been found for several
modes being strongly coupled [52]. Consequently we will focus our attention on the
dynamical branch. In this case, the Bianchi constraint implies that the ratio of the
lapses, x , can be written in terms of other background quantities as

x = K y

H
. (2.57)

The Friedmann equations, (2.51) and (2.52), and the Bianchi identity (2.57) can
be combined to find a purely algebraic, quartic evolution equation for y,

β3y4+(3β2 − β4) y3+3 (β1 − β3) y2+
(

ρ

M2
g m2

+ β0 − 3β2

)

y−β1 = 0. (2.58)

The g-metric Friedmann equation (2.51) and quartic equation (2.58) completely
determine the expansion history of the Universe. As in standard cosmology, we see
that the cosmic expansion is governed by a Friedmann equation. It is sourced by a
mass term that depends on y, the evolution of which is in turn determined by the
quartic equation.

It will be useful to simplify the dynamics by expressing all background quantities
solely in terms of y(t) and then solving for y(a). We can rearrange Eq. (2.58) to solve
for ρ(y),

ρ

m2M2
g

= −β3y3 + (β4 − 3β2)y2 + 3(β3 − β1)y + 3β2 − β0 + β1y−1. (2.59)

We can then substitute this into the Friedmann equation to find H(y),

3H 2 = m2N 2
(
β4y2 + 3β3y + 3β2 + β1y−1

)
. (2.60)

By taking a derivative of the quartic equation (2.58) and using the fluid conservation
Eq. (2.54) and our solution (2.59) for ρ(y) we can find an evolution equation for
y(a),
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d ln y

d ln a
= ẏ

H y
= −3

β3y4 + (3β2 − β4)y3 + 3(β1 − β3)y2 + (β0 − 3β2)y − β1

3β3y4 + 2(3β2 − β4)y3 + 3(β1 − β3)y2 + β1
.

(2.61)

Using the definition of y to find ẏ, we can easily write K (y),

K = H + ẏ

y
. (2.62)

We can now write any background quantity in terms of y alone, except for y and
a themselves, and further we have two avenues for determining y(a): integrating
Eq. (2.61), or using the quartic equation (2.58) with ρ = ρ0a−3. These expressions
will be crucial throughout this thesis since they reduce the problem of finding any
parameter—background or perturbation—to solving for y(z), where z = 1/a − 1 is
the redshift.13

We note briefly that there has been some discussion in the literature over how to
correctly take square roots in bigravity. There exist cosmological solutions in which
det

√
g−1 f becomes zero at a finite point in time (and only at that time), and so

it is important to determine whether to choose square roots to always be positive,
per the usual mathematical definition, or to change sign on either side of the point
where det

√
g−1 f = 0. This was discussed in some detail in Ref. [53] (see also

Ref. [54]), where continuity of the vielbein corresponding to
√

g−1 f demanded
that the square root not be positive definite. We will take a similar stance here, and
make the only choice that renders the action differentiable at all times, i.e., such
that the derivative of

√
g−1 f with respect to gμν and fμν is continuous everywhere.

In particular, for the FLRW backgrounds we are dealing with in this section, this
choice implies that

√− det f = XY 3. This is important because, as we will see in
Chap.3, it turns out that in the only cosmology with linearly-stable perturbations,
the f metric bounces, so X = K Y/H changes sign during cosmic evolution. With
our square-root convention, the square roots will change sign as well, rather than
develop cusps. Note that sufficiently small perturbations around the background will
not lead to a different sign of this square root.

Properties of Bimetric Cosmologies

We can understand the qualitative behaviour of bimetric cosmologies by taking the
early- and late-time limits, ρ → ∞ and ρ → 0, respectively. We will use heuristic
arguments to motivate results which were determined more rigorously in Ref. [55]
and can also be seen from a statistical comparison to observations of the expansion
history [49]. At early times, the quartic equation (2.58) is solved either by y → 0 or
y → ∞. The former solution is quite easy to see: the quartic equation is of the form
. . . + ρy = 0, where . . . contains only positive powers of y, so y → 0 will clearly
be a solution. These are called finite-branch solutions. The solutions with y → ∞

