
Chapter 2
Motion and Strain (Rate)

The tensor analysis providing the mathematical foundation for the continuum
mechanics is described in Chap. 1. Basic concepts and quantities for continuum
mechanics will be studied in the three chapters up to Chap. 4. The description of
motion and deformation of a material body constitutes the basic introductory part of
the continuum mechanics. Various expressions of motion and a variety of strain and
strain rate measures are employed for the description of reversible and irreversible
deformations of materials. Some selected basic expressions and measures will be
explained in this chapter.

2.1 Motion of Material Point

A material body is assembly of material particles (or material elements). The map of
positions of material particles in a space is referred to as the configuration. Here, the
configurations in the initial time t ¼ t0 and the current time t are called the initial (or
Lagrangian) configuration and the current (or Eulerian) configuration, respec-
tively. Deformation is described by the change of configuration from a particular
configuration which is called the reference configuration. Here, the reference
configuration can be chosen at arbitrary intermediate time sðt0 �s� tÞ is called the
reference time.

The position vectors of material particle in the initial and the current configu-
rations are designated by X and xðtÞ; respectively. Here, X is fixed and thus it can
be regarded as a label of each material particle. The motion of material point during
the time t0 ! t is described as

x ¼ vðX;tÞ; X ¼ v�1ðx; tÞ ð2:1Þ

Besides, the motion of material point during the time t0 ! s is described as
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xðsÞ ¼ vðX;sÞ; X ¼ v�1ðxðsÞ;sÞ ð2:2Þ

The fact that a material does not overlap or separate by the motion of material
requires the existence of the one-to-one correspondence between X and x (x is
uniquely determined by x and vice versa) so that x1ðX1;X2;X3Þ; x2ðX1;X2;X3Þ and
x3ðX1;X2;X3Þ must be mutually independent. Now, let the mathematical require-
ment for this fact be derived by the reductive absurdity. x1; x2; x3 are not mutually
independent if they satisfy the constraint

f ðx1ðX1;X2;X3Þ; x2ðX1;X2;X3Þ; x3ðX1;X2;X3Þ ¼ 0 ð2:3Þ

from which it follows that
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The equation

J ¼ 0 ð2:5Þ

must hold in order that @f =@x1; @f =@x2; @f =@x3 are determined uniquely on
account of Eq. (1.125) regarding TiJ ¼ @xi=@XJ and vi ¼ @f =@xi; where J is
defined by

J � det
@xi
@XJ

� �
¼ eIJK

@x1
@XI

@x2
@XJ

@x3
@XK

ð2:6Þ

and is called the functional determinant or Jacobian. In contrast, in order that they
are mutually independent, it must hold that

J 6¼ 0 ð2:7Þ

being free from the constraint in Eq. (2.3). The transformation between x and X is
called the admissible transformation, if f1; f2; f3 in x1 ¼ f1ðX1;X2;X3Þ x2 ¼
f2ðX1;X2;X3Þ; x3 ¼ f3ðX1X2X3Þ are single-valued and continuous functions, so that
the Jacobian is not zero as shown in Eq. (2.7). Further, if the Jacobian is positive, a
right-hand coordinate system is transformed to other right-hand one, and it is called the
positive transformation. Inversely, if the Jacobian is negative, a right-hand coordinate
system is transformed to a left-hand one, and it is called the negative transformation.
Admissible and positive transformation with J[ 0 is assumed throughout this book.
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Physical quantity, say T, in the body changes generally with the position and the
time. Physical quantity at current time is described TðX;tÞ in terms of the current
configuration X and the current time t. This type of description of mechanical state
is called the Lagrangian (or material) description. On the other hand, the physical
quantity at current time is described Tðx;tÞ in terms of the current configuration
x and the current time t. This type of description of physical quantity is called the
Eulerian description or spatial description. Further, the physical quantity at current
time can be described in terms of the current configuration xðsÞ at arbitrary ref-
erence time s and the current time t as

Tðv�1ðxðsÞ;sÞ;tÞ ¼ sTðxðsÞ; tÞ ð2:8Þ

sð Þ designating to choose the reference time s as s[ t0: Equation (2.8) is called
the relative description. Specifically, tTðxðtÞ; tÞ is called the updated Lagrangian
description, where the reference configuration is taken as the current configuration,
choosing the reference time as the current time, i.e. s ¼ t: In contrast, the
description TðX;tÞ will be called the total Lagrangian description.

2.2 Time-Derivatives

The time derivative of the tensor in the spatial description

@Tðx;tÞ
@t

ð2:9Þ

describes the rate of the physical quantity at a certain spatial point and thus it is
called the spatial-time (or local) derivative. In many cases of fluid mechanics, a
motion and its history of individual particle from the initial state is immaterial and
thus the spatial-time derivative is often adopted. In contrast, the time-derivative of
the tensor in the material description

@TðX;tÞ
@t

ð2:10Þ

describes the rate of the physical quantity in a certain material particle and thus is
called the material-time derivative. It is denoted by the symbol

T
� � @TðX;tÞ

@t
or

DT
Dt

� @TðX;tÞ
@t

ð2:11Þ

In solid mechanics, the rate of deformation and its history of individual material
particle is required and thus the material-time derivative is used usually.
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The material-time derivative in Eq. (2.11) and the spatial-time derivative in
Eq. (2.9) are related by

T
� � @Tðx;tÞ

@t
þ @Tðx;tÞ

@x
v ; T

�
ij � @Tijðx;tÞ

@t
þ @Tijðx;tÞ

@xk
vk ð2:12Þ

where v � @x=@t is the velocity vector of material particle. The first term in the
right-hand side signifies the non-steady (or local time derivative) term describing
the change with time at fixed spatial point and the second term signifies the steady
(or convective) term describing the change due to the movement of material, which
results from the existence of a spatial gradient of the physical quantity T.

Rate-type constitutive equations for the irreversible deformation of solids, e.g.
the viscoelastic, the elastoplastic and the viscoplastic deformation, must be
described by the material-time derivative pursuing a material particle because they
must describe the relation of physical quantities in each material particle. Here, it
should be noticed that the material-time derivative of physical quantity describes
the rate observed by moving in parallel with material particle as known from
Eq. (2.11) which concerns only with the position vector of material particle and the
time. Then, the objective time-derivative based on the rate of physical quantity
observed by the coordinate system deforming/rotating with a material must be used
for constitutive equations of solids as will be described in Chap. 4.

2.3 Deformation Gradient and Deformation Tensors

At the initial state of deformation (t ¼ 0), consider a material particle, the position
vector of which is X, and the adjacent material point, the position vector of which is
Xþ dX: Furthermore, consider the current state (t ¼ tÞ in which these points move
to the points with position vectors x and xþ dx; respectively. The infinitesimal line
elements before and after the deformation are described as

dX ¼ dXAeA; dxðtÞ ¼ dxiðtÞeiðtÞ ð2:13Þ

where the current base feiðtÞg rotates with the elapse of time so that it changes
different from the fixed reference base feAg; i.e. feiðtÞg 6¼ feAg for t[ 0 in general.
However, the same base is often used for the reference and the current bases for the
sake of simplicity.

