Kalman Filter: An Elementary
Approach

This chapter is devoted to a most elementary introduction to the Kalman filter-
ing algorithm. By assuming invertibility of certain matrices, the Kalman filtering
“prediction-correction” algorithm will be derived based on the optimality criterion
of least-squares unbiased estimation of the state vector with the optimal weight, using
all available data information. The filtering algorithm is first obtained for a system
with no deterministic (control) input. By superimposing the deterministic solution,
we then arrive at the general Kalman filtering algorithm.

2.1 The Model

Consider a linear system with state-space description

Yert = Aw¥i + Brug +Ti§,
Wi = Ci¥k + Drug + 17,

where Ak, Bk, 'k, Cr, Dy are n x n,n X m,n X p,q x n,q x m (known) con-
stant matrices, respectively, with 1 < m, p,q < n, {u;} a (known) sequence of
m-vectors (called a deterministic input sequence), and {§ k} and {Qk} are, respec-
tively, (unknown) system and observation noise sequences, with known statistical
information such as mean, variance, and covariance. Since both the deterministic
input {ux} and noise sequences {§ k} and {Qk} are present, the system is usually
called a linear deterministic/stochastic system. This system can be decomposed into
the sum of a linear deterministic system:

Ziv1 = Az + Brug
st = Crzx + Drug,
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and a linear (purely) stochastic system:

{Xk+l = Agxi + i, 2.1

Vi = Cixi + 11,

with wp = s; + v; and yr = z; + X¢. The advantage of the decomposition is that
the solution of z; in the linear deterministic system is well known and is given by
the so-called transition equation

2 = (Aro1 -+ A0)zo + D (Ak—1 -+ Aim)Bi_jui_1.
i=1

Hence, it is sufficient to derive the optimal estimate X; of X in the stochastic state-
space description (2.1), so that

Vi =z + X

becomes the optimal estimate of the state vector yy in the original linear system.
Of course, the estimate has to depend on the statistical information of the noise
sequences. In this chapter, we will only consider zero-mean Gaussian white noise
processes.

Assumption 2.1 Let {£ k} and { , } be sequences of zero-mean Gaussian white noise
such that Var(é ) = Q and Var(nk) = Ry are positive definite matrices and

E (gk QZ) = 0 for all k and £. The initial state X is also assumed to be independent
of gk and , in the sense that E(xogz—) =0and E(X()QZ) = 0 for all k.

2.2 Optimality Criterion

In determining the optimal estimate X; of X, it will be seen that the optimality is in
the sense of least-squares followed by choosing the optimal weight matrix that gives
a minimum variance estimate as discussed in Sect. 1.3. However, we will incorporate
the information of all datav;, j =0, 1, - - - , k, in determining the estimate Xy of Xy
(instead of just using v as discussed in Sect. 1.3). To accomplish this, we introduce
the vectors
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and obtain Xy from the data vector V. For this approach, we assume for the time
being that all the system matrices A ; are nonsingular. Then it can be shown that the
state-space description of the linear stochastic system can be written as

Vj = Hg jX¢ + Ek,j? 2.2)
where
CoDoxk €k,0
Hy j = and € ;= : ,
Cj®j €k, j

with @y being the transition matrices defined by

Ag,1~-~Ak ifﬁ>k,
O = .
1 if £ =k,

Dy = @ if € < k, and

k
&e=1,—C Z Peli1§, -
i=0+1

Indeed, by applying the inverse transition property of ®;; described above and the
transition equation

k
X = Ppxe+ ) QpiTi18, .
i=t+1

which can be easily obtained from the first recursive equation in (2.1), we have

k
xp = Ppxi— > Qil'i1€,

i=t+1
and this yields
Hi jXi + € ;
[ CoPox 1, — Co Zf:l Poil'i-18,
= : Xi + :
| CiDji n,-Cj i uTiE,
[ Coxo + 1, Vo
= : =| | =V
| Cjx; +n, Vj
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which is (2.2).

Now, using the least-squares estimate discussed in Chap. 1, Sect. 1.3, with weight
Wij = (Var (g j))’l, where the inverse is assumed only for the purpose of illus-
trating the optimality criterion, we arrive at the linear, unbiased, minimum variance
least-squares estimate Xy|; of x; using the data vg, - -, v;.

Definition 2.1 (1) For j = k, we denote X; = Xgx and call the estimation process
a digital filtering process. (2) For j < k, we call X¢|; an optimal prediction of X
and the process a digital prediction process. (3) For j > k, we call Xy|; a smoothing
estimate of X; and the process a digital smoothing process.

