Chapter 2
Motion and Strain (Rate)

The tensor analysis providing the mathematical foundation for the continuum
mechanics is described in Chap. 1. Basic concepts and quantities for continuum
mechanics will be studied in the three chapters up to Chap. 4. The description of
motion and deformation of a material body constitutes the basic introductory part of
the continuum mechanics. Various expressions of motion and a variety of strain and
strain rate measures are employed for the description of reversible and irreversible
deformations of materials. Some selected basic expressions and measures will be
explained in this chapter.

2.1 Motion of Material Point

A material body is assembly of material particles (or material elements). The map of
positions of material particles in a space is referred to as the configuration. Here, the
configurations in the initial time ¢ = #; and the current time # are called the initial (or
Lagrangian) configuration and the current (or Eulerian) configuration, respec-
tively. Deformation is described by the change of configuration from a particular
configuration which is called the reference configuration. Here, the reference
configuration can be chosen at arbitrary intermediate time T(fy < T <?) is called the
reference time.

The position vectors of material particle in the initial and the current configu-
rations are designated by X and x(r), respectively. Here, X is fixed and thus it can
be regarded as a label of each material particle. The motion of material point during
the time fy — ¢ is described as

~1
X = X(th)a X=1 (X7 t) (21)

Besides, the motion of material point during the time #, — T is described as
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x(1) = x(X,7), X=y"'(x(7),7) (2.2)

The fact that a material does not overlap or separate by the motion of material
requires the existence of the one-to-one correspondence between X and x (X is
uniquely determined by x and vice versa) so that x; (X, X, X3), x2(X1,X>,X3) and
x3(X1,X,,X3) must be mutually independent. Now, let the mathematical require-
ment for this fact be derived by the reductive absurdity. x|, x,,x3 are not mutually
independent if they satisfy the constraint

Flo (X1, X2, X3),%2(X1, X2, X3), x3(X1, X2, X3) =0 (2.3)

from which it follows that

U om | O % O On_ % Ox 0% 7 ( Of
8)61 8X1 8x2 6‘X1 8X3 8X1 h 6X1 8X1 8X1 8x1 0
O Oxi O Ox O Oxy (g O 0% Oxs | ) Of L
0Ox10Xs  0x0Xs  0Ox30Xs - T | 0X, 0X, 0Xs Oxy )0
o on | Of O Of Ox3 001 0% Ox | | Of
6x1 8X3 axz 8X3 8x3 8X3 N 6X3 8X3 8X3 a)C3 0
(2.4)
The equation
J=0 (2.5)

must hold in order that Of /0x;, 0Of/0x;, Of/Ox3 are determined uniquely on
account of Eq. (1.125) regarding Ty = Ox;/0X; and v; = Of /Ox;, where J is
defined by

o 8)6,’ o (9x1 8)62 8)63

and is called the functional determinant or Jacobian. In contrast, in order that they
are mutually independent, it must hold that

J#0 (2.7)

being free from the constraint in Eq. (2.3). The transformation between x and X is
called the admissible transformation, if fi, o, 5 in x; =fi(X1,X2,X3) 0 =
H(X1,X2,X3), x3 = f3(X1X2X3) are single-valued and continuous functions, so that
the Jacobian is not zero as shown in Eq. (2.7). Further, if the Jacobian is positive, a
right-hand coordinate system is transformed to other right-hand one, and it is called the
positive transformation. Inversely, if the Jacobian is negative, a right-hand coordinate
system is transformed to a left-hand one, and it is called the negative transformation.
Admissible and positive transformation with J > 0 is assumed throughout this book.
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Physical quantity, say T, in the body changes generally with the position and the
time. Physical quantity at current time is described T(X,#) in terms of the current
configuration X and the current time z. This type of description of mechanical state
is called the Lagrangian (or material) description. On the other hand, the physical
quantity at current time is described T(x,#) in terms of the current configuration
x and the current time ¢. This type of description of physical quantity is called the
Eulerian description or spatial description. Further, the physical quantity at current
time can be described in terms of the current configuration x(T) at arbitrary ref-
erence time T and the current time ¢ as

T( ' (x(7), 7)) = <T(x(1), 1) (2.8)

() designating to choose the reference time T as T > #,. Equation (2.8) is called
the relative description. Specifically, ,T(x(z), t) is called the updated Lagrangian
description, where the reference configuration is taken as the current configuration,
choosing the reference time as the current time, i.e. T =¢. In contrast, the
description T(X,7) will be called the total Lagrangian description.

2.2 Time-Derivatives

The time derivative of the tensor in the spatial description

IT(x,t) (2.9)
ot
describes the rate of the physical quantity at a certain spatial point and thus it is
called the spatial-time (or local) derivative. In many cases of fluid mechanics, a
motion and its history of individual particle from the initial state is immaterial and
thus the spatial-time derivative is often adopted. In contrast, the time-derivative of
the tensor in the material description

IT(X,1)

s (2.10)

describes the rate of the physical quantity in a certain material particle and thus is
called the material-time derivative. It is denoted by the symbol

IT(X;r) DT _ 0T(X)

T 2T\
ot or Dt or

(2.11)

In solid mechanics, the rate of deformation and its history of individual material
particle is required and thus the material-time derivative is used usually.
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The material-time derivative in Eq. (2.11) and the spatial-time derivative in
Eq. (2.9) are related by

T ot 8xk

where v = 0x/0¢ is the velocity vector of material particle. The first term in the
right-hand side signifies the non-steady (or local time derivative) term describing
the change with time at fixed spatial point and the second term signifies the steady
(or convective) term describing the change due to the movement of material, which
results from the existence of a spatial gradient of the physical quantity T.

Rate-type constitutive equations for the irreversible deformation of solids, e.g.
the viscoelastic, the elastoplastic and the viscoplastic deformation, must be
described by the material-time derivative pursuing a material particle because they
must describe the relation of physical quantities in each material particle. Here, it
should be noticed that the material-time derivative of physical quantity describes
the rate observed by moving in parallel with material particle as known from
Eq. (2.11) which concerns only with the position vector of material particle and the
time. Then, the objective time-derivative based on the rate of physical quantity
observed by the coordinate system deforming/rotating with a material must be used
for constitutive equations of solids as will be described in Chap. 4.

