
Chapter 2
Space Domain Index Modulation

In this chapter, we discuss the realization of index modulation in the space domain.
First, we take a brief review of the pioneering space domain index modulation tech-
nique, namely spatialmodulation (SM). Then,we propose the generalized pre-coding
aided quadrature spatial modulation (GPQSM) scheme, which extends SM to the
receiver side, and the virtual spatial modulation (VSM) scheme, which can be used
as either a transmitter-side SM or a receiver-side SM scheme depending on the
configuration of transceiver antennas. Finally, we discuss the application of space
domain indexmodulation techniques by taking SM as a representative to cooperative
communications.

2.1 Spatial Modulation

In this section, we first present the principle of SM and then review some popular
low-complexity detection methods. Finally, the performance of SM is evaluated via
computer simulations.

2.1.1 System Model

In SM, the information bits are conveyed by not only the modulated symbol but
also the index of the active antenna. Let us consider an Nt × Nr multiple-input
multiple-output (MIMO) system with an M-ary constellation X , where Nt , Nr , and
M denote the number of transmit antennas, the number of receive antennas, and
the cardinality of the constellation, respectively. The transceiver structure of SM is
depicted in Fig. 2.1. At each time slot, the incoming log2(Nt M) information bits are
divided into two parts. The first part of log2(M) bits draws a modulated symbol from
X . The second part of log2(Nt ) bits selects an antenna to transmit this symbol. Here,
we simply assume that Nt equals a power of two. If this condition cannot be satisfied
in practice, we may select partial antennas whose number equals a power of two to
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14 2 Space Domain Index Modulation

Fig. 2.1 Transceiver structure of SM

perform SM or employ the fractional bit encoding (FBE) to involve all antennas for
index modulation [1]. Note that during each transmission only the chosen antenna is
active while the other antennas remain idle.

Assume that at a given time slot, s ∈ X is selected and transmitted via the k-th
antenna. Let H ∈ C

Nr ×Nt denote the MIMO channel matrix, whose (i, j)-th element
hi, j represents the channel from the j-th transmit antenna to the i-th receive antenna.
Then, the received signal vector can be expressed as

y = hks + w, (2.1)

where hk denotes the k-th column ofH andw ∈ C
Nr ×1 is the additive white Gaussian

noise (AWGN) vector.
From (2.1), the maximum-likelihood (ML) detection can be formulated as [2]

[k̂, ŝ] = argmin
k∈{1,...,Nt },s∈X

‖y − hks‖2. (2.2)

The ML detection in (2.2) is optimal at the expense of high search complexity,
which is of order O(Nt M), since it invokes joint detection of the antenna index and
modulated symbol.

2.1.2 Low-Complexity Detection

Attentive to thehigh computational complexity of theMLdetection,many researchers
have been focusing on the design of low-complexity detection methods for SM. In
the following, we will introduce some popular ones.
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The pioneering work is presented in [3], where the matched filtering (MF) detec-
tion is proposed. In this method, the detections for the antenna index and modulated
symbol are decoupled. Specifically, first, the active antenna is estimated, which is
realized by

k̂ = argmax
k∈{1,...,Nt }

ŷk, (2.3)

where ŷk = |hH
k y|/‖hk‖2. Then, the modulated symbol is estimated via

ŝ = argmin
s∈X

||y − hk̂ s||2. (2.4)

The MF detection, however, comes at a cost of system performance, since it is
required that ‖h j‖2 < ‖hk‖2 for all j �= k [2].

Another alternative is the signal vector based detection [4]. The main difference
between this method and the MF detection lies in the estimation of the antenna
index. In signal vector based detection, the active antenna is determined when the
angle between its corresponding channel vector and the received signal vector is the
minimum one, i.e.,

θ(k) = arccos
|〈hk, y〉|

‖hk‖ · ‖y‖ ,

k̂ = argmin
k∈{1,...,Nt }

θ(k). (2.5)

However, the inaccuracy of the angle measurement due to the presence of the mod-
ulated symbol severely degrades the system performance.

To avoid angle ambiguity caused by the signal vector based detection, the signal
vector based list (SVBL) detection is proposed [5]. In SVBL detection, the number
of active antenna candidates is relaxed from 1 to L , whose indices, denoted by L =
{k1, . . . , kL}, are associated with the smallest L angles among {θ(1), . . . , θ(Nt )}.
Then, the antenna index and the modulated symbol are jointly estimated as

[k̂, ŝ] = argmin
k∈L,s∈X

‖y − hks‖2. (2.6)

Explicitly, the improved performance is achieved at a price of increased complexity,
whose amount depends on the value of L .

A similar idea is realized by the distance-based ordered detection [6]. In this
method, first, by assuming the activation of the k-th transmit antenna, the modulated
symbol carried on is estimated as

r̂k = argmin
s∈X

||y − hks||2, (2.7)
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where k ∈ {1, . . . , Nt }. Note that {r̂1, . . . , r̂Nt } are Nt symbol estimates, but only
one of them is necessary. Let dn denote the distance between rk and r̂k , given by

dk = ||hk || |r̂k − rk |. (2.8)

Then, by sorting {d1, . . . , dNt } in ascending order and obtaining the indices U =
{u1, . . . , u p} associated with the first p values, the antenna index and the modulated
symbol are jointly estimated as

k̂ = argmin
k∈U

‖y − hkr̂k‖2, (2.9)

ŝ = r̂k̂, (2.10)

where similar to the parameter L in the SVBL detection, the parameter p is used to
reach a compromise between the system performance and the computational com-
plexity. Explicitly, as p increases, the distance-based ordered detection approaches
the optimal ML detection.

The above-mentioned four detection methods achieve sub-optimal performance.
In the following,we introduce two low-complexity optimal detectionmethods,which
reduce the search complexity to an order of O(Nt ). The first one is the hard-limiter
based ML detection [7], which applies to a square or rectangular QAM. The idea is
motivated by the fact that the M-QAM constellation can be viewed as a product of
M1-PAM and M2-PAM constellations, where M = M1M2. Consequently, assuming
the activation of the k-th transmit antenna, the real and the imaginary parts of the
modulated symbol carried on can be directly estimated as

R{r̂k} = min

{
max

{
2�R(ŷk) + 1

2
�, M1 + 1

}
, M1 − 1

}
, (2.11)

and

J{r̂k} = min

{
max

{
2�J(ŷk) + 1

2
�, M2 + 1

}
, M2 − 1

}
, (2.12)

respectively, where �·� denotes the operation of rounding a real number to the near-
est integer, ŷk is given by (2.3), and k ∈ {1, . . . , Nt }. However, only one among
{r̂1, . . . , r̂Nt } is necessary. To determine the necessary one, one can resort to the ML
criterion:

k̂ = argmin
k∈{1,...,Nt }

‖y − hkr̂k‖2,

ŝ = r̂k̂ . (2.13)

The second one is the decision-zone based detection [8], which applies to an MPSK
input. Assume that ŷk = |ŷk |e jϑk and r̂k = e jϕk , where ϑk and ϕk are the phases of
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ŷk and r̂k , respectively. According to the decision zones for the MPSK constellation,
the phase of the modulated symbol can be directly estimated as

ϕ̂k = 2π

M
< �ϑk M

2π
� >M , (2.14)

where < · >M denotes the module M operation. Then, having the phase, the symbol
candidate can be directly obtained as r̂k = e jϕ̂k . Finally, the antenna index and
modulated symbol can be estimated via (2.13).

It should be noted that besides all aforementioned methods, we may also apply
the ideas of sphere decoding and compressed sensing for detection, which achieve
different tradeoffs between the system performance and the computational complex-
ity.

2.1.3 Performance Evaluation

The bit error rate (BER) performance of SM is shown in Fig. 2.2, where comparison
is made with V-BLAST and their spectral efficiencies are equated to 8 bps/Hz. As
can be seen, both V-BLAST and SM achieve the same diversity order of Nr , and SM
can outperform V-BLAST by leveraging the numbers of space bits and modulation
bits.

Taking the SVBLdetector as a representative for all low-complexity SMdetectors,
we compare its performance with that of the optimal ML detector in Fig. 2.3. Two
system configurations are considered, which are {Nt = 4, Nr = 2} and {Nt =
8, Nr = 4}. Recall that for L = 1, the SVBL detector degenerates into the signal
vector based detector and for L = Nt , the SVBL detector becomes the optimal
ML detector. From the figure, we observe that the SVBL detector with L = 1
exhibits unsatisfactory performance, but the performance is improved significantly
as L increases. Interestingly, for a value of L much smaller than Nt , near-optimal
performance is already achieved by the SVBL detector.

