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Abstract Statistical inference for unknown distributions of statistics or estimators

may be based on asymptotic distributions. Unfortunately, in the case of dependent

data the structure of such statistical procedures is often ineffective. In the last three

decades we can observe an intensive development the of so-called resampling meth-

ods. Using these methods, it is possible to directly approximate the unknown distrib-

utions of statistics and estimators. A problem that needs to be solved during the study

of the resampling procedures is the consistency. Their consistency for independent

or stationary observations has been extensively studied. Resampling for time series

with a specific non-stationarity, i.e. the periodic and almost periodic strong mixing

dependence structure also been the subject of research. Recent research on resam-

pling methods focus mainly on the time series with the weak dependence structure,

defined by Paul Doukhan, Louhichi et al. and simultaneously Bickel and Bühlmann.

In the article a time series model with specific features i.e.: long memory, heavy tails

(with at least a fourth moment, e.g.: GED, t-Student), weak dependence and periodic

structure is presented. and the estimator of the mean function in the above-mentioned

time series is investigated. In the article the necessary central limit theorems and

consistency theorems for the mean function estimator (for one of the resampling

techniques—the subsampling) are proven.
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1 Introduction

Possibility to construct sampling distributions of estimators for time series is very

important in statistical studies. Traditional statistical inference based on asymptotic

distributions does not always lead to effective statistical procedures. There are several

reasons for this, e.g.:

∙ the convergence of the estimator to the asymptotic distribution is slow and often

requires a large collection of observations. In practice, there is not always the pos-

sibility to receive enough data because of the costs or technical restrictions.

∙ The asymptotic distribution is often very complicated and depends on the unknown

parameters, which in the case of dependent data is difficult to estimate.

In such situations, the so-called resampling methods (Efron [14]) are helpful.

Moreover, in many cases these methods are the only effective technique. These meth-

ods allow us to approximate the unknown distributions (or characteristics) of the

statistics and estimators without a reference to the form of the distribution. These

approximations are used to construct the confidence intervals for the parameters and

testing statistical hypothesis. (One can compute the confidence intervals and critical

values from the resampling distributions instead of the asymptotic distributions.)

In the nineties of the last century the research was focused on stationary time

series. At the present time, the efforts of researchers are concentrated on the non-

stationary series, with discrete and continuous time. See, e.g. [13, 16, 26, 29] or

[35] among many others.

One of the specific form of non-stationarity is periodicity. Gladyshev [18] initi-

ated the development of research on periodicity in time series and stochastic process.

In 2006 Gardner et al. [17] have provided a general overview of research on peri-

odicity and time series, considering over 1500 published papers on the topic. It was

shown that the models with periodic structure are widely applicable e.g. in commu-

nication, signal processing, vibromechanics, econometrics, climatology and biology.

The resampling methods for periodic time series is an open research area, where

many fundamental properties have yet to be proven.

In the article, we will deal only with one form of resampling—subsampling, since

we will work with long memory time series.

The attention will be focused on the class of time series which simultaneously

deals with three features: periodic structure, heavy tails (finite at least fourth moment)

and long memory.

The heavy-tailed random variables are variables with distributions whose extreme

values are “more probable than normal”. Examples of such distributions are the Gen-

eralized Error Distribution (GED) distributions or stable distributions. Both classes

will be discussed in this thesis. Additionally, in real data sets one has to deal with

long range dependence as well.

The presence of long range dependence in time series means that there exists

dependence between observations which are distant in time from each other.

It is obvious that among the observations of the time series there is a relationship—

the dependence. Over the years, the most popular way for studying this dependence
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have been the mixing conditions. The fact is that under natural restrictions on the

process parameters, many processes of interest fulfill mixing conditions [11]. On

the other hand, there is a large class of processes for which mixing properties do not

hold.

Simple example of such a time series is a stationary AR(1) process:

Xt = aXt−1 + 𝜀t,

where the innovations are independent with P(𝜀t = 1) = P(𝜀t = −1) = 1∕2 and 0 <

|a| ≤ 1∕2.
This process has a stationary distribution on [−2, 2] and Xt has always the same

sign as 𝜀t. It is possible to recover Xt−1,Xt−2,… from Xt, it means that the process

{Xt}t∈ℤ is purely deterministic going backwards in time, so it cannot be strong mix-

ing (proof is given in [1]).

More examples of weakly dependence sequences can be found in the research of

Doukhan et al. [8, 21].

In 1999 Doukhan and Louhichi [12] and simultaneously Bickel and Bühlmann

[6] proposed an alternative condition for the dependence in time series called weak

dependence and 𝜈-dependence, respectively.