2.3 Deformation Gradient and Deformation Tensors

At the initial state of deformation (r = 0), consider a material particle, the position
vector of which is X, and the adjacent material point, the position vector of which is
X + dX. Furthermore, consider the current state (+ = ¢) in which these points move
to the points with position vectors x and x + dx, respectively. The infinitesimal line
elements before and after the deformation are described as

dX = dX,e,, dX(t) = dxi(t)ei(t) (213)

where the current base {e;(#)} rotates with the elapse of time so that it changes
different from the fixed reference base {e4 },i.e. {e;(t)} # {ea} for7 > 0 in general.
However, the same base is often used for the reference and the current bases for the
sake of simplicity.

Here, based on the relation dx(7) = (0x(t)/0X)dX, we define the deformation
gradient tensor

_ )
= 0X,

= iA(t)ei(t) X ey ei(t) X eq = xivA(t)ei(t) & ey (214)
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F(7) is based in the current and the reference bases which can be chosen different to
each other and thus it is called the Eulerian-Lagrangian two-point tensor. The
infinitesimal line-element dx(¢) is described by dX from Eq. (2.14) as follows:

. 8x,~(t)
- 0Xy

. 8x,~(t)
00Xy

dX(l) = dx[(l)e,-(t) dXAe,»(t) e,-(t) ® esdXpep = F(l)dX (215)

The deformation gradient tensor F(7) transforms the reference infinitesimal line
element to the current infinitesimal line element and thus it is the most fundamental
variable for the description of deformation of materials. Equation (2.6) is written in
terms of the deformation gradient as

J = detF (2.16)

Therefore, if J = detF £ 0 holds, the inverse tensor F~! exists by virtue of
Eq. (1.120), and it is derived from FF~! = (9x/0X)(0X/0x) =1 as

)¢ ~ X
F'= o (F 1) ea @ e(t) = 8); es @e(t) =X i(ea @et)  (2.17)
noting
X X B
dX = dX ey = W(At)dx,-(z)eA =5 8) es @ e(r)dx;(1)e;(r) = F~' (1)dx(r)

As described above, the deformation gradient tensor F plays the most basic role to
describe the deformation of materials. Any exact deformation (rate) measure must
be represented by it. In addition, the transformation of the infinitesimal current
line-element to its rate is described by the velocity gradient tensor I which is the
most basic measure for deformation rate as will be described in Sect. 2.5.

Besides, consider the unit cubic cell (a parallelepiped) whose sides at the initial
(reference) configuration are given by the triad {e;} and then assume that it deforms
to the cell whose sides are formed by the triad {e;}. They are related by Eq. (2.15),
regarding dx and dX as €; and e;, respectively, as follows:

é,‘ = 5,1Fe1 (218)

The vectors €; are neither unit vectors nor orthonormal except for the rigid-body
rotation. The curvilinear coordinate system with the base {€;} is referred to as the
convected coordinate system. It is indispensable for general interpretation of
deformation and rotation of materials, the detailed explanation of which can be
referred to Sect. 4.4 and Appendix B briefly or Hashiguchi and Yamakawa (2012)
in detail.

Applying the polar decomposition in Sect. 1.11 to the deformation gradient F,
we have
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[F=RU=VR], Fijy =RrUrs = ViR (2.19)
where

U =R'F = (F'F)"*(= U")(V*> = F'F) (2.20)

V = FR’ = (FF")"?(= V")(V? = FF") (2.21)

R=FU ' =F@F'F)"?, R=V'F=(FF')""?’F (detR=1) (2.22)
V =RUR’, U=R’VR (2.23)

U and V are the symmetric tensors so that there exist the two principal direction
triads in which the deformation is described by the three-dimensional stretching
resulting in the volume change and the shape change (shear deformation). Further,
they are the similar tensors to each other, since Eq. (2.23) holds for the orthogonal
tensor R as was described in Sect. 1.6. Therefore, they possess the same principal
values, say 4,( > 0)(x = 1,2, 3). Denoting the bases for the principal directions of

U and V by {N*()} and {n(® (1)}, respectively, they can be written as

U= i NP (1) @ N® (1), V= i J.m® (7) @ n®(7) (2.24)

=1 a=1

where the relation of N<“)(t) and n¥ (¢) is given from Eq. (1.228) as follows:

(1) = R(ON (1), N® (1) = R (1)n® (1)| (2.25)
with
R(t) = 23: n®(r) @ N® (1) (2.26)

N@(¢) and n®(r) are called the Lagrangian triad and the Eulerian triad,
respectively.

Substituting Egs. (2.24) and (2.26) into Eq. (2.19), F and its inverse tensor are
described by

F() = 3 40n(0) o N0, F0) = ¥ L ONY0) on0)] 227

Let the mechanical meanings of U,V and R be examined below.
The variation of infinitesimal line-element is given by the polar decomposition
F = RU as follows:
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3 3 3
dx = FdX =RUdX =R > ;NP @ N#Y " ax,N® =R " 2,dx,N" (2.28)
p=1

a=1 a=1

Equation (2.28) means that the infinitesimal line-elements dX%N@‘) (nosum) in the

principal directions N® are first stretched by 4, times to JydX,N® (no sum) and
then undergoes the rotation R as shown in Fig. 2.1.

On the other hand, the change of the infinitesimal line-element by the polar
decomposition VR is described as

3 3 3 3
dx = VRdX = Z ;L/jn(lf) 2nPRrR Z dX,N(“) — Z /“L/)»n(ﬁ) @n® Z ax,n®
p=1 a=1 =1 o=1

3 3
= JudX,n® =" j,RdX,N® (2.29)
=1

o=1

Equation (2.29) means that the infinitesimal line-elements dX,N® (no sum) in the
principal directions N first becomes dX,n® (no sum) by rotation R and then are
stretched by /, times to A,dX,n(* (no sum) (see Fig. 2.1).

As described above, U and V designates the deformation and R the rotation. 7,
is called the principal stretch, and U and V are called the right and left stretch
tensor, respectively.

Letting R* and R? designate the rotations of the Lagrangian triad {N(“)} and the
Eulerian triad {n(®}, respectively, from the fixed base {e,}(a = 1,2,3), they are
given by

3
RE=3Y NY®e, Rf=3n"ge, (2.30)

a=1 o=1

where the following relations hold.