13Note that while we have expressed all background quantities in terms of y only, perturbations
will in general depend on both y and a.

http://dx.doi.org/10.1007/978-3-319-46621-7_3
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at early times, or infinite-branch solutions, occur when one of the higher powers of
y in the quartic equation scales at just the right rate to cancel out the ρy term. These
solutions are rather less common; in order to enforce �m → 1 and H 2 > 0 at early
times, viable infinite-branch solutions require β2 = β3 = 0 and β4 > 0 [55]. To see
this, notice that �m = N 2ρ/(3M2

g H 2) can be written in the limit y → ∞, using
Eqs. (2.59) and (2.60), as

�m = 1 − β3

β4
y + 3

β2
3

β2
4

− 3
β2

β4
. (2.63)

The conditionβ4 > 0 (rather than justβ4 
= 0) arises fromdemanding, per Eq. (2.60),
that H 2 be positive at all times.

On either branch, at late times y will always flow to a constant, yc, given by the
quartic equation with ρ = 0,

β3y4c + (3β2 − β4) y3c + 3 (β1 − β3) y2c + (β0 − 3β2) yc − β1 = 0. (2.64)

Moreover, by taking a derivative of the quartic equation we see that ẏ 
= 0 unless
either ρ̇ = 0 or y = 0. Therefore y evolvesmonotonically throughout cosmic history,
flowing either from 0 up to yc or from ∞ down to yc.14

As long as yc > 0, the mass term asymptotes in the future to a cosmological
constant. Hence bimetric cosmologies generally possess late-time acceleration with
H 2 ∼ O(m2βi ). This is the case even if the g-metric cosmological constant, β0,
is turned off, hence these theories self-accelerate. Because y cannot be constant in
these models,15 the effective dark energy is dynamical. In particular, we do not have
w = −1 except at the asymptotic future. Crucially, the parameters and the potential
structure leading to the accelerated expansion are thought to be stable under quantum
corrections [56], in stark contrast to a cosmological constant, which would need to be
fine-tuned against the energy of the vacuum [57–59].16 Thus we find that bigravity
is an excellent candidate for technically-natural self-acceleration. Comparisons to
background data—specifically the cosmic microwave background, baryon acoustic
oscillations, and type Ia supernovae—show that these cosmologicalmodels can agree
well with observations [48, 49, 55].

Before ending this subsection, let us consider a worked example: the model with
only β1 nonzero. Because theoretical viability conditions require this term to be
nonzero (ignoring the exact �CDM case with β1 = β3 = 0), it is the simplest
nontrivial one-parameter model which will lead to sensible cosmologies [55]. It has

14Note that these are not necessarily the same yc, as Eq. (2.64) can have multiple roots.
15Unless it is either 0 at all times, which is trivial, or the special case β1 = β3 = 0, in which case the
Friedmann equation can be rewritten, with the help of the quartic equation, as a �CDM Friedmann
equation with a rescaled gravitational constant [48].
16If matter couples to gμν then matter loops will still contribute to m2β0 as usual. It is the rest
of the dRGT potential which is stable under quantum corrections. Consequently we focus on self-
accelerating models and assume—as is common in the literature—that some unknown mechanism
removes the dangerous cosmological constant.
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been shown in Refs. [49, 55] that this model provides a self-accelerating evolution
which agrees with background cosmological observations and, as it possesses the
same number of free parameters as the standard�CDMmodel, is a viable alternative
to it. Indeed, it may be more viable than �CDM if the graviton mass turns out to be
stable to quantum corrections, as mentioned above. The graviton mass in this case
is given by

√
β1m. Note that in order to give rise to acceleration at the present era,

the graviton mass typically should be comparable to the present-day Hubble rate,
β1m2 ∼ H 2

0 .
In this simple case, the evolution equation (2.61) for y(a),

d ln y

d ln a
= −3

(
1 − 2

1 + 3y2

)
, (2.65)

can be integrated exactly to find

y(a) = 1

6
a−3

(
−C ±

√
12a6 + C2

)
. (2.66)

Assuming y > 0 forces us to select the positive branch. Using the Friedmann and
quartic equations, we can set the value of C using initial conditions,