The definition of weak dependence in comparison to, for example, mixing is very

general. It includes very general data sets and models like causal, non causal linear,

bilinear, strong mixing processes, dynamical systems or Markov processes driven by

discrete innovations.

The main objective of this article is to introduce the theoretical and practical

results describing the consistency of subsampling method and to show how to use

them in statistical inference for time series with periodic behavior.

Three specific features of time series will be studied: heavy tails, long memory

and periodic behavior. The construction of described in the thesis process entails the

weak dependence property.

The central limit theorem for the mean estimator will be given. The subsampling

method to estimate the mean vector will be presented and the applications of the

central limit theorem to prove the consistency of subsampling method will be shown.

The structure of the article is as follows. In the second section the definitions,

the examples and the main ideas will be introduced. The third section contains the

construction of long memory, heavy tailed and periodically stationary model and its

properties. The fourth section contains the central limit theorems. In the next section

the consistency of the subsampling is shown.

2 Basic Concepts and Definitions

In this section the basic concepts and definitions will be presented. Some of them

will be illustrated by examples.
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Many real life phenomena are characterized by a seasonal behavior which, obvi-

ously, is not non-stationary. Seasonal data appear in such fields as: economics, biol-

ogy, climatology, telecommunications and many others. If seasonality is not easily

removable it means that we are dealing with a particular type of non-stationarity,

for example the periodic structure. In such cases it is not just the mean that has a

periodic rhythm. A periodic rhythm also describes the behavior of covariance.

Popular models used for describing such phenomena are periodically nonstation-

ary processes.

Below are introduced the formal definitions of periodicity of the time series.

For the time series {Xt}t∈ℤ we define the autocovariance of the pair (Xt,Xt+h) to

be

𝛾X(t, h) = Cov(Xt,Xt+h).

Definition 1 ([25], p. 5) Time series {Xt}t∈ℤ is periodically correlated (PC) in

Gladyshev sense, if the mean 𝜇X(t) is periodic (𝜇X(t) = 𝜇X(t + T)) and the autoco-

variance function 𝛾X(t, h) is periodic in t for all h ∈ ℤ (𝛾X(t, h) = 𝛾X(t + T , h)).

If there is no ambiguity, we will write 𝛾(t, h) (or 𝛾(h) if we deal with classical

weak stationarity) instead of 𝛾X(t, h) for the autocovariance function of time series

{Xt}t∈ℤ.

In many periodic phenomena the existence of the long range dependence is

observed [5, 24, 31]. The presence of long range dependence in time series means

that there exists a relationship between observations which are far away from each

other in time. Long memory occurs in the sense that a hyperbolic behavior of the

autocorrelations holds for almost all lags and frequencies respectively.

The long range dependence can be defined as long memory. Note that the defini-

tion of long memory introduced below is one of many possible definitions.

Definition 2 ([7], p. 520) A stationary, time series {Xt}t∈ℤ has long memory if its

autocovariance function 𝛾 satisfies the following formulas:

∑

0<|h|<n
𝛾(h) ∼ Cn𝛽

where 𝛽 ∈ [0, 1), and C ≠ 0.

Definition 3 A PC time series {Xt}t∈ℤ has a long memory if the autocovariance

function 𝛾(s)(h) = Cov(Xs+qT ,Xs+(q+h)T ) for each q ∈ ℤ satisfies the following for-

mula ∑

0<|h|<n
𝛾(s)(h) ∼ C(s)n𝛽 , s ∈ {1,… ,T}

where 𝛽 ∈ [0, 1). For each s ∈ {0,… ,T − 1} C(s) is the finite constant such that
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C(s) = 2 ⋅ lim
n→∞

∑n−1
h=1 𝛾(s)(h)

n𝛽
> 0.

Let us assume that the notation for the long memory with parameter 𝛽 ∈ [0, 1)
will be LM(𝛽).

Suitable tool to describe the long memory behavior are so-called Gegenbauer

processes [15, 23]. This kind of process will be used in modeling the long range

dependence in this article.

Definition 4 ([19]) Let us assume that 𝜀t is i.i.d. innovation process. The process

{Gt}t∈ℤ defined by the equation:

𝛱1≤i≤k(I − 2𝜈iB + B2)di Gt = 𝜀t, (1)

is the k-factor Gegenbauer process.

0 < di < 1∕2 if |𝜈i| < 1 or 0 < di < 1∕4 if |𝜈i| = 1 for i = 1, ..., k and I is identity

operator, B is backshift operator.

