Chapter 2
Stochastic Stability of Semi-Markovian
Jump Systems

Abstract This chapter is concerned with the stochastic stability for a class of S-MJS
with time-variant delays. By the Lyapunov function approach, together with a piece-
wise analysis method, sufficient conditions are proposed to guarantee the stochastic
stability of the S-MJS. As more time-delay information is used, our results are much
less conservative than some existing ones in literature. Finally, two examples are
given to show the effectiveness and advantages of the proposed techniques.

2.1 Introduction

The presence of time delay is quite common in practical dynamical systems, which
is frequently the main cause of instability and poor performance of the systems. As
an extension of the delay-partitioning method, a piecewise analysis method (PAM)
was considered in the stability analysis of the time-delay systems. The idea of PAM
has initially appeared in [1], and then by this approach, some stability criteria for
linear time-varying delay systems with less conservativeness were presented.

In this chapter, the stochastic stability problem has investigated for S-MJS. Specif-
ically, the concepts of S-MJS, and mode-dependent time delays are introduced
together for the stochastically stable problem in order to reflect a more realistic
environment. By Lyapunov function approach, together with PAM, conditions are
proposed to ensure the stochastic stability of the underlying S-MJS with time-delays.
Finally, numerical examples are given to illustrate the effectiveness of the proposed
control scheme.

2.2 System Description and Preliminaries

Consider a semi-Markovian jump time-delay system described by:

x(t) = Am)x (1) + Az (n)x (@ — 7, (1)), @0
x(1) =¢@), r) =ro, t€[-7u,0], '
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where {7, t > 0} is acontinuous-time Markov process on the probability space which
has been defined in Definition 1.18 of Chap. 1, and x(t) € R”" is the system state,
A(n,) and A (n,) are matrix functions of the random jumping process {7,, t > 0}. For
notation simplicity, when the system operates in the ith mode, A(7,) and A-(n,) are
denoted by A(i) and A, (i), respectively. ¢(¢) is a vector-valued initial continuous
function defined on the interval [—7y, 0], and r( is the initial conditions of the
continuous state and the mode. 7, (¢) is the mode-dependent time-varying delay
(denoted by T; (¢) for simplicity), and it satisfies

O0<z7, <) <7, 7i(M)<p<l, (2.2)

where 7;, 7; and p are known scalars.

Remark 2.1 As mentioned in [2], we relax the probability distribution of sojourn-
time from exponential distribution to Weibull distribution, so the transition rate in
S-MIJS will be time-varying instead of constant in MJS. In practice, the transition rate
m;j(h) is general bounded by 7; j < mjj(h) < 7, with 7, j and 7;; are real constant
scalars. In this case, 7;;(h) can always be described by m;; (h) = m;; + Am;;, where
mij = 3 (@ij + m;;) and |Am| < kyj with ki = 5(Tyj — ;)4

Parallel to full MJS, We give the following stochastic stability definition for system
(2.1).

Definition 2.2 System (2.1) is said to be stochastically stable if, for any finite ¢(¢)
defined on [—7y, 0], and ry € M, the following condition is satisfied,

lim E [/ lx (s)||*ds]| (¢, ro)] < 0. (2.3)
—0o0 0

Remark 2.3 The above definition is consistent with that of stochastic stability of
delayed S-MIJS. It should be pointed out that Definition 2.2 has similar form with the
stochastic stability definition in [3, 4], however, the MJS and the S-MJS are governed
by different stochastic processes. The stochastic stability of S-MIJS in Definition 2.2
mean that the trajectory of the state x (¢) along the semi-Markovian process from the
initial state (¢, rg), in the mean-square sense, asymptotically to the origin.4

2.3 Main Results

In this section, we will use the PAM combined with the Lyapunov—Krasovskii func-
tion technique to analyze the stochastic stability for system (2.1). To this end,
firstly, let 7,, = min{r;,i € M} and 7y = max{7;,i € M]}, then, the variation
interval [7,,, 7] of time-delay can be divided into / parts with equal length. So
[T, TM] = U;;I()[Tq, Tq+1], where 7, = 7, + q(Ty — )/l g = 0,1,2,...,1,
and § = 7, — 7,_;. For a given [/, a Lyapunov functional V (-) is constructed, and


http://dx.doi.org/10.1007/978-3-319-47199-0_1

2.3 Main Results 33

then by checking the variation of derivative of V (-) for the case 7;(¢) € [7, Ty+1],
q =0,1,2,...,1 — 1, thus some delay-dependent conditions with less conserva-
tiveness will be obtained. Our first result in this chapter is as follows.