2.2 Pre-coding Aided Spatial Modulation

In this section, we propose a novel scheme, called GPQSM, which extends SM to
the receiver side. In GPQSM, index modulation works on both the in-phase and
quadrature parts of the received signals. GPQSM is general and can degenerate into
the conventional MIMO scheme. A closed-form upper bound on the average bit error
probability (ABEP) of GPQSM is also derived.
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Fig. 2.2 Performance comparison between SM and V-BLAST in terms of BER under the spectral
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Fig. 2.4 Transceiver structure of GPQSM with Nt = 6, Nr = 4, and 4-QAM

2.2.1 System Model

The transceiver structure of GPQSM with Nt = 6, Nr = 4, and 4-QAM is depicted
in Fig. 2.4. We always assume Nt ≥ Nr and perfect channel state information at
the transmitter (CSIT) for ensuring the pre-coding design. In GPQSM, Np (1 ≤
Np ≤ Nr ) receive antennas are activated to transmit the real (imaginary) parts of
transmitted symbols. There are in total C(Nr , Np) possible antenna combinations.
However, in order tomodulate the space bits, only N = 2�log2(C(Nr ,Np))� combinations
will be used. Note that the conventional MIMO scheme is a special case of GPQSM
with Np = Nr .

At each time slot, n = Np log2(M)+2�log2(C(Nr , Np))� information bits are to
be transmitted. First, the Np log2(M) bits are mapped into Np modulated symbols
s = {s(1), . . . , s(Np)}, of which each can be expressed by s(η) = s I (η) + js Q(η),
s(η) ∈ X , where s I (η) and s Q(η) represent the in-phase and quadrature parts of
s(η), respectively. Note that s I (η) ∈ X I and s Q(η) ∈ X Q , whereX I andX Q denote
the in-phase and quadrature sets of X , respectively. Then, �log2(C(Nr , Np))� bits
are used to select an antenna combination for transmitting {s I (1), . . . , s I (Np)} and
the other �log2(C(Nr , Np))� bits are used to select another antenna combination for
transmitting {s Q(1), . . . , s Q(Np)}. Denote the ν-th legitimate active antenna com-
bination for in-phase/quadrature parts as

I I
ν = {i I

ν (1), . . . , i I
ν (Np)},

I Q
ν = {i Q

ν (1), . . . , i Q
ν (Np)}, (2.15)

where i I
ν (a), i Q

ν (a) ∈ {1, . . . , Nr } with ν = 1, . . . , N and a = 1, . . . , Np. If
the u-th and o-th active antenna combinations are chosen by the incoming bits,
respectively, then the signal vectors before pre-coding corresponding to the in-
phase and quadrature parts can be written as xI = [x I (1), . . . , x I (Nr )]T and
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xQ = [x Q(1), . . . , x Q(Nr )]T , respectively, where

x I (η) =
{

s I (η), η ∈ I I
u

0, otherwise
, x Q(η) =

{
s Q(η), η ∈ I Q

o

0, otherwise
.

Finally, the transmitted signal vector is generated by combining the in-phase and
quadrature parts with pre-coding:

X = PDx = PD(xI + jxQ), (2.16)

where P ∈ C
Nt ×Nr is the pre-coding matrix and D is an Nr × Nr diagonal matrix

whose η-th diagonal element is d(η) = √
1/||pη||2 with pη denoting the η-th column

of P.
Let H denote the MIMO channel, whose entries follow the Nakagami-m distribu-

tion with parameters (1, m). The received signal vector y ∈ C
Nr ×1 can be expressed

by

y = HPDx + w, (2.17)

where w ∈ C
Nr ×1 is an AWGN vector with zero mean and covariance matrix

NPσ2/Nr INr . It should be noted that the imperfect channel estimation and pre-coding
will break the orthogonality between the in-phase and quadrature components, which
seriously deteriorates the performance of GPQSM. To ease the analysis, we simply
assume perfect CSIT. The linear pre-coding schemes, such as zero-forcing (ZF) and
minimum mean squared error (MMSE) pre-coding, can be applied to this system.
Here, we only consider ZF pre-coding, which implies that the adopted pre-coder is
P = HH (HHH )−1. In this case, d(η) can be expressed by

d(η) = 1√
[(HHH )−1]η,η

. (2.18)

Therefore, the received signal vector can be rewritten from (2.17) as

y = Dx + w = DxI + jDxQ + w. (2.19)

The optimal ML detector is given by

x̂ = argmin
x

‖y − Dx‖2

= argmin
xI ,xQ

‖y − (DxI + jDxQ)‖2. (2.20)

From (2.20), it can be seen that the optimal ML detector requires an exhausting
search over all possible transmitted signal vectors. To reduce the search complexity,
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we propose a low-complexity detection method as follows. Due to the independence
between the in-phase and quadrature parts, (2.20) is equivalent to

x̂ = argmin
xI

‖yI − DxI ‖2 + j argmin
xQ

‖yQ − DxQ‖2, (2.21)

where yI and yQ represent the in-phase and quadrature parts of y, respectively. Since
the detection procedures for the in-phase and quadrature parts are the same, we now
only consider the detection for the in-phase part, which can be expressed by

x̂I = argmin
xI

‖yI − DxI ‖2

= argmin
{x I (η)}Nr

η=1

Nr∑
η=1

|yI (η) − d(η)x I (η)|2. (2.22)

From (2.22), it reveals that the search complexity is of order (M I )Np N , where M I

denotes the cardinality of X I . A further reduction of search complexity is possible
if we expand (2.22) as

argmin
{x I (η)}Nr

η=1

Nr∑
η=1

|yI (η) − d(η)x I (η)|2

= argmin
{x I (η)}Nr

η=1

Nr∑
η=1

[(
yI (η)

)2 − 2d(η)x I (η)yI (η) + (
d(η)x I (η)

)2]

= argmin
I I
ν ,{s I (η)}

η∈I I
ν

⎡
⎣∑

η∈I I
ν

[(
d(η)s I (η)

)2 − 2d(η)s I (η)yI (η)
]

+
Nr∑

η=1

(
yI (η)

)2
⎤
⎦

= argmin
I I
ν

⎡
⎣∑

η∈I I
ν

min
s I (η)

[(
d(η)s I (η)

)2 − 2d(η)s I (η)yI (η)
]⎤⎦ . (2.23)

Define D(η) = (
d(η)ŝ I (η)

)2 − 2d(η)ŝ I (η)yI (η), where

ŝ I (η) = argmin
s∈X I

|yI (η) − d(η)s|2. (2.24)

Therefore, the detection for the active antenna combination in (2.23) is equivalent to

Î I
ν = argmin

I I
ν

∑
η∈I I

ν

D(η). (2.25)
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It is clear that the order of the search complexity in (2.25) is reduced to Nr M I + N .
However, the search complexity is still high especially when Nr or Np is large. For
practical use, it is advisable to first obtain [z1, . . . , zNr ] = sort({D(η)}Nr

η=1), where
sort(·) defines an ordering function that reorders the elements of the input vector in
ascending order, and z1, zNr are the indices of the maximum and minimum values
in {D(η)}Nr

η=1, respectively. Then, we simply obtain the active antenna indices by

Î I
ν = {z1, . . . , zNp }. Based on this manner, we may obtain an illegitimate antenna
combination, which does not exist in themapping table. To relieve this adverse effect,
when this event occurs, we select Î I

ν = {z1, . . . , zNp−1 , zNp+1} instead. After getting
Î I
ν , the estimation of xI is directly obtained by

x̂ I (η) =
{

ŝ I (η), η ∈ Î I
ν

0, otherwise
. (2.26)

From the proposed detector, it follows that the equivalent detection only leads to a
search complexity of order Nr M I . Compared with the ML detector in (2.22), the
search complexity is largely reduced.

2.2.2 Average Bit Error Probability Analysis

According to (2.16), it indicates that the n information bits can be treated as
two independent bits n1 = log2(M) + �log2(C(Nr , Np))� and n2 = log2(M) +
�log2(C(Nr , Np))� corresponding to in-phase and quadrature parts, respectively.
Without loss of generality, we only analyze the average bit error probability (ABEP)
for the n1 bits.

An upper bound on ABEP for the n1 bits can be derived according to the union
bounding technique as [9]

P I
E ≤ 1

n12n1

∑
xI

∑
x̂I �=xI

N (xI , x̂I )Pr(xI → x̂I ), (2.27)

where Pr(xI → x̂I ) denotes the pairwise error probability (PEP) of detecting x̂I

when xI is transmitted and N (xI , x̂I ) measures the number of bits in difference
between xI and x̂I .

The PEP conditioned on D is given by

Pr(xI → x̂I |D) = Q

(√
λI

2
γ

)
, (2.28)
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where λI = cH D2c with c = xI − x̂I and γ = 1/σ2 is the given signal-to-noise ratio
(SNR). Let us expand λI as λI = ∑Nr

η=1 c2(η)d2(η), where c(η) = x I (η) − x̂ I (η).
Since the zero elements normally exist in c, we can rewrite λI as

λI =
NF∑

o=1

c2(τ (o))d2(τ (o)), (2.29)

where NF denotes the number of non-zero elements of c and {τ (o)}NF
o=1 indicate the

indices of non-zero elements in c.
Careful inspection of (2.29) reveals that the phase distribution of the Nakagami-m

channel has little impact on the distribution of d2(τ (o)), which implies that nearly
the same system performance will be resulted over Nakagami-m channels with either
uniform or non-uniform phases. Moreover, it also reveals that the derivation of PEP
in (2.28) requires the probability density function (PDF) of the sum of d2(τ (o)).
However, to the best of our knowledge, this PDF is not available for m �= 1. Hence,
for the ease of analysis, we only discuss the case with m = 1, in which d2(τ (o)) ∼
Gamma(L , 1) with L = Nt − Nr + 1 [10]. In [11], this PDF is given by

fλI (y) =
NF∏
j=1

(
β1

β j

)L
[+∞∑

k=0

δk yNF L+k−1e−y/β1

βNF L+k
1 Γ (NF L + k)

]
H0(x), (2.30)

where H0(x) and Γ (·) denote the Heaviside step function and gamma function,
respectively, and {β j }NF

j=1 are the eigenvalues of A = BC with β1 = min {β j }NF
j=1.