IN® = Rle,, n® = RFe, (2.31)
(2.32)
Considering the particle P and the adjacent particles P’ and P”, we designate

their position vectors before and after the deformation by X, X +dX, X+ 06X
and X, Xx+dx, X+ 0x, respectively. Then, noting (1.116), one has

dx-0x = FdX -FoX = FTFdX - 6X = CdX-5X (2.33)

dX-0X =F 'dx-F 'ox = F TF 'dx-ox = (FF") 'dx-ox = b 'dx-ox
(2.34)
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Fig. 2.1 Polar decomposition of deformation gradient

where

C=FF=0(=C")

and

Ib = FF” = V2 (= RCR)( = b7)|, by = FuFu (2.36)

are the tensors which describe how the scalar product of two line-element vectors
passing through a material point is influenced by a deformation. C and b are called
the right and left Cauchy-Green deformation tensor, respectively. In accordance
with Eq. (2.24) they are described by

3 3
C=YZ2NUeNW b=3Y /2n® gn® (2.37)
a=1

=1
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The principal values 4, are obtained by the solutions of the characteristic equation
22 =12 = A+ =0 (2.38)

based on Eq. (1.177), where

1 1 1
I, = rC, II, = = (rC — trC?), I, = 8tr3c - 5trCtrc2 + gtrc3 (2.39)

1
2
The principal values and directions are calculated by the method described in 1.6.
The similar equations hold for b instead of C. Using the relative description
(Eq. 2.8), the relative deformation gradient tensor in the reference configuration
x(T) is defined as

F(1) = g:((?) (2.40)

which is related to the deformation gradient F(¢) (= ¢F(¢)) as

F(1) = = = F(1)F(7) (2.41)

and is further expressed in the polar decomposition as
where {C(7), ¢b(#) defined by
«C(1) = (:F(1)) " <F(1) = U (1)
(2.43)
(1) = F(1) (:F(1)" = V(1)

which are called the relative right and the left Cauchy-Green deformation tensors.

2.4 Strain Tensors

Consider the scalar quantity which changes only by the pure deformation but is
independent of the rotation. Subtracting Eq. (2.34) from Eq. (2.33), one has

2EdX - 5X(= 2E3dX,6X5 )

2.44
2edx « 0X(= 2e;dx;0x;) ( )

dx«0x — dX-0X = {
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where
1 S DEPE 1 ox\"foxy ]
E=(C-D=5U -1 = (FF-1) = (ax) =) -1
1 1/ 0x; O.
Esxp = 3 (FraFip — 0ag) = 3 (ﬁa—;}; — 5AB)
N DN PR P | M AN
e=s-b")=3A-V ) =SA-FF) =3 |1-(5) 5

_1 —1 _1 1/. 0Xgx0Xg
ej =5 105—(F ) (F gl =5 (bij " om Ox,

(2.45)

which are defined by C and b describing the pure deformations. Applying the
quotient law described in Sect. 1.3.2 to Eq. (2.44), it is confirmed that E and e are
the second-order tensors.

If a deformation is not induced, the triangle PP’P” keeps the same shape as in the
initial state and thus the left-hand side in Eq. (2.44) is zero so that E and e are zero
independent of rotation. Conversely, if E # O, e # O, the left-hand side in
Eq. (2.44) is not zero so that the shape of the triangle is not same as in the initial
state, resulting in a deformation. Therefore, E and e are the quantities describing the
deformation independent of rigid-body rotation and called the Green (or
Lagrangian) strain tensor and the Almansi (or Eulerian) strain tensor, respectively.
Using the displacement vector

Ou
=x—X=uel, —=F-1I 2.46
u=x-X-uel o (2.46)

they are expressed by

1[ou  fou\ [ouY [ou | (Ous  Oup  Oug dug
E=3 ax+(ax)+(ax> (ax> ’ EABz<m+m+aanxB>

o L[ou, (ou\ (ou\ (ou (O 0y O O
T2 | ox ox 15).4 ox €= 2\0x;  Ox; Ox; Ox;

(2.47)
The following relation exists between them,
[E = F7eF|, Ex5 = FisFipe; (2.48)

Now, consider the symmetric part of the displacement gradient which is the
eliminations of the third terms in the brackets E and e in Eq. (2.47), i.e
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ou\ 1[ow  /ou\| Ouy  Oug
e=(<)=clc+tl=) | = —t+
ox) 2 lox T \ax 0Xp | OX,

_ (2.49)

1
(F+F") -1, enp =3

| =

or

~/ou\ 1[ou fouY] (I 1 (0w Ou
o= (0) =3 (an) | =120+ =5 (50 )

(2.50)

which describe roughly deformation, depending not only on U or V but also on the
rotation tensor R. Besides, the Lagrangian and the Eulerian tensors explained in
Sect. 4.4 are mixed without the distinction of X and x. Then, € is called the
infinitesimal strain tensor. The difference of Egs. (2.49) and (2.50) vanishes in an
infinitesimal deformation leading to dx = dX. It possesses various impertinence as
will be described in Sect. 2.6.

In what follows, the geometrical interpretation of E and e will be given.

Considering the case that the two infinitesimal line-elements PP’ and PP’
coincide to each other, i.e. dX = 6X, dx = 0x and denoting its direction vector in
the initial configuration by N(||N|| = 1), it follows from Eq. (2.44) that

2EN-N||dX|?

2.51
2eN-N||dx||* (251)

ldx|[* — [|aX||* = {
Selecting the X;-axis for this line-element, (N1, N2, N3) = (1, 0, 0) holds and thus

we have
L [[ax|* — ||aX|* /1y |ldx]] |2
=3 X||dx||2 (:E[(Hd;H) _ID

2 2
- % ||dX|||dX||||2dX|| ( :% [1 B (IIlil;Ill )ZD

(2.52)

from which the ratio of the line-elements before and after the deformation is given by

HdXH 1/\/1—2611

In the case that the variation of the length of the line-element is infinitesimal
(I|dx||/1|1dX]| = 1), Eq. (2.52) becomes
g ol = 1]
[laX]]|
o lax]| = [laX]]
- lax]]

=X (2.54)


http://dx.doi.org/10.1007/978-3-319-48821-9_4

76 2 Motion and Strain (Rate)

so that E1; and e describe the rate of elongation coinciding with the normal strain
in the infinitesimal strain €.

