Contributions of Fuzzy Concepts
to Data Clustering

Sadaaki Miyamoto

Abstract This chapter tries to answer the fundamental question of what main
contributions of fuzzy clustering to the theory of cluster analysis from theoreti-
cal viewpoints. While fuzzy clustering is thought to be clearly useful by users of
this technique, others think that the concept of fuzziness is not needed in clustering.
Thus the usefulness of fuzzy clustering is not trivial. The discussion here is divided
into two: one is on fuzzy c-means which is best-known fuzzy method of clustering.
However, there is another techniques, discussed by Zadeh, in hierarchical clustering
which is equivalent to the old technique of the single linkage. This chapter overviews
the both techniques, beginning from basic discussion of fuzzy c-means, and intro-
ducing the fundamental concept of fuzzy classifiers and its usefulness. A concept
of inductive clustering is introduced which means that a result of clustering can be
extended to a partition of the whole space. Moreover hierarchical fuzzy clustering
is briefly discussed where the transitive closure gives a simple algebraic form of
clusters.

Keywords Fuzzy clustering + Fuzzy c-means - Fuzzy classifier - Hierarchical
clustering * Inductive clustering

1 Introduction

Data clustering alias cluster analysis, which generates groups of objects from a set
of data using mutual similarity (or dissimilarity) between a pair of data, has been
known for a long time [8, 12, 19, 20]. According as the subjects of data mining
becomes more and more popular, many different techniques of clustering have been
developed.

Fuzzy c-means clustering [2-4, 9, 10, 16, 30] is now considered to be a standard
technique in cluster analysis by many researchers. There is, however, another method
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of fuzzy clustering in hierarchical cluster analysis which uses the transitive closure
of a symmetric fuzzy relation [42].

The usefulness of fuzzy c-means clustering is considered as a matter of fact
by many researchers, while other researchers still think that non-fuzzy methods
including statistical models [25, 34, 35] are enough for clustering data.

A notable feature of fuzzy c-means is said to be its robustness, i.e., results are stable
clusters for different initial clusters. Such discussion is empirical and theoretical
background for robustness is unclear.

In this paper we try to consider how the robustness of fuzzy c-means is explained
from a theoretical viewpoint, for which a natural fuzzy classifier defined on the whole
space is introduced. When such a partition of the whole space is naturally induced
from a result of clustering, the method is called here inductive clustering. Kernel-
based clustering is considered here, where both a non-inductive algorithm and an
inductive algorithm are studied.

Moreover another method of hierarchical fuzzy clustering is discussed, which uses
the transitive closure of symmetric fuzzy relations [42]. This methods has been shown
to be equivalent to the well-known method of the single linkage of agglomerative
hierarchical clustering [26]. Here the significance of fuzzy relation is the algebraic
form of clusters instead of those generated by an algorithm.

We first consider fuzzy c-means and its variations, then hierarchical fuzzy clus-
tering is briefly discussed.

2 Fuzzy c-Means

We begin with notations and then introduce the method of fuzzy c-means by Dunn
[9, 10] and Bezdek [2, 3].

Let the set of objects for clustering be denoted by X = {xi, ..., xy} where each
object is a point of p-dimensional Euclidean space R”. Thus x; = (x},...,x/)" €
R? k=1,..., N.Clusters are denoted either by G; or simply by i. A similarity or
dissimilarity measure between two objects is assumed. For fuzzy c-means, a standard
dissimilarity measure is the squared Euclidean distance:

p
D(x,y) = x —yI> =D () =y, ()
j=1

In fuzzy c-means and related methods, the number of clusters denoted by c is
assumed to be given beforehand. The membership of object x; to cluster i is assumed
to be given by uy;. Moreover the collection of all memberships is denoted by matrix
U = (uy;). It is natural to assume that uy; € [0, 1]foralll <i <cand1 <k <N,

and moreover ZMkj =1,foralll <k <N.
j=1
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The method of fuzzy c-means as well as crisp c-means uses a center for a cluster,
which is denoted by v; = (vil, coof )T € RY for cluster i. For simplicity, all cluster
centers are summarized into matrix V = (vy, ..., v.).

Crisp c-Means Algorithm

Many studies of clustering handle K-means [24], also called crisp c-means, of which
the basic algorithm is as follows [3]:
CCM: Crisp c-means algorithm.