Here, based on the relation dxðtÞ ¼ ð@xðtÞ=@XÞdX, we define the deformation
gradient tensor

FðtÞ � @xðtÞ
@X

¼ FiAðtÞeiðtÞ � eA � @xiðtÞ
@XA

eiðtÞ � eA ¼ xi;AðtÞeiðtÞ � eA ð2:14Þ
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FðtÞ is based in the current and the reference bases which can be chosen different to
each other and thus it is called the Eulerian-Lagrangian two-point tensor. The
infinitesimal line-element dxðtÞ is described by dX from Eq. (2.14) as follows:

dxðtÞ ¼ dxiðtÞeiðtÞ ¼ @xiðtÞ
@XA

dXAeiðtÞ ¼ @xiðtÞ
@XA

eiðtÞ � eAdXBeB ¼ FðtÞdX ð2:15Þ

The deformation gradient tensor FðtÞ transforms the reference infinitesimal line
element to the current infinitesimal line element and thus it is the most fundamental
variable for the description of deformation of materials. Equation (2.6) is written in
terms of the deformation gradient as

J ¼ detF ð2:16Þ

Therefore, if J ¼ detF 6¼ 0 holds, the inverse tensor F�1 exists by virtue of
Eq. (1.120), and it is derived from FF�1 ¼ ð@x=@XÞð@X=@xÞ ¼ I as

F�1 ¼ @X
@x

; ðF�1ÞAieA � eiðtÞ ¼ @XA

@xi
eA � eiðtÞ ¼ XA; iðtÞeA � eiðtÞ ð2:17Þ

noting

dX ¼ dXAeA ¼ @XA

@xiðtÞ dxiðtÞeA ¼ @XA

@xiðtÞ eA � eðtÞdxjðtÞejðtÞ ¼ F�1ðtÞdxðtÞ

As described above, the deformation gradient tensor F plays the most basic role to
describe the deformation of materials. Any exact deformation (rate) measure must
be represented by it. In addition, the transformation of the infinitesimal current
line-element to its rate is described by the velocity gradient tensor l which is the
most basic measure for deformation rate as will be described in Sect. 2.5.

Besides, consider the unit cubic cell (a parallelepiped) whose sides at the initial
(reference) configuration are given by the triad feIg and then assume that it deforms
to the cell whose sides are formed by the triad f�eig: They are related by Eq. (2.15)1
regarding dx and dX as �ei and eI , respectively, as follows:

�ei ¼ diIFeI ð2:18Þ

The vectors �ei are neither unit vectors nor orthonormal except for the rigid-body
rotation. The curvilinear coordinate system with the base f�eig is referred to as the
convected coordinate system. It is indispensable for general interpretation of
deformation and rotation of materials, the detailed explanation of which can be
referred to Sect. 4.4 and Appendix B briefly or Hashiguchi and Yamakawa (2012)
in detail.

Applying the polar decomposition in Sect. 1.11 to the deformation gradient F,
we have
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F ¼ RU ¼ VR ; FiA ¼ RiRURA ¼ VirRrA ð2:19Þ

where

U ¼ RTF ¼ ðFTFÞ1=2ð¼ UTÞðU2 ¼ FTFÞ ð2:20Þ

V ¼ FRT ¼ ðFFTÞ1=2ð¼ VTÞðV2 ¼ FFTÞ ð2:21Þ

R ¼ FU�1 ¼ FðFTFÞ�1=2; R ¼ V�1F ¼ ðFFTÞ�1=2F ðdetR ¼ 1Þ ð2:22Þ

V ¼ RURT ; U ¼ RTVR ð2:23Þ

U and V are the symmetric tensors so that there exist the two principal direction
triads in which the deformation is described by the three-dimensional stretching
resulting in the volume change and the shape change (shear deformation). Further,
they are the similar tensors to each other, since Eq. (2.23) holds for the orthogonal
tensor R as was described in Sect. 1.6. Therefore, they possess the same principal
values, say kað[ 0Þða ¼ 1; 2; 3Þ: Denoting the bases for the principal directions of
U and V by fNaðtÞg and fnðaÞðtÞg; respectively, they can be written as

U ¼ P3
a¼1

kaNðaÞðtÞ � NðaÞðtÞ; V ¼ P3
a¼1

kanðaÞðtÞ � nðaÞðtÞ ð2:24Þ

where the relation of NðaÞðtÞ and nðaÞðtÞ is given from Eq. (1.228) as follows:

nðaÞðtÞ ¼ RðtÞNðaÞðtÞ; NðaÞðtÞ ¼ RTðtÞnðaÞðtÞ ð2:25Þ

with

RðtÞ ¼ P3
a¼1

nðaÞðtÞ � NðaÞðtÞ ð2:26Þ

NðaÞðtÞ and nðaÞðtÞ are called the Lagrangian triad and the Eulerian triad,
respectively.

Substituting Eqs. (2.24) and (2.26) into Eq. (2.19), F and its inverse tensor are
described by

FðtÞ ¼ P3
a¼1

kaðtÞnðaÞðtÞ � NðaÞðtÞ; F�1ðtÞ ¼ P3
a¼1

1
ka

ðtÞNðaÞðtÞ � nðaÞðtÞ ð2:27Þ

Let the mechanical meanings of U;V and R be examined below.
The variation of infinitesimal line-element is given by the polar decomposition

F ¼ RU as follows:
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dx ¼ FdX ¼ RUdX ¼ R
X3
b¼1

kbNðbÞ � NðbÞX3
a¼1

dXaNðaÞ ¼ R
X3
a¼1

kadXaNðaÞ ð2:28Þ

Equation (2.28) means that the infinitesimal line-elements dXaNðaÞ ðno sum) in the
principal directions NðaÞ are first stretched by ka times to kadXaNðaÞ ðno sum) and
then undergoes the rotation R as shown in Fig. 2.1.

On the other hand, the change of the infinitesimal line-element by the polar
decomposition VR is described as

dx ¼ VRdX ¼
X3
b¼1

kbnðbÞ � nðbÞR
X3
a¼1

dXaNðaÞ ¼
X3
b¼1

kbnðbÞ � nðbÞ
X3
a¼1

dXanðaÞ

¼
X3
a¼1

kadXanðaÞ ¼
X3
a¼1

kaRdXaNðaÞ ð2:29Þ

Equation (2.29) means that the infinitesimal line-elements dXaNðaÞ ðno sum) in the
principal directions NðaÞ

first becomes dXanðaÞ ðno sum) by rotation R and then are
stretched by ka times to kadXanðaÞ ðno sum) (see Fig. 2.1).

As described above, U and V designates the deformation and R the rotation. ka
is called the principal stretch, and U and V are called the right and left stretch
tensor, respectively.

Letting RL and RE designate the rotations of the Lagrangian triad fNðaÞg and the
Eulerian triad fnðaÞg; respectively, from the fixed base feagða ¼ 1; 2; 3Þ; they are
given by

RL � P3
a¼1

NðaÞ � ea; RE � P3
a¼1

nðaÞ � ea ð2:30Þ

where the following relations hold.

NðaÞ ¼ RLea; nðaÞ ¼ REea ð2:31Þ

RE ¼ RRL ð2:32Þ

Considering the particle P and the adjacent particles P0 and P00; we designate
their position vectors before and after the deformation by X; Xþ dX; Xþ dX
and x; xþ dx; xþ dx, respectively. Then, noting (1.116), one has

dx � dx ¼ FdX �FdX ¼ FTFdX � dX ¼ CdX � dX ð2:33Þ

dX � dX ¼ F�1dx �F�1dx ¼ F�TF�1dx � dx ¼ ðFFTÞ�1dx � dx ¼ b�1dx � dx

ð2:34Þ
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where

C � FTF ¼ U2ð¼ CTÞ ; CAB ¼ FkAFkB ð2:35Þ

and

b � FFT ¼ V2 ð¼ RCRTÞð ¼ bTÞ ; bij ¼ FiAFjA ð2:36Þ

are the tensors which describe how the scalar product of two line-element vectors
passing through a material point is influenced by a deformation. C and b are called
the right and left Cauchy-Green deformation tensor, respectively. In accordance
with Eq. (2.24) they are described by