Theorem 2.4 For given scalars T;, T; and [, system (2.1) is stochastically stable if
there exist a positive integer [, and matrices P(i) > 0, Q@) >0, W >0, 5, > 0
and R, > 0(i e M;q =1,2,...,1+1), such that the following inequalities hold.‘

i)+ o, J0OM _
[ . oy | <0 k=010, 2.4)
N
> 70— W <0, 2.5)
j=1
where
!
ra) 2" OPOL+I PO (@) — D 15 Sels — (1 — I Q)
q=0
! N
—%“Q®+WW+ZEW+EBMMHdﬂ—M&M
q=0 j=1
!
(i) £ [AG) ArG) Opscasim |- M2 TER+ D R,
q=1
1< 1 1
D = — Z I3 Ry Isi — g]lgkRk+2H6k - 5H7TkRk+2]I7k, k=0,...,1-1,

q#k+1

I £ [ Ln Onxarom | s T2 =[O I Omxaim | »

L, = [Omx(q+2)m I, 0m><(l—q)m]9 qgq=0,1,2,....,1,

Ly 2 [ 2 O =T O | -

Isy = [Omxg+m In —In Omxc—qm |, ¢ =1,2,...,1,

ot £ [Om I Opsckom —In Omxa—tom |+ k=0,1,...,1—1,

Ik £ [Om I Omsckrtym — I Omxct—k—vm |, k=0,1,...,1— 1.
Proof Let C[—7y, 0] be the space of continuous functions. Define a process x(t) €
Cl—7u,0],t 2 0by x(t) = x(t + 0), 60 € [—7p, 0]. Then {(x(t),r,),t > 0} isa

semi-Markovian process with initial state (¢(t), ro).
Consider the following Lyapunov—Krasovskii function:

6
V(x@,m) £ D Vi(x@),m), (2.6)
i=1
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where

Vi (@), n) £ x" () Pn)x (@),

0
Va(x (1), ) £ / xT(t+0)0n)x(t + 6)do,
—Ti (1)

0 t
Va(x(1),1) £ / / xT(s)Wx(s)dsdb,
—7i(t) Jt4+6
! ¢
Vi(x (@), 1) £ Z/ x7(5)S,51x(s)ds,
4=0 t—74
Vs(x(1), 1) éTm/ / T ()R % (v)dvds,

! I Y
Vo(x (), 1) £ Z/ / T (W) R 1% (v)drds,
a=1 1—7, s

with P(i) >0, Q@) >0,W >0,S, >0and R, > 0,i e M;q=0,1,...,[,are
real matrices to be determined.

The infinitesimal generator £ can be considered as a derivative of the Lyapunov
function V (x(¢), n,) along the trajectory of the semi-Markovian process {7,, t > 0}
at the point {x(¢), n,} at time ¢. The MJS and the S-MJS are governed by different
stochastic processes, so the infinitesimal generator of the Lyapunov function for the
S-MIS is essentially different from the one for general MJS. Firstly, we need to derive
the infinitesimal generator £. According to the definition of £, we have

E{V(x( + A), mew)lx@).n = V@, m)
- ,

LV (x(t),m) = iiglo
2.7)

where A is a small positive number. Applying the law of total probability and con-
ditional expectation with 7, = i, we have

N

1 o .

‘Vl(x(”’””:AI‘E‘OA[ > Pr(pya=jlne =) x (t + A)P()x(t + 4)
J=1j#i

+Pr(nippa =iln = DxT(t + A)P(i)x(t + A) — xT(Z)P(i)x(t)]

xL(t + AP(Hx(t + A)

A—0 A

N ' . — .

