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Abstract This study investigates quasi-periodic bifurcations and Arnol’d resonance
webs generated in a three-coupled delayed logistic map. Complex bifurcation struc-
ture is generatedwhen a conventionalArnol’d tongue transits to a higher-dimensional
Arnol’d tongue. We discovered that, at least, two periodic attractors coexist in the
conventional Arnol’d tongue which can bifurcate to two one-tori via doubly-folded
Neimark–Sacker bifurcation.

1 Summary

The partial and complete synchronization of three or higher frequency quasi-periodic
oscillations has recently been studied extensively [1]. Vitolo et al. clarified that two
types of bifurcation routes from a two-dimensional torus to a three-dimensional
torus exists [2]. One is a quasi-periodic Hopf (QH) bifurcation, and the other is
a quasi-periodic saddle-node (QSN) bifurcation. The Arnol’d resonance web is a
phenomenon that was discovered and defined by Broer et al. [1] in the numerical
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analysis of a map, where regions generating invariant closed curves (ICCs) corre-
sponding to two-dimensional tori in vector fields extend in many directions in the
invariant torus-generating region like a web.

One of the major concerns in this field is the problem how a conventional Arnol’d
tongue transits to a higher dimensional Arnol’d tongue near QH bifurcation curves.
Takens and Wagener provided a bifurcation diagram near the parameter regions [3],
and Kuznetsov andMeijer conducted Lypunov analysis [4]. The simplest onemay be
the transition froma conventionalArnol’d tongue to a two-dimensional torus-Arnol’d
tongue viaNeimark–Sacker bifurcation [5].More complex onewas reported byBroer
et al. [6].

In this study, we conduct a Lyapunov analysis for a three-coupled delayed logistic
map expressed by the following form:

F(xn, yn, zn, xn+1 = yn,
wn, un, vn)� : yn+1 = B1yn(1 − xn) + ε1wn + ε2vn,

zn+1 = wn,

wn+1 = B2wn(1 − zn) + ε3vn + ε4yn,
un+1 = vn,
vn+1 = B3vn(1 − un) + ε5yn + ε6wn.

(1)

We classify the phenomena in Fig. 1. If the largest Lyapunov exponent is negative,
the attractor is defined as periodic, and is denoted by orange in theLyapunov diagrams
shown later. If the largest Lyapunov exponent is positive, the attractor is defined as
chaotic, and is denoted by red in the diagram. Because the objective dynamics is
discrete, the attractor is torus if the largest Lyapunov exponent λ1 equals zero. If
only λ1 is zero, the attractor is called invariant one-torus (IT1) corresponding to a
two-torus in vector fields, which is denoted by blue in the diagrams. The three-torus
and four-torus abbreviated as IT2 and IT3, respectively are defined as in Fig. 1.

We use such abbreviation as shown in Fig. 2 for the several types of bifurcations.
Throughout this study, a Neimark–Sacker bifurcation is abbreviated by NS, a saddle-
node bifurcation is abbreviated by SN, a quasi-periodic Hopf bifurcation from IT1 to
IT2 is abbreviated by QH, and a quasi-periodic saddle-node bifurcation from IT1 to
IT2 is denoted by QSN. A quasi-periodic Hopf bifurcation from IT2 to IT3 is denoted
by QH2 and a quasi-periodic saddle-node bifurcation from IT2 to IT3 is denoted by
QSN2.

Fig. 1 Correspondence of terminologies and colors
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Fig. 2 Abbreviations for the several types of bifurcations

Fig. 3 Global view of
Lyapunov diagram of (1) for
ε1 = 0.01, ε2 = 0.002,
ε3 = 0.001, ε4 = 0.02,
ε5 = 0.01, ε6 = 0.01, and
B3 = 2.05

Fig. 4 Magnified view of
the square region of the
Lyapunov diagram in Fig. 3.
Parameters are the same as
those in Fig. 3

Figure3 shows a global view of Lyapunov diagram of the three coupled delayed
logistic maps shown in (1). In the figure, horizontal and vertical axes are parameters
B1 and B2, respectively. The Lyapunov exponents are calculated using the procedure
presented by Shimada and Nagashima [7]. The region marked IT1 is the region
where an invariant one-torus is generated. In the same manner, IT2, IT3, and C
denote the regions where an invariant two-torus, an invariant three-torus, and chaos
are generated, respectively. We pay attention to the square region.



16 D. Ogusu et al.

Fig. 5 Further magnified
view of the square region of
the Lyapunov diagram in
Fig. 4. Parameters are the
same as those in Fig. 3. The
squared region is used after

Figure4 shows the magnified view of the square region in Fig. 3. As seen in the
figure, the IT1 Arnol’d tongue transits to the IT2 Arnol’d tongue via QH or QSN. We
focus on bifurcation structure where a conventional (IT0) Arnol’d tongue bifurcates
to invariant one-torus (IT1) Arnol’d tongue through a Neimark–Sacker bifurcation.
At first glance, this bifurcation structure appears to be a simple transition. However,
the bifurcation structure is complex according to our numerical results.