C ¼ P3
a¼1

k2aN
ðaÞ � NðaÞ ; b ¼ P3

a¼1
k2an

ðaÞ � nðaÞ ð2:37Þ

LR

ER
LR
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ERR

Fig. 2.1 Polar decomposition of deformation gradient
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The principal values ka are obtained by the solutions of the characteristic equation

k3 � Ick
2 � IIckþ IIIc ¼ 0 ð2:38Þ

based on Eq. (1.177), where

Ic � trC; IIc � 1
2
ðtrC� trC2Þ; IIIc � 1

6
tr3C� 1

2
trCtrC2 þ 1

3
trC3 ð2:39Þ

The principal values and directions are calculated by the method described in 1.6.
The similar equations hold for b instead of C. Using the relative description
(Eq. 2.8), the relative deformation gradient tensor in the reference configuration
xðsÞ is defined as

sFðtÞ ¼ @xðtÞ
@xðsÞ ð2:40Þ

which is related to the deformation gradient FðtÞ ð� 0FðtÞÞ as

FðtÞ ¼ @xðtÞ
@X

¼ @xðtÞ
@xðsÞ

@xðsÞ
@X

¼ sFðtÞFðsÞ ð2:41Þ

and is further expressed in the polar decomposition as

sFðtÞ ¼ sRðtÞsUðtÞ ¼ sVðtÞsRðtÞ ð2:42Þ

where sCðtÞ; sbðtÞ defined by

sCðtÞ ¼ ðsFðtÞÞ T sFðtÞ ¼ sU2ðtÞ

sbðtÞ ¼ sFðtÞ ð sFðtÞÞT ¼ sV2ðtÞ

9=; ð2:43Þ

which are called the relative right and the left Cauchy-Green deformation tensors.

2.4 Strain Tensors

Consider the scalar quantity which changes only by the pure deformation but is
independent of the rotation. Subtracting Eq. (2.34) from Eq. (2.33), one has

dx � dx� dX � dX ¼ 2EdX � dXð¼ 2EABdXAdXB Þ
2edx � dxð¼ 2eijdxidxjÞ

�
ð2:44Þ
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where
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9>>>>>>>>>>>>>>=>>>>>>>>>>>>>>;
ð2:45Þ

which are defined by C and b describing the pure deformations. Applying the
quotient law described in Sect. 1.3.2 to Eq. (2.44), it is confirmed that E and e are
the second-order tensors.

If a deformation is not induced, the triangle PP0P00 keeps the same shape as in the
initial state and thus the left-hand side in Eq. (2.44) is zero so that E and e are zero
independent of rotation. Conversely, if E 6¼ O; e 6¼ O; the left-hand side in
Eq. (2.44) is not zero so that the shape of the triangle is not same as in the initial
state, resulting in a deformation. Therefore, E and e are the quantities describing the
deformation independent of rigid-body rotation and called the Green (or
Lagrangian) strain tensor and the Almansi (or Eulerian) strain tensor, respectively.
Using the displacement vector

u ¼ x� X ¼ uiei ;
@u
@X

¼ F� I ð2:46Þ

they are expressed by
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9>>>>>=>>>>>;

ð2:47Þ

The following relation exists between them,

E ¼ FTeF ; EAB ¼ FiAFjBeij ð2:48Þ

Now, consider the symmetric part of the displacement gradient which is the
eliminations of the third terms in the brackets E and e in Eq. (2.47), i.e
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or

e � @u
@x
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@u
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� �T" #
¼ I� 1

2
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2
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� �
ð2:50Þ

which describe roughly deformation, depending not only on U or V but also on the
rotation tensor R. Besides, the Lagrangian and the Eulerian tensors explained in
Sect. 4.4 are mixed without the distinction of X and x. Then, e is called the
infinitesimal strain tensor. The difference of Eqs. (2.49) and (2.50) vanishes in an
infinitesimal deformation leading to dx ffi dX. It possesses various impertinence as
will be described in Sect. 2.6.

In what follows, the geometrical interpretation of E and e will be given.
Considering the case that the two infinitesimal line-elements PP0 and PP00

coincide to each other, i.e. dX ¼ dX; dx ¼ dx and denoting its direction vector in
the initial configuration by Nð Nk k ¼ 1Þ; it follows from Eq. (2.44) that

jjdxjj2 � jjdXjj2 ¼ 2EN �NjjdXjj2
2eN �Njjdxjj2

(
ð2:51Þ

Selecting the X1-axis for this line-element, ðN1; N2; N3Þ ¼ ð1; 0; 0Þ holds and thus
we have

E11 ¼ 1
2
jjdxjj2 � jjdXjj2

jjdXjj2
�
¼ 1

2

h� jjdxjj
jjdXjj

�2
� 1
i�

e11 ¼ 1
2
jjdxjj2 � jjdXjj2

jjdxjj2
�
¼ 1

2

h
1�

� jjdXjj
jjdxjj

�2i�
9>>>>=>>>>; ð2:52Þ

from which the ratio of the line-elements before and after the deformation is given by

jjdxjj
jjdXjj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2E11

p

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2e11

p
(

ð2:53Þ

In the case that the variation of the length of the line-element is infinitesimal
ðjjdxjj=jjdXjj ffi 1Þ; Eq. (2.52) becomes

E11 ffi jjdxjj � jjdXjj
jjdXjj

e11 ffi jjdxjj � jjdXjj
jjdxjj

9>>=>>; ffi e11 ð2:54Þ
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so that E11 and e11 describe the rate of elongation coinciding with the normal strain
in the infinitesimal strain e:

On the other hand, denoting the direction vectors of the two distinct infinitesimal
line-element PP0 and PP00 as N0 and N00; respectively, in the initial state and the
angles contained by them as h; it holds from Eq. (2.44) that

jjdxjjjjdxjj cos h� jjdXjjjjdXjj cos h0 ¼ 2EN0 �N00jjdXjjjjdXjj ð2:55Þ

i.e.

jjdxjj
jjdXjj

jjdxjj
jjdXjj cos h� cos h0 ¼ 2EN0 �N00 ¼ 2EijN

0
iN

00
j ð2:56Þ

where h0 is the initial value of h: Here, assuming that the infinitesimal line-elements
PP0 and PP00 were mutually perpendicular before a deformation, i.e. h0 ¼ p=2
leading to cos h0 ¼ 0; and making their directions coincide to the X1� and X2-axes,
i.e. ðN 0

1; N
0
2; N

0
3Þ ¼ ð1; 0; 0Þ; ðN 00

1 ; N
00
2 ; N

00
3 Þ ¼ ð0; 1; 0Þ leading to EijN 0

iN
00
j ¼ E12;

it follows that

E12 ¼ 1
2
jjdxjj
jjdXjj

jjdxjj
jjdXjj cos h ¼ 1

2
jjdxjj
jjdXjj

jjdxjj
jjdXjj sinðp=2� hÞ ð2:57Þ

which describes the half of decrease in the sine of angle contained by the two
line-elements which were mutually perpendicular before deformation when the
changes in lengths of these line-elements are infinitesimal (jjdxjj=jjdXjj ffi 1;
jjdxjj=jjdXjj ffi 1Þ. Furthermore, when the change in the angle formed by these
line-elements is infinitesimal (h ffi p=2Þ, one has

E12 ffi ðp=2� hÞ=2 ð2:58Þ

Consequently, E12 describes half of the decrease in the angle contained by the two
line-elements which were perpendicular before deformation.

In addition to the Lagrangian and Eulerian strain tensors defined above, we can
define various strain tensors in terms of U or V; fulfilling the condition that they are
zero when U ¼ V ¼ I as follows (Seth 1964; Hill 1968):

EðmÞ ¼ fðUÞ ¼
1
2m

ðU2m � IÞ for m 6¼ 0

lnU for m ¼ 0

8<: ð2:59Þ

eðmÞ ¼ fðVÞ ¼
1
2m

ðV2m � IÞ for m 6¼ 0

lnV for m ¼ 0

8<: ð2:60Þ
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where 2m is the integer (positive or negative). The Green strain tensor is obtained
by choosing m ¼ 1 in Eq. (2.59) and the Almansi strain tensor is obtained by
choosing m ¼ �1 in Eq. (2.60). The Biot strain tensor (Biot 1965) is given by
choosing m ¼ 1=2 in Eq. (2.59), i.e.

