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Abstract The restricted open-shell Hartree-Fock (ROHF) method in its different
formulations is a standard tool used by quantum chemists for studying open-shell
systems. This work presents a discussion of specific difficulties which arise in the
ROHF method in those cases where the orbital energies violate the Aufbau prin-
ciple (AP). The AP violations are often treated in the literature as a deficiency of
both a ROHF method leading to these violations and of the respective computa-
tional results. We summarize examples of different AP violations and analyze them
from the viewpoint of both Koopmans’ theorem (KT) and experimental ionization
potentials. We show that the main source of AP violations is a specific ordering of
the ROHF orbital energies based on the orbital occupancies. In those cases, where
the orbital energies obey KT, the violations of the AP reflect the physical reality. To
overcome computational difficulties which arise in the iterative SCF procedure, we
describe a simple and effective orbital-energy scaling technique which enables one
to perform ROHF computations of systems violating the Aufbau principle.
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1 Introduction

In the iterative procedure of solving the Hartree-Fock (HF) equation for the
closed-shell systems [1], the orbital energies ε i are usually ordered by their values,
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ε1 < ε2 < ε3 <⋯, and electrons fill the lowest energy orbitals. At convergence, the
closed-shell and virtual orbital energies, εk and εv, respectively, obey the condition

εk < εv ð1Þ

which is usually called the Aufbau principle (AP). The HF orbital energies (1) also
satisfy the physically meaningful relationships following fromKoopmans’ theorem [2]

εk = − Ik ð2Þ

εv = −Av ð3Þ

where Ik and Av are the vertical ionization potential (IP) and electron affinity (EA),
respectively, defined in the “frozen” orbital approximation (see below). A fulfill-
ment of Koopmans’ relationships (2)–(3) shows that the orbital energies εk and εv
are well-defined quantities, and this substantiates the use of the AP (1) for ordering
of the orbitals in the closed-shell HF method.

In the restricted open-shell HF (ROHF) method [3] and in its different reformu-
lations and generalizations [4–11], the full orbital space fϕig= fϕkg⊕fϕmg⊕fϕvg
is separated into three orbital subspaces, closed-shell fϕkg, open-shell fϕmg, and
virtual fϕvg, characterized by the respective orbital occupancies fi,

fk =1; 0< fm <1; fv =0 ð4Þ

The ROHF orbitals are usually ordered by their occupancies, i.e., the open-shell
orbitals lie above the closed-shell (doubly occupied) orbitals and below the virtual
ones. Within each of these subspaces, the orbitals are ordered by the values of the
orbital energies. Based on this specific orbital ordering, it is often assumed that the
ROHF orbital energies εi must obey the Aufbau principle, which in this case takes
the form

εk < εm < εv ð5Þ

In practice, the ordering of the ROHF orbital energies derived for the ground
state of different open-shell systems usually obeys the AP (5), however, a number
of cases is known where the orbital energies violate the condition (5). The point is
that the latter cases are sometimes treated as a deficiency of both a ROHF method
leading to this violation and of the respective computational results [12, 13]. In the
clear form this point of view was presented in Ref. [13]: “The Aufbau principle
states that electrons will fill the lowest energy orbitals first for the ground state.
Computational results that predict otherwise must be view skeptically”.

This work presents a discussion of the Aufbau principle (5) and of its violations
in the ROHF method. We summarize examples of different AP violations derived
with different versions of the ROHF method and analyze them from the viewpoint
of both Koopmans’ theorem (KT) and experimental IPs. The main result of our
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treatment is that in those cases, where the orbital energies obey KT, the violations
of the AP reflect the physical reality. To overcome computational difficulties which
arise in the iterative SCF procedure, we describe a simple and effective orbital-
energy scaling technique which enables one to perform ROHF computations of
systems violating the Aufbau principle.

The paper is organized as follows. Section 2 presents a brief review of the
present state of the art of the ROHF method and of its special (canonical) form [14–
17], in which the orbital energies obey Koopmans’ theorem. In Sect. 3 we discuss
different kinds of AP violations in the ROHF method. A description of the orbital-
energy scaling technique is presented in Supplementary materials.

2 Theory

2.1 Total One-Electron Hamiltonian in the ROHF Method

The present-day formulation of the ROHF method is based on the familiar repre-
sentation for the total electronic energy [3]:

EROHF ðXÞ=2∑
i
fi hii + ∑

i
∑
j
fi fj ð2aijJij − bijKijÞ ð6Þ

that involves only the Coulomb Jij and exchange Kij integrals and does not involve
the 3- and 4-indexed electron repulsion integrals ⟨ij kl⟩j . In Eq. (6) and below, fi is
the occupation number (4), aij and bij are coupling coefficients characterizing the
state and configuration of an open-shell system X under consideration [3]. Appli-
cation of the variational principle to the energy functional (6) gives the generalized
Hartree-Fock equation [3]:

R ̂ ϕ ij ⟩= εi ϕ ij ⟩ ð7Þ

where R ̂ is the total one-electron ROHF Hamiltonian. The most general definitions
of R ̂ valid for an arbitrary unique state (non-repeating term symbol) arising from an
arbitrary many-open-shell electronic configuration were derived by Dyadyusha and
Kuprievich [4], and, later and independently, by Hirao and Nakatsuji [5]. The
definitions [4, 5] are completely equivalent from the viewpoint of the variational
principle [18], however, they are not equal to each other, and this point deserves
discussion. The definitions [4, 5] can be presented in the following form:

R ̂= R̂ð1Þ +Rð̂2Þ + R̂ð3Þ ð8Þ
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where