On the other hand, denoting the direction vectors of the two distinct infinitesimal
line-element PP’ and PP” as N’ and N”| respectively, in the initial state and the
angles contained by them as 0, it holds from Eq. (2.44) that

[ldx|l|ox|| cos 6 — [|aX||[|6X]| cos By = 2EN'-N"[|dX[[[|6X]| (2.55)
ie.
||dx|| H5X|| ! 1" AN
cos O — cos Oy = 2EN’ -N" = 2E;N;N; (2.56)
[|aX || {]oX]] T

where 6 is the initial value of 0. Here, assuming that the infinitesimal line-elements
PP’ and PP” were mutually perpendicular before a deformation, i.e. 0y = /2
leading to cos 0y = 0, and making their directions coincide to the X; — and X;-axes,
ie. (N}, Ny, N3) = (1,0, 0), (NY, Ny, N§) = (0, 1, 0) leading to E;N;N;' = Ea,
it follows that

_ U laxt] Xl L] Jlox]
2]Jax|[[1X]] ™" = 2]aX][]ox]

sin(n/2 — 0) (2.57)

12

which describes the half of decrease in the sine of angle contained by the two
line-elements which were mutually perpendicular before deformation when the
changes in lengths of these line-elements are infinitesimal (||dx||/||dX]|| = 1,
[|0x]||/||0X]|| = 1). Furthermore, when the change in the angle formed by these
line-elements is infinitesimal (0 =2 7/2), one has

En = (n/2—0)/2 (2.58)

Consequently, Ej, describes half of the decrease in the angle contained by the two
line-elements which were perpendicular before deformation.

In addition to the Lagrangian and Eulerian strain tensors defined above, we can
define various strain tensors in terms of U or V, fulfilling the condition that they are
zero when U =V =1 as follows (Seth 1964; Hill 1968):

1 2m
EM —U) = 3 U~ D form#0 (2.59)
InU form =20
! (V¥ —1) f #0
e = (V) ={ 2m or.m (2.60)
InV for m=0
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where 2m is the integer (positive or negative). The Green strain tensor is obtained
by choosing m = 1 in Eq. (2.59) and the Almansi strain tensor is obtained by
choosing m = —1 in Eq. (2.60). The Biot strain tensor (Biot 1965) is given by
choosing m = 1/2 in Eq. (2.59), i.e.

(2.61)

The generalized strain tensors in Egs. (2.59) and (2.60) are mutually related by
virtue of Eq. (2.23) as follows.

E"™ = RTe™R (2.62)

The strain tensors in Egs. (2.59) and (2.60) are coaxial with U and V, respec-
tively, and their principal values are given by

1 2m_
f(0) = %(i“ 1) for m#0 (2.63)
In 4, for m=0
for o= 1,2,3. The function f(4,) fulfills
f)y=0,f(1)=1 (2.64)
and
f(s)>0 (2.65)

where s is an arbitrary positive scalar quantity. The function f(/,) for several values
of m is shown in Fig. 2.2.
(Note) Eq. (2.63), for m = 0 is derived as follows:

exp(m In4,)—1 exp(m In,) In A,

1
lim — (2)—1) = lim = lim

=1In/, (nosum
m—0m m—0 m m—0 1 “ ( )

by the aid of I’Hopital’s.

Further, adopt the second-order tensor function f(U) which is coaxial with the
right stretch tensor U and has the principal values f(4,). Therefore, we can define
the general strain tensor in the spectral decomposition as follows:

f(U) = i (i, )N® @ N® (2.66)

a=1

In addition, for the left stretch tensor V, we can define the following strain tensor.

3
f(V) = fj fUan® @n@| = "f(2,)RN® @ RN® = RE(U)R"  (2.67)
a=1

=1

noting Eq. (1.106).
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m=1
S(A)

1.5 /m=1/2

’/

/7
1 4
/. ’—’—m:O
0.5 //’ ............. m=—1/2
/ """"

Fig. 2.2 Function of general principal strain measures

In the particular case of m =0, noting 4, > 0, the strains defined by the
following equation are called the logarithmic or Hencky strain tensor.

Lagrangian-logarithmic strain tensor: E©) = 23:1111 )baN(‘“) @N® = nU = %lnC
o=
Eulerian-logarithmic strain tensor: (¥ = ;Zl In.,n® @n® =mV = %lnb
(2.68)
where

by =U,=Vy=1/C,= /b, (2.69)

U,,C,,Vy and b, being the principal values of U, C,V and b, respectively.
When the principal directions of U and V are fixed, the following equations hold
in these directions.

Xo
= ox, (no sum) (2.70)
. . Ox, \ / Ox ox
0)y — (500 _— o 2\ _ °_ L) — .
(E™), = ("), (8X“> <8Xa> ox, (Indy)* = dyy (nosum) (2.71)

where In 4, in Eq. (2.70) is the logarithmic strain and d,, (no sum) is the principal
component of the strain rate tensor defined in the next section. It follows from
Eq. (2.68) that
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3 1 3 3
wE©® =Y Ini, = 52'" Cy =Y InU,=In(UU,Us)
a=1 a=1 a=1

5 i 3 (2.72)
re® =3 Ini, == Inb,=)» InV,=In(V;V,V.
re gn“ 2;n ;n n(V1V,V3)
which is nothing but the logarithmic volumetric strain
3.0
trE©) = tre(®) = az:: In 3;0; =InJ = ln% =g, (2.73)

The Hencky strain is relevant to the strain rate defined by the symmetric part of the
velocity gradient, as the rates of principal components and volumetric part in the
former coincides to the latter as will be described in Sect. 2.6.

2.5 Strain Rate and Spin Tensors

The idealized deformation process in which the deformation is uniquely determined
by the state of stress independent of the loading path is called the elastic defor-
mation process. To describe it, it is required to introduce the strain tensor describing
the deformation from the initial state and relate it to the stress. Here, since the
superposition rule does not hold in the strain tensor, the null stress state is chosen
usually as the reference state of strain.

On the other hand, the deformation is not determined uniquely by the state of
stress depending on the loading path and thus it cannot be related to the stress in the
irreversible deformation process, e.g. the viscoelastic, the plastic and the vis-
coplastic loading processes. Therefore, it is obligatory to relate the infinitesimal
changes of stress and deformation and to integrate them along the loading path in
order to capture the current states of stress and deformation.