CCMO: Generate randomly c cluster centers.

CCM1: Allocate each objectxi(k = 1, ..., N) to the cluster of the nearest center.

CCM2: Calculate new cluster centers v; as the centroid (alias the center of gravity).
If all cluster centers are convergent, stop. Otherwise go to CCML1.

End CCM.
The center of a cluster G; is given by

1
b= G0 > @)

XkEG,'

where |G;| is the number of objects in G;.

2.1 Fuzzy c-Means Algorithm

The fundamental idea of fuzzy c-means is an alternative optimization of an objective
function, which is proposed by Dunn [9, 10] and Bezdek [2, 3]:

c N

JWU, V)= ()" D, i) (m = 1), 3)

i=1 k=1

where D (x, v;) is the squared Euclidean distance (1).

Using this objective function, the following alternative optimization [3] is carried
out.
FCM (fuzzy c -means) algorithm.

FCMO:  Generate randomly initial fuzzy clusters. Let the solutions be U, V)
FCM1: Minimize J(U, V) with respect to U. Let the optimal solution be a

new U.

FCM2: Minimize J (U, V) with respect to V. Let the optimal solution be a
new V. o

FCM3: If the solution (U, V) is convergent, stop. Else go to FCM1.

End FCM.

A criterion for convergence is omitted here, see, e.g., [3]. Optimization with
respect to U is with the constraint:
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wi €10,1], 1<i<e,1<k<N, D> uy=1, 1<k<N, (4
j=1

while optimization with respect to V is without any constraint.
It is well-known that, when m = 1, the solution U is reduced to the allocation to
the cluster of the nearest center:

up =1 <= i =arg min D(x, v;),
l<j=c

and the center is given by (2). Thus the algorithm is equivalent to CCM whenm = 1.
Hence we assume m > 1 hereafter, in order to have fuzzy solutions, where the
optimal solutions are as follows:

—1
_ < DOy, 5) |7
e ;(D(xk,a,-)) ’ ®
N
> Gt x
ﬁ,«_—"j‘v . (6)

> )"
k=1

The derivations are omitted; the readers should refer to [3] or other textbooks.
Equation (5) does not seem to work when x; = v;, In such a case (5) should be

interpreted as
-1

- o D(xkavl I
Ugj = 1+Z(D(xk,vj) (N

by eliminating two terms which appear to have a singular point.
Sometimes we omit the bars like

-1

NN
w=1x (5 v») ’ ®

j=1

N
D )" x

k=1
w=t ©)

Z(”ki)m
k=1

for simplicity and without confusions.
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2.2 A Natural Classifier

Let us consider the next function defined on R” with a given set of cluster

centers V: |

< (D, v) "
Ui V) = Z(%) , (10)
j=1 ’f
or .
Ui(x; V) = 1+Z(§((jz;) . (11)
J

Itis clear that U; (x; V') has been derived from uy; simply by replacing object symbol
Xy by variable x.

This replacement appears trivial and it also appears that U;(x; V') has no further
information than u;;. On the contrary, this function of fuzzy classifier is important
if we wish to observe theoretical properties of fuzzy c-means.

‘We have the following proposition that shows how the solutions of fuzzy c-means
classify the given space.

Proposition 1 The function U;(xy; V) with a given V has the following properties.

(i) U;i(xr; V) = uy, i.e., the fuzzy classifier interpolates the membership value uy;.

(ii) When |x| tends to infinity, U;(x; V),i =1, ..., ¢, approaches the same value
of 1/c:
lim U;(x;V)=-
[lx[[—00
(iii) The maximum value of U;(x; V), i = 1,...,c, isat x = v;:

max U;(x; V) = U;(v;, V) = 1.
XER?
Proof Property (i) is trivial. Property (ii) is easily obtained by observing

D(x, v))7
im —— =1
Ixll=o0 D (x, vy
and U, (x; V) is given by (11). Finally, the third property is almost trivial since the
denominator of (11) is reduced to 1 when x = v;. O

Note the significance of the function U; (x; V) in these propositions. An object xj
is a fixed point, while x is a variable that can be moved toward infinity or can be a
cluster center. Without such a classifier, we cannot observe theoretical properties of
fuzzy c-means.
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Classifier of K-Means

The crisp classifier U™ (x; V') of K-means (CCM) is obviously the nearest center
allocation:
Ur™(x; V) =1 < i=arg lm_in D(x;vj). (12)
<j=c

We define
Vi={xeR’ : U(x;V)=1and chm(x; V)=0, Vj#i}, (13)
We note that V; is a Voronoi region [21] with center v; and other cluster centers.
We moreover note the next proposition.