R̂ð1Þ = ∑
i
ω i½ðI − ρÞFî ρ

i + ρiF ̂i ðI − ρÞ� ð9Þ

R̂ð2Þ = ∑
i
∑
j
λijρ

j ðF ̂i −F ̂jÞ ρi ð10Þ

The term R̂ð3Þ which differs in the two definitions [4, 5] is discussed just below.
In Eqs. (9)–(10): ρi = ϕ ij ⟩⟨ϕ ij, ρ= ∑ðkÞ ρ

k + ∑ðmÞ ρ
m, and ðI − ρÞ= ∑ðvÞ ρ

v are

the projectors; ω i and λij are arbitrary nonzero numbers (ðλij = − λjiÞ; and F ̂i is the
Fock operator for the orbital ϕi [1],

Fî = fi½h ̂+ ∑
j
fj ð2aij Jĵ − bijKĵÞ� ð11Þ

The term R̂ð1Þ (9) expresses the variational conditions between occupied and

virtual orbitals, while R ̂ð2Þ (10) represents the variational conditions among occu-
pied orbitals [4, 5]. All of these conditions are satisfied at convergence (see also
below). For closed-shell systems, R̂ð2Þ ≡ 0, since the Fock operators (11) for the
closed-shell orbitals are all the same. The term R̂ð3Þ derived by Dyadyusha and
Kuprievich [4] takes the form

Rð̂3Þ = ∑
i
ρi Q̂ ρi ð12Þ

where Q̂ is an arbitrary nonvanishing Hermitian operator. The term R ̂ð3Þ derived by
Hirao and Nakatsuji [5] takes another form

R̂ð3Þ = ∑
i
ρi F ̂i ρi + ∑

u
∑
w

∑
i
ρuF ̂i ρw ð13Þ

where the indices u and w refer to the virtual orbitals. To clarify the definitions (12)
and (13), we present the matrix of the total ROHF Hamiltonian (8), R̂ij, defined in
the molecular orbital basis fϕig= fϕkg⊕fϕmg⊕fϕvg For simplicity, we express
this symmetric (Hermitian) matrix in terms of matrix elements of operators R ̂ð1Þ,
R̂ð2Þ, and R̂ð3Þ,

c o v

c )3(R̂ )2(R̂ )1(R̂

o )3(R̂ )1(R̂

v )3(R̂

ð14Þ

where the letters c, o, and v designate the closed-shell ðcÞ, open-shell ðoÞ, and
virtual ðvÞ orbital subspaces, respectively, i.e., c= fϕkg, o= fϕmg, and v= fϕvg
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At convergence, matrix elements of operators R ̂ð1Þ and Rð̂2Þ vanish,

R̂ kv = ðRð̂1ÞÞkv =0

R̂mv = ðRð̂1ÞÞmv =0

R̂km = ðRð̂2ÞÞkm =0

ð15Þ

and this provides a fulfillment of all the conditions imposed by the variational
principle in the case of open-shell systems [3–5].

From the conditions (15) it follows that operator Rð̂3Þ standing in diagonal blocks
of (14) cannot be defined from the variational principle [4, 5]. It is noteworthy that
operator R̂ð3Þ should be nonvanishing, otherwise all eigenvalues of R ̂ (8) which are

equal to eigenvalues of Rð̂3Þ will be equal to zero, and hence, all eigenvectors of R̂
will be degenerate.

This arbitrariness in the choice of Rð̂3Þ reveals the way to take into account the
additional conditions necessary to also satisfy Koopmans’ theorem. As first shown
by Plakhutin et al. [14], a proper form of the operator R̂ð3Þ whose eigenvalues obey
Koopmans’ relationships of the kind (2) and (3) can be derived from Kramers’
variational condition underlying Koopmans’ theorem [2]. A detailed discussion of
Kramers’ condition and of the approach [14] based on this condition is presented in
Sect. 2.3.

Here we point out that the original definitions of R ̂ð3Þ given by Eqs. (12) or (13) are
not quite satisfactory [11, 19]. Offdiagonal matrix elements of R ̂ð3Þ inside of the
diagonal blocks R̂cc and R̂oo of the matrix (14) were postulated [4, 5] to be equal to
zero, and this presents a rigid restriction which does not follow from the variational
principle. A general form of R̂ð3Þ following from the treatment [4, 5] is as follows [19]:

R̂ð3Þ = ∑
k
∑
l
ρkRð̂ccÞρ l + ∑

m
∑
n
ρmRð̂ooÞρn + ∑

u
∑
w
ρuR̂ðvvÞρw = ∑

s
∑
i s
∑
j s
ρ isRð̂ssÞρ js

ð16Þ

where is and js are the numbers of orbitals from the orbital subspace s ðs= c, o, vÞ,
and R̂ðssÞ are arbitrary nonvanishing Hermitian operators.

2.2 High-Spin Half-Filled Open-Shell (HSHFOS) Systems

Here we consider in more detail the particular case of open-shell systems which is
represented by high-spin half-filled open-shell (HSHFOS) systems. Within a one
configuration approximation underlying the ROHF method, the HSHFOS systems
are described by a one determinant wave function (similar to that in the unrestricted

On the Ordering of Orbital Energies in the ROHF … 21



HF (UHF) method [20]) and are characterized by the following values of Roo-
thaan’s open-shell coefficients f , a, and b [3],

fm = f =1 ̸2, amn = a=1, bmn = b=2 ð17Þ

The set of the Fock operators (11) characterizing HSHFOS systems is reduced to
the two operators, F ̂c and F ̂o, which are specific for the closed-shell and open-shell
orbitals, respectively,