We will only discuss digital filtering. However, since X = Xy ¢ is determined
by using all data vg, - - - , v, the process is not applicable to real-time problems for
very large values of k, since the need for storage of the data and the computational
requirement grow with time. Hence, we will derive a recursive formula that gives
X = Xy k from the “prediction” Xy x—1 and X x—1 from the estimate Xy = Xx—1jk—1-
At each step, we only use the incoming bit of the data information so that very little
storage of the data is necessary. This is what is usually called the Kalman filtering
algorithm.

2.3 Prediction-Correction Formulation
To compute X in real-time, we will derive the recursive formula

Xk = Xkk—1 + Gr(vk — CrXjk—1)
Xilk—1 = Ak—1Xk—1jk—1,

where G will be called the Kalman gain matrices. The starting point is the initial
estimate Xo = Xo|0. Since Xo is an unbiased estimate of the initial state xo, we could
use Xg = E(Xp), which is a constant vector. In the actual Kalman filtering, G must
also be computed recursively. The two recursive processes together will be called
the Kalman filtering process.

Let X¢|; be the (optimal) least-squares estimate of x; with minimum variance by
choosing the weight matrix to be

Wi j = (Var, )"
using V; in (2.2) (see Sect. 1.3 for details). It is easy to verify that
Ro 0 Co Zf:l Q01§

Wi, = + Var

: (2.3)
0 Ri Cr1Pr-1.4lk-18,
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and

—1
o [wiloo
Wk,k:[ kbk IRJ (2.4)

(cf. Exercise 2.1). Hence, Wy x—1 and Wj i are positive definite (cf. Exercise 2.2).
In this chapter, we also assume that the matrices

(H ;Wi jHe ), j=k—1 and k,
are nonsingular. Then it follows from Chap. 1, Sect. 1.3, that
X = (H, -1gT -

Our first goal is to relate X x—1 with Xg|x. To do so, we observe that

Wik-1 O Hi —
- T ATy [ Whi—1 e k—1
Hy Wik Hik = [Hy -1 Gy ] [ 0 Rkl] [ C ]
= Hy \Wik—1 Hex1 + CL R Cr
and
Hk—l,—ka,ka = Hka,1 Wk,k—lvk—l + C;—Rk_lvk'

Using (2.5) and the above two equalities, we have

(H/{T,k,IWk,k—lﬂk,kq + C Ry CoRigi—1

T - Tl o
=H} 1 Wi k—1Vk—1 + C; R CiXgjk—1
and

(Hk—l,—k—IWk,k—lHk,k—l + C,;rRk_ICk)ﬁHk
= (HkT,k Wik Hi 1) Rk

T < T p—1
= Hi g1 Wik—1Vi—1 + Cp Ry Vi
A simple subtraction gives

(H Wi k—1 Hi k=1 + Cf Ry Co) G — Rege—1)

= R (Vi = Crye).-
Now define

Gy = (H;Ik,lwk,k—lHk,k—l + CkTRk_ICk)_ICJRk_l
= (Hk—’rka,ka,k)_IC;—Rkil.
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Then we have
Xk = Xipe—1 + Gr(vie — CrXpjr—1)- (2.6)
Since X |x—1 is a one-step prediction and (vy — CxXgjk—1) is the error between the
real data and the prediction, (2.6) is in fact a “prediction-correction” formula with
the Kalman gain matrix G as a weight matrix. To complete the recursive process,
we need an equation that gives Xg|x—1 from X¢_1jx—1. This is simply the equation
Xilk—1 = Ag—1Xk—11k—1- 2.7
To prove this, we first note that
€k k-1 = Ep—1.k—1 — Hik—1T'k18, |
so that
-1 -1 T T T
Wk,k*l = Wk*],k*l + Hk—l,k—lq)k—l,krk—l Qk—lrk7] ®k7]’ka7]’k71 (28)

(cf. Exercise 2.3). Hence, by Lemma 1.2, we have

~1
Wik—1 = Wi—1k—1 — Wit k=1 Hi—1,5—1 P14 Tk—1(Q _;
r)_ o  H' W, H, YRR P
+ k—1Fk—1,kTk—1,k—1 Wk—=1,k=11Tk—1,k—1¥k—1,k k—1)

T L Wak (2.9)
(cf. Exercise 2.4). Then by the transition relation
Hy -1 = Hg—1,k-1Pr—1,k
we have