Proposition 2 If we define
Vi={xeR’ : Ux;V)>U;jx; V), Vj#i} (14)
for classifiers of fuzzy c-means, we have
Vi=V, 1<i<ec

The proof is easy by direct calculation and omitted. This proposition means that
when the result of clustering by fuzzy c-means is made crisp using the maximum
membership reallocation by (14), it leads to Voronoi regions.

Note 1 The above Voronoi regions are open sets and the boundary of two or more
regions are left unclassified. The problem of a point on the boundary is not essential
here and it can belong to all neighboring regions or be left unclassified. Note also
the next relation:

Uvi=r", vinv,=0 #, (15)
i=1

where V; is the closure of V;.

2.3 A Method of Entropy

Other objective functions of fuzzy c-means have also been proposed among which
we discuss the use of entropy [23, 27]:

c N

Jend(U, V) = D> fug D, v) + A wgg logug}, (A >0). (16)
i=1 k=1
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We easily have the solutions for alternative minimization of Jen (U, V):

exp(=AD (xg, v))

U = — , (17)
> exp(=AD(xi. v;))
j=1
N
Z UkiXk
k=1
y=r= (18)
Z Uki
k=1
from which the classifier is given as follows:
_)\D s Ui
U s v) = - SREARE 1) (19)

c

Zexp(—)\D(x, vj))

j=1

These solutions are sometimes called the entropy method in contrast to the fuzzy
c-means using (3).

We consider properties of U™ (x; V), which are more complicated than those of
Ui(x; V).

Proposition 3 Define
Vi={xeR’ : UMx;V)>UM™x; V), Vj#i) (20)
for classifiers of fuzzy c-means using entropy term. We then have

V=V, 1<i<ec.

L

Proposition 4 Assume that matrix V = (vy,...,v.) has full rank (rankV =
min{c, p}). If V!’ is unbounded, then

lim U™ V) =1,

lx||—o0;xeV!
whereas if V! is bounded, then

lim U™(x; V) =0.

lx]|—o00
On the other hand, we have

0<UM™x;V) < 1.
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The proof is given in [28, 30] and omitted here.
Robustness of Fuzzy c-Means

Let us compare the solutions of the three methods of fuzzy c-means with (3), the
K-means of CCM algorithm, and the entropy method using (16). For this purpose
we compare the functions U; (x; V), UF™ (x; V), and U™ (x; V).

Suppose that x is very far away from centers vy, ..., v., then the membership
of x by fuzzy c-means is U;(x; V) = % forall 1 <i <c, whereas U™ (x; V) =1
and U5 (x; V) =0 (j # i) forx € V! by CCM. The result by the entropy method
is similar to CCM; U™ (x; V) ~ 1 and Ui™(x; V)~ 0 (j # i) for x € V!'. This
means that the results by the K-means (CCM) and the entropy method are strongly
influenced by outliers, i.e., objects far from cluster centers.

Moreover, the function U;(x; V) has the maximum value of unity when x = v;,
while the entropy method does not have this property.

Thus the fuzzy c-means has the desirable properties than the K-means and the
entropy method.

3 Generalization of Fuzzy c-Means

Many variations of fuzzy c-means have been studied, e.g., fuzzy c-varieties [3],
fuzzy c-regressions [15], noise clustering [6], and possibilistic clustering [22]. We,
however, limit ourselves to the discussion of the method of Gustafson and Kessel
[14] and its extension [30] to take clusterwise covariance and another variable for
cluster size into account.

In this section we introduce

Dx,v:8) =(x—-v)S'x—v)

which is the squared Mahalanobis distance.