F ̂c = h ̂+ ð2Jĉ −KĉÞ+ f ð2Jô −KôÞ
Fô = f ½h ̂+ ð2Jĉ −KĉÞ+ f ð2aJô − bKôÞ�

ð18Þ

If arbitrary coefficients ω i and λij in Eqs. (9) and (10) are chosen in the form
ω k =ω c =1, ωm =ω o =2, and λkm = λco =2, the operators (9) and (10) take the
form R̂ð1Þ = R̂cv =F ̂c, R ̂ð1Þ = R̂ov =2Fô, and Rð̂2Þ =2ðFĉ −F ̂oÞ, respectively, and the
symmetric ROHF Hamiltonian matrix (14) for HSHFOS systems takes the familiar
form

c o v

c )(ˆ ccR 2( cF̂ − oF̂ ) cF̂

o )(ˆ ooR 2 oF̂

v )(ˆ vvR

ð19Þ

The diagonal operators R̂ðssÞ ðs= c, o, or vÞ in Eq. (19) are different in different
versions of the ROHF method [3, 6–10]. As shown by Montgomery [21], the
diagonal operators Rð̂ssÞ in the methods [3, 6–10] can be expressed in the same form

R̂ðssÞ =2fAðssÞF ̂o +BðssÞðFĉ −F ̂oÞg ð20Þ

where AðssÞ and BðssÞ are some coefficients (for details, see the manual [21] to the
GAMESS suite of programs [22]). The values of these coefficients derived by
Montgomery are presented in Table 1. For completeness, Table 1 also presents the

Table 1 Coefficients AðssÞ and BðssÞ of Eq. (20) for high-spin half-filled open-shell systems

AðccÞ BðccÞ AðooÞ BðooÞ AðvvÞ BðvvÞ ROHF Hamiltonian

−1/2 3/2 1/2 1/2 3/2 −1/2 Roothaan Ref. [3]
1/2 1/2 1 0 – – Roothaan and Bagus Ref. [23]
1/3 2/3 1/3 1/3 2/3 1/3 McWeeny and Diercksen Ref. [6]
1/2 1/2 1 0 1 0 Davidson Ref. [7]
1/2 1/2 1 0 0 1 Binkley, Pople and Dobosh Ref. [8]
1/2 1/2 1/2 1/2 1/2 1/2 Guest and Saunders Ref. [9]
1/2 1/2 1 0 1/2 1/2 Faegri and Manne Ref. [10]

1/2 1/2 1/2 0 1/2 1/2 Euler equations Ref. [1]
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AðssÞ and BðssÞ coefficients specific for the atomic ROHF method developed by
Roothaan and Bagus [23] and similar coefficients characterizing the ROHF method
based on direct solving the Euler equations [1] (for details, see Ref. [14]).

2.3 Koopmans’ Theorem in the Closed-Shell HF and ROHF
Methods

In all of the ROHF methods [3–11] treated above, the orbital energies do not obey
Koopmans’ theorem (KT) [2] (a fulfillment of KT was not presupposed in the
derivations [3–11]). For the first time, the special (canonical) form of the ROHF
method for HSHFOS systems, in which the orbital energies εk , εm, and εv satisfy the
KT relationships of the kind (2) and (3) has been developed in Ref. [14]. The
further elaboration and extension of the approach [14] has been given in Refs. [15–
17]. Here we analyze the variational conditions underlying KT in both closed-shell
HF and ROHF methods mainly following Refs. [14–17].

Before treating the validity of KT in the ROHF method, we recall that the
formulation of KT in the closed-shell HF method in the form of the relationships (2)
and (3) does not reveal the main (variational) essence of this theorem [14, 24]. This
point deserves discussion. The validity of Koopmans’ relationships (2)–(3) is due to
the use in the closed-shell HF equation [1]

F ̂ ϕ ij ⟩= εi ϕ ij ⟩ ð21Þ

of the specific form of the one-electron effective Hamiltonian

F ̂= h ̂+ ð2Jĉ −K ̂cÞ ð22Þ

This form of the HF Hamiltonian derived by Fock [1] and called the Fock
operator is the particular form of the total one-electron Hamiltonian R̂ (8). Different
particular forms of R̂ for the closed-shell systems generate the same orbital sub-
spaces fϕkg and fϕvg and the same energy EHFðXÞ, however, only eigenvalues of
the Fock operator (22) obey the KT relationships (2) and (3). It is why the form of
the one-electron Hamiltonian in the closed-shell HF method given by Eq. (22) is
called canonical.

To gain a better understanding of the difference between F ̂ (22) and other
possible forms of the closed-shell HF Hamiltonian, we consider the expressions for
Ik (2) and Av (3) defined in Ref. [2] in the “frozen” orbital approximation (FOA):

Ik =EfrozenðX +
k Þ−EHFðXÞ ð23Þ

Av =EHFðXÞ−EfrozenðX −
v Þ ð24Þ
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EfrozenðX±
j Þ= ⟨ΨðX±

j Þ H ̂�
�

�
�ΨðX±

j Þ⟩, ð25Þ

where EHFðXÞ is the HF energy of a closed-shell system X under consideration; X±
j

is an ion having a hole or an extra electron in the orbital ϕj; ΨðX±
j Þ=ΨfrozenðX±

j Þ is
a one-determinant wave function of X±

j formed using the same (“frozen”) HF

orbitals fϕ ig= fϕkg⊕fϕvg optimal for X; and H ̂ is the total many-electron
Hamiltonian. The energy of ions X±

j (25) is defined in the FOA, i.e., in a
non-variational manner, and hence, depends on the choice of “frozen” orbitals fϕkg
and fϕvg defined up to a unitary transformation in the respective orbital subspaces.