— lim 1|: Z qij (Gi(h+A) — G;(h))
L~ 1-Gh)
J=1j#

1-6Gi+4) 7 . R
+ =G, X+ A)PEHxE+A) —x (z)P(l)x(,)} 2.8)
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where £ is the time elapsed when the system stays at mode i from the last jump;
G;(t) is the cumulative distribution function of the sojourn-time when the system
remains in mode i, and g;; is the probability intensity of the system jump from mode
i to mode j. Given that A is small, the first order approximation of x (¢ + A) is

x(t+A)=x)+x(t)A +0(A)
=[ADA+I1x(t) + A, (D Ax(t — 7 (t)) + 0(A).

Then, (2.8) becomes

e = m | > WIS 0[]
J=1,j#
o [AZ(T)OAJ I ]T a0+ 2G5 e [AZ(T)@I ']
x P() [AZ%)(Z.A)X ’}T a0 2T PO,
Using the condition of limx_,¢ G(h%)?g(h) = 0, we have

lGi(HA)P(i)A(i)]S "
1

LVi(x(0),m) =& (@) [A(i) Sy lfGiag
%

where & (1) £ [xT(t) xT(t — ﬂ(t))]T, and

Gi(h+A)—-G;h .
( A( + 4) ())P(])
(I—Gi(h)

N
N A . . . . . qij
A 2 ATOPG) + POAG +lim > L
Jj=1,j#i
Gi(h)—Gi(h+ 4) _ .

A T Aa =Gy LW

By the same techniques used in [5], we have

Gi(h) — G;(h+ A) — . (h)

. 1=Gi(h+4) .
lim ———— =1 and lim
250 1 —Gi(h) 4-0  A(l = Gi(h))

where 7; (h) is the transition rate of the system jumping from mode i.
Define

N
mij(h) £ gymi(h), i # j and mi(h) £ — D" m;(h),

j=1j#i
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then we obtain

N
LVi(x(0). 1) = xT(t)(Z P(jm-jm))x(t) +2xT (1) P(D)

j=1
x[ADx @) + A, ()x(t = 7:(1))]
=2e" )T ()P E(r)

N
+£T(I)H1T(Z7rij (h)P(j))lhﬁ(t), (2.9)

j=1

where 7 (i) and I; are defined as in Theorem 2.4, and

€O 2 [XT@W X" =1 @) X" —7) o xT =) X =) ]
On the other hand,

E{Va(x(t + A), niqa)|x (@), i}

0
=E[/ XT(I+A+9)Q(77z+A)X(l+A+9)d9|x(l),77t]
-7 (t+4)

0
=E [/ ' (t +0) Qs a)x (1 + 0)d0x (1), 77;]

7i (1)

0
+E[/ xT(t+ A+ 0)QUusa)x(t + A+ 6)df
—7i(t+4)

0
—/ X1+ 0) Qi a)x(t + 0)d0)x (1), Ur]

—T7i(t)
N 0
= > Pr(psa=jln =1 X"t +0)Q()x(t + 0)do
j=1,j#i =i (t)
0
+Pr(na =iln = i) xT(t +0)0)x(t + 6)do

=7 (1)

A
+E [/ xT(t +0)Qsa)x(t + 0)do
A

—7i(t+4)

0
—/ x4+ 0) Qi a)x(t + 60)d0|x (1), 77;]

=7 (1)
= Y wEOEL O [ TG 000+ 0
Py - Gi(h) —7(0)

1—Gi(h+4) [°

T .
1—G;(h) o x'(t+0)Q@)x(t + 6)do
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A
+E [/ x4+ 0)QUpya)x(t + 6)do
0

/A—(Tf(l)+%A+0(A))

xT(t +0)Qya)x(t + 0)dO|x(2), 7
Ti (1)

B i g1 (Gi(h + A) — G;(h) [°
B 1= Gi(h)

x"(t +0)Q()x(t + 6)do

j=Lj#i —m®

1-Gih+4) [°
1-Gi(h)  J_rq

— AL =7 (O)x" (1 = (1) QD) (t — i (1)) + 0(4).

xT(t +0)Q()x(t + 6)d0 + AxT (1) Q(i)x (1)

The above, together with (2.7), yields

1
LV (x @), nr) = A@OZ[E{Vz(X(I + A), )X (@), e} = Va(x (), Tk)]

= Jm 2
o
1-Gith+24) [

1=Gi(h)  J-rq

il i 4ij(Gi(h + A) —

Gy [° .
=G, /ﬂ)x (t +6)Q()x(t +6)dd

T+ 0)0()xt +60)do + AxT (1) Q()x(r)
+0(A) = Va(x (), 1) — AL = 7 (t)x" (t = 7 (1) Q()x (t — 73(1)) .