Here, introduce the velocity gradient tensor defined as

ov Bvi _

Noting ¥ = 9%/0X = 0v/0X (dv = FdX) and the chain rule of derivative,
Eq. (2.74) can be rewritten as
ovoX .
=__—=FF"!
0X Ox

L 6v,~ 6XA
F=IF)l=—— 2.
( l )7ll] aXA 8Xj ( 75)

(dx)* = ldx (2.76)
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noting

(dx) =dv = &dx

(dx)*, i.e. dv describes the rate of the infinitesimal line element, i.e. the relative
velocity between the velocities of material particles in both sides of infinitesimal
line element dx. Here, we can choose the time T( <¢) to be arbitrary, resulting in

1 = (F(1):F ' (1) because the velocity gradient tensor I is substantially independent
of the reference infinitesimal line element dX but dependent only on rates of
deformation and rotation. Now, choosing the current state for the reference state
leading to ,F~!(¢) = I, the velocity gradient tensor I can be expressed in the updated
Lagrangian description as follows:

1= () (2.77)

Further, taking the time-derivative of Eq. (2.42) and noting ,R(¢) =,U(r) =
V(¢) =1, it follows that

F() =, 00) +R(@) =, V(@) +R() (2.78)

Decomposing I additively into the symmetric and the skew-symmetric parts and
noting Egs. (2.75)—(2.78), it is obtained that

(2.79)

where

B T
d= %(I—FIT) :% ? + (?) = zij(t) = t‘.l(t)
Ox  \9x/) | (2.80)
v 2 8Xj B.X,'
W= 1 (-1 1 [ov <8v> 7] R(t)
= = — = < |= — ~ =1t

o 1 (E)vi an)
2 ij 8xi
where d is called the strain rate tensor or deformation rate tensor or stretching and
w is called the (continuum) rotation rate tensor or continuum spin tensor. Here,
note that d is not a time-derivative of any strain tensor but is defined independently

as the rate variable although it is called the strain rate tensor. In addition, note that
the time-integration of d cannot play any deformation measure in general, because
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it concerns with different material line-elements which rotate with material. Only
the time-integration of axial component of d coincides with the axial component of
the Hencky strain in Eq. (2.68) if the axial direction is fixed.

Substituting Egs. (2.19) and (2.75) into Eqgs. (2.80) and (2.81), d and w are
described by U, R as follows:

d= % [FF- 4 (FF)T) = %{(RUY(RU)” +(RU) " [(RU)T"}

1 . .
= ER(UU*l + U '"U)RT

n ) (2.82)
w=[FF~ - (FF)") = 3 { (RU) (RU) ' - (RU) "[(RUY]"}
o 1 . .
= RR’ + ER(UU*I ~U'O)R
Consequently, we obtain
1 LS
d=_R(U+ U")R”
L. (2.83)
w=0QF ¢ SR(U - U"R”
where
U=0U" (2.84)
(2.85)

QF is called the relative (or polar) spin tensor. Further, d and w are described by
V, R as follows:

_1
2
1 . . 1 . .

(VW4 v IV 4 5 (VRR'V™T — V-IRR"VT)

d = { (VR (VR) ™" + (VR) "[(VR)T" |

(2.86)

w={ (VR (VR)™" = (VR) "[(VR)]"}
oR7v-1 -TppTvl l . -1 —T~sT
VRR'V™' 4+ VIIRRIVT) + 2 (VVT = VIV

—~

N == N

and thus

(2.87)
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where

V=vv! (2.88)

QFf = vary! (2.89)

It follows from Eq. (2.30) that

o = -

(N® @ e (N 2 ey)'

£ Mw

o,f=1
3 3
— Z (N(fx) ®e® £ N® g é(%))e(/f) @ N®) (2.90)
a,p=1
3
— Z N©® @ N®
a=1
and thus one has
N® = Q'N® (2.91)

noting &(* = 0 since {e(*} is the fixed base. Therefore, Q" describes the spin of
the Lagrangian principal triad {N*} of the right stretch tensor U and is called the
Lagrangian spin tensor. The components of QF in the Lagrangian principal triad
{N®)} are described as

Qé/; — N®.QIN®) — N® .N® (2.92)

On the other hand, it follows from Eq. (2.30) that

o = R -

(n<°‘) ® e(“))'(n<ﬂ) ® e(ﬂ))T

e

o 1

ki

(2.93)
7® & n®

|
e

1

Iy
Il

and thus one has

n* = Qfn® (2.94)
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Therefore, QF describes the spin of the Eulerian principal triad {n<°‘>} of the right
stretch tensor V and is called the Eulerian spin tensor. The components of QF in

the Eulerian triad {n*} are described as
Q“ﬁ —n®.0Fp® — n@ . [®
It follows from Eq. (2.27) that
F=)" P“n“ ® N* + 2,(0* @ N* +n® @ N*)
o=1

which is rewritten by Egs. (2.91) and (2.94) as

3
:Z/Ia ) o N® + QFF — FQL

or by Egs. (2.92) and (2.95), Eq. (2.96) leads to

3 3
F=>"7n"aN+ 3" (205 - 1,20 @ NP
= o,f=1

Here, it holds that

RRT: ‘) @ N

Mw

R
T
L

n® & NE)N® @ n#)

Il
Mw

R
T
L

o, fy=1

“ T\Mw

_ [;,(a) on® - n® & NO (RO & NONO @ n(ﬁ)}

xf=1

and thus the following relations hold.

[n@ 20 £ n® @ NOND @ NOWO g n(/f)]

of = OF _ROQIR7, OF = OF  RQ'RT, QF = RT(QF - QF)R]

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)
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The velocity gradient is described noting Eq. (2.27) as

3 3
1
_ @) g N@ | ST LN® @n®
_<Zﬂmn ©N )ZzﬂN ®n
a= p=1
3

3
] . . 1
_ Z ( 7.n® @ N® 4+ 2,480 o N 4 1,n® @ N<a>) Z ;_N<I?) on®

a=1 =1 7B
(i Ny
=3 (Zn® @n® +i® o0 |+ S 2 (Nm .N<ﬁ>)n<a> @n®
1 )"O( — iﬂ
o= o,f=1
(2.100)
which is rewritten using Eqs. (2.92) and (2.95) as
5 3
Ay
- MW G (@) ( #B)
I—Zi%n“é@n“‘—i-Z(Qaﬁ 7 ok )n“@n (2.101)
=1 o, =1
from which the strain rate and the continuum spin are represented as
or () () . /12 ;”/3 )
d=> “n"” ’ o 2.102
;ixn @n er:1 iy Lo @n (2.102)