The fundamental result underlying KT is that the orbitals fϕig= fϕkg⊕fϕvg
derived as eigenvectors of the canonical HF Hamiltonian F ̂ (22) for the initial
(non-ionized) system X provide also the minimal (stationary) value of EfrozenðX±

j Þ
with respect to the choice of “frozen” orbitals fϕkg and fϕvg. This crucial result
providing the variational meaning of KT in the closed-shell HF method [1] has been
proved by Kramers [25].

It follows from here that the canonical HF orbitals fϕig= fϕkg⊕fϕvg=
fϕðcÞg⊕fϕðvÞg for a closed-shell system X obey three variational conditions. The
first of them is the variational principle for the total energy

δEHF ðXÞ½fϕ ig�=0 ð26Þ

while two other ones represent the Kramers’ condition [25] which is imposed upon
the orbitals of the respective (ionized) electronic shell in both cation X +

k and anion
X −
u . These two particular forms of Kramers’ condition [25] can be presented as

follows [14, 17]:

δEfrozen ðX +
k Þ½fϕðcÞg�=0 ðϕ k ∈ fϕðcÞgÞ ð27Þ

δEfrozen ðX −
u Þ½fϕðvÞg�=0 ðϕu ∈ fϕðvÞgÞ ð28Þ

where the orbitals of non-ionized electronic shells, i.e., the virtual orbitals fϕðvÞg in
X +
k and closed-shell orbitals fϕðcÞg in X −

u , remain “frozen” in the respective
variational procedures (27) and (28).

In line with the above treatment (see Eq. (15) and the respective text), the varia-
tional principle (26) defines only the operator R̂ðcvÞ standing in the off-diagonal block
of the closed-shell HF Hamiltonian matrix. The diagonal operators R̂ðccÞ and R̂ðvvÞ
cannot be defined from the variational principle, however, they can be defined from
the conditions (27) and (28), respectively [14, 16]. It is easy to show that R̂ðcvÞ derived
from the condition (26) takes the form R̂ðcvÞ =ωF ̂, where ω is an arbitrary nonzero
coefficient, while R̂ðccÞ and R ̂ðvvÞ derived from the conditions (27) and (28) take the
form Rð̂ccÞ = R̂ðvvÞ =F ̂. It follows from here that Kramers’ conditions (27)–(28) are
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satisfied in the canonical closed-shell HF method [1], and this provides a physical
meaning of the KT relationships (2) and (3).

The variational conditions (27)–(28) can be extended to open-shell systems in
order to derive a special (canonical) form of the ROHF Hamiltonian [14], whose
eigenvalues (orbital energies) obey KT. For the first time, this extension has been
given in Refs. [14, 16] for the particular case of HSHFOS systems. A generalization
of the approach [14, 16] to open-shell systems with arbitrary orbital occupancies
and arbitrary total spin S including orbitally degenerate systems, such as atoms with
configuration pN , will be published elsewhere [26].

In HSHFOS systems under study, the full orbital space fϕig is divided into three
subspaces, fϕig= fϕkg⊕fϕmg⊕fϕvg= c⊕o⊕v characterized by different orbital
occupancies (4), and hence, there are six different one-electron processes X→X±

j, σ

which lead to formation of six ions: X +
k, α, X

+
k, β, X

+
m, α, X

−
m, β, X

−
v, α, and X

−
v, β, where

σ = α or β is the spin of a removed (attached) electron. The full set of the varia-
tional conditions imposed upon the canonical ROHF orbitals in HSHFOS systems
involves the variational principle for the total energy

δEROHF ðXÞ½fϕ i g�=0 ð29Þ

and six conditions, each of which is imposed upon the energy of the respective ion
defined in the FOA. These six conditions can be presented in the form [14, 17]:

δEfrozen ðX±
j, σÞ½fϕðsÞg�=0, ðj∈ sÞ ð30Þ

where s= c, o, or v, and, σ = α or β
In line with the above treatment (see Eq. (15) and the respective text), the

variational principle (29) defines only the operators R̂ðcoÞ, R̂ðcvÞ, and R̂ðovÞ standing in
the off-diagonal blocks of the matrix (19). The fundamental meaning of the con-
ditions (30) is that each of them defines the respective diagonal operator R̂

σ
ðssÞ in

Eq. (19), whose eigenvalues obey Koopmans’ theorem. An explicit form of oper-
ators R̂

σ
ðssÞ is presented below.

As proved in Refs. [14, 16], if the ROHF orbitals fϕig= fϕkg⊕fϕkg⊕fϕvg
used to evaluate the energies δEfrozen ðX±

j, σÞ in Eq. (30) obey the variational prin-

ciple (29), the eigenvalues of each of the operators R̂
σ
ðssÞ derived from the respective

condition (30) obey the following Koopmans’ relationship:

R̂
α
ðccÞ: εαk = − Iαk

R̂
α
ðooÞ: εαm = − Iαm

R̂
α
ðvvÞ: εαv = −Aα

v

ð31Þ

and
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R̂
β
ðccÞ: εβk = − Iβk

R̂
β
ðooÞ: εβm = −Aβ

m

R̂
β
ðvvÞ: εβv = −Aβ

v

ð32Þ

It follows from (31)–(32) that the conditions (30) define two different operators,

R̂
α
ðssÞ and R̂

β
ðssÞ, for each orbital subspace s. These two operators provide a fulfillment

of KT for two respective one-electron processes which are possible in the electronic
shell s. From here it follows that the conditions (29)–(30) define two different

ROHF Hamiltonians, which we denote R
Î
and R̂

II
[17].