Then, similar to the development of (2.9) it follows

0

N
LV (x(0), ) = D mij(h) Tt +0)Q(j)x(t + 6)dd
j=1 =7 (1)

—(1 =) (1 = () Q)x(t = (1) + x" (1) Q()x (1)
<O QMOLED) — (1 = wE O Q)LE®)
0

N

+ ij(h)/ xT(t +60)Q(j)x(t + 6)d6. (2.10)
j=1 =7 (1)

Moreover, from (2.7), it can be shown that

6 t
c( > v,»(xm,nz)) =TT (M DEW) — / 2T (@) Wx(6)dd
i=3 t

-7 (1)

!
+€7 O] (ruW + > i1 )T )

q=0
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l t
- SO0 — [ RS
7=0 (=T

=741

l
- Z/ %7 ()R 1% (s)ds. (2.11)
=177

It follows by Jensen’s inequality that

t
~Tin / i () Rix(s)ds < =" (L] RILEW), (2.12)
=T
l =Ty 1 !
- / T (OR1i()ds < =5 >0 &N O Ry Is€(). (213)
— t—74 =
qgeZJlrl qgék-:—l

Next, by checking 7; () € [7x, Tx+1] for some positive integer k with 0 < k </ —1,
one has

1—Tk
— / %7 ($) ReynX (s)ds
t

~Tk+1

=Tk Z—T,’(f)
=— / 1T ($)ReyaX (s)ds — / 1T (5) R yn% (s)ds
t

=i (t) =Tkl

1 1
< —ng(t)lngRHzHakﬁ(t) - ng(f)H;kRkHHmf(f)- (2.14)
By combining (2.9)—(2.14), we have
LV, n) =€ (16 + o+ " OMS D)0

- / xT (@) Wx(0)do

=7 (1)
t

N
+ > mii(h) <" (0)Q(j)x (6)do,
j=1

1= (t)

where £(1), I (i), @y, and &7 (i) are defined as before. From (2.4)—(2.5) and the Schur
complement, it can be seen that LV (x(¢), n;) < 0 for any i € M.
Next, we set

O 2 TG)+ D + 7T (M (i),
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and
A :é i Amm _49i )
£ min (A (~6)))
then for any ¢ > 7 we have
LV (x(0), 1) < =MIEDIP < =Aillx @)
By Dynkin’s formula, we have
t
E{V(x(®),n)|¢,ro} K E{V(0,r0)} — ME [/ ||x(s)||2ds] .
0

So, from (2.6), it follows that for any # > 0
E{(V(x(®),n)} = LE{Ix®)]*},

where Ay = mj\ljl{)\min(—P(i))} > 0. From (2.15) and (2.16), we have
e

E{lx®)I’} <e2V(x@),n) — 1B [/0 IIX(S)IIZdS] ,

withe; = A\ A land e, = Ay L By Gronwell-Bellman lemma, one has
E{lx®)I*} <&V &x@), n)e ",
then

E [/ Ilx(s)1I*ds|g, ro] < —er'aV (@), ) (e = 1).
0

Let t — o0, we have

t
lim E [/ lx(s))*ds|o, ro] <erlaaVx(), n).
—00 0

Then there always exists a scalar ¢ > 0, such that

lim E [/ Ix(s)1ds], ro] <c osup oI
—>00 0

—7<s<0

which is the desired result, by Definition 2.2, and the proof is completed.

39

(2.15)

(2.16)

(2.17)
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Remark 2.5 Based on the idea of PAM and the piecewise Lyapunov function tech-
nique, a new delay-dependent sufficient condition is proposed in Theorem 2.4 for the
stochastic stability of S-MJS (2.1). Due to the instrumental idea of PAM, the proposed
stability condition is much less conservative than the existing results. Moreover, the
conservatism reduction becomes more obvious with the partitioning getting thinner
(i.e., I becoming bigger). In addition, from the proof of Theorem 2.4, we can see
that the conditions to guarantee LV (x(¢), 1;) < 0 are derived by checking the delay
variation in the sub-intervals. So, the PAM for stability analysis in this chapter, actu-
ally, is quite different from the delay partitioning method used in [6, 7]. Compared
with the technique of dividing the lower bounded of the time-delay into m parts with
equal length in [6, 7], in our work, the variation interval of time-delay has divided
into [ parts with equal length. So the PAM can be seen as an extension of the delay-
partitioning method, which may further reduce the conservativeness (see Example