Here, B is an NF × NF diagonal matrix with the diagonal elements {c2(τ (o))}NF
o=1

and C is an NF × NF matrix

C =

⎡
⎢⎢⎢⎢⎣

1
√

ρI · · · √
ρI

√
ρI

. . .
. . .

...
...

. . .
. . .

√
ρI√

ρI · · · √
ρI 1

⎤
⎥⎥⎥⎥⎦ , (2.31)

where ρI = E[(d2(τ (o)) − L)(d2(τ (ô)) − L)]/L denotes the Pearson product-
moment correlation coefficient for any two different Gamma random variables (RVs)
d2(τ (o)) and d2(τ (ô)) in D2. The parameter δk is given by

⎧⎪⎨
⎪⎩

δ0 = 1,

δk+1 = L
k+1

k+1∑
l=1

NF∑
j=1

(1 − β1

β j
)lδk+1−l , k = 0, 1, . . .

.
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By averaging (2.28) with (2.30), we have

Pr(xI → x̂I ) = EλI

[
Q

(√
λI

2
γ

)]

≤ EλI

[
1

2
e−λI γ/4

]
, (2.32)

where the Chernoff bound Q(x) ≤ 1
2e−x2/2 is applied. Using the integration formula

[12, Eq. (3.381, 4)], (2.32) can be calculated as

Pr(xI → x̂I ) ≤ 1

2

NF∏
j=1

(
β1

β j

)L +∞∑
k=0

δkβ
−NF L−k
1

Γ (NF L + k)

∫ +∞

0
yNF L+k−1e−(

γ
4 + 1

β1
)ydy

= 1

2

NF∏
j=1

(
β1

β j

)L (β1γ

4
+ 1

)−NF L +∞∑
k=0

δk

(β1γ/4 + 1)k
. (2.33)

At high SNR (γ → +∞), the PEP can be simplified as

Pr(xI → x̂I ) ≈
∏NF

j=1

(
β1

β j

)L

2

(
β1γ

4
+ 1

)−NF L

, (2.34)

where (2.34) is obtained by
∑+∞

k=0
δk

(β1γ/4+1)k = 1.

With the PEP, the upper bound on ABEP P I
E for the n1 bits now can be evaluated

by (2.27). It can be observed that a high SNR approximation of P I
E is the linear

combination of PEP, which is only dominated by the smallest exponent of γ with
NF = 1. Therefore, at very high SNR we have

P I
E ≈ 1

2n1+1n1

∑
xI

∑
x̂I �=xI

N (xI , x̂I )

(
β1γ

4
+ 1

)−L

. (2.35)

In the same manner, an upper bound on ABEP P Q
E for the n2 bits can be obtained.

Finally, an upper bound on ABEP for GPQSM can be expressed as

PE = n1P I
E + n2P Q

E

n1 + n2
, (2.36)

where it reveals that the diversity order of our scheme is L . We see that the diversity
order depends on the system configuration only and is independent of Np and M .
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2.2.3 Performance Evaluation

In this subsection, we conduct computer simulations to examine the ABEP perfor-
mance of GPQSM and make comparison with that of the conventional generalised
pre-coding aided spatial modulation (GPSM) and MIMO schemes.

In Fig. 2.5, the ABEP performances of various GPQSM schemes under spectral
efficiencies of 8 and 32 bps/Hz are drawn with m = 1. In order to match 8 bps/Hz
for 8× 4 MIMO setup, 4-QAM is chosen for GPQSM with Np = 2 and the MIMO
scheme while 16-QAM is chosen for GPQSM with Np = 1. On the other hand, to
match 32 bps/Hz for 10× 8 MIMO setup, 16-QAM is adopted for both the GPQSM
with Np = 6 and MIMO schemes. It can be seen that GPQSM schemes obtain an
overwhelming performance gain over the MIMO schemes in the high SNR regime.
Note that the performance of the MIMO scheme becomes better than the GPQSM
scheme with Np = 1 for the 8 × 4 system. This is because using 16-QAM for
GPQSM leads to a worse performance than using 4-QAM for the MIMO scheme,
which cannot be compensated for by the performance gain from the spatial domain.

Figure2.6 investigates the ABEP performance of a 8 × 4 GPQSM scheme using
4-QAMmodulation and a 8× 4 GPSM scheme using 8-QAMmodulation both with
Np = 2 and m = 2. The performance of the proposed suboptimal detector is also
examined. At ABEP = 10−5, it can be seen that the proposed GPQSM scheme
achieves about a 3.5dB SNR gain with respect to the GPSM scheme under the
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Fig. 2.5 ABEP performance of the GQPSM scheme in comparison to the MIMO scheme with
m = 1
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Fig. 2.6 ABEP performance of GPQSM and GPSM with Nt = 8 and Nr = 4 for m = 2

spectral efficiency of 8 bps/Hz. From Fig. 2.6, we can see that the proposed detector
achieves nearly the same performance as the ML detector.

Figure2.7 shows the ABEP performance of GPQSM for Nt = {8, 12}, Nr =
{4, 8} and m = 1 with different values of Np and M . In Fig. 2.7a, 4-QAM and 16-
QAM are applied for a 8 × 4 GPQSM scheme with Np = 1, 2, and 3, respectively.
It can be seen that the theoretical results well match the simulation counterparts in
the high SNR regime. Similar results can be found in Fig. 2.7b, where a 12 × 8
GPQSM scheme with 4-QAM and 16-QAM for Np = 2, 3, and 4 are considered.
The simulation curves of GPQSM also perfectly match the theoretical curves in the
high SNR regime. From Fig. 2.7, we can see that the diversity order does not change
with Np and M , which verifies the analysis in Sect. 2.2.2.

2.3 Virtual Spatial Modulation

In this section, we propose the VSM scheme that operates on the virtual parallel
channels resulting from the singular value decomposition (SVD) of MIMO chan-
nels. The VSM scheme conveys information through both the indices of the virtual
parallel channels and the M-ary modulated symbols, applying to any configuration
of transceiver antennas. We derive a closed-form upper bound on the ABEP of the
VSM scheme, which takes into account the impact of imperfect channel estimation.
Moreover, the asymptotic ABEP is also studied, which characterizes the ABEP error
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Fig. 2.7 ABEP performance of GPQSM with m = 1 for different configurations. a Nt = 8 and
Nr = 4. b Nt = 12 and Nr = 8
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floor in the presence of channel estimation error and the resulting diversity order and
the coding gain under perfect channel estimation.

2.3.1 System Model

The received signal vector for all schemes with pre-coding can be expressed in a
general form as

y = HPx + w, (2.37)

where x is the signal vector, P is the pre-coding matrix and w ∈ C
Nr ×1 is an AWGN

vector with zero mean and covariance matrix N0INr .
The well-known parallel decomposition of H using SVD is given by

H = U�VH , (2.38)

where U ∈ C
Nr ×Nr and V ∈ C

Nt ×Nt are unitary matrices, and � ∈ C
Nr ×Nt is the

singular valuematrix, which contains singular values {σi }m
i=1 withm = min{Nt , Nr }.

Inspired by SVD, we aim to transmit the spatial bits through the virtual parallel
channels in �. If we have perfect channel estimation at the receiver and perfect
feedback of the CSI from the receiver to the transmitter, the pre-coding matrix can
be simply set to be P = V. However, the perfect CSI is always unavailable at the
receiver in practical systems. Therefore, to be practical we take into account the
imperfect channel estimation. The estimated channel with errors at the receiver can
be modeled as H̃ = H + He, where He denotes the channel estimation error matrix
whose entries are independent and identically distributed complex Gaussian RVs
with zero mean and variance δ2e . Note that He is independent of H and H̃ depends
on H with the correlation coefficient ρ = 1/(1 + δ2e ). It can be seen that the perfect
channel estimation is the special case of δ2e = 0 (ρ = 1). In Sect. 2.3.3, we will
consider two situations for determining ρ: (1) fixed ρ: the value of estimation error
is fixed for all SNRs; (2) unfixed ρ: the estimation error changes with the given SNR
as δ2e = 1/(Lγ), where γ = 1/N0 denotes the SNR and L denotes the number of
pilot symbols used for channel estimation [13]. Note that the feedback error can be
incorporated into He. For ease of exposition, we simply consider perfect feedback.