Theorem 1 ([21]) Process defined by the Definition 4 is long memory, stationary,
causal and invertible and has a moving average representation:

Gt =
∑

j≥0
𝜓j(d, 𝜈)𝜀t−j,

with
∑∞

j=0 𝜓
2
j (d, 𝜈) < ∞, where 𝜓j(d, 𝜈), j ≥ 0, is defined by:

𝜓j(d, 𝜈) =
∑

0 ≤ l1, ..., ln ≤ j
l1 + ... + ln = j

Cl1 (d1, 𝜈1) ⋅ ... ⋅ Clk (dk, 𝜈k),

where Cli (di, 𝜈i) are the Gegenbauer polynomials defined as follows:

(1 − 2𝜈z + z2)−d =
∑

j≥0
Cj(d, 𝜈)zj

, |z| ≤ 1, |𝜈| ≤ 1.

Moreover, if {𝜀t}t∈ℤ in the Definition 4 is the Gaussian white noise, then {Gt}t∈ℤ
is Gaussian time series.

The Gegenbauer processes are stationary, seasonal fractional models; see: [19,

20]. The form of the 𝜓j(d, 𝜈) also can be found in [19, 20].

The time series is a sequence of dependent observations. In 1999 Doukhan and

Louhichi [12] and simultaneously Bickel and Bühlmann [6] introduced a new way

of describing data—the weak dependence.

Below, the definition of weak dependence is introduced.
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Let (E, ∥ ⋅ ∥) be a normed space and u ∈ ℕ∗
. We assume that a function h ∶

Eu ⟶ ℝ belongs to the class L = {h ∶ Eu → ℝ, ∥ h ∥∞≤ 1,Lip(h) < ∞}, where

Lip(h) = supx≠y
∣h(x)−h(y)∣
∥x−y∥1

and ∥ x ∥1=
∑u

i=1 ∥ xi ∥.

Definition 5 ([4]) A sequence {Xt}t∈ℤ of random variables taking values in E =
ℝd

(d ∈ ℕ∗ = ℕ ⧵ {0}) is (𝜀,L , 𝛹 )-weakly dependent if there exists 𝛹 ∶ L ×L ×
ℕ∗ × ℕ∗ → ℝ and a sequence {𝜀r}r∈ℕ (𝜀r → 0) such that for any (f , g) ∈ L ×L ,

and (u, v, r) ∈ ℕ∗2 × ℕ

|Cov(f (Xi1 , ...,Xiu ), g(Xj1 , ...,Xjv ))| ≤ 𝛹 (f , g, u, v)𝜀r

whenever i1 < i2 < ... < iu ≤ r + iu ≤ j1 < j2 < ... < jv.

The weak dependence notions are related to the initial time series and are mea-

sured in terms of covariance of the functions.

The asymptotic behavior of the covariance shows us the independence between

“past” and “future”. Intuitively, the weak dependence is “forgetting” in time series.

There are several concepts of weakly dependent processes e.g.:. 𝜆-, 𝜃-, 𝜂-weak

dependence. The form of the 𝛹 function corresponds to particular cases of weak

dependence.

The coefficient 𝜆 corresponds to:

𝛹 (f , g, u, v) = uvLip(f )Lip(g) + uLip(f ) + vLip(g),

the coefficient 𝜂 corresponds to:

𝛹 (f , g, u, v) = uLip(f ) + vLip(g),

the coefficient 𝜃 corresponds to:

𝛹 (f , g, u, v) = vLip(g).

Note there are other cases of weakly dependent, that are not quoted here.

In the definition of weak dependence we denote respectively 𝜆r, 𝜂r or 𝜃r instead

of 𝜀r.

The heavy-tailed random variables are variables with distributions whose extreme

values are “more probable than normal”. The heavy tail phenomena occur frequently

in real life. In contradiction to Gaussian phenomena which do not allow for large fluc-

tuations, “heavy tails” can be used to describe high variability. The data with “heavy

tails” appear in such different fields as economics, telecommunications, meteorol-

ogy, physics and signal processing.

If we define kurtosis as 𝜇4∕𝜎4
and 𝜇4 is the fourth central moment (if it exists),

while 𝜎 is the standard deviation then we can say that heavy-tailed variables are those
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with kurtosis greater than three, and whose tails go to zero slower than in the normal

distribution.

One of the example of heavy tailed distributed random variables are GED—

random variables.

The Generalized Error Distribution (GED) is a parametric model of a heavy tailed

distribution. All moments of the GED are finite and the GED has a relatively simple

form of a probability density function.

The Generalized Error Distribution is a symmetric unimodal member of the expo-

nential family. The domain of the probability distribution function is (−∞,∞).
The original concept of the GED was introduced by Subbotin in 1923 [34], so

it is known as “Subbotin’s family of distributions”. However, Subbotin proposed a

two-parameters GED model:

f (x; h,m) = mh
2𝛤 (1∕m)

exp{−hm|x|m}, (2)

where x ∈ ℝ and h > 0 and m ≥ 1 are scale and shape parameters, respectively.