C = −m2β1

H 2
0

+ 3
H 2

0

β1m2
, (2.67)

where H0 is the cosmic-time Hubble rate today. Equivalently, we can use the quartic
equation to solve for y and express the Friedmann equation as a modified expression
for H(ρ),

H 2 = N 2

6M2
g

(
ρ +

√
12m4M4

gβ2
1 + ρ2

)
. (2.68)

In either formulation, the late-time approach to a �-like behaviour is evident.
The minimal β1-only model is also distinctive for having a phantom equation

of state, w(z) ≈ −1.22+0.02
−0.02 − 0.64+0.05

−0.04z/(1 + z) at small redshifts. Moreover, w

is related in a simple way to the matter density parameter [55]. This provides a
concrete and testable prediction of the model that can be verified by future large-
scale structure experiments, such as Euclid [60, 61], intensity mappings of neutral
hydrogen [62, 63], and combinations of structure and cosmicmicrowave background
measurements [64]. The model has also been proven in [65] to satisfy an important
stability bound at all times, avoiding the Higuchi ghost which plagues theories of a
massive graviton on expanding backgrounds [66]. It is, however, worth noting that its
linear cosmological perturbations are unstable until z ∼ 0.5, as shown in Chap.3 of
this thesis. We emphasise that this instability does not rule out the β1-only model, but
rather impedes our ability to use linear perturbation theory to describe perturbations at
all times. This raises the interesting question of how tomake predictions for structure
formation during the unstable period, a question which is beyond the scope of this
thesis.

http://dx.doi.org/10.1007/978-3-319-46621-7_3
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The aforementioned studies have largely been restricted to the background cos-
mology of the theory. As the natural next step, in Chaps. 3 and 4 we will extend the
predictions of massive bigravity to the perturbative level, and study how consistent
the models are with the observed growth of structures in the Universe.

A No-Go Theorem for Massive Cosmology

As discussed in the previous section, we can easily obtain the equations of motion
for massive gravity from those of bigravity; the g-metric equation is the same, and
we lose the f -metric equation. Note that we also still have the Bianchi constraint
(2.55). This fact will turn out to be crucial.

Let us assume that the reference metric is Minkowski, fμν = ημν . Under the
assumption of homogeneity and isotropy for gμν in unitary gauge, the Friedmann
equation is simply equation (2.51) with y = a−1. This alone would define perfectly
acceptable cosmologies. However, the Bianchi constraint (2.55) causes trouble. In
the bigravity language we now have X = Y = 1, so the constraint becomes

m2a2Pȧ = 0. (2.69)

Because Ẏ = 0, we no longer have an interesting dynamical branch: it merely
suggests ȧ = 0. Unfortunately, the algebraic branch, P = 0, also only has a = const.
as a solution; in bigravity it would fix y = Y/a while allowing a and Y to change,
but in massive gravity, it is a which is fixed. Therefore a is generally fixed to be
constant, and this system has no dynamical solutions. This is the famous no-go
theorem on cosmological solutions in dRGT massive gravity, and it is present for
both flat and closed universes [67]. If we instead consider open universes or different
reference metrics, such as FLRW or de Sitter, then FLRW solutions do exist, but
they are unstable to the aforementioned Higuchi ghost and other linear and nonlinear
instabilities [68–73].

The search for a viable cosmology with a massive graviton which avoids these
conclusions has involved two routes. One is to extend dRGT by adding extra degrees
of freedom. As discussed above, these problems are cured when the second met-
ric is given dynamics. Other extensions of massive gravity, such as quasidilaton
[74], varying-mass [67, 75], nonlocal [29, 76, 77], and Lorentz-violating [78, 79]
massive gravity, also seem to possess improved cosmological behaviour. The other
approach is to give up on homogeneity and isotropy entirely. While FLRW solutions
are mathematically simple, the Universe could in principle have anisotropies which
have such low amplitude, are so much larger than our horizon, or both, that we can-
not easily observe them. Remarkably, these cosmologies are much better behaved
in massive gravity than is the standard FLRW case [67]. The general scenario of
an FLRW metric with inhomogeneous Stückelberg fields has been derived in Refs.
[80, 81]. This includes, but is not limited to, the case in which the reference metric
is still Minkowski space, but only has the canonical form ημν = diag(−1, 1, 1, 1)
in coordinates where gμν is not of the FLRW form [82]. The inhomogeneous and
anisotropic solutions are reviewed thoroughly in Ref. [17]. See Ref. [83] for a review
of cosmology in massive gravity and some of its extensions.