T
Hk,k—lwk,k—l
=d! {1 —H W, H D1 4Tk (0!
= ¥k—1,k k—1,k—1"Wk—=1,k—=1k—1,k—1%¥k—1,k1 k—1 k—1
T T T —1
+ Fk_lcbk_l,ka_l’k_lWk—l,k—lHk—],k—lq)k—l,krk—l)

S VIR JENWA). A,/ (2.10)
(cf. Exercise 2.5). It follows that

(H ey Wikt Hi k=) @ -1 (L oy Wit k1 He—16=1) ™!
CH Wik = Hl o Wik 2.11)

(cf. Exercise 2.6). This, together with (2.5) with j = k — 1 and k, gives (2.7).
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Our next goal is to derive a recursive scheme for calculating the Kalman gain
matrices Gy. Write

Gy = Pk,kC;—Rlzl

where
_gT -1
Pre = (Hy 1 Wik Hi 1)
and set
T -1
Prk—1 = (Hy Wi k—1Hik—1)" .
Then, since

Pei = Peiy + GUR G
we obtain, using Lemma 1.2,
Pik = Prs—1 — Pek—1Cf (CkPrik—1Cf + RO ™ CiPek—1.
It can be proved that
Gi = Pii1Cf (CkPii1 Cf + Ri) ™! (2.12)
(cf. Exercise 2.7), so that
Py = — GrCy) P g—1- (2.13)
Furthermore, we can show that
Pt = Ap—1 Pect g1 Af_y + Th1 Ok T (2.14)
(cf. Exercise 2.8). Hence, using (2.13) and (2.14) with the initial matrix Pp o,
we obtain a recursive scheme to compute Py_ix—1, Prk—1, Gk and Py for

k=1,2,---. Moreover, it can be shown that

Pik—1 = E(xx — Repe—1) (X — K1) "
= Var (X — Xgj—1) (2.15)

(cf. Exercise 2.9) and that

Pex = EXp — Rip) Xk — Kep) | = Var (xg — Rigp)- (2.16)
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Ki|k

Ak-1 Hielay ]"—

Fig.2.1 Block diagram of the Kalman filtering algorithm

Xk |k—1

In particular, we have
Poo = E(xo — Exo)(xo — Exo) | = Var(xo).

Finally, combining all the results obtained above, we arrive at the following
Kalman filtering process for the linear stochastic system with state-space description
(2.1):

Po,o = Var(xq)
Pij—1 = A1 Peci g—1A] | + Tim1 Ok Ty
Gk = Prk—1C} (CkPig—1C + Rp)™!
Prx = — G Cy) Py -1
Xoj0 = E(Xp)
Xilk—1 = Ak 1Xk—1jk—1
Xk = Xepe—1 + Gr (Vi — CrXpjk—1)
(k=12 .

(2.17)

This algorithm may be realized as shown in Fig.2.1.

2.4 Kalman Filtering Process

Let us now consider the general linear deterministic/stochastic system where the
deterministic control input {uy} is present. More precisely, let us consider the state-
space description

Xit1 = Arxg + Buug + Ti§,
Vi = CiXx + Druy + 1

where {ux} is a sequence of m-vectors with 1 < m < n. Then by superimposing
the deterministic solution with (2.17), the Kalman filtering process for this system
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Xk|k
uj
Fig.2.2 Block diagram of the Kalman filtering algorithm with control input
is given by
i Po.o = Var(xo)
Pij—1 = A1 Peci g—1A] |+ Tke1 Or Ty
Gr = Pri—1C} (CkPek—1C/ + Rp)™!
| Prse = I = GiCr) Prese—1 (2.18)
Xoj0 = E(X0)
Xplk—1 = Ak—1Xk—1k—1 + Br—1Ug—]
Xk = Xgk—1 + Gk (Vi — Drug — CrXpjp—1)
k=1.,2,---,

(cf. Exercise 2.13). This algorithm may be implemented as shown in Fig.2.2.

Exercises
2.1 Let
€k,0 k
&= | and o =1,—Ce > PuTio1§, |,
gk,j i=0+1

where {§ k} and {n k} are both zero-mean Gaussian white noise sequences with
Var(§,) = Qg and Var(n,) = Ry. Define Wy j = (Var(€ ;)" Show that

Ro 0 CoXk_, Poili-1§,
W= e |ave|
0 Ri Cr1Pp—1.4T%-18, |
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and

o [wil, o0
wl = | Wkk-1 .
k,k |: 0 Rk:|
2.2 Show that the sum of a positive definite matrix A and a non-negative definite
matrix B is positive definite.
2.3 Let€; ; and Wy, ; be defined as in Exercise 2.1. Verify the relation