Due to channel estimation, the receiver knows H̃ instead of H. Performing SVD
to H̃, we have

H̃ = Ũ�̃ṼH , (2.39)

where Ũ ∈ C
Nr ×Nr and Ṽ ∈ C

Nt ×Nt are the unitary matrices, and �̃ ∈ C
Nr ×Nt is the

singular value matrix. The right unitary matrix Ṽ is fed back to the transmitter for
pre-coding purposes. Under a rich scattering environment assumption, �̃ ∈ C

Nr ×Nt



2.3 Virtual Spatial Modulation 29

contains non-zero singular values {σ̃i }m
i=1, which can also provide m virtual parallel

channels for carrying spatial bits. To perform index modulation on the m virtual
parallel channels, however, the signal vector x has to be carefully designed to match
the pre-coding matrix Ṽ. To this end, we have to classify the SVD of H̃ into two
situations. When Nt ≤ Nr , the SVD of H̃ can be rewritten as

H̃ = [Ũ1, Ũ0][�̃1, 0]T ṼH , (2.40)

where Ũ1 ∈ C
Nr ×Nt and Ũ0 ∈ C

Nr ×(Nr −Nt ) are the sub-matrices of Ũ, which collect
the left-singular vectors corresponding to nonzero and zero singular values, respec-
tively, and �̃1 ∈ C

Nt ×Nt is the non-zero singular value matrix. In this case, the signal
vector (a.k.a., the information vector) is set to be x ∈ C

Nt ×1. On the other hand,
when Nt > Nr , the SVD of H̃ can be rewritten as

H̃ = Ũ[�̃1, 0][Ṽ1, Ṽ0]H , (2.41)

where Ṽ1 ∈ C
Nt ×Nr and Ṽ0 ∈ C

Nt ×(Nt −Nr ) are sub-matrices of Ṽ, which collect the
right-singular vectors corresponding to nonzero and zero singular values, respec-
tively. In this case, the signal vector is set to be x̃ ∈ C

Nt ×1 = [xT , zT
0 ]T , where

x ∈ C
Nr ×1 is the information vector corresponding to the m virtual parallel channels

and z0 ∈ C
(Nt −Nr )×1 denotes the all-zero vector.

VSM Transmitter

The transmitter structure of VSM is depicted in Fig. 2.8. In VSM, Np out of m
virtual parallel channels are activated for transmitting the real (imaginary) parts of
the modulated symbols. In order to modulate the spatial bits, only N = 2�log2(C(m,Np)�
combinations are selected as the legitimate antenna combinations. Note that the
number of virtual parallel channels is m, which equals the minimum between the
numbers of transmit and receive antennas. Therefore, the VSM scheme contains both
benefits of transmitter and receiver PSM schemes.

Fig. 2.8 The schematic of VSM
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Specifically, VSM works as follows. At each time slot, d = Np log2(M) +
2�log2(C(m, Np))� information bits are fed into the transmitter and divided into
three parts. The first part of Np log2(M) bits are mapped into a symbol vector
s = [s1, . . . , sNp ]T , where sϕ = s I

ϕ + js Q
ϕ ,ϕ ∈ {1, . . . , Np}, with s I

ϕ and s Q
ϕ

denoting the in-phase and quadrature parts of sϕ, respectively. Note that s I
i ∈ X I

and s Q
i ∈ X Q , where X I and X Q denote the in-phase and quadrature sets of

X , respectively. The second part of �log2(C(m, Np))� bits select an active chan-
nel combination I I

v = {i I
v(1), . . . , i I

v(Np)}, where i I
v(α) ∈ {1, . . . m} with v ∈

{1, . . . , N } and α ∈ {1, . . . , Np}, for transmitting the real part of s, yielding
xI = [. . . , s I

1 , . . . , s I
Np

, . . .]. Similarly, the third part of �log2(C(m, Np))� bits select
an active channel combination I Q

μ = {i Q
μ (1), . . . , i Q

μ (Np)}, where i Q
μ (ς) ∈ {1, . . . m}

with μ ∈ {1, . . . , N } and ς ∈ {1, . . . , Np}, for transmitting the imaginary part of s,
yielding xQ = [. . . , s Q

1 , . . . , s Q
Np

, . . .]. Finally, the information vector is generated
by combining the in-phase and quadrature parts:

x = xI + jxQ . (2.42)

As an example, we present amapping table of VSM for Nt = 4, Nr = 2, Np = 1, and
4-QAM in Table2.1. In this example, we have d = 4. Suppose that the information
bits q = [0 1 1 0] are transmitted at a given time slot. The first Np log2(M) = 2 bits
[0 1] are mapped into s = [−1− j]. Then, s is divided into in-phase and quadrature
parts sI = [−1] and sQ = [−1], respectively. The second �log2(C(Nr , Np))� = 1
bit [1] indicates the active channel combination I I

2 = {2} to transmit sI , resulting in
the vector xI = [0,−1]T . The last �log2(C(Nr , Np))� = 1 bit [0] indicates the active
channel combination I Q

1 = {1} to transmit sQ resulting in the vector xQ = [1, 0]T .
Finally, the information vector is obtained as x = [− j,−1]T .

Before transmitted into the wireless channel, the information vector is pre-coded
by P = V̄, which represents Ṽ for Nt ≤ Nr and Ṽ1 for Nt > Nr , respectively.

Table 2.1 Mapping table for VSM with Nt = 4, Nr = 2, Np = 1 and 4-QAM

Input bits Signal vector Input bits Signal vector

0000 [−1 + j, 0]T 1000 [1 + j, 0]T

0001 [−1, j]T 1001 [1, j]T

0010 [ j,−1]T 1010 [ j, 1]T

0011 [0,−1 + j]T 1011 [0, 1 + j]T

0100 [−1 − j, 0]T 1100 [1 − j, 0]T

0101 [−1,− j]T 1101 [1,− j]T

0110 [− j,−1]T 1110 [− j, 1]T

0111 [0,−1 − j]T 1111 [0, 1 − j]T
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VSM Receiver

The receiver structure of VSM is depicted in Fig. 2.8. The received signal vector after
receiver shaping can be expressed in a general form as

ȳ = ŪH y = ŪH HV̄x + ŪH w, (2.43)

where Ū represents Ũ1 or Ũ for Nt ≤ Nr or Nt > Nr , respectively.
Based on (2.43), we propose two detection methods corresponding to whether or

not the receiver has the knowledge of the correlation coefficient ρ. When ρ is known
to the receiver, the optimal ML detector can be derived as

x̂ = argmin
x

‖ȳ − ρ�̃1x‖2. (2.44)

The reason why (2.44) is optimal will be clarified later. On the other hand, when ρ
is unknown to the receiver, it is reasonable to assume perfect channel estimation for
detection, under which the detector follows from (2.44) by setting ρ = 1:

x̂ = argmin
x

‖ȳ − �̃1x‖2. (2.45)

However, both detectors in (2.44) and (2.45) impose great computational burden to
the receiver when Nr or M goes to a very large value. To solve this problem, we can
resort to the idea proposed in Sect. 2.2.1.

2.3.2 Average Bit Error Probability Analysis

We derive a closed-form upper bound on the ABEP of VSM that employs the detec-
tor in (2.44). To study the diversity order and coding gain, we further derive the
asymptotic ABEP of VSM. We note that it may be difficult to obtain closed-form
upper bounded and asymptotic ABEPs of VSM that adopts the detector in (2.45).
Fortunately, as will be verified in Sect. 2.3.3 that both detectors achieve nearly the
same ABEP performance, the analysis for the detector in (2.44) suffices.

Analysis of ABEP

Based on the first-order autoregressive model, we can express the true channel with
the estimated one as H = ρH̃ +G, where G ∈ C

Nr ×Nt is a complex Gaussian matrix
independent of H̃, whose entries have zero mean and variance 1 − ρ. Accordingly,
ȳ can be rewritten from (2.43) as

ȳ = ρ�̃1x + q, (2.46)

where q = ŪH GV̄x + ŪH w. Since multiplying a matrix by any unitary matrix
does not change the probability distribution, we can conclude that ŪH GV̄ and ŪH w
have the same distribution as G and w, respectively. In addition, since G and w are
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mutually independent, each entry of q follows the complex Gaussian distribution
with zero mean and variance

ψ = N0 + (1 − ρ)||x||2. (2.47)

At this point, it is straightforward to arrive at (2.44) from (2.46), which is optimal
for detection.