http://dx.doi.org/10.1007/978-3-319-46621-7_3
http://dx.doi.org/10.1007/978-3-319-46621-7_4
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2.2 Einstein-Aether Theory

In the final section of this chapter, we explore a different route to modifying gravity:
allowing Lorentz symmetry to be violated. This is not a step taken lightly; Lorentz
invariance is a cornerstone of modern physics. The two theories which have been
separately successful at predicting nearly all experimental and observational data
to date, general relativity to explain the structure of spacetime and gravity and the
standard model of particle physics to describe particles and nongravitational forces
in the language of quantum field theory, both contain Lorentz symmetry as a crucial
underlying tenet.

What do we gain from exploring the breakdown of this fundamental symmetry?
Given its foundational significance, the consequences of violating Lorentz invari-
ance deserve to be fully explored and tested. Indeed, while experimental bounds
strongly constrain possible Lorentz-violating extensions of the standard model [84],
Lorentz violation confined to other areas of physics—such as the gravitational, dark,
or inflationary sectors—is somewhat less constrained, provided that its effects are not
communicated to the matter sector in a way that would violate the standard-model
experimental bounds. Moreover, it is known that general relativity and the standard
model should break down around the Planck scale and be replaced by a new, quantum
theory of gravity. If Lorentz symmetry proves not to be fundamental at such high
energies—for instance, because spacetime itself is discretised at very small scales—
this may communicate Lorentz-violating effects to gravity at lower energies, which
could potentially be testable. The study of possible consequences of its violation,
and the extent to which they can be seen at energies probed by experiment and obser-
vation, may therefore help us to constrain theories with such behaviour at extremely
high energies.

A pertinent recent example is Hořava–Lifschitz gravity, a potential ultraviolet
completion of general relativity which achieves its remarkable results by explicitly
treating space and time differently at higher energies [85]. The consistent nonpro-
jectable extension [86–88] of Hořava–Lifschitz gravity is closely related to themodel
wewill explore.Moreover, sincewewill be dealingwithLorentz violation in the grav-
itational sector, through a vector-tensor theory of gravity, the usual motivations for
modifying gravity apply to this kind of Lorentz violation. Indeed, there are interesting
models of cosmic acceleration, based on the low-energy limit of Hořava–Lifschitz
gravity, in which the effective cosmological constant is technically natural [89, 90].
Generalised Lorentz-violating vector-tensor models have also been considered as
candidates for both dark matter and dark energy [91, 92].

Lorentz violation need not have such dramatic, high-energy origins. Indeed, many
theories with fundamental Lorentz violation may face fine-tuning problems in order
to avoid low-energy Lorentz-violating effects that are several orders of magnitude
greater than existing experimental constraints [93]. However, even a theory which
possesses Lorentz invariance at high energies could spontaneously break it at low
energies, and with safer experimental consequences.
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Spontaneous violation of Lorentz invariance will generally result when a field
that transforms nontrivially under the Lorentz group acquires a vacuum expectation
value (VEV). A simple example is that of a vector field whose VEV is nonvanishing
everywhere. As mentioned above, in order to avoid the experimental constraints
such a vector field should not be coupled to the standard model fields, but in order
to not be completely innocuous we will ask it to couple to gravity. Moreover, to
model Lorentz violation in gravity without abandoning the successes of general
relativity—in particular, without giving up general covariance—the (spontaneously)
Lorentz-violating field must be a spacetime vector and must be dynamical.17