€ik—1 = E—1k-1 — Hiek1Tk—1§,
where
CoDPoxk
Hy,j = ,
Cj®jk

and then show that
Wi =W oy + Heon k1 @1 a Tkt Qe T @ By
2.4 Use Exercise 2.3 and Lemma 1.2 to show that

-1
Wik—1 = W1 k=1 — Wi—1 k=1 Hi—1 k-1 Pr—1,4Tk—1(0
T 4T T -1
+ kalq)k,],ka,],k,] Wk—l,k—lHk—l,k—lcbk—l,krk—l)

T 4T T
D ok -1 k-1 Wi—1k-1-
2.5 Use Exercise 2.4 and the relation Hy x—1 = Hig—1 k—1Pk—1 to show that

.
Hk,kflwk,k—l
=o, , {I - H W, H Dp_1 1 Tho1 (07!
=P 14 1 k1 W1 k=1 H—1 k—1 -1 4 Tk—1(Q 4
T T T -
+ U1 Dy Hie— 1 g1 We—1.k—1 Hi—1,k—1 P—1, 4 Tk—1)

T P e Wee k-t
2.6 Use Exercise 2.5 to derive the identity:

T T -1
(Hy g1 Wi k=1 He k= 1) P k=1 (Hy_y oy Wie—1. k=1 Hi—1,k—1)

: H]:—_Lk_ka—l,k—l = H]Ik_1Wk,k—l-
2.7 Use Lemma 1.2 to show that

Pek—1Cf (CrPes—1Cf + R = Pk,kaTRk_l = Gg.
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2.8

29

2.10

2.11

2.12

2.13

Start with Py 1 = (H,;'—kf1 Wk,k_lHk,k_l)_l. Use Lemma 1.2, (2.8), and the
definition of Py x = (H,Ik Wk’ka,k)’l to show that

Pek—1 = Ak—1 Pect k-1 Ay + Tie1 Qe Ty
Use (2.5) and (2.2) to prove that
E(x¢ = Ripe—1) (% — Ke—1) " = Pri—1
and
E Xk — R) %k — Re) | = Prg-
Consider the one-dimensional linear stochastic dynamic system
X1 = axg +&,  x0=0,

where E(xx) = 0, Var(xy) = o2, E(xxj) = 0, E(&) = 0, and E (&) =
128k;. Prove thato? = u?/(1—a?) and E (xyxi+ ;) = a/lo? for all integers j.
Consider the one-dimensional stochastic linear system

Xk+1 = Xk
Ve = Xk + Nk

with E(gx) = 0, Var(ni) = o2, E(xg) = 0 and Var(xp) = u?. Show that

A A 2 A
Xk = Xk—1jk—1 + szf_—kﬂz(vk — Xk—1jk—1)
Xoo =0

and that Xxx — ¢ for some constant ¢ as k — oo.

Let {vi} be a sequence of data obtained from the observation of a zero-
mean random vector y with unknown variance Q. The variance of y can be
estimated by

N
. 1 .
Oy = ];(Vkvk ).

Derive a prediction-correction recursive formula for this estimation.
Consider the linear deterministic/stochastic system

Xi+1 = ArXp + Brug + i€,
Vi = Cix + Dpwg + 1,

where {uy} is a given sequence of deterministic control input m-vectors, 1 <
m < n. Suppose that Assumption 2.1 is satisfied and the matrix Var (€, j)is
nonsingular (cf. (2.2) for the definition of €, j). Derive the Kalman filtering
equations for this model.
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2.14 Indigital signal processing, a widely used mathematical model is the following
so-called ARMA (autoregressive moving-average) process:

N M
Vi = z Bivi—i + Z A,
i=1 i=0

where the n x n matrices By, - - - , By and the n x ¢ matrices Ag, A1, -+, Ay
are independent of the time variable k, and {ux} and {v;} are input and output
digital signal sequences, respectively (cf. Fig.2.3). Assuming that M < N,
show that the input-output relationship can be described as a state-space model

Xipt+1 = AXg + Buy
Vi = CXy + Duy

A
VN
ug v Vi

dela
N
> > —>
< + i+

Bn
<

Fig.2.3 Block diagram of the ARMA model



Exercises

with xg = 0, where

[ A1+ B1Ap ]
By I 0 ---07] Ay + BrAg
B, 01 : :
A= Co .. |, B=|Am+ BuAo |,
Do . B A
By 1 0-en--e I M+140
BN 0------ 0_ :
ByAp

C=[I0---0] a;d D=[A_0].
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