In 1963 Lunetta ([30]) has defined a three-parameters GED class, as follows:

f (x;𝜇, 𝜎, 𝛼) = 1
2𝜎𝛼1∕𝛼

𝛤 (1 + 1∕𝛼)
exp{−1

2
|
x − 𝜇

𝜎

|𝛼}, (3)

where 𝜇 ∈ ℝ is the location parameter, 𝜏 > 0 is the scale and 𝛼 > 0 is the shape

(power).

Of course, the m in the Eq. (2) is equal to the 𝛼 in the Eq. (3) while h = (𝛼1∕𝛼
𝜏)−1.

Taking into account the fact that the Euler gamma function 𝛤 satisfies the formula

r𝛤 (r) = 𝛤 (r + 1), the Eqs. (2) and (3) are equivalent, whenever the location para-

meter 𝜇 in (3) is equal to zero.

The GED is also called the generalized normal class. The reason is that for the

random variable X with density function as in the formula (3) we have the following

equation:

𝜏 = {E|X − 𝜇|𝛼}1∕𝛼,

which for 𝛼 = 2, gives the standard deviation in the normal case. Note that if 𝛼 ≠ 2,
𝜏 must not be confused with the standard deviation of X.

Below we give the definition in which 𝜏 stands for the standard deviation:

Definition 6 ([36]) The random variable X has GED distribution (X ∼ G(𝜇, 𝜏, 𝛼))
if the density function, f (x), of X is given by the equation:

f (x;𝜇, 𝜏, 𝛼) = (2𝛤 (1 + 1∕𝛼)A(𝜏, 𝛼))−1exp{−| x − 𝜇

A(𝜏, 𝛼)
|𝛼} (4)

with A(𝜏, 𝛼) = 𝜏

√
𝛤 (1∕𝛼)∕𝛤 (3∕𝛼).
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In the sequel of this dissertation it is enough to consider the case 𝜏 = 1 in the Eq.

(4). Therefore, we will be considering the density function

f (x;𝜇, 𝛼) = 𝛼

2A(𝛼)𝛤 (1∕𝛼)
exp{−|x − 𝜇

A(𝛼)
|𝛼}, (5)

where A(𝛼) =
√
𝛤 (1∕𝛼)∕𝛤 (3∕𝛼), 𝛼 > 0, 𝜇 ∈ (−∞,∞), and x ∈ ℝ.

Our definition of the GED is as follows:

Definition 7 The random variable X has a GED distribution X ∼ G(𝜇, 1, 𝛼) if the

density function, f (x), of X follows the Eq. (5).

The rth central moment of a random variable X ∼ G(𝜇, 1, 𝛼) can be calculated as

E(X − EX)r = 1
√
𝛤 (1∕𝛼)∕𝛤 (3∕𝛼)𝛤 (1 + 1∕𝛼) ∫

∞

−∞
(x − EX)re−

1
2 |x−EX|𝛼dx,

where r ∈ ℕ. When r is odd then the rth moments are equal to zero, by symmetry.

For r even the rth moments are as follow:

EXr = (
√
𝛤 (1∕𝛼)∕𝛤 (3∕𝛼))r

𝛤 (1∕𝛼(r + 1))
𝛤 (1∕𝛼)

.

Notice that in the consequence of the Definition 7 the first four moments of GED

distribution are: mean = 𝜇, variance = 1, skewness = 0, kurtosis = 𝛤 (5∕𝛼)𝛤 (1∕𝛼)
𝛤

2(3∕𝛼)
.

Recall that the GED distribution has heavy tails, if 𝛼 < 2. When 𝛼 > 2 we get

tails lighter than normal.

It is clear to see that the normal distribution is GED with 𝛼 = 2. Below are other

examples of the GED distribution.

Example 1 If we choose 𝛼 = 1 in the Definition 6 then the GED distribution is so-

called Double Exponential, or Laplace, distribution, i.e. G(𝜇, 𝜏2, 1) = L(𝜇, 4𝜏2).

Note that the Subbotin’s model (2) does not allow for the tails heavier than those

in the Laplace distribution. Unlike the formula (3), where the tails heavier than those

in the Laplace distribution are allowed.

Example 2 If we consider the Definition 6 and 𝛼 → ∞, then the GED distribution

tends to the uniform distribution U(𝜇 − 𝜏, 𝜇 + 𝜏).

3 The Model and Its Properties

In many applications of time series analysis one is confronted separately with heavy

tailed and long memory behavior. The non-stationarity of the time series, and its

special case—the periodicity is also a feature that researchers are dealing with.
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Below we present a model which will simultaneously be dealing with three fea-

tures: periodicity, long memory and heavy tails. We build it by adjusting a long

memory and a heavy tailed stationary model to the T-variate process.