A particularly simple, yet quite general, example of a model with these features is
Einstein-aether theory (æ-theory) [94, 95]. It adds to general relativity a dynamical,
constant-length timelike vector field, called the aether and denoted by ua , which
spontaneously breaks Lorentz invariance by picking out a preferred frame at each
point in spacetime while maintaining local rotational symmetry, thus breaking only
the boost sector of Lorentz symmetry [95, 96]. The constant-length constraint plays
two crucial roles. The first is phenomenological: it ensures that the aether picks a
globally-nonzero VEV and so guarantees that Lorentz symmetry is in fact broken.
The other role is to ensure that the theory is not sick: if the length is not fixed and the
kinetic term is not gauge-invariant18 then the length-stretching mode has a wrong-
sign kinetic term and hence is ghostlike [97]. Note that æ-theory is the most general
effective field theory in which the rotation group is unbroken [98], and hence it can
be seen as the low-energy limit of any theory which violates boosts but maintains
rotational symmetry.

2.2.1 Pure Aether Theory

Einstein-aether theory (which we will often refer to as “pure” Einstein-aether theory
or æ-theory) is a theory of the spacetime metric gμν and a vector field (the “aether”)
uμ. The action is [95, 99]

S =
∫

d4x
√−g

[
1

16πG
R − K μν

ρσ∇μuρ∇νuσ + λ
(
uμuμ + m2)

]
, (2.70)

where we have defined

K μν
ρσ ≡ c1gμνgρσ + c2δ

μ
ρ δν

σ + c3δ
μ
σ δν

ρ + c4uμuνgρσ . (2.71)

17The requirement that the field be dynamical stems from the fact that there is no nontrivial (i.e.,
nonzero) spacetime vector which is covariantly constant, i.e., if ∇μuν = 0 everywhere then neces-
sarily uν = 0.
18Note that gauge invariance would uniquely pick out the Maxwell term, in which case we would
simply have electromagnetism which clearly does not spontaneously break Lorentz symmetry.
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The action (2.70) contains an Einstein–Hilbert term for the metric, a kinetic term
for the aether with four dimensionless coefficients ci (coupling the aether to the
metric through the covariant derivatives), and a nondynamical Lagrange multiplier
λ. Varying this action with respect to λ constrains the aether to be timelike with a
constant norm, uμuμ = −m2. The aether has units of mass; its length, m, has the
same dimensions and corresponds to the Lorentz symmetry breaking scale.

The action (2.70) is the most general diffeomorphism-invariant action contain-
ing the metric, aether, and up to second derivatives of each. Higher derivatives are
excluded because they would generically lead to ghostlike degrees of freedom. Most
terms one can write down involving the aether are eliminated by the fixed norm con-
dition. One could consider a term Rμνuμuν , but this is equivalent under integration
by parts to (∇μuμ)2 + (1/2)Fμν Fμν − (∇μuν)(∇μuν), where Fμν = 2∇[μuν] is the
field strength tensor, and so is already included in the æ-theory action [94]. In what
follows we will follow much of the literature on aether cosmology (e.g., Refs. [99,
100]) and ignore the quartic self-interaction term by setting c4 = 0.

It is generally assumed that (standard-model) matter fields couple to the metric
only. Any coupling to the aether would lead to Lorentz violation in the matter sector
by inducing different maximum propagation speeds for different fields, an effect
which is strongly constrained by experiments [84]. These problematic standard-
model couplings may, however, be forbidden by a supersymmetric extension of
æ-theory [101]. The work on æ-theory which we detail in Chap. 8 will be interested
in exploring and constraining Lorentz violation in the gravitational sector and in
a single non-standard-model scalar, hence we will not need to worry about such a
coupling.

The gravitational constant G that appears in Eq. (2.70) is to be distinguished
from the gravitational constants which appear in the Newtonian limit and in the
Friedmann equations, both of which are modified by the presence of the aether [99].
The Newtonian gravitational constant, G N , and cosmological gravitational constant,
Gc, are related to the bare constant G by

G N = G

1 + 8πGδ
, (2.72)

Gc = G

1 + 8πGα
, (2.73)

where

δ ≡ −c1m2, (2.74)

α ≡ (c13 + 3c2)m
2. (2.75)

We have introduced the notation c13 ≡ c1 + c3, etc., which we will use throughout.

http://dx.doi.org/10.1007/978-3-319-46621-7_8
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2.2.2 Coupling to a Scalar Inflation

We now introduce to the theory a canonical scalar field φ which is allowed to couple
kinetically to the aether through its expansion, θ ≡ ∇μuμ [102]. The full action reads

S =
∫

d4x
√−g

[
1

16πG
R − K μν

ρσ ∇μuρ∇νuσ + λ
(

uμuμ + m2
)

− 1

2
(∂φ)2 − V (θ, φ)

]
.