Denote c � [c1, . . . , cm]T = x − x̂. In light of (2.44) and (2.46), the conditional
PEP of detecting x̂ when x is transmitted on �̃1 can be calculated as

Pr(x → x̂|�̃1) = Pr(||ȳ − ρ�̃1x||2 > ||ȳ − ρ�̃1x̂||2)

= Q

⎛
⎝
√

||ρ�̃1(x − x̂)||2
2ψ

⎞
⎠

= Q

⎛
⎝
√∑m

i=1 λi |ci |2
2ψ

⎞
⎠ , (2.48)

where λi = ρ2σ̃2
i , i ∈ {1, . . . , m}. From (2.48), it can be seen that the derivation of

PEP needs the joint PDF of � = [λ1, . . . ,λm]T , which is given by [14]

f (�) = 1

Km,n
e
−

m∑
i=1

λi
m∏

i=1

λn−m
i

m∏
j=i+1

(λi − λ j )
2

︸ ︷︷ ︸
Υ

= 1

Km,n

L∑
κ=1

aκe
−

m∑
i=1

λi

λ
b1

κ

1 · · · λbm
κ

m , (2.49)

where n = max{Nr , Nt }, Km,n is a normalizing coefficient, L denotes the number
of monomials in Υ , aκ denotes the coefficient of the κ-th monomial in Υ with
κ ∈ {1, . . . L}, and {bi

κ}m
i=1 denote the power coefficients of {λi }m

i=1 in the κ-th
monomial in Υ . An example for all values of (Km,n, aκ, b1

κ, . . . , bm
κ ) with Nt = 4

and Nr = 3 is given in Table2.2. By averaging (2.48) with (2.49), we have

Pr(x → x̂) =E�

⎡
⎣Q

⎛
⎝
√∑m

i=1 λi |ci |2
2ψ

⎞
⎠
⎤
⎦

∼=E�

[
1

12
e
−

m∑
i=1

λi |ci |2
4ψ + 1

4
e
−

m∑
i=1

λi |ci |2
3ψ

]
(2.50)

= 1

12

∫
e
−

m∑
i=1

λi |ci |2
4ψ

f (�)d� + 1

4

∫
e
−

m∑
i=1

λi |ci |2
3ψ

f (�)d�, (2.51)
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where (2.50) is obtained by [15]

Q(x) ∼= 1

12
e− x2

2 + 1

4
e− 2x2

3 . (2.52)

According to [12, Eq. (8.312.2)], the first integral of (2.51) can be calculated as

1

12

∫
e

−∑m
i=1 λi |ci |2
4ψ f (�)d�

= 1

12Km,n

L∑
κ=1

aκ

∫
e
−

m∑
i=1

(
|ci |2
4ψ +1)λi

λ
b1

κ

1 · · · λbm
κ

m d�

= 1

12Km,n

L∑
κ=1

aκ

∫
e−(

|c1 |2
4ψ +1)λ1λ

b1
κ

1 dλ1 · · ·
∫

e−(
|cm |2
4ψ +1)λm λ

bm
κ

m dλm

= 1

12Km,n

L∑
κ=1

aκ

m∏
i=1

( |ci |2
4ψ

+ 1

)−(bi
κ+1)

Γ (bi
κ + 1). (2.53)

In the same manner, the second integral of (2.51) is given by

1

4Km,n

L∑
κ=1

aκ

m∏
i=1

( |ci |2
3ψ

+ 1

)−(bi
κ+1)

Γ (bi
κ + 1). (2.54)

By substituting (2.53) and (2.54) into (2.51), the unconditional PEP can be expressed
as

Pr(x → x̂) = 1

4Km,n

L∑
κ=1

aκ

(
m∏

i=1

Γ (bi
κ + 1)

)

×
[
1

3

m∏
i=1

( |ci |2
4ψ

+1

)−(bi
κ+1)

+
m∏

i=1

( |ci |2
3ψ

+1

)−(bi
κ+1)

]
. (2.55)

After obtaining the PEP, an upper bound on the ABEP can be readily derived accord-
ing to the union bounding technique as

Pe ≤ 1

d2d

∑
x

∑
x̂ �=x

N (x, x̂)Pr(x → x̂). (2.56)

Asymptotic ABEP Analysis

Recallψ = N0+(1−ρ)||x||2. If we have channel estimation error (ρ �= 1), N0 = 1/γ
tends to be zero and ψ → ψ∗ = (1 − ρ)||x||2 as γ → +∞. The asymptotic ABEP
can be thus expressed from (2.56) as
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Pe → 1

d2d+2Km,n

∑
x

∑
x̂

N (x, x̂)

L∑
κ=1

aκ

(
m∏

i=1

Γ (bi
κ + 1)

)

×
[
1

3

m∏
i=1

( |ci |2
4ψ∗ + 1

)−(bi
κ+1)

+
m∏

i=1

( |ci |2
3ψ∗ + 1

)−(bi
κ+1)

]
. (2.57)

The above equation reveals that the ABEP tends to be a constant irrelevant to the
SNR in the high SNR region, which, as reflected in the ABEP performance, creates
an error floor.

On the other hand, if no channel estimation error exists (ρ = 1), we haveψ = 1/γ
and the asymptotic ABEP can be derived as

Pe → 1

d2d+2Km,n

∑
x

∑
x̂

N (x, x̂)

L∑
κ=1

aκ

(
m∏

i=1

Γ (bi
κ + 1)

)

×
[
1

3

m∏
i=1

( |ci |2γ
4

)−(bi
κ+1)

+
m∏

i=1

( |ci |2γ
3

)−(bi
κ+1)

]
. (2.58)

From (2.58), we see that the high SNR approximation of Pe turns out to be a linear
combination of PEPs, which are dominated by the sum of the terms associated with
the largest exponent (equivalently the smallest value among {bi

κ}m
i=1 for all κ(s)) of

γ, For instance, from Table2.2 with Nt = 4 and Nr = 3, the smallest coefficient is 1.
From the above analysis, the asymptotic ABEP in (2.58) can be further approximated
as

Pe → γ−dmin

d2d+2Km,n

∑
κ,dmin

∑
s,ŝ∈X

aκ

(
m∏

i=1

Γ (bi
κ + 1)

)

× N (x, x̂)

( |s − ŝ|−2dmin

3 · 4−dmin
+ |s − ŝ|−2dmin

3−dmin

)
, (2.59)

Table 2.2 A look-up table for Nt = 4, Nr = 3 (K3,4 = 144)

κ aκ b1κ b2κ b3κ κ aκ b1κ b2κ b3κ κ aκ b1κ b2κ b3κ
1 1 1 3 5 8 2 3 4 2 15 1 3 1 5

2 −2 1 4 4 9 1 3 5 1 16 −2 4 1 4

3 1 1 5 3 10 −2 2 2 5 17 1 5 1 3

4 2 2 3 4 11 2 3 2 4 18 −2 5 2 2

5 2 2 4 3 12 2 4 2 3 19 1 5 3 1

6 −2 2 5 2 13 2 4 3 2

7 −6 3 3 3 14 −2 4 4 1
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where dmin = n − m + 1 is the diversity order achieved by the VSM scheme and∑
κ,dmin

denotes the sumapplying to allκ(s) forwhich there exists the coefficient dmin .
From (2.59), we see that similar to the existing pre-coding schemes, the diversity
order of VSM is determined by the configuration of the transceiver antennas only
and is irreverent to Np. By definition [16], the coding gain achieved by the VSM
scheme can be derived from (2.59) as

Gc =
⎡
⎣ 1

Km,nd2d+2

∑
κ,dmin

∑
s,ŝ∈X

aκ

(
m∏

i=1

Γ (bi
κ + 1)

)

× N (x → x̂)

( |s − ŝ|−2dmin

3 · 4−dmin
+ |s − ŝ|−2dmin

3−dmin

)]− 1
dmin

, (2.60)

which satisfies

Pe
∼= (Gcγ)−dmin , (2.61)

in the high SNR region.

2.3.3 Performance Evaluation

In this subsection, we conduct computer simulations to evaluate the ABEP perfor-
mance of VSM. The 4-QAM is assumed for all schemes.

Performance Comparison with Existing Pre-coding Schemes

We evaluate the ABEP performance of VSM for the case of Nt > Nr in Figs. 2.9
and 2.10, where the GPQSM scheme is considered for comparison. The simulation
parameters for Fig. 2.9 are chosen as Nt = 4, Nr = 2, and Np = 1, and those for
Fig. 2.10 are Nt = 8, Nr = 4, and Np = 2. Since the proposed low-complexity
detector achieves almost the same performance as the optimal ML detector, we
have removed its ABEP curves for figure clarity. To examine the effect of channel
estimation, we consider ρ = 1, 0.95, and 0.91, which correspond to δ2e = 0, 0.01, and
0.05, respectively. The situation of unfixed ρ will be discussed later. For references,
the analytical ABEP upper bounds and asymptotic results of VSM are also added in
the figures. It is observed from Figs. 2.9 and 2.10 that, as expected, under imperfect
channel estimation, error floors appear, whose levels are accurately characterized by
the analytical results. In addition, the error floor increaseswith the channel estimation
error, applying to both schemes. However, the floor level for VSM is much lower.
The above observation can be explained by (2.46), which reveals that the power of
the equivalent noise q scales with the channel estimation error instead of the SNR.
On the other hand, under perfect channel estimation, VSM achieves a diversity order
of Nt − Nr + 1 as GPQSM while obtaining a much larger coding gain. For example,
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Fig. 2.9 Comparison between VSM and GPQSM in terms of ABEP with ρ = 1, 0.95, 0.91 for
Nt = 4, Nr = 2, Np = 1, and 4-QAM

as seen from Fig. 2.9, about 2dB SNR gain is obtained at an ABEP value of 10−5.
This superiority can be accounted for the more diverse channels resulting from the
SVD.