Let the time series {Xt}t∈ℤ be defined as:

Xt = 𝜎tGGt + 𝜂t, (6)

where

A1 The volatility time series 𝜎t and the Gaussian-Gegenbauer time series GGt are

independent

A2 The sequence of random variables 𝜎t is i.i.d and its marginal distribution comes

from a heavy tail family, with finite at least fourth moment, for example.

A3 GGt is periodic Gaussian-Gegenbauer time series. We put that

GGt = ft ⋅ Gt, where Gt is Gaussian-Gegenbauer mean zero time series with k =
1, ∣ 𝜈 ∣≤ 1, LM(𝛽) with 𝛽 ∈ [0, 1). The function ft is a periodic, deterministic,

bounded with a known period T. The autocovariance of Gt is 𝛾G.

A4 The deterministic function 𝜂t is periodic with the same period T as ft.

𝛽 = 2d, where d is a memory parameter from the Definition 4.

Properties of the model

Lemma 1 The process {Xt}i∈ℤ defined by the Eq. (6) is a long memory process in
the sense of Definition 3, with 𝛽 ∈ [0, 1).

Proof ∑

0<|h|<n
𝛾(s)(h) =

∑

0<|h|<n
(E𝜎)2f 2h 𝛾G(h) ∼ C(s)n𝛽 .

The last asymptotic equivalence follows from Theorem 2 [10]. □

Moreover:

Lemma 2 ([21], Theorem 2—[11]) The long memory stationary Gaussian-
Gegenbauer time series is not strong mixing.

Lemma 3 Assume A1 through A4. Then Xt defined by the Eq. (6) is 𝜆-weakly depen-
dent.

Proof It follows from Lemma 2 that the Gaussian-Gegenbauer time series Gt∈ℤ, is

not strong mixing.

We already know that Gegenbauer (in the sense of the Definition 4) time series

has a long memory. And from the [4], p. 8 follows that the stationary Gaussian long

memory time series has the 𝜆-weak dependence properties.

Finally the 𝜆-weak dependence of Xt is implied from the Proposition 1 in [27].



26 E. Gajecka-Mirek and O. Knapik

Lemma 4 Assume A1 through A4. Then the weak dependence coefficients of the
model defined by the Eq. (6) satisfy the following relationship:

𝜆r = O(r𝛽−1), 𝛽 ∈ [0, 1).

Proof of above lemma follows from the Lemma 4 [9].

The Lemma 3 provide clear motivation to study weakly dependent structures.

GED volatility or other heavy tailed distribution with finite at least fourth
moment
Assume that the volatility process 𝜎t in the model (6) comes from a GED distribution,

as in Definition 7, i.e. 𝜎t ∼ G(𝜇, 1, 𝛼)).
The following fact provides the information about the heaviness of Xt tails in the

GED case:

Lemma 5 Assume A1 through A4. Then Xt defined by the Eq. (6) has a heavy tailed
marginal distribution for 𝛼 > 0.

We do not have information about the marginal distribution of Xt, but since all

the moments of both distribution GGt and 𝜎t exist the model Xt is (2 + 𝛿)-order, with

𝛿 > 0.
In particular Xt is second-order, so it is periodically correlated in the sense of

Gladyshev. The formalization of this statement is as follows:

Lemma 6 Xt defined by the Eq. (6) with 𝜎t coming from the GED has a periodic
mean, a periodic variance and a periodic autocovariance. Moreover, the autoco-
variance of Xt has a form:

𝛾(t, h) = (Cov(𝜎t, 𝜎t+h) + 𝜑

2)|ft||ft+h|𝛾G(h).

The estimator and its properties
For the model defined by the Eq. (6) one of the resampling method—subsampling—

is considered to approximate an asymptotic distribution of the seasonal trend com-

ponents, the overall mean and the vector of the seasonal trend components.

We start with the definition.

Definition 8 We define the estimator of the seasonal trend components 𝜂(s) as fol-

lows:

𝜂̂N(s) =
1
N

N−1∑

p=0
Xs+pT , s = 1, 2,… ,T , (7)

where T is the known period.
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Definition 9 We define the estimator of the overall mean 𝜂̄ = 1
T

∑T
s=1 𝜂(s) as fol-

lows:

̂

𝜂̄ = 1
T

T∑

s=1
𝜂̂N(s) (8)

where T is the known period.

4 Central Limit Theorems in the GED Case

In this subsection, the central limit theorems for the seasonal and overall mean for

the variables from the GED are introduced.

Let us define 𝛴s = Var(Xs). In the GED case 𝛴s = |fs|2𝛾G(h), s = 1, ...,T .
Let us define:

BN(s) = N1∕2(𝜂̂N(s) − 𝜂(s)).