S (gr Pt ®)
w=> |- YWY QL @n® (4 £ p) (2.103)

o, fi=1
noting
dzz%anm on® 4 L i: ['1_ (NG N 1 28 (&) N(a))} n® & n®
1 Mo 21’/3:1 AB Ay
(2.104)
1 3
w23 (3¢ @0 —n® o h)
a=1
LS [ o0 Ny 2 (8 N | 0@ 0
F 23 |2 N0 NG - 2RO ND) [n® g n (2.105)
20(,/5:1 /1/3 Ay

- <Z n® @ n<“)> —i=o0 (2.106)
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From the relation
=i
o B AL
dyp = ——Q 2.107
Y PR (2.107)
obtained from the anti-symmetric part in Eq. (2.102), the Lagrangian spin is

written as
20408

@ = 7 (2 F P) (2.108)
5 — 22

The Eulerian spin is given from Eq. (2.103) as follows:

2422
Q= W - 715 /1/; dap (o 7 ) (2.109)
x 7B

In the rigid-body rotation (fJ =U=V=V-= 0, NO® = 0), it follows from
Eqgs. (2.79), (2.83), (2.90) and (2.99) that

I=w=0f=0F Q=0 (2.110)
In what follows, we consider the physical meanings of d and w.

The relative velocity of the particle points P and P/, the current position vectors
of which are x and x + dx, respectively, is given by

dv = ldx (2.111)

from Eq. (2.76) and it is additively decomposed as

dv = av? +av” (2.112)

where
dv! = ddx (2.113)
dv” = wdx (2.114)

The following equation is obtained for the infinitesimal line-element
dx = dx;e; (no sum).
av?

di = dj (no sum) (2.115)

1
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noting

dx dv?  avf

dji = ej.dei :ej.dazej. I = .

(2.116)

with the aid of Eq. (2.113). Therefore, dj; is the ej—component of the relative
velocity dv? of the unit line element (dx; = 1) in the e;—direction. Consequently,
the infinitesimal line-element dx = dx;e; (no sum) rotates in the velocity given by
the tangential component dj;(j # i) of the strain rate d.
On the other hand, denoting the axial vector described in Eq. (1.139) for the
skew-symmetric tensor w by @, it holds that
~ 1

w; = — Egirswrsy Wij = —&jjr (/I)r (2 1 17)

and thus Eq. (2.114) is rewritten from Eq. (1.142) as
dv" = @ X dx, dv) (= wisdxy = —&i50dXs) = Eipg,dX (2.118)

Therefore, the arbitrary line-element dx rotates in the peripheral velocity dv” and
angular velocity o, termed often the spin vector, by the continuum spin w, whereas

2w is called the vorticity.
Noting Eqgs. (2.112)-(2.118), it follows for the material line element dx;e; that

dv = l,-jei X ejdxlel = lj1dx1e;/= (dz] + wz1)dx1e2 +dq1dxe

(2.119)
= (dip —wi)dxie; +dy1dxie; = wzdxie, +dydxe;
as shown in Fig. 2.3, where we set
W3 = —Wp+dp=w;+dp; (2120)

dVW = @3dxle2

X2
=— ledxlez

dv;j= dlde1e2

dV]d: dudxlel
ax = dx&l

Fig. 2.3 Extension and rotation of the line-element
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Dy =0;+d; =—W,+d;
/
(dyy, @5+ dyp)

W3 =—W,

(dy, 03— d,») _/

0 d, dy+dn d, dy,
2

Fig. 2.4 Circle of relative velocity

w3 designates the clock-wise angular velocity of the line-element. @3 denotes the
average angular velocity of the line-elements in the plane, which coincides with the
angular velocity of the line element in the principal directions of strain rate fulfilling
di» = 0. By choosing d,,, d; for T,,, T; described in Sect. 1.14, the relation of the rate
of elongation and the rate of rotation is shown in Fig. 2.4. It is depicted by the

circle of relative velocity with the radius \/ [(d1) + dx)/2)* + d%, centering in

((d1 + da22)/2, @3) in the two-dimensional plane (d,, @s3).
The parallelepiped in the principal directions of the strain rate d rotates by the

angular velocity ® as shown in Fig. 2.5.

0=
dydx, (=)

Fig. 2.5 Deformation and rotation for principal directions of strain rate
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The rate of the scalar product of the vectors dx and 0x of the infinitesimal
elements connecting the three points P,P’,P" with the position vectors
X, X+ dx, X+ Jx, respectively, is given noting Eq. (1.116) as follows:
(dx+0x)* = dv+0x+dx-ov
ov ov av ov\"
= _—dXx-0x+dx- —0x =1 |=— — | |dx ;<9
8XX X+X(9XX {l8x+<8x>1x} X

leading to

|(dx-6x)" = 2ddx- x| (2.121)

If the vicinity of the particle P undergoes the rigid-body rotation, the quantity in
Eq. (2.121) for an arbitrary scalar quantity dx-Jx is zero and thus d = O has to
hold. Inversely, if d = O, the quantity in Eq. (2.121) for the scalar quantity dx - dx
of arbitrary line-element vectors becomes zero and thus it can be stated that the
vicinity of the particle P does not undergo a deformation. Then, d = O is the
necessary and the sufficient condition for the situation that a deformation is not
induced, allowing only a rigid-body rotation.

Denoting the lengths of the line-elements PP’ and PP” as ds and Js, respectively,
and the angle contained by them as 6, it holds that

(dx+ 0x)* = (dsds cos 0)*

= { {(‘fs)o n (5;3'] cos 0 —  sin e}dsas (2.122)

Further, denoting the unit vectors in the directions of the line-elements PP’ and
PP” as p and v, respectively, and noting dx = pds, ox = vds, it holds from
Egs. (2.121) and (2.122) that

(ds)*  (0s)° Dsing — — 2d;
{7 + o cos 0 — 0 sin0 = 2dp-v (= 2d;1;v;) (2.123)

If the particles P’ and P” chosen in same direction (6 = 0), it follows from
Eq. (2.123) that
(ds)” _

) _ du. 2.124
s pep ( )

The left-hand side of Eq. (2.124) designates the rate of elongation of the
line-element. Therefore, the rate of elongation is given by the normal component of
d in the relevant direction, noting Eq. (1.102).
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On the other hand, choosing the line-element PP” to be perpendicular to the line
element PP’ (0 = =/2), it follows from Eq. (2.123) that

—f2dp-v (nev=0) (2.125)

The left-hand side of Eq. (2.125) designates the decreasing rate of the angle con-
tained by the two line-elements mutually perpendicular instantaneously and is
called the shear strain rate.