The case of Nt < Nr is considered in Fig. 2.11, where Nt = 2, Nr = 4, Np = 1,
and the generalized SM (GSM) scheme is chosen as a comparison representative. For
fair comparison, we deprive VSM of the index modulation on the real(imaginary)
parts of the received signals, which means VSM activates a single channel to convey
a 4-QAM symbol as GSM. It should be noted that as only a single channel is active,
GSM degenerates to SM. For figure clarity, only the upper bounded ABEP curve
with ρ = 1 for VSM is added. From the figure, we see that under perfect channel
estimation, GSM outperforms VSM in the low-to-high SNR region. This can be
understood since a diversity order of Nr − Nt + 1 is achieved by VSM, while a
higher diversity order, i.e., Nr , is achieved by GSM. On the other hand, we see that
under imperfect channel estimation both VSM and GSM result in error floors, while
the level for GSM is much lower. This can be accounted for the SVD used in VSM,
which converts MIMO channels into parallel channels by scarifying some copies of
transmitted signals. Since besides its worse performance, VSM requires an additional
feedback link, VSM is not recommended to be used as a transmitter-side SM scheme
in practice.
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Fig. 2.10 Comparison between VSM and GPQSM in terms of ABEP with ρ = 1, 0.95, 0.91 for
Nt = 8, Nr = 4, Np = 2, and 4-QAM

0 3 6 9 12 15 18 21

10−5

10−4

10−3

10−2

10−1

SNR (dB)

A
B

EP

VSM with 4−QAM, simulation
GSM with 4−QAM, simulation
VSM with 4−QAM, unpper bound

Fig. 2.11 Comparison between VSM and GSM in terms of ABEP with ρ = 1, 0.95, 0.91 for
Nt = 2, Nr = 4, Np = 1, and 4-QAM
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Fig. 2.12 Comparison of the performances of VSM receivers (2.25) and (2.26) in terms of ABEP
with ρ = 1, 0.95, 0.7, 0.5 for Nt = 8, Nr = 4, and Np = 2

Impact of ρ on The Receiver Performance

We examine the impact of the knowledge of ρ to the receiver on the performance of
VSM systems. Figure2.12 shows the comparison results between the ABEPs of the
detectors (2.44) and (2.45) with ρ = 1, 0.95, 0.7, 0.5 for Nt = 8, Nt = 4, Np = 2
and 4QAM. From the figure, we see that for large correlation coefficients such as
ρ = 1 and 0.95, nearly the sameperformance is resulted nomatterwhetherρ is known
to the receiver or not. For smaller correlation coefficients such as ρ = 0.7, 0.5, the
performance with the knowledge of ρ to the receiver is superior to that without
the knowledge of ρ. This can be easily understood since the influence of channel
estimation becomes more significant as ρ becomes smaller and the knowledge of ρ
helps the receiver tract the true channel more accurately. However, we note that as
the performance gap becomes apparent, the ABEP value also goes very large, e.g.,
on an order of 10−1 for ρ = 0.7, 0.5, which is intolerable for most applications of
wireless communications. Therefore, in practice the receiver (2.45) is preferred for
VSM systems in consideration of its simplicity in implementation, since usually the
true value of ρ is difficult to obtain.

Then, we consider the impact of a different channel estimation model on the
ABEP performance of VSM. It is assumed that ρ changes with the SNR according
to ρ = lγ/(lγ + 1), where l is chosen to be 2. Figure2.13 shows the comparison
results between performances of VSM and GPQSM with unfixed ρ for two different
system configurations, which are (1) Nt = 4, Nr = 2, and Np = 1; (2) Nt = 8,



2.3 Virtual Spatial Modulation 39

0 3 6 9 12 15 18 21
10−6

10−5

10−4

10−3

10−2

10−1

100

SNR (dB)

A
B

EP

4×2, N
p
=1, VSM with 4−QAM, simulation

4×2, N
p
=1, GPQSM with 4−QAM, simulation

8×4, N
p
=2, VSM with 4−QAM, simulation

8×4, N
p
=2, GPQSM with 4QAM, simulation

Fig. 2.13 Comparison between VSM and GSM in terms of ABEP with unfixed ρ for two different
configurations: (1) Nt = 4, Nr = 2, and Np = 1; (2) Nt = 8, Nr = 4, and Np = 2

Nr = 4, and Np = 2. From the figure, it can be seen that different from what we
observe under the situation of fixed ρ, the error floors never appear for both VSM
and GPQSM. This is because ρ approaches one, which happens to be the perfect
channel estimation case, in the high SNR region. Therefore, the asymptotic results
also apply to the situation of unfixed ρ, which are not shown for figure clarity. On
the other hand, from Fig. 2.13, we see that similarly VSM is superior to GPQSM in
the whole SNR region.

2.4 Applications to Cooperative Communications

In this section, we demonstrate the potentials and advantages of space domain index
modulation techniques in the applications to cooperative communications. We take
SSK modulation as a demonstrative example. Specifically, a pragmatic commu-
nication strategy for the use of SSK modulation in two-way amplify-and-forward
(AF) relaying is proposed. By considering a Nakagami-m fading environment, upper
bounded and asymptotic ABEPs are both derived in closed form. The optimal power
allocation problem in the minimization of the ABEP is also addressed.
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Fig. 2.14 The schematic of the two-way relaying with SSK modulation

2.4.1 System Model

We consider a bidirectional relay network, which is comprised of two source nodes,
denoted by S1 and S2, and a relay node, denoted by R, as depicted in Fig. 2.14. We
assume that both source nodes adopt SSKmodulation such that the numbers of anten-
nas at these nodes, NS1 and NS2 , are no less than 2, and the relay node with a single
antenna serves as a non-regenerative repeater. The channel vectors for the S1 − R
and S2 − R links, respectively, are represented by h and g, where the magnitudes of
the entries of h and g, |hi | , i = 1, . . . , NS1 and |gl | , l = 1, . . . , NS2 , are assumed to
follow Nakagami-m distributions with parameters (Ωh, mh) and

(
Ωg, mg

)
, respec-

tively. We further presume that mg and mh are integers, the channels are mutually
independent and reciprocal, and each node is subjected to AWGN of variance N0.
Each message exchange between two source nodes takes place in two phases. In
the first phase, both sources simultaneously send the information and the following
superimposed signal is received at the relay node

yR = √
PS1hk + √

PS2gq + nR, (2.62)

where PI is the transmit power of node I (I ∈ {S1, S2, R}), nR is the AWGN at the
relay, and without loss of generality, it is assumed that the k-th indexed antenna of
S1 and the q-th indexed antenna of S2 are activated for transmission. In the second
phase, the relay first processes the received signal by multiplying an amplification
factor G and then forward it to the two source nodes. Due to symmetry, in what
follows only the signal flowchart at S1 will be detailed. The received signal at the
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i-th antenna of S1 can be expressed by

yS1,i =√
PS1 PRGhi hk + √

PS2 PRGhigq + √
PRGhi nR + nS1,i , (2.63)

where

G = 1√(
PS1Ωh + PS2Ωg + N0

) , (2.64)

is chosen to fix the average transmit power of relay and nS1,i is the AWGN at the i-th
antenna of S1. Here, the fixed-gain AF relay mode is considered. We note that it is
quite difficult to implement the CSI-assisted AF relay mode since the instantaneous
CSI which carries on information due to SSK modulation is unavailable at the relay
during the message transmission. Since the source acquires the knowledge of the
activated antenna index for the previous transmission phase and the CSI during the
pilot transmission phase, it is able to eliminate the self-interference as

ỹS1,i = √
PS2 PRGhigq + √

PRGhi nR + nS1,i︸ ︷︷ ︸
E f f ective noise

. (2.65)

Finally, based on the ML principle, the optimum detection for the transmit antenna
index can be given by

q̂ = argmax
1≤q≤NS2

f̃yS1

(̃
yS1 |gq , h

)

= argmin
1≤q≤NS2

(̃
yS1 − dgq

)H
C−1

ne f f,S1

(̃
yS1 − dgq

)
, (2.66)

where

f̃yS1

(̃
yS1 |gq , h

) =π−NS1
∣∣Cne f f,S1

∣∣− 1
2 e

−(̃yS1−dgq )
H

C−1
ne f f,S1

(̃yS1−dgq ),

ỹS1 , of dimension NS1 , is the received signal vector,whose i-th entry is givenby (2.65),
dgq , of dimension NS1 , is the useful signal vector, whose i-th entry is

√
PS2 PRGhigq ,

and Cne f f,S1
, of dimensions NS1 × NS1 , is the covariance matrix of the effective noise,

whose (i, i ′)-th entry is N0
(
PRG2h∗

i hi ′ + δ
(
i − i ′)).

As indicated in (2.66), the optimum ML detector invokes an inverse of a positive
definite matrix Cne f f,S1

, resulting in a cubic increase in the dimension of the matrix
instead of the linear increase with the number of received antennas in previous SSK
modulation schemes [17, 18]. This is due to the fact that by incurring the relay
retransmission, the effective noise at different antennas of either source become
highly correlated. To solve this problem, we propose a suboptimal detector, which
enables not only a largely reduced detection but also a near-ML performance as will
be validated in Sect. 2.4.3. The idea is motivated by the discovery of the underlying
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spatial constellation for SSK modulation in [17] and can be realized based on the
MRC principle [9, pp. 821–823] as follows,

q̂ = argmin
1≤q≤NS2

∣∣∣∣h
H ỹS1

‖h‖2F
− gq

∣∣∣∣ . (2.67)

It is clear that the evaluation of (2.67) requires (4NS1 +2NS2 −1) complex operations,
which is much less than the O (

NS2 N 3
S1

)
required in (2.66). It is worth noting that

the powers of the effective noise processes at all antennas are simply treated as equal
while performingMRC in (2.67), which greatly helps relieve the burden on the source
nodes in estimating the noise power at different antennas. Also note that unlike the
MRC detection in [3], which only operates under special channel assumption, the
one in (2.67) holds regardless of the channel realization.