2.7).4

Due to the time-varying term 7;; (h), it is difficult to solve inequalities (2.4), since
they contain infinite number of inequalities, which limits the use of Theorem 2.4 in
practice. To overcome this shortcoming, we present our next result which reduces
infinite number of inequalities in Theorem 2.4 to finitely many ones, which will be
simple to solve.

Theorem 2.6 For given scalars 7;, T; and 1, system (2.1) is stochastically stable if
there exists a positive integer I, and matrices P(i) > 0, Qi) >0, 0 >0, §; > 0,
R, >0,and Tjj, (i, j e M;q =1,2,...,1 4+ 1), such that (2.5) and the following
inequalities hold:

Fiy+ @&, 4OM M,
* -M 0 | <0, k=0,1,...,1—1, (2.18)
* * —A;

where

1 N N 2
~ Kj;
O H{(Q(i) FruW 4D S+ D T PG+ D T’Tij)ﬂl
i=0 j=1 j=1,j#i
!
+a/T (O POL + 1] PG/ (1) — D158
i=0
—TI R — (1 — I Q()I,
M; & [Pi_Pl . Pi—=P P =Py ... Pi—Ps],

A; 2 diag{Ti1, - - Tig—1)» Tigi+ys -+ - Tis)hs

and @y, o7 (i), 1y, I, I3;, and 14 are defined as in Theorem 2.4.
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Proof According to Theorem 2.4, system (2.1) is stochastically stable if the following
inequalities hold for all i € M,

N
2 +H1T< > (mj+ Aﬂ'ij)Pj)I[l o (i)M

j=I1 < 0, (219)

* -M
where £2; is defined as below,
I
2 2T OPOL + 1] P (@) +1] (Q(i) +TuW + Z Si+1)111
i=0

l
=D I Sialy — I Rils — (1 — IF QDI + &,
while (2.19) can be further rewritten as

v(i) A ()M
[ N Y i|<0.

where

N

Z [ Amij(P(j) — P(0))

N
lI/(i)é.Q,»+H1T[Z

1 . .
+§A7Tij(P(]) - P(l))“]h

From Lemma 1.27, the above inequality holds for all [A7;;| < &;;, if there exist
matrices T;; (i, j € M), such that

V(i) o ()M
[ Ly ]<o, (2.20)

with
i) 2 2 —HIT[ZW”P + Z [
j=Lj#i
+(P(j) — PONT; (P(j) — P(l‘))“h
In view of Schur complement lemma, it can be seen that (2.20) is equivalent to

inequality (2.18). Then, by this fact together with Theorem 2.4, we can conclude that
system (2.1) is stochastically stable. The proof is completed. ]
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2.4 Illustrative Example

In this section, two examples will be presented to demonstrate the effectiveness and
superiority of the methods developed previously.

Example 2.7 Consider S-MJS in (2.1) with two modes and the following parameters:
—-2.0 0.0 —-1.0 0.0
Al = |: 0.0 —0.9] > A= |:—1.0 —1.0] ’
-1.0 0.5 —-1.0 0.0
A@) = [ 0.0 —1.0] > A = [—O.l —1.0} '
In this example, we choose 7, = 1, p = 0.5, m;; = —0.1 and 7, = —0.8. The
maximum allowed 7, obtained by the criteria in [6, 8—10] and Theorem 2.4 in this
chapter, is shown in Table2.1.

From Table I, it is obvious that, when the delay partitioning number / becomes
larger, the conservatism of the result is further reduced, while the computational
cost increases. This is reasonable since [ is related to the decision variables. Thus,
the larger / indicates that the solution can be searched in a wider space and a lager
maximum allowable delay 7, can be obtained. Table I shows that for no partitioning
(I = 1), the new criterion given in Theorem 2.4 has the same conservatism with
the previous result in [10] and [6] (m = 1). Moreover, for / > 1, the conservatism

reduction by the PAM proved to be quite effective. Moreover, we can see that even
with the case [ = 3 our results still outperform those in [6] with m = 5.