3.1 The Method of Gustafson and Kessel
and Its Generalization

The method of Gustafson and Kessel incorporate clusterwise covariance variables

denoted by Sj, ..., S.. The objective function is
c N
JW,V,8) =D ()" Dxe, v §) (m > 1), @1)
i=1 k=1
where a simplified symbol § = (Si, ..., S.) and the clusterwise squared Maha-

lanobis distance D (xg, v;; S;) is used.
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Miyamoto et al. introduced an objective function

c N
JW,V, 8, A) =" > () " ()" Dy, vi3 ) (m>1),  (22)
i=1 k=1
with an additional variable A = («, ..., a.) with the constraint
D=1 ;=0 l<jsc (23)
i=1

Note also that S; is with the constraint
ISil =pi (pi >0) (24)

where p; is a fixed parameter and |S;| is the determinant of S;. We assume, for
simplicity, p; = 1 [16].
The solutions are as follows:

-1

| <& D v sy
g = Z(—D(xk’vj; Sj)) (25)

J=1

N
D )" xi
_ k=l

=t (26)
Z(”ki)m
k=1
| &
Si=—1 D ()" (e — v) (v — v) " 27)
|Sil7 =1
-1
= | [ Zicy "Dl Sj)} (28)
o | 2k @)™ D, i Sp)
where
W
S =D )" (v — vi) (e —vi) "
k=1

Since four types of variables are used for the augmented method of Gustafson and
Kessel, the alternative optimization iteratively calculates (25), (26), (27), and (28)
until convergence.
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3.2 K-L Information Method

The K-L (Kullback-Leibler) information method by Ichihashi et al. [17, 18, 30] is
another generalized version of fuzzy c-means which uses the entropy method. The
objective function is as follows.

c

N c N
Uki
Ji U,V,S,A = ,'D s i;S,' ,'1 e 1 S,’ .
KL( )= D i D viz $) + D D (v log o Tloglsih

i=1 k=1 i=1 k=1
(29)
The solutions are given by the following:
o% D (xg, vi; S)
s
= — : (30)
aj ( D(Xk,vﬁsi))
> o (- D)
= 18] g
N
Zukixk
k=1
b= 31)
2t
k=1
| N
S = ——— D ki b — v) Ok — v) " (32)
DI
k=1
|
o = — Ui 33
v ; i (33)

The method of K-L information is very similar to the solution of EM algorithm of
the Gaussian mixture [25, 34] and moreover generalizes the latter statistical model.
The G-K method, when compared with the K-L method, seems to have the robustness
property discussed in the previous section.

4 Kernel Based Fuzzy c-Means

The support vector machines [38, 39] with positive definite kernel functions are now
one of the most popular methods of supervised classification. Apart from support
vector machines, kernel functions themselves are considered to be useful by many
researchers (e.g., [13, 36]). Such positive definite kernels can be used for fuzzy
c-means, as we see in this section.
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The reason why we use kernels for clustering is that essentially the K-means and
fuzzy c-means have linear boundaries between clusters of Voronoi regions, as we
have seen above.

The introduction of the covariance variables in the last section enables the clus-
ter boundaries to be quadratic, but more flexible nonlinear boundaries cannot be
obtained.

In order to have clusters with nonlinear boundaries, we can use positive definite
kernels. Kernels are introduced by using a high-dimensional mapping @ : R? — H,
where H is generally a Hilbert space with the inner product (-, -); and the norm
- Ml

Given objects x1, ... xy, we consider its images by the mapping @ : @ (x;), ...,
@ (xy). Note that the method of kernels does not assume that an explicit form of
®(x1), ..., P(xy) is known, but their inner product (@ (x;), @ (x;))y is assumed to
be given using a known kernel function K (x, y):

K(x,y) =(P(x;), P(x;))n.
A well-known example is the Gaussian kernel:
K(x.y) = exp(=Cllx — y[*).

In this case,
(@(x), () = exp(—Cllx — y|%).

We consider kernel-based fuzzy c-means [29]. The objective function uses

@D (x1),...,P(xy) and cluster centers wy, ..., w. of H:
c N
JW, V)= ()" 1@ (xe) —willy (m> 1), (34)
i=1 k=1
where W = (wyq, ..., w.). We have
. 2 1 -1
¢ (p _ i m—1
w3 ( | — w ||;,) 5)
o P —wjlly
N
D ()" P (x)

k=l

N
Z(uki)m
k=1

(36)

Note, however, that the explicit form of @ (x;) and hence w; is not available.
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We have two ways to handle this situation. First way is to make @ (x;) explicit,
whereas the second way is to eliminate @ (x;) and express them in terms of K (x, y).