The matrices of these two Hamiltonians take the same form (19) and differ from
each other only in diagonal blocks. The triples of diagonal operators R̂

σ
ðssÞ

ðs= c= o, vÞ entering each of the Hamiltonians R
Î
and R̂

II
can be different [14, 16,

17], for example,

R ̂I = ðR̂ β
ðccÞ, R̂

α
ðooÞ, R̂

α
ðvvÞÞ ð33aÞ

R̂
II
= ðR ̂ αðccÞ, R̂

β
ðooÞ,R ̂

β
ðvvÞÞ ð33bÞ

or

R̂
I
= ðR ̂ αðccÞ, R̂

α
ðooÞ,R ̂

α
ðvvÞÞ ð34aÞ

R̂
II
= ðR ̂ βðccÞ, R̂

β
ðooÞ,R ̂

β
ðvvÞÞ ð34bÞ

(See also Table 2). This specific ambiguity of R
Î
and R̂

II
follows from that the three

diagonal operators of a ROHF Hamiltonian are, by definition, independent of each

other [see also Eq. (16)]. Below we will specify the diagonal blocks of R̂
I
and R̂

II
by

referring to the respective definitions (33a), (33b) or (34a), (34b). In the particular

Table 2 Coefficients Aσ
ðssÞ and Bσ

ðssÞ of Eq. (37) characterizing a one-electron process

X→X±
j, σ ðj∈ sÞ in HSHFOS systems with the total electronic spin S

Aσ
ðccÞ Bσ

ðccÞ A σ
ðooÞ Bσ

ðooÞ Aσ
ðvvÞ Bσ

ðvvÞ Canonical ROHF Hamiltonian

X→X +
k, β X→X +

m, α X→X −
v,α

0 1 1 0 1 0 Plakhutin, Gorelik and
Breslavskaya

Ref.
[14]

X→X +
k, α X→X −

m, β X→X −
v, β

2S+1
2S

− 1
2S

0 1 − 1
2S

2S+1
2S

Davidson and Plakhutin Ref.
[16]
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case, where the triples of diagonal operators R̂
σ
ðssÞ are chosen in the form (34a), (34b),

the ROHF Hamiltonians R̂
I
and R̂

II
can be designated R̂

α
and R ̂β, respectively [17].

The eigenvectors and eigenvalues of R̂
I
and R̂

II
represent two sets of the canonical

ROHF orbitals and orbital energies [14, 16]. These characteristics can be derived by
solving two different and independent (uncoupled) HF equations [16, 17],

R ̂I ϕ I
i

�
� ⟩= ε Ii ϕ

I
i

�
� ⟩ ð35Þ

R̂
II
ϕ II

i

�
� ⟩= ε IIi ϕ II

i

�
� ⟩ ð36Þ

A detailed discussion of the structure of solutions of Eqs. (35)–(36) is presented
in Ref. [17]. Here we note that each of these equations can be solved using the usual
iterative procedure. In this work, Eqs. (35) and (36) are solved using the general
ROHF algorithm for HSHFOS systems implemented in the GAMESS program [21,
22] and the orbital-energy scaling technique described in Supplementary materials.
When treating the AP violations in different open-shell systems (see Sect. 3) we
present either both sets of the orbital energies derived by Eqs. (35)–(36) or only one

of them derived by Eq. (35) with the use of the diagonal operator R
Î
(33a) [14].

As shown in Refs. [14, 16], the diagonal operators R ̂ σðssÞ (31)–(32) derived from
the variational conditions (30) can be expressed in the above form (20)

R̂
σ
ðssÞ =2fA σ

ðssÞF ̂o +B σ
ðssÞðFĉ −F ̂oÞg ð37Þ

where A σ
ðssÞ and B σ

ðssÞ are characteristic coefficients of the canonical ROHF method.
It is worth noting that despite of a formal analogy between the definitions (37) and
(20), there is a principal difference between them. The operators R̂

σ
ðssÞ (37) are

derived from the physically meaningful conditions (30), each of which provides a
fulfillment of KT for the respective one-electron process X→X±

j, σ (31)–(32), while

the operators Rð̂ssÞ (20) and their eigenvalues have not a physical meaning. The
numerical values of A σ

ðssÞ and B σ
ðssÞ (37) are presented in Table 2.

2.4 CI-Based Formulation of Koopmans’
Theorem in the ROHF Method

Canonical ROHF orbitals and orbital energies derived from the extended set of the
variational conditions [Eqs. (29) and (30)] can also be derived by an alternative
method [15] based on a limited configuration interaction (CI) approach. This allows
one to give an alternative (CI-based) formulation of KT in the ROHF method [17].
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In this section we present only those formulas of the method [15, 17] which will be
used in the treatment below, and refer the reader to the original work for details.

The essence of the approach [15] is that a system X under study is treated within
a ROHF method, while ions X±

j, σ are treated within the ORMAS-CI (Occupation
Restricted Multiple Active Space-CI) method [27]. The starting orbitals in the CI
treatment are ROHF orbitals fϕig which are optimal for X and are derived by any
ROHF method. The approach [15, 17] compares the CI energy of ion X±

j, σ derived
with the ORMAS-CI method, ECI ðX±

j, σÞ, and the energy Efrozen ðX±
j, σÞ evaluated

using the “frozen” ROHF orbitals fϕig.
It has been shown [15] that the minimal (stationary) value of Efrozen ðX±

j, σÞ, as the
latter is defined by the condition (30), is equal to the energy ECI ðX±

j, σÞ,

Efrozen ðX±
j, σÞmin =ECIðX±

j, σÞ ð38Þ

Based on this result, it has been proved that the canonical ROHF orbital energies
εσj ðXÞ for a system X under study obeying the KT relationships (31) and (32), and
the energies ECI ðX±

j, σÞ are connected by the fundamental relationship [15, 17]

εσj ðXÞ =±f−ECI ðX±
j, σÞ+EROHF ðXÞg ð39Þ

where the two upper or the two lower signs must be taken together.
In the present work, the relationship (39) will be used for independent verifi-

cation of the results derived with the canonical ROHF method in those cases where
the orbital energies obeying KT (31)–(32) violate the Aufbau principle (5).