2.4.2 ABEP Analysis and Power Allocation

In this subsection, we derive upper bounded and asymptotic ABEPs of the system.
Based on the asymptotic ABEP, we further solve the power allocation problem.
PEP Derivation
The PEPPr

(
q → q̂

)
, which is defined as the probability of the error event that occurs

when the q-th antenna of S2 is activated but antenna index q̂ is detected, is derived
in closed form in the following.

When conditioned upon the instantaneous CSI, the PEP can be readily expressed
from (2.65) and (2.67) as

Pr
(
q → q̂|h, g

) = Pr
(∣∣hH ỹS1/ ‖h‖2 − gq

∣∣2 >
∣∣hH ỹS1/ ‖h‖2 − gq̂

∣∣2)

= Pr

(∣∣gq − gq̂

∣∣2
2

< � {(
gq̂ − gq

)∗
neq

})

= Q

(√
γR−S1 · γS2−R

γR−S1 + CS1

)
, (2.68)

where CS1 = 1/(NS1G
2N0), neq = nR/

√
PS2 + hH nS1/(

√
PS2 PRG ‖h‖2) is the

equivalent noise after MRC, nS1 is the noise vector at S1, and γR−S1 = PR ‖h‖2/
(NS1 N0) and γS2−R = PS2

∣∣gq − gq̂

∣∣2/(2N0) are defined as the instantaneous received
SNR for the R − S1 link and the S2 − R link, respectively. From (2.68), we see that
to obtain the PEP dispensing with the channels, it is necessary to characterize the
distributions of γR−S1 and γS2−R first.

By considering an integer-fading-parameter Nakagami-m environment, the PDF
of γR−S1 can be expressed from [19, Eq. (7)] as
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fγR−S1
(γ) = γmh NS1−1

Γ
(
mh NS1

)
(

mh NS1

γR−S1

)mh NS1

e
− mh NS1

γR−S1
γ
, (2.69)

where γR−S1 = PRΩh
N0

is the average received SNR for the R − S1 link. On the other

hand, since the PDF of
∣∣gq − gq̂

∣∣ is given by [20, Eq. (8)] of a form

f|gq−gq̂ | (u) = ℘g

〈
mz+1

g

2zΩ z+1
g

u2z+1e− mgu2

2Ωg

〉
, (2.70)

where the operator ℘g 〈·〉 is defined as

℘g 〈χ〉 =
mg−1∑
i0=0

mg−1∑
i1=0

(i0 + i1)!
(−mg + 1

)
i0

(−mg + 1
)

i1

(i0!)2(i1!)22i0+i1

i0+i1∑
z=0

(−i0 − i1)z

(z!)2 χ, (2.71)

from basic probability theory [9, p. 30–32] we have

fγS2−R (γ) =
√

N0

2PS2γ
f|gq−gq̂ |

(√
2N0

PS2

γ

)

= ℘g

〈(
mg

γS2−R

)z+1

γze
− mg

γS2−R
γ

〉
, (2.72)

where γS2−R = PS2Ωg

N0
is the average received SNR for the S2 − R link. Accordingly,

given the PDF in (2.72), the cumulative distribution function (CDF) of γS2−R can be
readily derived as

FγS2−R (γ) = ℘g

〈
Γ (z + 1) − Γ

(
z + 1,

mg

γS2−R
γ

)〉

= 1 − ℘g

〈
z!e− mg

γS2−R
γ

z∑
m=0

(
mg

γS2−R

)m γm

m!

〉
, (2.73)

where the property ℘g 〈Γ (z + 1)〉 = 1 and the series representation of the incom-
plete gamma function in [12, Eq. (8.352.2)] are used in obtaining the last equation.

Therefore, by analogy with the mathematics in [18], the CDF of the equivalent
received SNR in (2.68), i.e., γeq = γR−S1 ·γS2−R

γR−S1+CS1
, can be readily derived as
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Fγeq (γ) =
∫ +∞

0
FγS2−R

((
1 + C

x

)
γ

)
fγR−S1

(x) dx

=1 − e
− mg

γ̄S2−R
γ

Γ
(
mh NS1

)
(

mh NS1

γ̄R−S1

)mh NS1

℘g

〈
z!

z∑
m=0

γm

m!
(

mg

γ̄S2−R

)m

×
∫ +∞

0
xmh NS1−1

(
1 + C

x

)m

e
− mgCγ

γ̄S2−R
· 1x − mh NS1

γ̄R−S1
x
dx

〉
. (2.74)

Next, by resorting to the binomial expansion of
(
1 + C

x

)m
and the integral result in

[12, Eq. (3.471.9)], (2.74) can be further simplified as

Fγeq (γ) =1 − 2e
− mg

γ̄S2−R
γ

Γ
(
mh NS1

)℘g

〈
z∑

m=0

m∑
n=0

z!
(m − n)!n! D

mh NS1
+n

2
S1

×
(

mg

γ̄S2−R

)m−n

γ
mh NS1

−n

2 +m Kmh NS1−n

(
2
√

DS1γ
)〉

, (2.75)

where DS1 = mgmhCS1 NS1
γS2−RγR−S1

= mgmh
γS1−R+γS2−R+1

γS2−RγR−S1
and γS1−R = PS1Ωh

N0
is the average

received SNR for the S1 − R link. Finally, by using the partial integral, the PEP can
be expressed as

Pr
(
q → q̂

) = 1

2
√
2π

∫ +∞

0

1√
γ

e− γ
2 Fγeq (γ) dγ

= 1

2
− 1√

2πΓ
(
mh NS1

)℘g

〈
z∑

m=0

m∑
n=0

z!
(m − n)!n! D

mh NS1
+n

2
S1

(
mg

γ̄S2−R

)m−n

×
∫ +∞

0
γ

mh NS1
−n−1+2m

2 e
−
(

mg
γ̄S2−R

+ 1
2

)
γ

Kmh NS1−n

(
2
√

DS1γ
)

dγ

〉
. (2.76)

Closed-form solution exists by changing the integral variable with t = √
γ in the

last equation of (2.76) and applying the identity in [12, Eq. (6.631.3)], yielding

Pr
(
q → q̂

) =1

2
− e

DS1 /

(
2mg

γS2−R
+1

)

2
√
2πDS1Γ

(
mh NS1

)℘g

〈
z∑

m=0

m∑
n=0

z!D
mh NS1

+n

2
S1

(m − n)!n!

×
(

mg

γ̄S2−R

)m−n( mg

γ̄S2−R
+ 1

2

)− mh NS1
−n+2m

2

Γ

(
1

2
+ mh NS1 + m − n

)

× Γ

(
1

2
+ m

)
W− mh NS1

−n+2m

2 ,
mh NS1

−n

2

(
DS1

mg

γ̄S2−R
+ 1

2

)〉
, (2.77)
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which with the help of [21, Eqs. (13.1.10) and (13.1.33)] can be also expressed in
terms of 2F0 as

Pr
(
q → q̂

) = 1

2
− Γ −1

(
mh NS1

)
2
√
2π

℘g

〈
z∑

m=0

m∑
n=0

z!Dn−m− 1
2

S1

(m − n)!n!

×
(

mg

γ̄S2−R

)m−n

Γ

(
1

2
+ mh NS1 + m − n

)
Γ

(
1

2
+ m

)

×2F0

(
mh NS1 + m − n + 1

2
,m + 1

2
; ;−

(
mg

DS1 γ̄S2−R
+ 1

2DS1

))〉
. (2.78)

For a Rayleigh fading environment, where mg = mh = 1, (2.78) reduces to

Pr
(
q → q̂

) =1

2
− Γ

(
NS1 + 1

2

)
4Γ

(
NS1

)
√

2γ̄R−S1 γ̄S2−R

γ̄S1−R + γ̄S2−R + 1

×2F0

(
NS1 + 1

2
,
1

2
; ;− γ̄R−S1 + 1

2 γ̄R−S1 γ̄S2−R

γ̄S1−R + γ̄S2−R + 1

)
. (2.79)

Upper-Bounded and Asymptotic ABEPs

When NS2 = 2, one can readily determine that the exact ABEP at S1, i.e., Pb,S1 , turns
out to be (2.78). As for NS2 > 2, the union bounding technique is used here to derive
an upper bound on the ABEP at S1:

Pb,S1 ≤ 1

NS2 log2
(
NS2

)
NS2∑
q=1

NS2∑
q̂=q+1

2N
(
q, q̂

)
Pr
(
q → q̂

)
(2.80)

where N
(
q, q̂

)
is the Hamming distance between the bit sequences mapped to

antenna indexes q and q̂ . In the case in which NS2 is equal to a power of 2, which is of

great interest in practice, it follows that
∑NS2

q=1

∑NS2

q̂=q+1 2N
(
q, q̂

) = 1
2 N 2

S2
log2

(
NS2

)
and (2.80) becomes [22]