Table 2.1 Maximum upper delay bound 7 with 7, = 1 and p = 0.5

Different results Maximum allowed 737
Theorem 3.1 of [8] 0.2237
Theorem 1 of [9] 1.4701
Theorem 1 of [10] 1.6602
Theorem 1 of [6] (m = 1) 1.6600
Theorem 1 of [6] (m = 2) 1.6902
Theorem 1 of [6] (m = 3) 1.7318
Theorem 1 of [6] (m = 4) 1.7456
Theorem 1 of [6] (m = 5) 1.7527
Theorem 1 (I = 1) 1.6602
Theorem 1 (I = 2) 1.7344
Theorem 1 (I = 3) 1.8023
Theorem 1 (I = 4) 1.8072




2.4 Illustrative Example 43

Table 2.2 Maximum upper delay bound 75, with different p

Theorem 2.6 uw=0.1 n=02 nw=20.5 u=20.9

=3 ™ = 5.405 ™ = 4.001 ™™ = 2.068 ™ = 1.437
=4 ™ = 5.476 ™ =4.072 ™ = 2.102 ™ = 1.500
[=5 ™ =5.512 ™ = 4.101 ™ = 2.125 ™ = 1.542
=6 ™ = 5.541 ™ =4.112 ™ = 2.161 ™ = 1.568

Example 2.8 Consider S-MJS in (2.1) with two modes and the following parameters:
—-1.0 04 —-0.6 0.0
A= [ 0.0 —0.8] - A= [—1.0 —1.0] ’
—1.1 1.5 —-1.1 0.0
AR = |: 0.0 —1.2} > A = |:—0.1 —0.9] ’
In this example, the transition rates in the model are 7y} (h) € (—2.2, —1.8), m2(h) €
(1.8,2.2), my(h) € (2.6,3.4) and my(h) € (—3.4, —2.6), so we can always set
T = —2,Tp =2, M = —3, ™ =3 and K1j = 0.2, Raj = 0.4 for the stochastic
stability analysis. Our purpose is to find the allowable maximum time delay 7, such
that the delayed S-MJS is stochastic stable. The obtained allowable maximum delays
by testing the conditions in Theorem 2.6 for various partitioning number / are shown
in Table2.2. It can be seen from Theorem 2.6 that the maximum allowable delay is
becoming larger as the partitioning becomes thinner. Moreover, it should be pointed
out that although conservatism is reduced as the partitioning becomes thinner, and
there is no significant improvement after / = 5.

When 7,, = 1, p = 0.5 and [ = 3, we can obtain feasible solutions to the
inequalities in Theorem 2.6 as follows:

[ 0.65—1.8 0.49 —1.23 1.52 —0.25
P =1 _028 1.37] P(z):[—l.n 1.29] Q(I)Z[MS 0.07]
[ 0.42 -0.25] [ 0.02 —0.02 0.27 —1.34
@) = | —0.15 1.06]° W—_—o.oz 0.02] 12—[—0.74 1.35]’
o [188-042] o [-148 0.16] o _[124 0
71132 023) TP 036-046" P | 01.24
o [ 020-002] o _f050 0] . _[0350.04
T -0.02 060 *T| 0005[ "' T]0040.18]"
R _ [0290057 o [0460.05]  _[0.530.02
71005047 ] ™7 0.05017] ™7 [0.02033 |

and we can obtain the maximum allowed time-delay 1), = 2.18. When setting the
initial condition as ¢(0) = 0,ry = 1, the simulation result is shown in Figs.2.1
and 2.2, which illustrates that the S-MJS with time-varying transition rates is stable.
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Fig. 2.1 Switched signal of the system in Example 2.8
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Fig. 2.2 States of the system in Example 2.8
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2.5 Conclusion

In this chapter, the problem of stochastic stability for a class of linear S-MJS with
time-delays has been addressed. Inspired by piecewise analysis method, a new sto-
chastic stability condition has been established for the S-MJS, which is less conser-
vative than some existing results. Moreover, by linear matrix inequality approach, a
criterion has been presented to reduced to infinite number of inequalities to finitely
many ones which are practically solvable. Two numerical examples have been given
to demonstrate the potential of the new design method.
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