B � U� I ð2:61Þ

The generalized strain tensors in Eqs. (2.59) and (2.60) are mutually related by
virtue of Eq. (2.23) as follows.

EðmÞ ¼ RTeðmÞR ð2:62Þ

The strain tensors in Eqs. (2.59) and (2.60) are coaxial with U and V; respec-
tively, and their principal values are given by

f ðkaÞ ¼
1
2m

ðk2ma �1Þ for m 6¼ 0

ln ka for m ¼ 0

8<: ð2:63Þ

for a¼ 1; 2; 3: The function f ðkaÞ fulfills
f ð1Þ ¼ 0; f 0ð1Þ ¼ 1 ð2:64Þ

and

f 0ðsÞ[ 0 ð2:65Þ

where s is an arbitrary positive scalar quantity. The function f ðkaÞ for several values
of m is shown in Fig. 2.2.
(Note) Eq. (2.63)2 for m ¼ 0 is derived as follows:

lim
m!0

1
m
ðkma�1Þ ¼ lim

m!0

expðm ln kaÞ�1
m

¼ lim
m!0

expðm ln kaÞ ln ka
1

¼ ln ka (no sum)

by the aid of l’Hôpital’s.
Further, adopt the second-order tensor function fðUÞ which is coaxial with the

right stretch tensor U and has the principal values f ðkaÞ: Therefore, we can define
the general strain tensor in the spectral decomposition as follows:

fðUÞ ¼ P3
a¼1

f ðkaÞNðaÞ � NðaÞ ð2:66Þ

In addition, for the left stretch tensor V; we can define the following strain tensor.

fðVÞ ¼ P3
a¼1

f ðkaÞnðaÞ � nðaÞ ¼
X3
a¼1

f ðkaÞRNðaÞ � RNðaÞ ¼ RfðUÞRT ð2:67Þ

noting Eq. (1.106).
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Fig. 2.2 Function of general principal strain measures

In the particular case of m ¼ 0; noting ka [ 0; the strains defined by the
following equation are called the logarithmic or Hencky strain tensor.

Lagrangian-logarithmic strain tensor: Eð0Þ ¼ P3
a¼1

ln kaN
ðaÞ � NðaÞ � lnU ¼ 1

2
lnC

Eulerian-logarithmic strain tensor: eð0Þ ¼ P3
a¼1

ln kan
ðaÞ � nðaÞ � lnV ¼ 1

2
lnb

ð2:68Þ

where

ka ¼ Ua ¼ Va ¼
ffiffiffiffiffiffi
Ca

p ¼
ffiffiffiffiffi
ba

p
ð2:69Þ

Ua;Ca;Va and ba being the principal values of U;C;V and b; respectively.
When the principal directions of U and V are fixed, the following equations hold

in these directions.

ka ¼
@xa
@Xa

(no sum) ð2:70Þ

ðE� ð0ÞÞa ¼ ðe� ð0ÞÞa ¼
@xa
@Xa

� ��
= @xa

@Xa

� �
¼ @x� a

@xa
¼ ðlnkaÞ� ¼ da a ðno sum) ð2:71Þ

where ln ka in Eq. (2.70) is the logarithmic strain and daa (no sum) is the principal
component of the strain rate tensor defined in the next section. It follows from
Eq. (2.68) that
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trEð0Þ ¼ P3
a¼1

ln ka ¼
1
2

X3
a¼1

lnCa ¼
X3
a¼1

lnUa¼ lnðU1U2U3Þ

treð0Þ ¼ P3
a¼1

ln ka ¼
1
2

X3
a¼1

ln ba ¼
X3
a¼1

lnVa¼ lnðV1V2V3Þ

9>>>>=>>>>; ð2:72Þ

which is nothing but the logarithmic volumetric strain

trEð0Þ ¼ treð0Þ ¼ P3
a¼1

ln
@xa
@Xa

¼ ln J ¼ ln
v
V
¼ ev ð2:73Þ

The Hencky strain is relevant to the strain rate defined by the symmetric part of the
velocity gradient, as the rates of principal components and volumetric part in the
former coincides to the latter as will be described in Sect. 2.6.

2.5 Strain Rate and Spin Tensors

The idealized deformation process in which the deformation is uniquely determined
by the state of stress independent of the loading path is called the elastic defor-
mation process. To describe it, it is required to introduce the strain tensor describing
the deformation from the initial state and relate it to the stress. Here, since the
superposition rule does not hold in the strain tensor, the null stress state is chosen
usually as the reference state of strain.

On the other hand, the deformation is not determined uniquely by the state of
stress depending on the loading path and thus it cannot be related to the stress in the
irreversible deformation process, e.g. the viscoelastic, the plastic and the vis-
coplastic loading processes. Therefore, it is obligatory to relate the infinitesimal
changes of stress and deformation and to integrate them along the loading path in
order to capture the current states of stress and deformation.

Here, introduce the velocity gradient tensor defined as

l � @v
@x

; lij � @vi
@xj

� @jvi ð2:74Þ

Noting F
� ¼ @x�=@X ¼ @v=@X ðdv ¼ F

�
dXÞ and the chain rule of derivative,

Eq. (2.74) can be rewritten as

l ¼ @v
@X

@X
@x

¼ F
�
F�1 ðF� ¼ lFÞ; lij ¼ @vi

@XA

@XA

@xj
ð2:75Þ

ðdxÞ� ¼ ldx ð2:76Þ
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noting

ðdxÞ� ¼ dv ¼ @v
@x

dx

ðdxÞ�; i.e. dv describes the rate of the infinitesimal line element, i.e. the relative
velocity between the velocities of material particles in both sides of infinitesimal
line element dx: Here, we can choose the time sð� tÞ to be arbitrary, resulting in

l ¼ sF
� ðtÞsF�1ðtÞ because the velocity gradient tensor l is substantially independent

of the reference infinitesimal line element dX but dependent only on rates of
deformation and rotation. Now, choosing the current state for the reference state
leading to tF�1ðtÞ ¼ I; the velocity gradient tensor l can be expressed in the updated
Lagrangian description as follows:

l ¼ tF
� ðtÞ ð2:77Þ

Further, taking the time-derivative of Eq. (2.42) and noting tRðtÞ ¼ tUðtÞ ¼
tVðtÞ ¼ I; it follows that

tF
� ðtÞ ¼ tU

� ðtÞþ tR
� ðtÞ ¼ tV

� ðtÞþ tR
� ðtÞ ð2:78Þ

Decomposing l additively into the symmetric and the skew-symmetric parts and
noting Eqs. (2.75)–(2.78), it is obtained that

l ¼ dþw ð2:79Þ

where

d � 1
2
ðlþ lTÞ ¼ 1

2
@v
@x

þ @v
@x

� �T
" #

¼ tU
� ðtÞ ¼ tV

� ðtÞ

dij � 1
2

@vi
@xj

þ @vj
@xi

� �
9>>>>=>>>>; ð2:80Þ

w � 1
2
ðl� lTÞ ¼ 1

2
@v
@x

� @v
@x

� �T
" #

¼ tR
� ðtÞ

wij � 1
2

@vi
@xj

� @vj
@xi

� �
9>>>>=>>>>; ð2:81Þ

where d is called the strain rate tensor or deformation rate tensor or stretching and
w is called the (continuum) rotation rate tensor or continuum spin tensor. Here,
note that d is not a time-derivative of any strain tensor but is defined independently
as the rate variable although it is called the strain rate tensor. In addition, note that
the time-integration of d cannot play any deformation measure in general, because
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it concerns with different material line-elements which rotate with material. Only
the time-integration of axial component of d coincides with the axial component of
the Hencky strain in Eq. (2.68) if the axial direction is fixed.