Pb,S1 ≤ NS2

2
Pr
(
q → q̂

)
. (2.81)

Furthermore, greater insight ABEP about the effects of the different system para-
meters can be gained from the following asymptotic expression for the ABEP:

Pb,S1 ≈mgNS2

4

(
1 − ℘g 〈z!U (z − 1)〉)

×
(

1

γ̄S2−R
+ mh

mh NS1 − 1

γ̄S1−R + γ̄S2−R + 1

γ̄R−S1 γ̄S2−R

)
. (2.82)
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Proof According to [23], the asymptotic error probability is closely related to the first
non-zero higher order derivative of the CDF of γeq at the origin, which is contained
in the first term of the Taylor’s series of this CDF. By using the series representation
of Kmh NS1−n

(
2
√

DS1γ
)
in (2.75) according to [12, Eq. (8.446)], one can determine

that two parts in (2.75) contribute to the aforementioned first term, where the first
part corresponds to the case when m = 0, given by

F (1)
γeq

(γ) =1 − 2

Γ
(
mh NS1

)
(
1 − mg

γ̄S2−R
γ + O (γ)

)

×
(

Γ
(
mh NS1

)
2

− Γ
(
mh NS1 − 1

)
2

DS1γ + O (γ)

)

=
(

mg

γS2−R
+ DS1

mh NS1 − 1

)
γ + O (γ) , (2.83)

and the second part corresponds to the case when m = 1, yielding

F (2)
γeq

(γ) = −
2
(
1 − mg

γ̄S2−R
γ + O (γ)

)
Γ
(
mh NS1

) [
℘g 〈z!U (z − 1)〉

×
(

mgΓ
(
mh NS1

)
2γ̄S2−R

+ Γ
(
mh NS1 − 1

)
2

DS1

)
γ +O (γ)]

= − ℘g 〈z!U (z − 1)〉
(

mg

γ̄S2−R
+ DS1

mh NS1 − 1

)
γ + O (γ) . (2.84)

Then, by incorporating (2.83) and (2.84), we obtain the first non-zero higher order
derivative of Fγeq (γ) at the origin as

∂Fγeq (γ = 0)

∂γ
= fγeq (0)

= (1 − ℘ 〈z!U (z − 1)〉)
(

mg

γS2−R
+ DS1

mh NS1 − 1

)
, (2.85)

where fγeq (γ) is the PDF of γeq . Finally, the application of the identity in [23, Eq.
(10)] completes the proof. ��
Specifically, for a Rayleigh fading environment, we have

Pb,S1 ≈ NS2

4

(
1

γS2−R
+ 1

NS1 − 1

γS1−R + γS2−R + 1

γR−S1γS2−R

)
. (2.86)

From (2.82) and (2.86), it is clear that an increase in the number of received antennas
in two-way relay systems with SSK modulation always achieves unit diversity order
but results in an improvement of the coding gain. This is different from the case of
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conventional SSK modulation, where NS1 diversity order can be gained [17]. When
relay retransmission is introduced, the received signal versions at all antennas become
dependent and completely unresolvable.

Power Allocation

By excluding all parameters irrelevant to power allocation (PA) and after some
manipulation, the PA problem based on the minimization of the average ABEP
Pe = (

Pe,S1 + Pe,S2

)
/2, subject to total and individual power constraints, can be

formulated as

{
P∗

S1 , P∗
R, P∗

S2

} = min{PS1 ,PR ,PS2}
{
1 − ℘g 〈z!U (z − 1)〉

mh NS1Ωg

×
(

1

PS2

+ mh

mh NS1 − 1

PS1Ωh + PS2Ωg

PR PS2Ωh

)

+ 1 − ℘h 〈z!U (z − 1)〉
mgNS2Ωh

×
(

1

PS1

+ mg

mgNS2 − 1

PS1Ωh + PS2Ωg

PR PS1Ωg

)}

s.t. PS1 + PR + PS2 ≤ Ptot & PS1 , PR, PS2 > 0, (2.87)

where Pe,S2 is the ABEP at S2,℘h 〈·〉 is the operator defined similar to (2.71) but with
all related parameters extracted from the S1 − R link, Ptot is the upper bound on the
system power, and

{
P∗

S1
, P∗

R, P∗
S2

}
are the optimum values of

{
PS1 , PR, PS2

}
, which

satisfy the constrained optimization problem in (2.87). A careful inspection of (2.87)
reveals the convex property of the objective function with respect to the decision
variables, i.e., PS1 , PR , and PS2 , and thus unique solutions, i.e.,

{
P∗

S1
, P∗

R, P∗
S2

}
, exist

for the above non-linear programming problem. Unfortunately, to the best of our
knowledge, closed-form expressions for

{
P∗

S1
, P∗

R, P∗
S2

}
are unavailable. To this end,

numerical searching algorithms should be relied on, and this can be easily realized
by standard mathematical software platforms, e.g., Matlab, Mathematica, etc.

2.4.3 Performance Evaluation

In this subsection, BER simulations are conducted to validate the analysis given in
Sect. 2.4.2. Without loss of generality, in the simulations we let Ωh = Ωg = 1 and
the number of antennas at both sources be powers of 2. Unless otherwise specified,
the transmit powers of all three nodes are set equal and the proposed MRC detector
is applied.

Figure2.15 depicts the BER performance for two different channel scenarios,
where we choose NS1 = 8 and NS2 = 2. It is clear that the proposed MRC detector
expresses nearly the same performance as the optimum ML detector. Moreover,
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Fig. 2.15 BER performance in the case of NS1 = 8 and NS2 = 2
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Fig. 2.16 Effects of fading parameters on the BER performance
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Fig. 2.17 BER performance comparison between equal power allocation and optimum power
allocation

as expected, the analytical exact, upper bounded, and asymptotic ABEPs are all in
perfect agreement with their simulation counterparts. On the other hand, as predicted
in (2.82), the systems always gain a diversity order of unity.

Figure2.16 shows the effects of fadingparameters on theBERperformance,where
we choose NS1 = 32 and NS2 = 2. For the purpose of figure clarity, the analytical
curves are removed. We see that as the fading of the link between one source and
the relay becomes less severe, i.e., the value of the corresponding parameter mh/g

becomes larger, the BER performance of this source will be somewhat improved,
whereas that of the other source will deteriorate. The improvement in the BER
performance is due to the improvement of the channel quality, which fulfils our
intuition. However, deterioration of the BER performance seems counter-intuitive
at first but can be explained reasonably after further consideration as follows: the
improvement of the channel quality at one link will result in the shrinking of the
spatial constellation for the source at this link, and thus will lead to the detection at
the other source becoming harder. Moreover, from Fig. 2.16, it is clear that compared
with the increase of the BER, the decrease of the BER is more serious. This can
be easily accounted for from the positions of the two fading parameters in the BER
expression in (2.82), which implies the dominant effect of the shrinking of the spatial
constellation over the improvement of channel quality. Therefore, it is not surprising
to see from Figs. 2.15 and 2.16 that the improvement of the fading severities for both
links produces a reverse effect on the overall system performance, i.e., results in the
deterioration of the overall system performance.
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Figure2.17 illustrates the feasibility of adopting the proposedPAstrategy in lower-
ing the average BER, where the fading parameters are fixed as mg = 1 and mh = 10.
In Fig. 2.17, we consider two different system situations, i.e., (1) NS1 = 4, NS2 = 2;
and (2) NS1 = 8 and NS2 = 2. The optimum PA strategies, according to (2.87), for
the above two system settings in order are (1) P∗

S1
= 0.4113Ptot , P∗

R = 0.4317Ptot ,
P∗

S2
= 0.1570Ptot ; and (2) P∗

S1
= 0.4398Ptot , P∗

R = 0.4457Ptot , P∗
S2

= 0.1144Ptot .
BothBERvalues for the equal PAandoptimumPAstrategies are depicted inFig. 2.17,
while their analytical results are not shown for the purpose of figure clarity. One can
observe that by adopting the proposed PA strategy, the system can even benefit about
2dB SNR reduction with respect to the equal power distribution strategy at some
specific level of Pe, e.g., Pe = 10−3. We note that as the proposed PA strategy
focuses on the minimization of average BER for a moderate-to-high SNR regime, it
may worsen the average BER compared with the equal PA strategy for a very low
SNR regime, where Pe > 10−1.

2.5 Summary

In this chapter, we began with the introduction of the first space domain index mod-
ulation technique, which is well known as SM. Then, we proposed a receiver-side
SM scheme, i.e., GPQSM, which relies on the ZF/MMSE pre-coding operation at
the transmitter. The advantages of GPQSM were revealed through both theoretical
analysis and simulations. However, similar to the other pre-coding SM schemes, the
performance of GPQSM is limited by the correlated channels. To solve this problem,
we further proposed the VSM scheme, which embeds additional information into the
indices of the virtual parallel channels resulting from the SVD of the MIMO channel
and can be regarded as either a transmitter-side or receiver-side SM scheme. VSM
was shown to be favorable especially for low data rate transmission. Finally, we took
SSK as a representative to examine the potential of space domain index modulation
techniques in the application to cooperative communications.
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