Use of Gram Matrix

First way to handle @ (x;) is the use of the Gram matrix. Let the Gram matrix be

K= (K x), 1=<kIl=<N. (37
Since K is positive semi-definite and expressed as
K =TTAT,

where A = diag(\y, ..., \y) is the diagonal matrix of nonnegative eigenvalues and
T is the orthogonal matrix, we can define

K:=TTAT,

where Az =diag(x/ A1, ..., /Ay). Let e, be kth elementary vector: e; =
(1,0,...,007, e, = (0,1,0,...,0)T, and so on. Put

®(x) =Kiey, k=1,2,...,N. (38)
In other words, @ (x;) is kth column (or row) vector of JCz. Then solutions (35) and
(36) are used.
Note that

(@0, D(x) = (K2ep) (K2e)) = e] K2 K2 ¢y
= e,lee/ = K (x¢, x1),
hence (38) is appropriate.
Note also that @ is defined on the finite set X (& : X — RP).
Updating Dissimilarity
Second way is to eliminate w; from the iterative calculation: updating formula of w;

by Eq. (36) is replaced by the update of dissimilarity

Dy (g, w;) = [ (xx) — wi||%

We have
) N
Dy (e wi) = K (0, x0) — ———— > ;)" K (x;.,
1 (X, w;) (x> xx) SRTRE j:l(u,) (x5 xx)
| N N
E E(Mjiuei)mK(xj,xz)- (39)

Ry —
(Zk:](uki)m)Z j=1 =1
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Using (39), we calculate

c (Dy(xk,w)) 40)
=1

i Dy (xg, w/)

Thus the alternative optimization of u;; by (35) and w; by (36) is replaced by the
iteration of (39) and (40) until convergence.

Fuzzy classifiers of kernel-based fuzzy c-means can also be derived by substituting
variable x into x; [30]: we have

2
D(x,w;) = K(x,x) — (u;i)"K(x,x;)
Zk 1(“1(1 Z ’ !

ZZ(u,m,) K (x;, x0), (41)

(Zk 1(ukz)m)21 1 ¢=1
-1

_ Dy (x, w)
Ui(x, W) = Z(DH(x w])) (42)

Note that @ (x) in the second method is defined for an arbitrary point x € R?
(@: R?” — H) that is different from the function in the first method.

5 Inductive Clustering Versus Non-inductive Clustering

Supervised classification method such as the standard Bayesian classification and
the support vector machines provide classification rules defined on the whole space.
If the space is R” and suppose that the Bayesian rule is P(G;|x) and the SVM rule is
SVM, then they are functions of P(G;|-): R” — [0, 1]and SVM : R? — {—1, +1}.
Thus the Bayesian rule is probabilistic, while SVM rule is crisp.

Recently semi-supervised learning has been studied and accordingly the concept
of transductive learning [5] has been proposed which means that classification of
a finite set of new objects is derived but a classification rule of the whole space is
not required. In contrast to transductive learning, a former conventional method of a
classification rule of the whole space is called inductive learning.

Turning to the original topic of clustering, the author suppose that many researchers
think that clustering is ‘transductive’ in the above sense, i.e., classification of a given
set of objects is enough and nothing more is needed. The above discussed fuzzy
classifiers are defined on the whole space, contrary to this general understanding.
In short, we discussed inductive properties of fuzzy c-means clustering and related
methods.
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We now try to make the concept of inductive clustering clearer. If a method of
clustering has an intrinsic classification rule defined on the whole space, we call the
method inductive clustering, while the method does not have such a classification rule
on the whole space and it gives a classification result on a given set of objects alone,
the we call the method non-inductive clustering (We avoid the name of transductive
clustering, as non-inductive property implies nothing in particular).

In this sense, the K-means, fuzzy c-means, and the statistical model of mixture
distributions [25] are all inductive clustering, and we can study theoretical properties
of them, as we have seen above. Note also that kernel-based fuzzy c-means has the
both versions of non-inductive clustering and inductive clustering, since the first
method gives @ : X — R? which is non-inductive clustering, since we cannot use
@ (x) for x ¢ X. In contrast, the second way is to use @ : R” — H, which leads us
to an inductive version, since we have @ (x) and hence U;(x, W) for any x € R”.