3 Violations of the Aufbau Principle

The well-known deficiency of the ROHF method [3–11] is that the orbital energies
are defined ambiguously [3]. This ambiguity can lead and, in some cases, does lead
to violations of the AP (5) [17]. Moreover, an ambiguity of the ROHF orbital
energies is sometimes treated as a single source of AP violations (see, for example,
Ref. [13]). In this section we discuss violations of the AP which arise in ROHF
calculations of two open-shell systems, endofullerene N@C60 ðIhÞ and atom Mn.
The AP violations in these two systems have been revealed many years ago (see
below), however, as pointed out in Refs. [15, 28], these violations cannot be treated
as well-substantiated, since the ROHF orbital energies derived for these systems
generally do not obey KT. In this work we perform a detailed study of the discussed
AP violations using two different ROHF approaches presented in Sects. 2.3 and 2.4.
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3.1 Atom N and Endofullerene N@C60 ðIhÞ

The geometry and electronic structure of endofullerene N@C60 ðIhÞ has been
studied by different experimental and theoretical methods (for review and bibli-
ography, see Ref. [29]). By now, the main features of the electronic structure of
N@C60 are well established. The ground state of this molecule is 4Au arising from
the electronic configuration ½. . . 6h10u 7t31u�. The three-fold degenerate open-shell
orbitals 7t 1u are practically pure atomic 2pN orbitals, and so the encapsulated
nitrogen keeps its atomic electronic configuration [. . . 2p3]. The highest in energy
closed-shell orbitals 6hu of N@C60 are essentially the orbitals of the cage C60 ðIhÞ.

Together with this, the quantum chemical data for N@C60 derived in previous
years with different quantum chemical methods were essentially different (for
discussion and bibliography, see Refs. [28–30]). Of particular interest is the ROHF
results [30] derived using the quantum chemical program Turbomole [31]. From
computations [30] it follows that the orbital energy ε ð7t1uÞ and a number of
closed-shell orbital energies εk including ε ð6huÞ for N@C60 obey the relationship
ε ð6huÞ> εk , and thus, violate the AP (5). It was assumed in Ref. [30] that the
ROHF orbital energies derived with program Turbomole [31] obey KT, and hence,
the discussed AP violation is well-substantiated. However, these two related
assumptions [30] deserve discussion.

To clarify the AP violation in N@C60 following from computations [30], this
work presents the orbital energies ε ð7t1uÞ and ε ð6huÞ for N@C60 derived with
different ROHF methods. (The other orbital energies for N@C60 are not presented
explicitly since those values are of little interest in a treatment below). To gain a
better understanding of the source of the discussed AP violation [30], we also
present the ROHF orbital energies for the free nitrogen atom N. All computations
were performed with the GAMESS program using the coefficients AðssÞ and BðssÞ
from Table 1 and similar coefficients Aσ

ðssÞ and Bσ
ðssÞ from Table 2. In the iterative

SCF procedure for N@C60 these coefficients were scaled as described in Supple-
mentary materials. Computations of N@C60 (and, for comparison, of C60) were
performed using the geometry of the cage C60 taken from Ref. [30]:
RCC =1.4507 A (C–C bond in regular pentagons) and RCC =1.3906 A (a shorter
C–C bond in hexagons). Icosahedral symmetry was retained in all calculations.

The results of calculations for atom N and endofullerene N@C60 are presented in
Table 3. To compare the full orbital energy spectra for N@C60 derived with dif-
ferent ROHF methods, Fig. 1 presents a schematic representation of these spectra
and compares them with the respective data for two constituents of N@C60 ðIhÞ,
i.e., for fullerene C60 ðIhÞ and atom N.

An inspection of the data presented in Table 3 allows one to make a number of
conclusions. First, we note that the open-shell orbital energies ε ð2pÞ for atom N and
the orbital energies ε ð7t1uÞ for N@C60 derived with different ROHF methods vary
over wide limits. Both these variations and a similar one for the closed-shell orbital
energy ε ð2sÞ in atom N are caused by ambiguity of the orbital energies in the
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ROHF method [3]. Second, we point out that the open-shell orbital energies ε ð2pÞ
for atom N and ε ð7t1uÞ for N@C60 derived with the same ROHF method are close
to each other. The latter agrees with the well-established result that the open-shell
orbitals 7t 1u in N@C60 are practically pure atomic 2pN orbitals (for discussion and
bibliography, see Ref. [30]).

The closest agreement between computed orbital energies for atom N and the
respective experimental IPs is achieved in the canonical ROHF method [14]. This
result is expected since the orbital energies [14] obey Koopmans’ theorem. Of
particular interest is that the orbital energy ε ð2pÞ= − 15.392 eV for atom N derived
with the methods [10, 23] is equal to the respective energy derived with the
canonical ROHF method [14]. This equality follows from that the diagonal oper-
ators R̂ðooÞ in methods [10, 23] (and also in methods [7, 8]) are equal to the diagonal

operator R ̂ αðooÞ in the canonical ROHF method [14] (for details, see Tables 1 and 2),
and hence, the eigenvalues ε ð2pÞ derived with the methods [7, 8, 10, 23] are equal
to each other and are equal to the orbital energy ε ð2pÞ in the method [14]. It follows
from here that the open-shell orbital energies εm for HSHFOS systems, such as
N@C60 or atom Mn, derived by the methods [7, 8, 10, 23] satisfy the KT rela-
tionship εm = − Iαm (31), although a fulfillment of KT was not presupposed in the
derivations [7, 8, 10, 23].