Substituting Eqs. (2.19) and (2.75) into Eqs. (2.80) and (2.81), d and w are
described by U;R as follows:

d ¼ 1
2
½F� F�1 þðF� F�1ÞT � ¼ 1

2
ðRUÞ�ðRUÞ�1 þðRUÞ�T ½ðRUÞ��T
n o

¼ 1
2
RðU� U�1 þU�1U

� ÞRT

w ¼ 1
2
½F� F�1 � ðF� F�1ÞT � ¼ 1

2
ðRUÞ�ðRUÞ�1 � ðRUÞ�T ½ðRUÞ��T
n o

¼ R
�
RT þ 1

2
RðU� U�1 � U�1U

� ÞRT

9>>>>>>>>>>=>>>>>>>>>>;
ð2:82Þ

Consequently, we obtain

d ¼ 1
2
RðeU� þ eU� TÞRT

w ¼ XR þ 1
2
RðeU� � eU� TÞRT

9>=>; ð2:83Þ

where

eU� � U
�
U�1 ð2:84Þ

XR � R
�
RT ð2:85Þ

XR is called the relative (or polar) spin tensor. Further, d and w are described by
V;R as follows:

d ¼ 1
2

ðVRÞ�ðVRÞ�1 þðVRÞ�T ½ðVRÞ��T
n o

¼ 1
2
ðV� V�1 þV�TV

� TÞþ 1
2
ðVR� RTV�T � V�1R

�
RTVTÞ

w ¼ 1
2

ðVRÞ�ðVRÞ�1 � ðVRÞ�T ½ðVRÞ��T
n o

¼ 1
2
ðVR� RTV�1 þV�TR

�
RTVTÞþ 1

2
ðV� V�1 � V�TV

� TÞ

9>>>>>>>>>>=>>>>>>>>>>;
ð2:86Þ

and thus

d ¼ 1
2
ðeV� þ eV� TÞþ 1

2
ð eXR þ eXRTÞ

w ¼ 1
2
ð eXR � eXRTÞþ 1

2
ðeV� � eV� TÞ

9>=>; ð2:87Þ
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where

eV� � V
�
V�1 ð2:88Þ

eXR � VXRV�1 ð2:89Þ

It follows from Eq. (2.30) that

XL � R
�
LRLT ¼

X3
a;b¼1

ðNðaÞ � eaÞ�ðNðbÞ � ebÞT

¼
X3
a;b¼1

ðN� ðaÞ � eðaÞ þNðaÞ � e� ðaÞÞeðbÞ � NðbÞ

¼
X3
a¼1

N
� ðaÞ � NðaÞ

ð2:90Þ

and thus one has

N
� ðaÞ ¼ XLNðaÞ ð2:91Þ

noting e� ðaÞ ¼ 0 since feðaÞg is the fixed base. Therefore, XL describes the spin of
the Lagrangian principal triad fNðaÞg of the right stretch tensor U and is called the
Lagrangian spin tensor. The components of XL in the Lagrangian principal triad
fNðaÞg are described as

XL
ab ¼ NðaÞ �XLNðbÞ ¼ NðaÞ �N

� ðbÞ ð2:92Þ

On the other hand, it follows from Eq. (2.30) that

XE � R
�
ERET ¼

X3
a;b¼1

ðnðaÞ � eðaÞÞ�ðnðbÞ � eðbÞÞT

¼
X3
a¼1

n� ðaÞ � nðaÞ
ð2:93Þ

and thus one has

n� ðaÞ ¼ XEnðaÞ ð2:94Þ
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Therefore, XE describes the spin of the Eulerian principal triad fnðaÞg of the right
stretch tensor V and is called the Eulerian spin tensor. The components of XE in
the Eulerian triad fnðaÞg are described as

XE
ab ¼ nðaÞ �XEnðbÞ ¼ nðaÞ � n� ðbÞ ð2:95Þ

It follows from Eq. (2.27) that

F
� ¼

X3
a¼1

�
k
�
ana � Na þ kaðn� a � Na þ nðaÞ � N

� aÞ
	

ð2:96Þ

which is rewritten by Eqs. (2.91) and (2.94) as

F
� ¼

X3
a¼1

k
�
anðaÞ � NðaÞ þXEF� FXL ð2:97Þ

or by Eqs. (2.92) and (2.95), Eq. (2.96) leads to

F
� ¼

X3
a¼1

k
�
anðaÞ � NðaÞ þ

X3
a;b¼1

ðkbXE
ab � kaX

L
abÞnðaÞ � NðbÞ ð2:98Þ

Here, it holds that

R
�
RT ¼

X3
a;b¼1

ðnðaÞ � NðaÞÞ�ðnðbÞ � NðbÞÞT

¼
X3
a;b¼1

ðn� ðaÞ � NðaÞ þ nðaÞ � N
� ðaÞÞNðbÞ � nðbÞ

¼
X3

a;b;c¼1

�
n� ðaÞ � nðaÞ þ nðaÞ � NðaÞðN� ðcÞ � N

� ðcÞÞNðbÞ � nðbÞ
	

¼
X3

a;b;c¼1

�
n� ðaÞ � nðaÞ � nðaÞ � NðaÞðN� ðcÞ � NðcÞÞNðbÞ � nðbÞ

	

and thus the following relations hold.

XR ¼ XE � RXLRT ; XE ¼ XR þRXLRT ;XL ¼ RTðXE �XRÞR ð2:99Þ
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The velocity gradient is described noting Eq. (2.27) as

l ¼
X3
a¼1

kanðaÞ � NðaÞ
 !�X3

b¼1

1
kb

NðbÞ � nðbÞ

¼
X3
a¼1

k
�
anðaÞ � NðaÞ þ kan

� ðaÞ � NðaÞ þ kanðaÞ � N
� ðaÞ

� �X3
b¼1

1
kb

NðbÞ � nðbÞ

¼
X3
a¼1

�
ka
ka

nðaÞ � nðaÞ þ n� ðaÞ � nðaÞ
 !

þ
X3
a;b¼1

ka
kb

N
� ðaÞ �NðbÞ

� �
nðaÞ � nðbÞ

ð2:100Þ

which is rewritten using Eqs. (2.92) and (2.95) as

l ¼
X3
a¼1

k
�
a

ka
nðaÞ � nðaÞ þ

X3
a;b¼1

�
XE

ab �
ka
kb

XL
ab

�
nðaÞ � nðbÞ ð2:101Þ

from which the strain rate and the continuum spin are represented as

d ¼
X3
a¼1

k
�
a

ka
nðaÞ � nðaÞ þ

X3
a;b¼1

k2a � k2b
2kakb

XL
abn

ðaÞ � nðbÞ ð2:102Þ

w ¼
X3
a;b¼1

XE
ab �

k2a þ k2b
2kakb

XL
ab

 !
nðaÞ � nðbÞ ða 6¼ bÞ ð2:103Þ

noting

d ¼
X3
a¼1

k
�
a

ka
nðaÞ � nðaÞ þ 1

2

X3
a;b¼1

ka
kb

ðN� ðaÞ �NðbÞÞ þ kb
ka

ðN� ðbÞ �NðaÞÞ
� 	

nðaÞ � nðbÞ

ð2:104Þ

w ¼ 1
2

X3
a¼1

ðn� ðaÞ � nðaÞ � nðaÞ � n� ðaÞÞ

þ 1
2

X3
a;b¼1

ka
kb

ðN� ðaÞ �NðbÞÞ � kb
ka

ðN� ðbÞ �NðaÞÞ
� 	

nðaÞ � nðbÞ ð2:105Þ

2sym
X3
a¼1

n� ðaÞ � nðaÞ
" #

¼
X3
a¼1

ðn� ðaÞ � nðaÞ þ nðaÞ � n� ðaÞÞ

¼
X3
a¼1

nðaÞ � nðaÞ
 !�

¼ I
� ¼ O ð2:106Þ
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From the relation

dab ¼ k2a � k2b
2kakb

XL
ab ð2:107Þ

obtained from the anti-symmetric part in Eq. (2.102), the Lagrangian spin is
written as