For a sequence {mN}N∈ℕ such that mN → ∞, if N → ∞ let us define {kN}N∈ℕ
such that

kN = [ N
mN

] → ∞, if N → ∞

and for 𝜆-weakly dependent model {Xt}t∈ℤ defined by the Eq. (6) following condition

holds

𝜆mN
k

3
2
N → 0, N → ∞.

Let us consider a subsample (XmN
,… ,XkN mN

) of (Xs,… ,Xs+(N−1)T ).

Theorem 2 (Central Limit Theorem—for the seasonal means) Assume A1 through
A4 and the volatility process 𝜎t is as in the Definition 7. Then, for a sequence
{mN}N∈ℕ such that mN → ∞ and kN = [ N

mN
] → ∞, if N → ∞ and for each s =

1,… ,T following convergence holds:

BkN
(s) → N (0, 𝛴s), N → ∞.

The proof follows from Proposition 4.1, [4].

Since the model defined by the Eq. (6) satisfies property LM(𝛽) (Definition 2), for

𝛽 ∈ [0, 1) the time series Xt defined by the Eq. (6) does not satisfy any known Central

Limit Theorem. The reason for this fact is that it has the long memory property.

But the Central Limit Theorem will be satisfied if we choose a subsample of the

observation with the appropriate asymptotic step of sampling. In the model (6) the

subsampled time series {YsmN
= XsmN

− 𝜂smN
}, with a “subsampling” step mN such

that
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o(mN) = N3∕(2𝛽+1)
, (9)

satisfies the Central Limit Theorem with a convergence rate o(N(1−𝛽)∕(4𝛽+2)).
The Eq. (9) gives us the restriction for 𝛽 it means: 𝛽 ∈ (0, 1∕2).
Following [4] there are objections to this “subsampling” method: only a part of the

sample is used and the choice of the convergence rate of the “subsampling” implies

the knowledge of the convergence rate of 𝜆r. But the convergence rate of 𝜆r, in long

memory processes is connected with the the long memory parameter 𝛽. It could give

us a step of “subsampling”.

Let us define:

BkN ,N = k1∕2N (𝜂̂ − 𝜂).

Theorem 3 (Central Limit Theorem—for the vector of the means) Assume A1
through A4. Moreover, assume that

𝜆mN
k

3
2
N → 0, N → ∞.

Let ZN = (Ys+pT , ...,Ys+(p+1)T ), p = 0, ...,N − 1 be a sequence of zero mean ran-
dom variables with values in ℝT

, where T is the period. Then, for a sequence
{mN}N∈ℕ such that mN → ∞ and kN = [ N

mN
] → ∞, if N → ∞

BkN ,N = 1
√

kN

kN∑

i=1
ZimN

→ NT (0,Cov(X0)), N → ∞.

The proof of Theorem 3 implies from the Proposition 4.1, [4], but applied to the

vectors.

Theorem 4 (Central Limit Theorem—for the overall mean) Assume A1 through
A4. Moreover assume that

𝜆mN
k

3
2
N → 0, N → ∞.

Then, for a sequence {mN}N∈ℕ such that mN → ∞ and kN = [ N
mN

] → ∞, if
N → ∞

B = 1
√

kNT

T∑

s=1
(
kN−1∑

p=0
(XsmN+pT − 𝜂(s))) → N (0, 𝛴), N → ∞.

The proof of the Theorem 4 implies from the Proposition 4.1, [4] for the vectors

and the Cramer–Wald theorem.
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5 Consistency of the Subsampling Method for the Mean

From research of Hall and Lahiri [22, 28] we know that, for long-range dependent

process, the bootstrap (MBB, CBB, PBB, SBB, GSBB) do not work, whereas sub-

sampling still works asymptotically.

All we need to know to use subsampling is if there exists a non-degenerated

asymptotic distribution of the statistic (we do not have to know the form of the

asymptotic distribution)—we need to have the Central Limit Theorem.

Recall that our sample size n is equal n = NT .

The idea of subsampling in our model for the seasonal components is as follows:

1. For each s = 1,… ,T the estimator 𝜂̂N(s) is recomputed from the

(Xs,… ,Xs+(N−1)T ) over “short” overlapping blocks of length bs (bs depends on

N-the length of the sample)

2. From Step 1 N − bs + 1 statistics are obtained for each s. In our context those will

be abs
(𝜂̂N,bs,i(s) − 𝜂̂N(s)) where 𝜂̂N,bs,i(s) is subsampling version of the estimator

𝜂̂N(s) and abs
is the normalize sequence.