As compared to this, the closed-shell orbital energy ε ð2sÞ for atom N derived by
the methods [4–10, 23] is not equal to the respective canonical ROHF orbital
energy [14], and hence, the closed-shell orbital energies in the methods [4–10, 23]
do not obey KT. This conclusion clarifies the assumption [30] that the ROHF
orbital energies for N@C60 derived with program Turbomole [31] obey KT.

En
er
gy

C60

uh6

N@C60 (a) 

ut17

uh6

ut17

N@C60 (b) N

p2

Fig. 1 Schematic representation of the spectra of ROHF orbital energies for fullerene C60ðIhÞ,
atom N, and endofullerene N@C60ðIhÞ. The orbital energies for N@C60 presented in the panel
(a) were derived using the ROHF method [6]. The orbital energies for N@C60 presented in the
panel (b) and the orbital energies for atom N were derived using the canonical ROHF method [14].
(For details, see Table 3 and the respective text)
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The ROHF method used in computations [30] is the method [10] developed by
Faegri and Manne and implemented in program Turbomole. The latter means that
the assumption [30] is correct only partially.

From Table 3 it follows, that the canonical ROHF orbital energies ε ð6huÞ and
ε ð7t1uÞ in N@C60 obey the relationship ε ð6huÞ> ε ð7t1uÞ and hence, violate the AP
(5). This result based on Koopmans’ theorem confirms the prediction [30].
Unfortunately, this result cannot be verified by direct comparison of these orbital
energies with the respective experimental IPs. To our best knowledge, the observed
IPs I ð7t1uÞ and I ð6huÞ for N@C60 are unavailable in the literature. However, taking
into account that the canonical ROHF method [14] obeying KT gives good esti-
mates for both open-shell and highest closed-shell orbital energies in atom N, we
believe that the AP violation in N@C60, following from the canonical ROHF
calculations, can be considered as well-substantiated.

To complete this treatment, we should comment the form of the orbital energy
spectrum for N@C60 presented in the panel (b) of Fig. 1. This spectrum shows that
the open-shell energy level ε ð7t1uÞ lies below a number of closed-shell energy
levels. If all the canonical ROHF orbital energies in N@C60 are ordered by their
values (ðε1 < ε2 < ε3Þ . . ., i.e., are presented in the form shown in the panel (b) of
Fig. 1, the highest occupied five-fold degenerate orbitals 6hu and open-shell orbitals
7t1u take the numbers k=181, 182, . . . , 185, and m=143, 144, 145, respectively.
It follows from here that the canonical open-shell ROHF orbitals 7t1u in N@C60 lie
on the energy scale below the forty closed-shell orbitals.

3.2 Atom Mn

Violations of the Aufbau principle (5) in ROHF computations of 3d transition-metal
atoms have been revealed several decades ago [34, 35]. As follows from the
numerical HF computation [35] of atom Mn in its ground state ð6S, . . . 4s2 3d5Þ,
performed using Roothaan and Bagus’ atomic ROHF method [23], the highest
closed-shell orbital energy ε4s and open-shell orbital energy ε3d are equal to
−0.2479 and −0.6388 (a.u.), respectively. These orbital energies satisfy the rela-
tionship ε4s > ε3d, and hence, violate the AP (5). The same violation follows from
the data [34]. It should be noted, however, that this AP violation cannot be treated
as well-substantiated. As follows from Tables 1 and 2, only the open-shell orbital
energy ε3d for atom Mn derived with the method [23] obeys KT.

This work presents a detailed treatment of the discussed AP violation in atom
Mn. Table 4 presents orbital energies for atom Mn derived with different ROHF
methods including the canonical ROHF method. These data are compared with both
experimental IPs and orbital energies derived by the fundamental relationship (39).

Before discussing the data of Table 4 we note that the AO basis set for atom Mn
[36, 37] used in this work gives the ROHF energy close to the HF limit [35], and so,
all the orbital energies in Table 4 can be immediately compared with each other.
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The details of a computational procedure used in computations of atom Mn are
analogous to those used in computations of N@C60.

From Table 4 it follows that the canonical ROHF method [14, 16] generates two
different sets of orbitals and orbital energies, and so, there is some similarity
between one-electron characteristics derived with the canonical ROHF [14, 16] and
UHF [20] methods (see also below). The orbital energies ε3d and ε4s of Ref. [35]
violating the Aufbau principle (5) split in the canonical ROHF method into two
respective pairs of orbital energies, ðεα3d and εβ3dÞ and ðεα4s and εβ4sÞ where
εβ3d > εβ4s > εα4s > εα3d. At first we consider three latter orbital energies which can be
compared with the respective IPs presented in Table 4. It is easy to see that
although the agreement between IPs estimated via KT and observed IPs in these
three cases is just qualitative, the order of orbital energies εβ4s > εα4s > εα3d derived
with the canonical ROHF method [14, 16] corresponds to that following from the
experimental data.

Taking this into account we conclude that a fulfillment of the relationship
εα4s > εα3d, which is the counterpart of the relationship ε4s > ε3d [34, 35], is
well-substantiated, and a violation of the AP (5) in atom Mn represented by these
relationships reflects the physical reality.

Table 4 also reveals the second violation of the Aufbau principle in the spectrum
of the canonical ROHF orbital energies [14, 16]. The open-shell orbital energy εβ3d
and the respective virtual ones, εβ5s and εβ4p, obey the relationship εβm > εβv , and thus,
violate the AP (5). This second violation deserves discussion. The orbital energies
εβ3d, ε

β
5s and εβ4p are related via KT (31)–(32) to the vertical electron affinities (EAs).