XL
ab ¼ 2kakb

k2b � k2a
dab ða 6¼ bÞ ð2:108Þ

The Eulerian spin is given from Eq. (2.103) as follows:

XE
ab ¼ wab �

k2a þ k2b
k2a � k2b

dab ða 6¼ bÞ ð2:109Þ

In the rigid-body rotation (U
� ¼ eU� ¼ V

� ¼ eV� ¼ O; N
� ðaÞ ¼ OÞ, it follows from

Eqs. (2.79), (2.83), (2.90) and (2.99) that

l ¼ w ¼ XR ¼ XE; XL ¼ O ð2:110Þ

In what follows, we consider the physical meanings of d and w:
The relative velocity of the particle points P and P0; the current position vectors

of which are x and xþ dx; respectively, is given by

dv ¼ ldx ð2:111Þ

from Eq. (2.76) and it is additively decomposed as

dv ¼ dvd þ dvw ð2:112Þ

where

dvd � ddx ð2:113Þ

dvw � wdx ð2:114Þ

The following equation is obtained for the infinitesimal line-element
dx ¼ dxiei (no sum):

dji ¼
dvdj
dxi

(no sum) ð2:115Þ
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noting

dji ¼ ej � dei ¼ ej �d
dx
dxi

¼ ej �
dvd

dxi
¼ dvdj

dxi
ð2:116Þ

with the aid of Eq. (2.113). Therefore, dji is the ej�component of the relative
velocity dvd of the unit line element ðdxi ¼ 1Þ in the ei�direction. Consequently,
the infinitesimal line-element dx ¼ dxiei (no sum) rotates in the velocity given by
the tangential component djiðj 6¼ iÞ of the strain rate d:

On the other hand, denoting the axial vector described in Eq. (1.139) for the
skew-symmetric tensor w by x

__ , it holds that

x
__

i ¼ � 1
2
eirswrs; wij ¼ �eijr x

__

r ð2:117Þ

and thus Eq. (2.114) is rewritten from Eq. (1.142) as

dvw ¼ x
__ 	 dx; dvwi ð¼ wisdxs ¼ �eisrx

__

rdxsÞ ¼ eirsx
__

rdxs ð2:118Þ

Therefore, the arbitrary line-element dx rotates in the peripheral velocity dvw and
angular velocity x

__
; termed often the spin vector, by the continuum spin w; whereas

2x__ is called the vorticity.
Noting Eqs. (2.112)–(2.118), it follows for the material line element dx1e1 that

dv ¼ lijei � ejdx1e1 ¼ li1dx1ei¼ ðd21 þw21Þdx1e2 þ d11dx1e1
¼ ðd12 � w12Þdx1e2 þ d11dx1e1 ¼ -3dx1e2 þ d11dx1e1

ð2:119Þ

as shown in Fig. 2.3, where we set

-3 � �w12 þ d12 ¼ x
__

3 þ d12 ð2:120Þ

11 1 11
ddv = d dx e

1 1d = dxx e

12 1 2

)

2
ddv = d dx e

1x

2x

0

ddv

3 1 2

12 1 2

=
        =

w dxd
w dx

ω

)ω

−
v e

e

dv

123 d+

1e

2e

Fig. 2.3 Extension and rotation of the line-element
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-3 designates the clock-wise angular velocity of the line-element. x__ 3 denotes the
average angular velocity of the line-elements in the plane, which coincides with the
angular velocity of the line element in the principal directions of strain rate fulfilling
d12 ¼ 0: By choosing dn; dt for Tn; Tt described in Sect. 1.14, the relation of the rate
of elongation and the rate of rotation is shown in Fig. 2.4. It is depicted by the

circle of relative velocity with the radius
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðd11 þ d22Þ=2�2 þ d212

q
centering in

ððd11 þ d22Þ=2; x__ 3Þ in the two-dimensional plane ðdn; -3Þ:
The parallelepiped in the principal directions of the strain rate d rotates by the

angular velocity x
__
as shown in Fig. 2.5.

1d2d nd2211

2
d d+0

3 3

)

)

)

12= =t twd dϖ ω + − +

3 12= wω −

11 3 12( , )d dω +

322 12( , )d dω −)

Fig. 2.4 Circle of relative velocity

2

)

x

3x

1 1d dx

2 2d dx

3 3d dx
( )= ωϖ

Fig. 2.5 Deformation and rotation for principal directions of strain rate
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The rate of the scalar product of the vectors dx and dx of the infinitesimal
elements connecting the three points P;P0;P00 with the position vectors
x; xþ dx; xþ dx; respectively, is given noting Eq. (1.116) as follows:

ðdx � dxÞ� ¼ dv � dxþ dx � dv

¼ @v
@x

dx � dxþ dx �
@v
@x

dx ¼ @v
@x

þ @v
@x

� �T
" #

dx

( )
� dx

leading to

ðdx � dxÞ� ¼ 2ddx � dx ð2:121Þ

If the vicinity of the particle P undergoes the rigid-body rotation, the quantity in
Eq. (2.121) for an arbitrary scalar quantity dx � dx is zero and thus d ¼ O has to
hold. Inversely, if d ¼ O; the quantity in Eq. (2.121) for the scalar quantity dx � dx
of arbitrary line-element vectors becomes zero and thus it can be stated that the
vicinity of the particle P does not undergo a deformation. Then, d ¼ O is the
necessary and the sufficient condition for the situation that a deformation is not
induced, allowing only a rigid-body rotation.

Denoting the lengths of the line-elements PP0 and PP00 as ds and ds; respectively,
and the angle contained by them as h; it holds that

ðdx � dxÞ� ¼ ðdsds cos hÞ�

¼ ðdsÞ�
ds

þ ðdsÞ�
ds

� 	
cos h� h

�
sin h

� 

dsds

ð2:122Þ

Further, denoting the unit vectors in the directions of the line-elements PP0 and
PP00 as l and m; respectively, and noting dx ¼ lds; dx ¼ mds; it holds from
Eqs. (2.121) and (2.122) that

ðdsÞ�
ds

þ ðdsÞ�
ds

� 	
cos h� h

�
sin h ¼ 2dl � m ð¼ 2dijlimjÞ ð2:123Þ

If the particles P0 and P00 chosen in same direction ðh ¼ 0Þ; it follows from
Eq. (2.123) that

ðdsÞ�
ds

¼ dl � l ð2:124Þ

The left-hand side of Eq. (2.124) designates the rate of elongation of the
line-element. Therefore, the rate of elongation is given by the normal component of
d in the relevant direction, noting Eq. (1.102).
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On the other hand, choosing the line-element PP00 to be perpendicular to the line
element PP0 ðh ¼ p=2Þ; it follows from Eq. (2.123) that

� h
�
2dl � m ðl � m ¼ 0Þ ð2:125Þ

The left-hand side of Eq. (2.125) designates the decreasing rate of the angle con-
tained by the two line-elements mutually perpendicular instantaneously and is
called the shear strain rate.