3. then the empirical distributions:

LN,bs
(x, s) = 1

N − bs + 1

N−bs+1∑

i=1
1{abs (𝜂̂N,bs ,i(s)−𝜂̂N (s))≤x}

are used to approximate the asymptotic distribution L(s)(x) of the estimator

aN(𝜂̂N(s) − 𝜂(s)).

The idea of subsampling in our model for the vector of seasonal components is as

follows:

1. For each s = 1,… ,T the estimator 𝜂N is recomputed from the (X1
,… ,XN),where

Xi = (X1+(i−1)T , ...,XiT ) over “short” overlapping blocks of length b (b depends on

N-the length of the sample)

2. From Step 1 N − b + 1 statistics are obtained. In our context those will be

ab(𝜂̂N,b − 𝜂̂N) where 𝜂̂N,b is subsampling version of the estimator 𝜂̂N and ab is

the normalizing sequence.

3. then the empirical distributions: LN,b(x) =
1

N−b+1
∑N−b+1

i=1 1{ab(𝜂̂N,b−𝜂̂N )≤x} are used

to approximate the asymptotic distribution L(x) of the estimator aN(𝜂̂N − 𝜂N).

The main problem with the subsampling procedure is its consistency. We need

to prove that the finite sample quantiles generated by the subsampling procedure

converge asymptotically (N → ∞) to the quantiles of the asymptotic distribution.

Now we consider the problem of consistency of the Subsampling.

To prove the consistency of the subsampling procedure we need to know if there

exists a non-degenerated asymptotic distribution of the statistic which means that we

need to have the central limit theorem.

In both the stable and the GED case we have obtained a weakly convergence to

the limit random variables.
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Denote the cumulative distribution functions of this limit random variables by

L(s) and L for the seasonal means and vector of the seasonal means, respectively.

To fulfill the Step 3 of the subsampling procedure the empirical distribution func-

tions LN(s)(x) = P(PN(s) ≤ x) are computed from the subsamples (Xs, ...,Xs+(N−1)T ),
for each s = 1,… ,T where Xt is defined by the Eq. (6).

The conclusion from the central limit theorems is that the empirical distribution

functions converge weakly to the cumulative distribution functions of the limit ran-

dom variables

LN(s)(x) → L(s)(x) if N → ∞, s = 1,… ,T .

Denote the density of the limit distribution by L′(s). It is obvious that in the GED

case ∥ L′(s) ∥∞< ∞.

Theorem 5 (Consistency theorem for seasonal means in GED cases) Assume that
CLT holds and assume A1 through A4, then consistency of the subsampling method
holds for the “subsampling” step (9):

1. If x is the point of the continuity of L(s), then LkN ,bs
(s)(x)

P
⟶ L(s)(x).

2. If L is continuous then supx |LkN ,bs
(s)(x) − L(s)(x)|

P
⟶ 0.

3. If L(s) is continuous in c(1 − q) (where c(1 − q) is a q-quantile) then if kN → ∞

P[k−1∕2N (𝜂̂kN
(s) − 𝜂(s)) ≤ ckN ,b(1 − q)] → 1 − q

in GED case.

Where 𝛼 ∈ (0, 1) and

ckN ,b(1 − 𝛼) = inf {x ∶ LkN ,b(s)(x) ≥ 1 − 𝛼},

c(1 − 𝛼) = inf {x ∶ L(s)(x) ≥ 1 − 𝛼}.

The
P

⟶ denotes convergence in probability.

Theorem 6 (Consistency theorem for vector of the seasonal means in GED cases)

Assume that CLT holds and assume A1 through A4, then consistency of the subsam-
pling method holds for the subsequence (9):

1. If x is the point of the continuity of L, then LkN ,b(x)
p

⟶ L(x).
2. If L is continuous then supx |LkN ,b(x) − L(x)|

p
⟶ 0.
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6 Conclusions

In the paper the model of the periodically correlated, long memory and heavy tailed

time series was described. Estimator of the vector sample means of this particular

model was introduced and Central Limit Theorem was proved. Furthermore, con-

sistency of chosen method of estimation, the subsampling, was investigated. The

question to be answered in further research is the extension of the model (6) to the

class almost periodically correlated processes.

Appendix

In the appendix the proofs of some results are presented.

Proof Lemma 5

From direct calculations we can obtain the strict formula for the kurtosis of the model

Xt, which is:

E(Xt − EXt)4

(E(Xt − EXt)2)2
=

E𝜎4
t EG4

t

(E𝜎2
t )2(EG2

t )2
= 3

𝛤 (5∕𝛼)𝛤 (1∕𝛼)
𝛤

2(3∕𝛼)
.

If we use the Stirling’s formula for 𝛤 function we will obtain the approximation

as follows:

kurtosis ≈ 3 ⋅ 1.4 ⋅ 4.31∕𝛼.