Next, the relations of the rate E of Green strain tensor E and the rate é of the
Almansi strain tensor e to the strain rate tensor d are formulated below.
The material-time derivative of Eq. (2.44) is given by

(dx-0x)" = 2EdX-8X (2.126)
It follows from Egs. (2.121) and (2.126) that
ddx-0x = dFdX -FoX = E dX-6X (2.127)

from which, noting Eq. (1.116), we have the relation of Green strain tensor to the
strain rate tensor as follows:

[E=F'dF,d=F "EF| (2.128)

which is obtained also from

E= % (F'F—1) = %(FTF +F'F)
= % [ (F~"F")F + F" (FF')F |
= % (F'I"F + F'IF) = % F'(I" +I)F
= F'dF (2.129)
Next, the time-differentiation of Eq. (2.45), leads to
6= —%(I'T’TF’I +FTF Y (2.130)

Here, it follows from (FF~!)* = FF~! + FF~' = O with Eq. (2.75) that

R (2.131)


http://dx.doi.org/10.1007/978-3-319-48821-9_1
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which is derived also by

o JOF OFTT 0 (0X) 0 (X
" ox © or\ox) Tox\ox)Y

9 (X | 9 (X OXov_ 9 (0X  OX OX Ov
“ox\or o ox

X Ox _ Ox

ax \ox | % Ox

_OX 9Xov_ Xy

noting that the inside of the bracket () in the last side of Eq. (2.132) is the
material-time derivative of the initial position vector X and thus it is zero.
Substituting Eq. (2.131) into Eq. (2.130), one has

:lT BI _ % (1- F—TF—I)} + % [1 - (%1 - F‘TF‘1>]I (2.133)

lTGIe) + (;Ie>l

from which one has the relation of the rate of the Almansi strain tensor to the strain
rate tensor:

e=d—1"e—el (2.134)
Equation (2.134) is rewritten as
b—d- % 1) — (- lT)]e—%e[(l—i-lT) =17
and thus we obtain
é—we+ew=d— de—ed (2.135)
where

(2.136)

is called the Zaremba-Jaumann rate of Almansi strain tensor, while the

Zaremba-Jaumann rate will be explained in Sect. 4.4. E =¢é =¢&" = d holds in the
initial state (F =1, E = ¢ = O) and thus all the strain rates mutually coincide by
Eqgs. (2.128), (2.134) and (2.136).
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2.6 Logarithmic and Nominal Strains

In what follows, let d and ddt be designated as & and de, respectively.
If the direction of the material line-element always coincides with the x;-axis, the
principal strain rate in this direction is given by

e 5‘1'4, o 812, . 81'4, / 8u,-
di =& = a—xl = m = aXl (1 + BXI) (nO Sum) (2137)

The time-integration of Eq. (2.137) leads to

0X; 0X; !

Ou; Ox; )
& =1In (l + & ) =Int = 1nj; = EY = efo) = In(1+¢;) (no sum)

(2.138)

Therefore, the time-integration ¢; of principal strain rate d; does not coincide with
the principal infinitesimal strain g in Eq. (2.50). Setting 0X; — [,
Ox; — I, Ou; — 1 —I°, where I° and [ are the lengths of the line-element in the
initial and the current states, respectively, it follows that

l
& = lnl—0 =In(l+¢,)
-0

lO

(2.139)
&€

Consequently, the time-integration of principal component of strain rate tensor d
and the Hencky strain tensor E© and e© coincide with ¢ which is called the
logarithmic (or natural) strain, provided that their principal directions are fixed. On
the other hand, the principal value of infinitesimal strain tensor € does not coincide
with them and it is called the nominal strain.

It follows from Eq. (2.139) that

|6 = 1n,2( 2 0.693) for [ =20" and &= —oo for l:0|} (2.140)

g= +1forl=2° and ¢,= —1forl=0

Therefore, the magnitude of nominal strain in the deformation that the material
length becomes zero, i.e. the material diminishes is identical with that in the
deformation that the material length becomes only twice. As a practical example,
about 5 % difference is induced in the nominal strain for 10 % elongation as known
from €;/e; = 0.1/In(1.1) = 1.049 for [ = 1.1 x . This property would cause the
inconvenience for the adoption in constitutive equation for the wide range of
deformation.
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Further, one has

" ll 12 "
A
1)1 l l
IU 10 [1 ln—l
i.e.

" & 2 "
On the other hand, one sees
n— lO ll _ lO 12 _ ll " — lnfl
0 # 0 + T +o Tt Tt

Thus, it follows for the superposition of strains that

(= T g
(2.141)

O~n 0~ 1 0~2 n—1l~n
€ #85 +8,' +"'+8i

while 2~? designates the longitudinal strain in the x;-direction when the length of
the line-element changes from I to I”, provided that the principal direction of
strains are fixed. Consequently, the superposition rule holds in the logarithmic
strain but it does not hold in the nominal strain.

Furthermore, one has

N N A A
=g +1Ing +1Ing
T B

hmyJ%@#h—ﬁ+h—g -1
R58 R 5 5

where [j, [, I3 are the lengths of line-elements in the directions of three fixed
principal strains. Thus, it follows for the sum of the principal strains that

3
v
&= lnv = ;si: In(1+¢,)

-V 3
8\':vv #;Si

where V and v are the initial and the current volumes, respectively, of material.
Therefore, the sum of logarithmic strains in orthogonal directions coincides with the
logarithmic volumetric strain but the sum of nominal strains in orthogonal

(2.142)
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directions does not coincide with the nominal volumetric strain. Further, it follows
from Eqgs. (2.137) and (2.142) that
v

. Vo,
d=¢=ttd=-#¢,= —
v

v (2.143)

Therefore, the volumetric strain rate trd coincides with the material-time derivative
of the logarithmic volumetric strain ¢, but it does not coincide with that of the
nominal volumetric strain €,.

Consequently, the nominal strain is applicable only to the description of
infinitesimal deformation, so that the logarithmic strain should be adopted to
constitutive equations for finite deformation.