Next, the relations of the rate E
�
of Green strain tensor E and the rate e� of the

Almansi strain tensor e to the strain rate tensor d are formulated below.
The material-time derivative of Eq. (2.44) is given by

ðdx � dxÞ� ¼ 2E
�
dX � dX ð2:126Þ

It follows from Eqs. (2.121) and (2.126) that

ddx � dx ¼ dFdX �FdX ¼ E
�
dX � dX ð2:127Þ

from which, noting Eq. (1.116), we have the relation of Green strain tensor to the
strain rate tensor as follows:

E
� ¼ FTdF; d ¼ F�T E

�
F�1 ð2:128Þ

which is obtained also from

E
� ¼ 1

2
ðFTF� IÞ� ¼ 1

2
ðF� TFþFTF

� Þ

¼ 1
2

½FTðF�TF
� TÞFþFTðF� F�1ÞF �

¼ 1
2
ðFT lTFþFT lFÞ ¼ 1

2
FTðlT þ lÞF

¼ FTdF ð2:129Þ

Next, the time-differentiation of Eq. (2.45)2 leads to

e� ¼ � 1
2
ðF� �TF�1 þF�TF

� �1Þ ð2:130Þ

Here, it follows from ðFF�1Þ� ¼ FF
� �1 þF

�
F�1 ¼ O with Eq. (2.75) that

F
� �1 ¼ �F�1l ð2:131Þ
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which is derived also by

F
� �1 ¼ @F�1

@t
þ @F�1

@x
v ¼ @

@t
@X
@x

� �
þ @

@x
@X
@x

� �
v

¼ @

@x
@X
@t

� �
þ @

@x
@X
@x

v
� �

� @X
@x

@v
@x

¼ @

@x
@X
@t

þ @X
@x

v
� �

� @X
@x

@v
@x

¼ @X
�

@x
� @X

@x
@v
@x

¼ � @X
@x

@v
@x

ð2:132Þ

noting that the inside of the bracket ð Þ in the last side of Eq. (2.132) is the
material-time derivative of the initial position vector X and thus it is zero.
Substituting Eq. (2.131) into Eq. (2.130), one has

e� ¼ 1
2
½ðF�1lÞTF�1 þF�TF�1l�

¼ lT
1
2
I� 1

2
I� F�TF�1� �� 	

þ 1
2

I�
�
1
2
I� F�TF�1

�� 	
l

¼ lT
1
2
I� e

� �
þ 1

2
I� e

� �
l

ð2:133Þ

from which one has the relation of the rate of the Almansi strain tensor to the strain
rate tensor:

e� ¼ d� lTe� el ð2:134Þ

Equation (2.134) is rewritten as

e� ¼ d� 1
2
½ðlþ lTÞ � ðl� lTÞ�e� 1

2
e½ðlþ lTÞþ ðl� lTÞ�

and thus we obtain

e� �weþ ew ¼ d� de�ed ð2:135Þ

where

e

w � e��weþ ew ð2:136Þ

is called the Zaremba-Jaumann rate of Almansi strain tensor, while the

Zaremba-Jaumann rate will be explained in Sect. 4.4. E
� ¼ e� ¼ e

w ¼ d holds in the

initial state ðF ¼ I; E ¼ e ¼ OÞ and thus all the strain rates mutually coincide by
Eqs. (2.128), (2.134) and (2.136).
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2.6 Logarithmic and Nominal Strains

In what follows, let d and ddt be designated as e� and de; respectively.
If the direction of the material line-element always coincides with the xi-axis, the

principal strain rate in this direction is given by

di ¼ e
�
i ¼ @u

�
i

@xi
¼ @u

�
i

@ðXi þ uiÞ ¼
@u

�
i

@Xi
=
�
1þ @ui

@Xi

�
(no sum) ð2:137Þ

The time-integration of Eq. (2.137) leads to

ei ¼ ln
�
1þ @ui

@Xi

�
¼1n

@xi
@Xi

¼ 1nki ¼ Eð0Þ
i ¼ eð0Þi ¼ 1nð1þ eiÞ (no sum)

ð2:138Þ

Therefore, the time-integration ei of principal strain rate di does not coincide with
the principal infinitesimal strain ei in Eq. (2.50). Setting @Xi ! l0;
@xi ! l; @ui ! l� l0, where l0 and l are the lengths of the line-element in the
initial and the current states, respectively, it follows that

ei ¼ 1n
l
l0
¼ lnð1þ eiÞ

ei ¼ l� l0

l0

9>=>; ð2:139Þ

Consequently, the time-integration of principal component of strain rate tensor d
and the Hencky strain tensor Eð0Þ and eð0Þ coincide with ei which is called the
logarithmic (or natural) strain, provided that their principal directions are fixed. On
the other hand, the principal value of infinitesimal strain tensor e does not coincide
with them and it is called the nominal strain.

It follows from Eq. (2.139) that

ei ¼ lne2ð ffi 0:693Þ for l ¼ 2l0 and ei ¼ �1 for l ¼ 0

ei ¼ þ 1 for l ¼ 2l0 and ei ¼ �1 for l ¼ 0

)
ð2:140Þ

Therefore, the magnitude of nominal strain in the deformation that the material
length becomes zero, i.e. the material diminishes is identical with that in the
deformation that the material length becomes only twice. As a practical example,
about 5 % difference is induced in the nominal strain for 10 % elongation as known
from ei=ei ¼ 0:1= lnð1:1Þ ¼ 1:049 for l ¼ 1:1	 l0. This property would cause the
inconvenience for the adoption in constitutive equation for the wide range of
deformation.
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Further, one has Zln
l0

dl
l
¼
Zl1
l0

dl
l
þ
Zl2
l1

dl
l
þ � � � þ

Zln
ln�1

dl
l

i.e.

1n
ln

l0
¼ 1n

l1

l0
þ 1n

l2

l1
þ � � � þ 1n

ln

ln�1

On the other hand, one sees

ln � l0

l0
6¼ l1 � l0

l0
þ l2 � l1

l1
þ � � � þ ln � ln�1

ln�1

Thus, it follows for the superposition of strains that

e0� n
i ¼ e0� 1

i þ e0� 2
i þ � � � þ en�1� n

i

e0� n
i 6¼ e0� 1

i þ e0� 2
i þ � � � þ en�1� n

i

)
ð2:141Þ

while ea� b
i designates the longitudinal strain in the xi-direction when the length of

the line-element changes from la to l b, provided that the principal direction of
strains are fixed. Consequently, the superposition rule holds in the logarithmic
strain but it does not hold in the nominal strain.

Furthermore, one has

1n
l1l2l3
l01l

0
2l
0
3
¼ 1n

l1
l01

þ 1n
l2
l02

þ 1n
l3
l03

l1l2l3 � l01l
0
2l
0
3

l01l
0
2l
0
3

6¼ l1 � l01
l01

þ l2 � l02
l02

þ l3 � l03
l03

where l1; l2; l3 are the lengths of line-elements in the directions of three fixed
principal strains. Thus, it follows for the sum of the principal strains that

em¼ ln
v
V
¼
X3
i¼1

ei¼ lnð1þ emÞ

em ¼ v� V
V

6¼
X3
i¼1

ei

9>>>>=>>>>; ð2:142Þ

where V and v are the initial and the current volumes, respectively, of material.
Therefore, the sum of logarithmic strains in orthogonal directions coincides with the
logarithmic volumetric strain but the sum of nominal strains in orthogonal
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directions does not coincide with the nominal volumetric strain. Further, it follows
from Eqs. (2.137) and (2.142) that

dv � e
�
v ¼ trd ¼ v�

v
6¼ e

�
v ¼

v�

V
ð2:143Þ

Therefore, the volumetric strain rate trd coincides with the material-time derivative
of the logarithmic volumetric strain em but it does not coincide with that of the
nominal volumetric strain em.

Consequently, the nominal strain is applicable only to the description of
infinitesimal deformation, so that the logarithmic strain should be adopted to
constitutive equations for finite deformation.