(2.76)

Let us pause to motivate the generality of this model. Our aim in Chap.8 will be
to constrain couplings between a Lorentz-violating field and a scalar, in particular
a canonical, slowly-rolling scalar inflaton, in as general a way as possible. As men-
tioned above, Einstein-aether theory is the unique Lorentz-violating effective field
theory in which rotational invariance is maintained [98],19 so any theory which spon-
taneously violates Lorentz symmetry without breaking rotational invariance will be
described by the vector-tensor sector of our model at low energies. As for the scalar
sector, the main restriction is that we have assumed a canonical kinetic term. While
there are certainly coupling terms between the aether and the scalar which do not
fall under the form V (θ, φ), all of these terms have mass dimension greater than
4 and so are irrelevant operators. Such terms are nonrenormalisable. While this is
not necessarily disastrous from an effective field theory perspective, these terms are
also nevertheless mostly important at short distances, and so should not factor into
the cosmological considerations at the heart of this thesis. To see that all terms with
dimension 4 or less fall into the framework (2.76), notice that the aether, scalar, and
derivative operators all have mass dimension 1, the aether norm is constant so uμuμ

cannot be used in the coupling, and the aether and derivative operators carry space-
time indices which need to be contracted. Subject to these constraints, one can see
that any terms which involve both uμ and φ and have dimension 4 or less are either
of the form f (θ, φ) or can be recast into such a form under integration by parts. In
particular, the only nontrivial interaction operators which are not irrelevant are φθ

(dimension 3) and φ2θ (dimension 4).
This type of coupling was originally introduced with a more phenomenological

motivation [102]. In a homogeneous and isotropic background, the aether aligns
with the cosmic rest frame, so θ is essentially just the volume Hubble parameter,
θ = 3m H . Hence the introduction of the aether allows a scalar inflaton to couple
directly to the expansion rate. This is impossible in GR where H is not proportional
to any Lorentz scalar.

The aether equation of motion, obtained by varying the action with respect to uμ,
is

λuν = ∇μ Jμν − 1

2
∇νVθ (2.77)

where the current tensor is defined by

19However, we note that there is an allowed term, the quartic self-interaction parametrised by c4,
which we have turned off.

http://dx.doi.org/10.1007/978-3-319-46621-7_8
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Jμ
σ ≡ −K μν

σρ∇νuρ, (2.78)

and we are denoting partial derivatives of the potential by Vθ ≡ ∂V/∂θ and
Vφ ≡ ∂V/∂φ. Projecting this equation along uμ allows us to obtain the Lagrange
multiplier λ,

λ = − 1

m2
uν∇μ Jμν + 1

2m2
uμ∇μVθ . (2.79)

We will account for the modification to gravity by leaving the Einstein equations in
the standard form (1.6) and defining a stress-energy tensor for the combined aether-
scalar system. Taking into account the contribution from the Lagrange multiplier
term, this is given by

Tμν = 2
δL

δgμν
+ uρ δL

δuρ
uμuν − L gμν (2.80)

whereL is the Lagrangian for the aether and scalar. Using this formula we find the
stress-energy tensor,

Tμν = 2c1(∇μuρ∇νuρ − ∇ρuμ∇ρuν)

− 2[∇ρ(u(μ J ρ
ν)) + ∇ρ(u

ρ J(μν)) − ∇ρ(u(μ Jν)
ρ)]

− 2m−2uσ∇ρ J σρuμuν + gμνLu

+ ∇μφ∇νφ −
(
1

2
∇ρφ∇ρφ + V − θVθ

)
gμν

+ (uρ∇ρVθ )(gμν + m−2uμuν), (2.81)

whereLu ≡ K μν
ρσ ∇μuρ∇νuσ is the Einstein-aether Lagrangian. Finally, the infla-

ton obeys the usual Klein–Gordon equation,

�φ = Vφ. (2.82)

Notice that while this equation has the standard form, it couples the scalar to the
aether since generally we will have Vφ = Vφ(θ, φ).