Figure5 shows a further magnified view of the square region of the Lyapunov
diagram in Fig. 4. Our concern is what kind of bifurcation occurs when a parameter
is moved from P to Q across NS. Figure6a shows the periodic attractors obtained
at the point marked P : (B1, B2) = (2.13934, 1.9825) in Fig. 5. Figure6b shows a
magnified view of the square region in Fig. 6a. Note that two attractors coexist in
the IT0 Arnol’d tongue at P . One is denoted as red crosses and the other is denoted
as green crosses, each of which consists of a periodic attractor with a period of 93.
Figure7 shows coexisting two invariant one-tori (IT1) obtained at Q : (B1, B2) =
(2.13934, 1.9835). The coexisting periodic attractors at P bifurcate to two invariant
one-tori through a Neimark–Sacker bifurcation. To the best of our knowledge, this
is a novel bifurcation structure. The reason is explained below.

Figure8a shows a doubly-folded Neimark–Sacker bifurcation curve obtained by
magnifying the squared region in Fig. 5. Figure8b shows the schematic in Fig. 8a.
The skyblue curves denote Neimark–Sacker bifurcation of the stable periodic points,
and the brown curves denote Neimark–Sacker bifurcation of the unstable periodic
points. Note that the bifurcation curves of the unstable periodic points do not affect
bifurcation of the attractors. There are four stable SN bifurcation lines on the both
side of the stable and unstable NS bifurcation curves. They are tangent to the NS
bifurcation curves at four points at which codimension-two bifurcation occurs. Note
that the Neimark–Sacker bifurcation curve is doubly twisted. This bifurcation struc-
ture explains the coexisting periodic solutions (IT0) and coexisting invariant one-tori
(IT1). In the region below the stable NS curves, stable coexisting two periodic solu-
tions are observed, and they bifurcate to invariant one-tori via two Neimark–Sacker
bifurcations. Since Neimark–Sacker bifurcation is doubly folded, existence of four
codimension-two bifurcation points are naturally explained.
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Fig. 6 Coexisting two periodic attractors with period of 93 obtained at a point marked P : (B1,
B2) = (2.13934, 1.9825) in Fig. 5. Parameters are given in Fig. 3. a Whole view b magnified view
of the squared region

Fig. 7 Magnified diagram of a part of the coexisting two invariant one-tori for Q : (B1, B2) =
(2.13934, 1.9835) after NS bifurcation

Fig. 8 A doubly-folded Neimark–Sacker bifurcation curve. Two skyblue curves present the stable
NS bifurcation, and two brown curves the unstable NS bifurcation. a Magnified diagram of the
square region in Fig. 5, b schematic of a
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Fig. 9 One-parameter bifurcation diagrams for two solutions denoted red and green with B2 =
1.9825. Other parameters are given in Fig. 3. a Parameter B1 is decreased from P. The IT0 red
attractor disappears on the blue line via SN bifurcation, while the IT0 green attractor gives rise to
SN cycle bifurcation on the red line to become one-torus IT1 attractor. b Parameter B2 is increase
from P. The IT0 green attractor disappears on the blue line via SN bifurcation, while the IT0 red
attractor gives rise to SN cycle bifurcation on the red line to become one-torus IT1 attractor

We will explain this bifurcation as follows when the parameter is changed from P
to Q. At the parameter P , we obtain two coexisting periodic attractors with a period
93. When the parameter is increased across one of two skyblue curves, one of two
periodic attractors presents a NS bifurcation to become IT1, and the other one remain
as IT0. If the parameter is increased more across two skyblue curves two solutions
bifurcate to become IT1. Therefore, we observe two IT1 as shown in Fig. 7.

Figure9 shows a one-parameter bifurcation diagram where we use two initial
points at parameter P . In Fig. 9a, we trace the two IT0 solutions from P to the left
direction. One of two periodic attractors in red disappears at SN bifurcation on the
blue line. On the other hand, the periodic solution in green bifurcates to one-torus
(IT1) on the red line via a saddle-node cycle bifurcation.

In contrast, Fig. 9b shows a one-parameter bifurcation diagramwhere we trace the
solution from P to the right. In this case, the periodic solution in green disappears at
the SN bifurcation point on the blue line. Furthermore, the periodic solution in red
bifurcates to one-torus (IT1) through a saddle-node cycle bifurcation on the red line.

2 Conclusion

In this study, we investigated quasi-periodic bifurcations generated by a three-
coupled delayed logistic map. We discovered two coexisting periodic solutions with
period 93 in an Arnol’d tongue. By varying the bifurcation parameter to left and to
right in the IT0 Arnol’d tongue, first, a saddle-node bifurcation occurs by which one
of the periodic solutions disappear, and next a saddle-node cycle bifurcation occurs
through which a periodic solution bifurcates to an invariant-torus.
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