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Abstract. The Null Space Pursuit (NSP) algorithm based on the differential
operator is an important method of signal denoising and signal separation. In
this paper, we propose an arbitrary order differential operator and use it in a
complex signal which is a sum of simple signal. By solving an optimization
problem, we also estimate the parameters of the differential operator. Finally, we
confirmed the practicability of the algorithm through experimental simulation.
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1 Introduction

In the recent years, the methods of signal denoising and the separation of signal have
drawn greater attention of scholars. The process of signal separation involves breaking
down a complex signal into a sum of simple signals. The methods used to separate
signals vary because of the construct of the simple signal which is decomposed from
complex signal are different. For instance in the empirical mode decomposition
(EMD) method [1, 2], an oscillatory signal is resolved into a sum of intrinsic mode
functions (IMFs) and in the Matching Pursuit (MP) method [3], a signal is resolved into
a total of time-frequency atoms. The Null Space Pursuit (NSP) algorithm on the basis of
a differential operator is of particular interest to us in all methods of signal separation.
Silong Peng and Wen-Liang Hwang (2008) conceptualized the NSP algorithm
based on a differential operator [4], two years later during 2010 in the next course of
attempt they further improved the NSP algorithm. This method makes use of an
adaptive operator to separate a complex signal into a sum of simple signals, and these
simple signals belong to the null space in the above. The important steps of the method
include estimating the adaptive operator T, from the input signal S and decomposing S
into R and U, where R is the residual signal and U is extracted signal, which
T,(U) = 0. In [5], they developed the following second-order differential operator:

d2
T

s = ﬁ +(D2(l).

which can eliminate the FM signal cos(¢(¢)), where ¢ () is a local linear function.
The NSP algorithm on the basis of a differential operator has attracted wide
attention due to its adaptability. In 2011, Xiyuan Hu [6] put forwarded the null space
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pursuit algorithm and then further expanded the range of signal that could be
decomposed. He empirically established the following second-order differential
operator:

_& +P(t)% +0(1).

T =0

It can eliminate an AM-FM signal.
In this paper, we improve the algorithm [7] to use an arbitrary order differential
operator. It can annihilate the signal:

A (1) cos(¢y (1)) +Aa(1) cos(a (1)) + -+ +An(t) cos(,,(1)).

What’s more,
This algorithm expands the range of signal that could be decomposed.

2 The Null Space Pursuit Algorithm Based on an Arbitrary
Order Differential Operator

In this paper, we propose the following arbitrary order differential operator:

dm ) 1

d
:ﬁ+am_l(Z)W+.H+a1(t)7+a0([)' (1)

T
i dt

This algorithm can estimate the orders of the above operator and the values of
parameters ag,dp, - - Ap—1.
In a discrete case, the form of the operator is expressed as:

Ty =D+ Py, (9Dm-1+ - + PayyD + Py (2)

Where P, is a diagonal matrix whose diagonal elements are a;, where
i=0,1,---m—1, and D,,(m = 1,2,3,---) is the matrix of the n-order difference.

Then, the values of parameters ag,ay, - - - a,,—; and the signal R is estimated by the
following optimization method that minimizes the problem:

4 2 ) 2 2
min {HTS(S—R)H +A1<||RH +v||s-1e|\)
@y, am—1,R,21,7,72

()
+ 22 (IDn-rn1 [P+ -+ + D1 | + o) |

where S is the input signal, R is the residual signal, y is the leakage parameter and 4, 4,
are Lagrange parameters. Let
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Flao, - an-1,R) = | (S = B>+ 21 (IRI> + 71 = RI?)

+ ia (D1 |P - + D1 |+ flaol ) }
For convenience, we let ¢ be the column vector as follows:
¢ =[al_,,a, aTag] .
Then (4) becomes
F(®,R) = [[ (D -+ Bob)(S = R)I” + 21 (IR +711S = RI?) + 22 (IMa0))  (5)

T
where  Bo = [Pam,,,Pa,,,,z_ e 'PamPtlo] M, = [DnTz—lanTz—Za e 'DgaD{vET} and
Dmfl
Dm72

M,

, in which E is the identity matrix.
D
E
For convenience, we rewrite the first item of (5) as the following:

(D -+ BoM,)(S — R) = Dyu(S — R) + BoM, (S — R)
- Dm(S R) + [ [ nPa,,, R Pa”PaoHDmfl(S - R), e »DI(S - R),E(S - R)]T
= Du(S —R)+Pp, (s—R)@m-1+ - + Pp,(s—r)a1 + P(s_g)ao
=Du(S—R)+ [Pp, (s—r)> "+ Py(s—R)s Pis—r)] [am—1, -+, a1, a0)"
=D,(S—R)+A¢
where A = [Pp,  (s-r), "+ Pp,(s-r)» P(s—r)]- Then (5) becomes

F($R) = IDn(S = R+ A + 2 (IR + 7S = RI?) + 22 (M0 ). (6)

We assume

Z_g =2A"(D,,(S — R) + A¢) + 2oM] My = 0. ™)

Then
é = _(ATA“F/’LQM;“MZ)_IATDm(S_R)' (8)

Similarly, we let g—g ‘ b—p = 0 to estimate R and obtain
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R=(T'T,+ 4 (14+)E)  (TTT,S+ /19S) o)
9
M(m, /) (T T,S + AlyS)
Where T, = D,y + Py, Dy 1+ -+ + Py D+ P, M(il, w}) = (TI'Ts+ 1 (1+ y)E)*1
For the NSP algorithm, parameters A; and y can be counted as follows:
1 ALy
b = M, 5) (10)
1+VSTM(/L17))) M(/llay)
N
S—R) S
= % -1 (11)

However, the optimal value of 4, cannot be estimated by the above procedure. So,
we can try more than one value of A,, according to the result to select the optimal

solution. In practice, we find the best solution of (4) is not sensitive to the value of 7.
Thus, the value of 1, can be fixed.