Note that the equations of motion for the pure æ-theory follow simply by setting
φ = 0 and V (θ, φ) = 0.

2.2.3 Einstein-Aether Cosmology

In this sectionwe examine the evolution of FLRWcosmological solutions inEinstein-
aether theory. Consider a flat FLRW background geometry evolving in conformal
time, τ ,

ds2 = a2(τ )(−dτ 2 + d �x2). (2.83)

http://dx.doi.org/10.1007/978-3-319-46621-7_1
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In pureæ-theory,we take the 0–0 and traceEinstein equations to obtain theFriedmann
equations,

H 2 = 8πGc

3
a2ρm, (2.84)

H ′ = −4πGc

3
a2ρm(1 + 3w), (2.85)

where H ≡ a′/a = d ln a/dτ is the conformal time Hubble parameter. These are
exactly the Friedmann equations of general relativity except that, as discussed above,
the bare cosmological constant, G, is renormalised,

Gc = G

1 + 8πGα
, (2.86)

withα = (c1+3c2+c3)m2. The aether does not change the cosmological dynamics at
all, but just modifies the gravitational constant. This arises because in a homogeneous
and isotropic background theEinstein-aether terms for the vector field only contribute
stress-energy that tracks the dominant matter fluid, so the associated energy density
is proportional to H 2 [99].20

The aether does contribute dynamical stress-energy once we couple it to a scalar.
In the theory (2.76) the Friedmann equations are

H 2 = 8πGc

3
a2

(
V − θVθ + ρm + 1

2
φ′2a−2

)
, (2.87)

H ′ = 4πGc

3
a2

[
−3

m

a

(
3

m

a
Vθθ (H ′ − H 2) + Vθφφ′) − ρm (1 + 3w) + 2(V − θVθ ) − 2φ′2a−2

]
,

(2.88)

For completeness we have included amatter component, but in the rest of this section
and in Chap.8 we will assume that φ is gravitationally dominant and ignore any ρm .
The scalar field obeys the usual cosmological Klein–Gordon equation,

φ′′ + 2H φ′ + a2Vφ = 0. (2.89)

As discussed above, the coupling to θ is contained in the function Vφ . In the back-
ground, θ = 3m H , with H = H /a the cosmic-time Hubble parameter, so this
contributes either Hubble friction or a driving force [102].

We need not write down the aether field equations in the background. The vector
field must be aligned with the cosmic rest frame due to homogeneity and isotropy,
and its value,

uμ = m

a
δμ

0, (2.90)

20Note, however, that perturbations of the aether do carry some dynamics [100].

http://dx.doi.org/10.1007/978-3-319-46621-7_8
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is determined completely by the normalisation condition, uμuμ = −m2. One can
check that this solution satisfies the spatial component of the aether equation, while
the temporal component only determines the Lagrange multiplier. In pure æ-theory
this solution is stable perturbatively [100, 103–105] and that stability holds nonlin-
early for most large perturbations [106]. This statement is subject to several con-
straints on the ci parameters which can be found in, e.g., [95, 100, 105], and we will
assume throughout this thesis that these constraints hold. One of the important results
in Chap.8 is that the coupling between uμ and φ can render cosmological solutions
unstable for large regions of parameter space that are allowed by other experimental,
observational, and theoretical constraints.

When the scalar potential is V (θ, φ) = V (φ), the background aether is irrelevant
apart from rescaling Newton’s constant, and many choices for the potential can lead
to periods of slow-roll inflation [107]. Adding a coupling to the aether will change
the dynamics but may still allow for inflation [102]. We will therefore aim to be as
general about V (θ, φ) as possible when discussing perturbation theory.
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68. A.E. Gümrükçüoğlu, C. Lin, S.Mukohyama, Open FRWuniverses and self-acceleration from
nonlinear massive gravity. JCAP 1111, 030 (2011). arXiv:1109.3845
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