To our best knowledge, the respective experimental EAs for atom Mn are
unavailable in the literature. On the other hand, the KT estimates of EAs derived
within the Hartree-Fock approach usually do not agree with experimental EAs even
qualitatively, and this presents a fundamental drawback, which is inherent to all
Hartree-Fock methods based on a one configuration approximation (see, for
example, Ref. [16]). In this situation, we should proe that the second AP violation
in atom Mn taking the form εβm > εβv is not the result of a deficiency of the canonical
ROHF method [14, 16].

For this purpose, Table 4 presents the ROHF orbital energies derived using the
fundamental relationship (39) [15, 17]. The orbital energies (39) are, by definition,
independent of the ROHF method used, in the sense that the energy EROHF ðXÞ
entering the definition (39) is the same in all ROHF methods, while the CI energies
of ions X±

j, σ can be derived using the ROHF orbitals fϕig= fϕkg⊕fϕmg⊕fϕvg,
which are derived for a system X under study by any ROHF method.

A comparison between the orbital energies (39) and all other sets of orbital
energies for atom Mn presented in Table 4 shows that the orbital energies (39) are
equal in all cases to the canonical ROHF orbital energies. It allows one to conclude
that the violation of the AP (5) for atom Mn, represented by the relationship εβm > εβv ,
is not caused by any deficiency of the canonical ROHF method [14–17] and thus is
well-substantiated.
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3.3 Discussion

The above treatment of different AP violations allows one to consider in more detail
the sources of these violations. At first, we recall that in the previous (non-canonical)
ROHF methods [3–11], the orbital energies are defined ambiguously [3]. Due to this
ambiguity, the orbital energies can violate the Aufbau principle (5). Moreover, AP
violations predicted by different ROHF methods for the same system can be essen-
tially different, i.e., either εk > εm < εv or εk < εm > εv (for more details, see Ref.
[17]). It is obvious that such violations do not reflect any reality and, in accordance
with Glaesemann and Schmidt [13], must be view skeptically.

In the canonical ROHF method [14–17], the orbital energies obey the physically
meaningful KT relationships (31)–(32). These orbital energies are obtained either as
the eigenvalues of the canonical ROHF Hamiltonians (35)–(36) [14, 16] or by
Eq. (39), which is the essence of the alternative (CI-based) formulation of Koop-
mans’ theorem [15, 17]. The violations of the Aufbau principle (5) following from
the canonical ROHF computations are well-substantiated.

To clarify the source of the latter violations, we compare the canonical ROHF
orbital energies εσi ðσ = α, βÞ for atom Mn presented in Table 4 with the respective
UHF orbital energies derived in Ref. [15] (we denote the UHF orbital energies ωσ

i ).
For brevity, we here consider only the orbital energies with σ = α, since a treatment
of the case σ = β is quite similar. A comparison between εαi of Table 4 and ωα

i of
Ref. [15] derived using the same AO basis set [36, 37] shows that the respective
orbital energies are approximately equal to each other in all cases, i.e., εαi ≈ωα

i .
The full set of the ROHF orbital energies, fεαi g, is divided into three different

subsets, fεαi g= fεαkg⊕fεαmg⊕fεαvg, while the UHF orbital energies fωα
i g are divided

into two subsets, fωα
i g= fωα

j g⊕fωα
v g, where, in this case, the index j refers to the

occupied UHF orbitals. For the particular case of atom Mn, these two different
divisions result in that the ROHF open-shell orbital energy εα3d forms a separate subset
fεαmg, while the UHF open-shell orbital energy ωα

3d belongs to the subset fωα
j g.

Since in the UHF method all the orbital energies are ordered by their values, the
orbital energies ωα

3d and ωα
4s belonging to the same subset obey the Aufbau prin-

ciple, i.e., ωα
3d <ωα

4s. In the ROHF method, the respective orbital energies εα3d and
εα4s belong to different subsets. Since the ordering of orbital energies in the ROHF
method is performed separately in each subset [see Eq. (4)], the orbital energies εα3d
and εα4s violate the AP (5), (see also Table 4). A similar explanation can be done for
other AP violations displayed in Tables 3 and 4.

Based on these considerations, we conclude that the single source of violations
of the AP (5) in the canonical ROHF method [14–17] is the specific separation of
the occupied ROHF orbitals into the closed-shell and open-shell orbital subspaces,
characterized by different orbital occupancies (4). This separation follows from the
classic Roothaan’s equations [3], in line with which the variational conditions
imposed upon the open-shell and closed-shell orbitals are different.
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It should be noted here that violations of the Aufbau principle appearing in the
canonical ROHF method [14–17] lead to well-known difficulties in a computational
procedure (see also Supplementary materials to this paper), and thus, can be con-
sidered as a deficiency of the method [14–17] itself. In this respect, the UHF
method [20], which is free of AP violations, seems more preferable than the method
[14–17]. However, this small preference of the UHF method becomes negligible if
we compare the methods [14–17, 21] in more detail.

The canonical ROHF solutions (orbitals, orbital energies, and total wave func-
tion) obey the full set of the variational and symmetrical conditions, which are
imposed upon a Hartree-Fock (HF, ROHF, UHF) solution by two fundamental
theorems, KT [2] and Brillouin’s theorem [38] (for discussion, see Ref. [17]). In
contrast to this, a fulfillment of the theorems [2, 38] in the UHF method [20] is
purely formal [15, 17], since UHF wave functions for both a system X under study
and its ionized X±

j, σ and excited Xj → v states generally suffer from spin contami-
nation. The latter means that UHF wave functions do not correspond to
well-defined quantum states, as is required by both Koopmans’ and Brillouin’s
theorems.

It is worth noting that two discussed methods become completely equivalent
from the physical viewpoint if the UHF method is presented in its special
(canonical) form developed in Ref. [17], in which all the deficiencies of the original
UHF method [20] were eliminated.
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