3 Experiment Result and Analysis

We assume that the value of 4, is given.

(1) Input: the signal S(z), the initial values of i(l) and 7°, give the stopping threshold ¢;
Let k= 1;

(2) Letj=0,R =0, =209/ ="

(3) Compute ¢); according to (8) and denoted by signal R;; Then, obtain the values of
&07&17 T a&mfl;

(4) Compute )ﬂ“ according to (10) and denoted by d)j,IAij, &"1“7 2

(5) Compute IAQH 1 according to (9) and denoted by ¢;, P, )flﬂ;

(6) Compute ! according to (11) and denoted by f?Hl, then set j =j+1;

@ If ||Rj+1 — R,H > ¢, go to step (3); otherwise, go to the next step;

(8) Output the extracted signal U= (14411 (S — Rj) and the residual signal
R=S-U ;

9 If Hf?Hz > 8HS||2, set k = k+ 1 and go to step (2); otherwise, stop this program.

We illustrate several examples to demonstrate the results achieved by our algo-
rithm. In the first example, the input signal is the signal #cos(z)+ 3tcos(3¢) +
5tcos(5¢) in additive Gaussian random noise, as shown in Fig. 1. By running a Matlab
program, we obtain the PSNR of input signal is 9.42217 dB, and the PSNR of
extracted signal is 16.1682 dB.our algorithm have a good effect to signal denoising.

In this example, W =1, =0.0001, A, = 1000, & = 0.285, and the orders of
differential operator is six.
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Fig. 1. Signal denoising
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Fig. 2. Signal denoising and signal separation

In the second example, our algorithm can denoise from a noisy chirp signal and
make the extracted signal into its coherent subcomponents. First, we input the signal
s1 + 52+ s3 in additive Gaussian random noise, which s1 = 4¢cost, s2 = 3tcos 5¢,
s3 = 2tcos 15t + ¢ cos 20t. We can see that the extracted is closed to the clean signal in
Fig. 2. And it can estimate a eighth-order differential operator. In this example, we can
obtain the PSNR of input signal is 11.5881 dB, and the PSNR of extracted signal is
13.6667 dB by running a Matlab program. In this process, let }° = 1,4, = 0.1, 1, =
0.1, ¢ = 0.16. Then, we separate the signal s1 4 s2 4 s3 into three subcomponents. In
Fig. 2, the first component is closed to the signal s1, the second component is closed to
the signal s2 and the residual signal is closed to the signal s3. The values of parameters
for extraction of the first and second subcomponents are set at }° =1,1; =
0.0001, 4, = 0.1, = 0.01 and 7y° = 1, 4; = 0.001, 4, = 0.01,& = 0.1.
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4 Summary

In the paper, we put forward an NSP algorithm based on an arbitrary order differential
operator. It improves the order of differential operator and expands the scope of signal
that could be decomposed. In our future work, we will extend the method to images.

Acknowledgement. This work was supported by the Beijing Natural Science Foundation
(1152001) and National Natural Science Foundation of China (11126140,11201007).

References

1. Rilling, G., Flandrin, P.: One or two frequencies the empirical mode decomposition answers.
IEEE Trans. Signal Process. 56, 85-95 (2008)

2. Wu, Z., Huang, N.E.:A study of the characteristics of white noise using the empirical mode
decomposition method. In: Proceedings of the royal society of London (series A)460, 1597-
1611(2004)

3. Mallat, S., Zhang, Z.: Matching pursuits with time-frequency dictionaries. IEEE Trans. Signal
Process. 41, 3397-3415 (1993)

4. Peng, S.L., Hwang, W.L.: Adaptive signal decomposition based on local narrow band signals.
IEEE Trans. Signal Process. 56, 2669-2676 (2008)

5. Peng, S.L., Hwang, W.L.: Null space pursuit: an operator-based approach to adaptive signal
separation. IEEE Trans. Signal Process. 58, 2475-2483 (2010)

6. Hu, X.Y.: Adaptive signal and image separation and its application, Dissertation for the
degree of doctor of philosophy. Institute of Automation Chinese Academy of Sciences.
Beijing (2011)

7. Xiao, W.W., Guo, Y.X.: The null space pursuit algorithm based on an arbitrary even-order
differential operator. In: 2014 International Conference on Industrial Engineering and
Management Science. Tianjin, China (2014)



2 Springer
http://www.springer.com/978-3-319-49567-5

Recent Developments in Intelligent Systems and
Interactive Applications

Proceedings of the International Conference on
Intelligent and Interactive Systems and Applications
(542016)

¥Xhafa, F.; Patnaik, S.; Yu, Z. (Eds.)

2017, XV, 468 p, 225 illus., Softcover

ISBM: 978-3-319-49567-5



	The Null Space Pursuit Algorithm Based on an Arbitrary Order Differential Operator
	Abstract
	1 Introduction
	2 The Null Space Pursuit Algorithm Based on an Arbitrary Order Differential Operator
	3 Experiment Result and Analysis
	4 Summary
	Acknowledgement
	References