We emphasize that an advantage of inductive clustering is that we can study its
theoretical properties more easily than non-inductive clustering. Indeed, methods
of inductive clustering seem to have better or simpler behaviors when generating
clusters, like the nearest prototype property of the K-means. On the other hand, if
we give up inductiveness in clustering, we have more choice of clustering algorithms,
and this attitude has been taken by researchers of clustering, since a proposal of a
clustering algorithm does not lead to inductiveness in general.

In spite of this general understanding, we emphasize again the importance of
inductive clustering in order to have greater progress in studies of cluster analysis.

Next subject is hierarchical clustering, where we observe again inductiveness of
a method, although hierarchical clustering is generally non-inductive.

6 Hierarchical Fuzzy Clustering

Zadeh [42] discussed a fuzzy similarity relation which is reflexive, symmetric, and
transitive. In other words, an arbitrary a-cut of a fuzzy similarity relation is reflexive,
symmetric, and transitive as a crisp relation.

6.1 Transitive Closure of Fuzzy Relation

We assume that object set X = {x,...,xy} are not necessarily in an Euclidean
space. Rather, a relation S(x, y) of X satisfying reflexivity and symmetry

Sx,x)=1, VxeX, 43)
Sx,y)=80,x), Vx,yeX (44)
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is assumed, where a larger value of S(x, y) means that x and y are more similar and
a smaller value of it implies they are less similar.
Fuzzy transitivity means that

S(x,z) > min{S(x, y), S(y,2)}, VyeX, (45)

but we do not assume this property of transitivity for a given S, since transitivity is
a too strong condition in real applications.

Moreover we do not use the term of ‘similarity relation’ as Zadeh used, but simi-
larity is a general term to show two objects are similar, in order to keep compatibility
of terms between the two fields of fuzzy systems and statistical data analysis. We
use the term of fuzzy equivalence relation instead of similarity relation when a fuzzy
relation is reflexive, symmetric, and transitive.

An a-cut [S], of S is a crisp relation:

L (S, y) =z ),

o) =10 (50 y) < ),

Note the next proposition.

Proposition 5 If a fuzzy relation S is reflexive, symmetric, and transitive, then every
a-cut of it is a crisp equivalence relation:

[Sla(x,x) =1, Vxe€X, (46)
[Sla(x, y) = [Sla(y, x), Vx,y € X, (47)
[Sla(x,y) = L, [Sla(y,2) =1 = [Slalx,2) = L. (48)

Proof The first two equations are trivial. The third relation is also easily proved by
observing that if S(x, y) > o and S(y, z) > «, then (48) follows from (45). U

Note that we do not assume the transitivity. In order to have a transitive relation
from a reflexive and symmetric fuzzy relation, we calculate the transitive closure.
For this purpose we introduce the max-min composition of fuzzy relations:

(SoT)(x,2) = yea;imin{S(x, ). T(y, )}

where S and T are fuzzy relations of X. Using the max-min composition, we can
define the transitive closure S* of §:

S*(x, y) = max{S(x, y), S2(x, y), S*(x, ), ...},

where §2 = S o S and S¥ = S o S¥~1. It also is not difficult to see S* = S¥~! when
S is reflexive and symmetric.
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When S is reflexive and symmetric, the transitive closure S* is also reflexive and
symmetric, and moreover transitive. The proof that S* is transitive is omitted here.
Readers can refer to, e.g., [26].

Note that Proposition 5 holds for S*. Then each a-cut of $* induces an equivalence
class of X, and moreover if « decreases, the equivalence class becomes coarser, and
when it increases, the equivalence class becomes finer. Thus S* defines hierarchical
clusters.

6.2 Single Linkage and Transitive Closure

We describe general algorithm of agglomerative hierarchical clustering as follows:
AHC (Algorithm of Agglomerative Hierarchical Clustering).

AHC1: Let initial clusters be individual objects: G; = {x;},i =1,..., N.
S(Gi,Gj) =S8(x;,x;),1 <i,j<N,andput K = N.
AHC2: Find pair of clusters of maximum similarity:

(Gp, Gy) = argmax S(G;, G)). 49)
ij

Merge G, = G,UG,. K = K — 1andif K = 1, stop.
AHC3: Update S(G,, G') for all other clusters G’. Go to AHC1.

End AHC.