2.7 Surface Element, Volume Element and Their Rates

Presuming that the line-elements dXa; dXb; dXc change to dxa; dxb; dxc by the
deformation, the following relation holds for the volume element before and after
the deformation by exploiting Eq. (1.150)3.

dv ¼ ½dxa dxb dxc� ¼ ½FdXa FdXb FdXc� ¼ detF½dXa dXb dXc� ¼ det FdV

ð2:144Þ

which can be also derived from Eqs. (1.16), (1.55), (1.56), (2.6) and (2.16).

dv ¼ ðdxa 	 dxbÞ � dxc ¼ eijkdxai dx
b
j dx

c
k

¼
dxa1 dxb1 dxc1
dxa2 dxb2 dxc2
dxa3 dxb3 dxc3
















 ¼

F1RdXa
R F1RdXb

R F1RdXc
R

F1RdXa
R F2RdXb

R F2RdXc
R

F1RdXc
R F3RdXb

R F3RdXc
R


















¼
F11 F12 F13

F21 F22 F23

F31 F32 F33

264
375 dXa

1 dXb
1 dXc

1

dXa
2 dXb

2 dXc
2

dXa
3 dXb

3 dXc
3

264
375


















¼
F11 F12 F13

F21 F22 F23

F31 F32 F33

















dXa

1 dXb
1 dXc

1

dXa
2 dXb

2 dXc
2

dXa
3 dXb

3 dXc
3
















 ¼ JdV

from which one has

J ¼ detF ¼ dv
dV

¼ q0
q

ð2:145Þ
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where q0 and q are the initial and the current mass densities. On the other hand,
denoting the areas and the unit normal vectors of the surface elements formed by the
two line-elements dXa; dXb and dxa; dxb as dA , N and da; n; respectively, we have

dV¼ ½dXa dXbdXc�¼ ðdXa 	 dXbÞ � dXc ¼ NdA � dXc

dv¼ ½dxa dxb dxc�¼ ðdxa 	 dxbÞ � dxc ¼ dxc �nda ¼ FdXc �nda ¼ FTnda � dXc



ð2:146Þ

noting Eq. (1.116). The following Nanson’s formula is derived from Eqs. (2.145)
and (2.146).

nda ¼ JF�TNdA; NdA ¼ 1
J
FTnda ð2:147Þ

or

da ¼ JF�TdA; dA ¼ 1
J
FTda ð2:148Þ

where
da � nda; dA � NdA ð2:149Þ

It follows from Eq. (2.145) noting Eq. (1.121) that

J
� ¼ ðdetFÞ�¼ tr

@det F
@F

F
� T

� �
¼ tr½ðdetFÞF�TF

� T � ¼ tr½JðF� F�1ÞT � ¼ Jtrl

Then, the following relation holds for the rate of volume element, noting trl ¼ trd:

e
�
v ¼ dv ¼ trd ¼ @vr

@xr
¼ ðdvÞ�

dv
¼ J

�

J
; i.e. ðdvÞ� ¼ J

�
dV ¼ dvtrd ð2:150Þ

which was derived already in Eq. (2.143) exploiting the principal values under the
fixed principal directions. Then, the time-integration of the volumetric strain rate
leads to the logarithmic volumetric strain.

ev ¼
Z

t rddt ¼ ln
dv
dV

ð2:151Þ

which was shown already in Eq. (2.142).
Moreover, it follows from Eq. (2.75) and the Nanson’s formula (2.147) that

ðndaÞ�¼ ðJF�TNdAÞ�¼ ð J� F�T þ JF
� �TÞNdA

¼ ½ðtrdÞIþF
� �TFT �F�TJNdA

¼ ½ðtrdÞI� F�TF
� T �nda

¼ ½ðtrdÞI� lT �nda ð2:152Þ
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On the other hand, noting n� � n ¼ 0 because of n �n¼ 1 for the unit vector n, it
follows that

ðdaÞ� ¼ n � nðdaÞ� ¼ n � ½ðndaÞ� � n� da� ¼n � ðndaÞ� ð2:153Þ

Substituting Eq. (2.152) into Eq. (2.153), one obtains the rate of the current
infinitesimal area as follows:

ðdaÞ� ¼ n � ½ðtrdÞI� lT � nda ð2:154Þ

or

ðdaÞ� ¼ ðtrd� n �dnÞda ð2:155Þ

Further, it holds from Eqs. (2.152) and (2.155) that

n� da ¼ ðndaÞ� � nðdaÞ�
¼ ½ðtrdÞI� lT �nda� n½ðtrdÞ�n �dn�da ð2:156Þ

Then, the rate of the unit normal vector of the current surface element is given by

n� ¼ ½ðn � dnÞI� lT �n ð2:157Þ

2.8 Material-Time Derivative of Volume Integration

Supposing that the zone of material occupying the volume v at the current moment
ðt ¼ tÞ changes to occupy the volume vþ dv after the infinitesimal time ðt ¼
tþ dtÞ; the material-time-derivative of the volume integration

R
v Tðx; tÞdv of the

physical quantity Tðx; tÞ involved in the volume is given by the following equation.�Z
v
Tðx; tÞdv

��
¼ lim

dt!0

1
dt

� Z
vþ dv

Tðx; tþ dtÞdv�
Z
v
Tðx; tÞdv

	
¼ lim

dt!0

1
dt

� Z
v
fTðx; tþ dtÞ � Tðx; tÞgdvþ

Z
dv
Tðx; tþ dtÞdv

	
ð2:158Þ

The integration of the first term in the right-hand side in Eq. (2.158) is transformed as

lim
dt!0

1
dt

Z
v
½Tðx; tþ dtÞ � Tðx; tÞ�dv ¼

Z
v

@Tðx; tÞ
@t

dv ð2:159Þ
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On the other hand, the second term in Eq. (2.158) describes the influence caused by
the change of volume during the infinitesimal time increment. Here, the volume
increment dv is given by subtracting the volume flowing out from the boundary
of the zone from the volume flowing into the boundary, which is the sum of
dvð¼ v �ndadtÞ over the whole boundary surface (Fig. 2.6). Therefore, substituting
the Gauss’ divergence theorem in Eq. (1.324) and ignoring the second-order
infinitesimal quantity, the integration of the second term in the right-hand side of
Eq. (2.158) is given by

lim
dt!0

1
dt

Z
dv
Tðx; tþ dtÞdv ffi lim

dt!0

1
dt

Z
dv
Tðx; tÞdv

¼ lim
dt!0

1
dt

Z
a
Tðx; tÞvrnrdadt ¼

Z
a
Tðx; tÞvrnrda

¼
Z
v

@Tðx; tÞvr
@xr

dv ¼
Z
v

@Tðx; tÞ
@xr

vrdvþ
Z
v
Tðx; tÞ @vr

@xr
dv

The sum of the first term in the right-hand side in this equation and the Eq. (2.159)
is equal to the material-time derivative of Tðx; tÞ by virtue of Eq. (2.12). Then,
Eq. (2.158) is given by�Z

v
Tðx; tÞdv

��

¼
Z
v

�
T
� ðx; tÞþ Tðx; tÞ @vr

@xr

	
dv ¼

Z
v
½T� ðx; tÞþ Tðx; tÞdivv�dv

ð2:160Þ

which is called the Reynolds’ transportation theorem.
Equation (2.160) can be obtained also by the following simple manner.Z

v
Tðx; tÞdv

� ��
¼

Z
V
TðX; tÞJdV

� ��
¼
Z
V
ðT� ðX; tÞJþ TðX; tÞ J� ÞdV

¼
Z
v

T
� ðx; tÞþ Tðx; tÞ @vr

@xr

� �
dv

v v vδ+

tδv

da

tδv

n

n

aa

ad

Fig. 2.6 Translation of a material in zone

96 2 Motion and Strain (Rate)

http://dx.doi.org/10.1007/978-3-319-48821-9_1


where V is the initial volume. Here, Eq. (2.150), i.e. J ¼ dv=dV and J
�
=J¼@vr=@xr

hold.
For the physical quantity T kept constant in a volume element, say a mass,

Eq. (2.160) leads to Z
v
ðT� ðx; tÞþ Tðx; tÞdivvÞdv ¼ 0 ð2:161Þ

The local (weak) form of Eq. (2.161) is given as

T
� ðx; tÞþ Tðx; tÞdivv ¼ 0 ð2:162Þ
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