2.7 Surface Element, Volume Element and Their Rates

Presuming that the line-elements dX%, dX’, dX¢ change to dx?, dx’, dx° by the
deformation, the following relation holds for the volume element before and after
the deformation by exploiting Eq. (1.150);.

dv = [dx* dx" dx‘] = [FdX* FdX’ FdX‘] = detF[dX* dX” dX‘] = det FdV
(2.144)

which can be also derived from Egs. (1.16), (1.55), (1.56), (2.6) and (2.16).

dv = (dx* x dx") «dx° = edxiddx;,

s dxh o dx§ FigdX$ FirdXh FirdX§
=|d¥ dxf dx|=|FirdXs FardXh FordX§
axs  dxy  dx FirdX§ F3pdXh FardX§
Fiu Fi Fi3 dXx¢ dX{’ dXy
=||Fu Fxn Fy||dX$ dXxb dXs
F31 F3 Fs| [dx¢ dxb dXx§
Fiy Fip Fuil||dXy dx} dx§
=|Fy Fxn Fy|ldX§ dXb dX§|=Jav
F31 F3 Fs||dX¢ dxb dX§
from which one has
dv_ po
J:detF:W:;( (2.145)
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where p, and p are the initial and the current mass densities. On the other hand,
denoting the areas and the unit normal vectors of the surface elements formed by the
two line-elements dX“, dX’ and dx®, dx” as dA , N and da, n, respectively, we have

dV= [dX® dX’dX‘)= (dX* x dX?)-dX® = NdA - dX*
dv= [dx? dx’ dx‘]= (dx* x dx’)+dx¢ = dx+nda = FdX® -nda = F'nda-dX*
(2.146)

noting Eq. (1.116). The following Nanson’s formula is derived from Eqgs. (2.145)
and (2.146).

I
nda = JF""NdA, NdA = jFTnda (2.147)
or
1
da=JFTdA, dA = jFTda (2.148)
where
da=nda, dA =NdA (2.149)

It follows from Eq. (2.145) noting Eq. (1.121) that

= (detF)'=tr (ad@e—lf,F FT> = tr[(det F)F TF"] = w[J(FF 7] = Jul

Then, the following relation holds for the rate of volume element, noting trl = trd.

avr (dV) j . . B
ox,  dv = e (dv): = JdV = dvtrd (2.150)

& =d, =trd =

which was derived already in Eq. (2.143) exploiting the principal values under the
fixed principal directions. Then, the time-integration of the volumetric strain rate
leads to the logarithmic volumetric strain.

dv
, = | trddt = In— 2.151
£ / I ndV ( )

which was shown already in Eq. (2.142).
Moreover, it follows from Eq. (2.75) and the Nanson’s formula (2.147) that

“TNdA)'= (JF T +JF T)NdA

(nda)'= (JF
[(trd)I + F~TFT]F~"JNdA
[
[

(trd)I — F"F'|nda
(trd)I — I"|nda (2.152)
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On the other hand, noting n-n = 0 because of n-n= 1 for the unit vector n, it
follows that

(da)’ =n-n(da)* =n-|(nda)’ — nda) =n-(nda)* (2.153)

Substituting Eq. (2.152) into Eq. (2.153), one obtains the rate of the current
infinitesimal area as follows:

(da)* = n-[(trd)I — "] nda (2.154)

or

|(da)* = (trd — n-dn)da] (2.155)

Further, it holds from Eqgs. (2.152) and (2.155) that

nda = (nda)" — n(da)

— [(trd)I — I"nda — n|(trd)—n - dn]da (2.156)

Then, the rate of the unit normal vector of the current surface element is given by

h = [(n-dn)I —{"]n| (2.157)

2.8 Material-Time Derivative of Volume Integration

Supposing that the zone of material occupying the volume v at the current moment
(t =1t) changes to occupy the volume v+ dv after the infinitesimal time (r =
1+ 9t), the material-time-derivative of the volume integration [ T(x, t)dv of the
physical quantity 7(x, ¢) involved in the volume is given by the following equation.

( / T(x, t)dv) _ 355% [ / PSR / T(x, z)dv]

— lim [ / (T(x, 1481) = T(x, 1) }dv+ /b T t+5t)dv}

It—0 5t
(2.158)

The integration of the first term in the right-hand side in Eq. (2.158) is transformed as

limé / [T(x, 14 5) — T(x, 1)]dv = / de (2.159)

ot—0



96 2 Motion and Strain (Rate)

On the other hand, the second term in Eq. (2.158) describes the influence caused by
the change of volume during the infinitesimal time increment. Here, the volume
increment Jv is given by subtracting the volume flowing out from the boundary
of the zone from the volume flowing into the boundary, which is the sum of
dv(= v+ndadt) over the whole boundary surface (Fig. 2.6). Therefore, substituting
the Gauss’ divergence theorem in Eq. (1.324) and ignoring the second-order
infinitesimal quantity, the integration of the second term in the right-hand side of
Eq. (2.158) is given by

1 1
lim — [ T(x, t+0f)dv = lim — [ T(x, r)dv
ot—=00t /s, =00t Js,

1
= lim — [ T(x, t)v,n,dadt = / T(x, f)v,n,da

5t—0 Ot a a
_[OT(x, t)v, ,  [OT(x,1) ov,
7/VTdV7/VTxrvrdv+/vT(X’ t)a—xrdv

The sum of the first term in the right-hand side in this equation and the Eq. (2.159)
is equal to the material-time derivative of T(x, 7) by virtue of Eq. (2.12). Then,
Eq. (2.158) is given by

([ T(x, t)dv)' :/V :T(x, 1)+ T(x, t)g—:: dv = /V [T(x, 1) + T(x, 1)divv]dv

(2.160)

which is called the Reynolds’ transportation theorem.
Equation (2.160) can be obtained also by the following simple manner.

( / T(x, t)dv>. = ( /V T(X, t)JdV>.: /V (T(X, 1)J +T(X, 1) J)dV
= / (T(x, )+ T(x, 1) g;:)dv

Fig. 2.6 Translation of a material in zone
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where V is the initial volume. Here, Eq. (2.150), i.e. J = dv/dV and J /J=0v,/x,
hold.

For the physical quantity 7" kept constant in a volume element, say a mass,
Eq. (2.160) leads to

/ (T(x,1) 4 T(x, )divv)dv = 0 (2.161)

v

The local (weak) form of Eq. (2.161) is given as

[7(x, 1) + T(x, )divv = 0] (2.162)
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