The updating step of AHC3 admits different choices of similarity between clus-
ters, among which the single linkage, the complete linkage, and the average linkage
use the followings:

Single Linkage:
S(G,,G") = max S(x,y) (50)
xeG,,yeG’
=max{S(G,,G"), S(G,, G")} ShH
Complete Linkage:
S(G,,GY= min S(x,y) (52)
xeG,,yeG’
=min{S(G,, G'), S(G,, G")} (53)
Average Linkage:

> S@y

xeG,,yeG’

1G,1G]

|Gp| / |Gq| /
= S(G,,G) + S(G,, G) (55)
IG,| " IG,|~ 1

S(G,,G') = (54)
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Discussion in this section is mostly focused upon the single linkage.
We have the proposition of equivalence between the transitive closure and the
single linkage [26].

Proposition 6 Given a set of objects X = {x1, ..., xy} and a similarity measure
S(x,y) for all x,y € X, the following three methods give the same hierarchical
clusters:

1. clusters by the single linkage;

2. clusters by the transitive closure S*;

3. clusters as vertices of connected components of fuzzy graph with vertices X and
edges X x X with membership values S(x, y).

The connected components of a fuzzy graph is the essential part in this proposition,
which means the family of those connected components of all a-cuts of the fuzzy
graph. Since connected components grow with decreasing «, those sets of vertices
form hierarchical clusters. The proof of this proposition is given in [26] and omitted
here, but the idea of the proof is to reduce both the transitive closure and the single
linkage clusters to the connected components. Thus fuzzy graph is fundamental in
this proposition.

The significance of fuzzy relation and its transitive closure is the algebraic expres-
sion of a method of agglomerative clustering in contrast to the general understanding
that a method of clustering is essentially a proposal of an algorithm.

Seemingly no new results are included in this theorem. However, Miyamoto [31]
showed that ideas in other methods of DBSCAN [11] and Wishart’s mode analysis
[41] are captured into the above results of equivalence. Concretely, the transitive
closure [S A (aaT)]* is proposed in [31], where a is a fuzzy set of X; a is the
abstraction of dense points in [41] and core points in [11].

Inductive Property of Hierarchical Clustering

Agglomerative hierarchical clustering in general is non-inductive, as in the assump-
tion that a given X is not in a metric space. When space R” is given and X C R”
is, e.g., with a Euclidean metric, the single linkage can be regarded as an inductive
method [33] where the nearest neighbor allocation is used. Roughly, a point x in the
Euclidean space can be allocated to the cluster i if a point nearest to x exists in that
cluster.

A question arises whether or not this result can be extended to the complete linkage
and the average linkage: the furthest neighbor allocation and the average distance
allocation can be used, respectively, in these methods. No good answer exists to this
question, since it is doubtful that such furthest and/or average allocation methods
are as useful as nearest neighbor allocation in the single linkage. Note also that an
algebraic expression like the transitive closure is unavailable for the complete linkage
or the average linkage.
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7 Conclusion

We studied fuzzy clustering and its significance. The method of fuzzy c-means is
known to have robustness, and robustness property has been discussed from a theo-
retical viewpoint using a natural fuzzy classifier, which is derived from substituting
an object symbol by a variable. Such function of classification is useful in considering
theoretical properties of a clustering method and leads to the concept of inductive
clustering, while the original idea of clustering is non-inductive. Kernel fuzzy c-
means have been considered in which both non-inductive and inductive algorithms
are derived.

Entropy methods including K-L information fuzzy c-means are also discussed
which are more closely related to the Gaussian mixture of distributions. They are less
robust when compared their theoretical properties with those of the fuzzy c-means
including the Gustafson-Kessel method and its extension.

Hierarchical fuzzy clustering was also considered where the transitive closure of
a symmetric fuzzy relation is proved to be equivalent to the single linkage method.
Thus the transitive closure is an algebraic expression of the well-known agglom-
erative hierarchical algorithm. Although the result appears purely theoretical, the
equivalence leads to a new method of hierarchical clustering [31]. An a-cut of the
transitive closure will produce a crisp classifier for the whole space if the problem is
given in an Euclidean space, but a fuzzy classifier is difficult to be obtained.

‘We omitted derivations of solutions of which readers should refer to [3, 16, 30].

An important issue which we omitted here is cluster validity whereby the number
of clusters can be decided, which is discussed in [3, 7]. Another topic of recent
interest is semi-supervised classification [5, 32, 43] including constrained clustering
[1, 37, 40]. Fuzzy classifiers will be useful also in semi-supervised classification,
which will be studied in near future.
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