The kurtosis is more than 3 for all 𝛼 > 0. □

Proof Lemma 6

The mean of Xt is 𝜂t, so it is periodic. The variance is periodic:

𝛾(t + T , 0) = (ft+T )2(1 + 𝜑

2)𝛾G(t + T , 0) =

= (ft+T )2(1 + 𝜑

2)𝛾G(0) = (ft)2(1 + 𝜑

2)𝛾G(t, 0) = 𝛾(t, 0).

The autocovariance also:

𝛾(t + T , h) = |ft+T ft+T+h|𝜑
2
𝛾G(t + T , h) =

= |ft+T ft+T+h|𝜑
2
𝛾G(h) = |ftft+h|𝜑

2
𝛾G(t, h) = 𝛾(t, h).

The form of the variance and autocovariance follows from the form of the variance

of variable with the GED distribution. □
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Proof Theorem 5

Let us consider a sequence of statistics BkN
(s), for fixed s = 1, 2, ...,T and kN as in

the Theorem 2.

LkN
(s)(x) = P(BkN

(s) ≤ x) is cumulative distribution function of BkN
(s).

From the assumptions

supx∈ℝ|LkN
(s)(x) − L(s)(x)| ⟶ 0, kN → ∞

For overlapping samples the number of subsamples:

Yb,q(s) = (Xs+qT ,Xs+(q+1)T ...,Xs+(q+b−1)T ), q = 0, 1, ..., kN − b and the number of

subsampling statistics:

BkN ,b,q(s) =
√

b(𝜂̂kN ,b,q(s) − 𝜂̂kN
(s)) is kN − b + 1.

Above statistics are used to approximate the distributions LkN
(s)(x) by empirical

distribution functions: LkN ,b,q(s)(x) =
1

kN−b+1
∑kN−b

q=0 𝕀{BkN ,b,q(s)≤x}.

Let us define subsampled distribution:

UkN ,b,q(s)(x) =
1

kN − b + 1

kN−b∑

q=0
𝜑(
√

b(𝜂̂kN ,b,q(s) − 𝜂kN
(s))𝜀n).

The sequence 𝜀n is decreasing to zero and 𝜑 is the non-increasing continuous

function such that 𝜑 = 1 or 0 according to x ≤ 0 or x ≥ 1 and which is affine between

0 and 1.

From [32] it is known that

∀x ∈ ℝ |LkN ,b,q(s)(x) − UkN ,b,q(s)(x)|
p

⟶ 0.

It follows that it is enough to investigate only the variance of UkN ,b,q(s), s = 1, ...,T
It is enough to investigate the variance of UkN ,bs,p(s), s = 1, ...,T (Theorem 3.2.1

([32])).

VarUkN ,bs,p(s)(x) = (kN − bs + 1)−2(
∑

|h|<kN−bs+1
(kN − bs + 1 − |h|)𝛾(h))

here 𝛾(h) = Cov(𝜑(BkN ,b,p(s)∕𝜀n), 𝜑(BkN ,b,p+h(s)∕𝜀n)).
From the assumption that we have 𝜆-weak dependence and under condition A1

through A4 and the Lemma 3.1 in ([2])

Cov(𝜑(BkN ,b,p(s)∕𝜀n), 𝜑(BkN ,b,p+h(s)∕𝜀n)) ≤
√

bs𝜆h−b+1∕𝜀n

It implies that Var(UkN ,bs,p(s)(x)) tends to zero, it proves point 1. of the

Theorem 5.
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The proof of point 2. and 3. if the 1. holds and under assumption of the model (6)

is the same as the proof of 3. in the Theorem 3.2.1 ([32]). □

Proof Theorem 6

For any vector of constants c ∈ ℝT
we have the equation for the subsampling version

of the characteristic functions of the distributions:

𝜙

∗
BkN ,b,q

(c) = 𝜙

∗
cT BkN ,b,q

(1) in GED case

Let Zs+pT = csXs+pT , where p = 0,… , kN − 1 and s = 1,… ,T . The series {Zt}
fulfills the assumptions of Theorem 6, which means that subsampling is consistent

for the mean (𝜂N)Z . By Theorem A in Athreya [3] we have:

in GED case

𝜙

∗
cT BkN ,b,q

(1)
p
→ 𝜙kN (𝜂,cT

𝛴c)(1) = 𝜙kN (𝜂,𝛴)(c).

Moreover

P∗(BkN ,b,q ≤ x)
p
→ FkN (𝜂,𝛴)(x),

for any x ∈ ℝT
, where FkN (𝜂,𝛴)(x) is the cumulative distribution function of kN(𝜂, 𝛴).

The second point of the thesis of the Theorem 6 follows then from Pólya’s theorem

([33], p. 447). □
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