
Chapter 2
Phase Diagram and Excitations
of the Jaynes-Cummings-Hubbard Model

Sebastian Schmidt and Gianni Blatter

Abstract The Jaynes-Cummings-Hubbard model (JCHM) has emerged as a
fundamental model at the interface of quantum optics and condensed matter physics.
It describes strongly correlated photons in a coupled qubit-cavity array and predicts
a superfluid-Mott insulator transition of polaritons under quasi-equilibrium condi-
tions. Here, we review recent analytical as well as numerical results for the phase
diagram, elementary excitations and critical exponents of the JCHM and compare
them to closely related models such as the Bose-Hubbard and the Dicke model. We
comment on the fate of these results in open dissipative systems and outline schemes
for their experimental verifiability.

2.1 Introduction

Since its proposal by Greentree [1] and Angelakis [2], the study of the Jaynes-
Cummings-Hubbard model (JCHM) has become an active and versatile research
field bridging two areas of modern physics: quantum optics and condensed matter.
The JCHM describes photons hopping in an array of coupled cavities and locally
interacting with qubits. Its Hamiltonian is given by

H =
∑

i

hJC
i − J

∑

〈i j〉
a†
i a j , (2.1)

where hJC
i denotes the local Jaynes-Cummings Hamiltonian

hJC
i = ωc a

†
i ai + ωxσ

+
i σ−

i + g(σ+
i ai + σ−

i a
†
i ) (2.2)
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with site index i , photon creation (annihilation) operators a(†)
i and qubit raising

(lowering) operators σ+(−)
i . The cavity mode frequency is ωc, the two qubit levels

are separated by the energy ωx and g denotes the light-matter coupling strength
(we set � = 1). The second term in (2.1) describes photon hopping between nearest
neighbour sites with amplitude J . The light-matter interaction mediated by g leads
to the formation of polariton quasiparticles and introduces a nonlinearity into the
spectrum of the JCHM. Depending on the perspective, the JCHM can thus be viewed
as a lattice model for dressed photons, which gain an effective mass through cavity
confinement and are interacting due to the nonlinearity mediated by the qubits or as
an effective spin lattice model, where effective spin-spin interactions are mediated
by photon exchange between distant cavities [2–5].

The physics of coupled cavity arrays is very rich reaching from strong correlation
phenomena and driven dissipative phase transitions, e.g., superfluid-Mott insulator
type transitions [1, 2, 6–28], self-trapping and Josephson-like phenomena [29–33],
crystalline-like phases of light [34–37] or fermionization of photons [38–40] to topo-
logical phenomena associated with the engineering of artificial gauge fields [41–48],
edge or Majorana-like modes [48–52] or the Fractional quantum Hall effect [53–56].
For recent reviews on the topic see Refs. [57–61].

One of the major appeals of the JCHM is the possibility to engineer this model
bottom-up in solid-state cavity or circuit QED architectures. Photonic lattices (with-
out the coupling to qubits) have already been engineered on a large scale with only
little disorder in cavity frequencies (as compared to the hopping rate) [43, 62]. Effec-
tive photon-photon interactions in a coupled qubit-cavity array were realised very
recently as well: In Ref. [33] a non-equilibrium delocalization-localization transition
(self-trapping) of photons has been observed as originally predicted in Ref. [31]. The
experiment was based on a two site version of the JCHM, i.e., a so-called Jaynes
Cummings dimer. It demonstrates a new scalable architecture for quantum simulation
of non-equilibrium many-body systems with a high-level of control over coherent
and dissipative dynamics.

A chemical potential for polaritons?
The global U (1) symmetry of the JCHM preserves the total number of polaritons
N = ∑

i (a
†
i ai + σ+

i σ−
i ). It is thus convenient to introduce a chemical potential μ,

which fixes the number of polaritons [1, 2], i.e.,

H → H − μN , (2.3)

Introducing such a chemical potential assumes the existence of a grand-canonical
ensemble and thus thermalisation. However, photonic systems are driven dissipative
systems and typically settle in a non-equilibrium steady state, which can be far from
equilibrium. It is thus important to identify situations under which calculations in
the grand-canonical ensemble are meaningful and experimentally verifiable. Below
we briefly discuss two possible experimental schemes.

The first situation considers incoherent pumping of a polaritonic system with
weak dissipation. For example, photons confined in a dye-filled optical micro-cavity
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condense into an equilibrium Bose-Einstein condensate with grand-canonical num-
ber statistics [63–65]. In such a system, effective thermalisation of photons occurs
through emission and absorption by dye-molecules, which themselves are coupled
to a large thermal phonon reservoir. Possible extensions of photonic condensates
to periodic photonic lattices are discussed in Ref. [66]. Note, that such incoherent
pumping mechanisms can also be realised in strongly interacting light-matter systems
based on exciton-polaritons [67] and superconducting qubits [68].

The second situation considers quenched dynamics. For example, a coupled qubit-
cavity array can be initialized in a Mott-like state using a large coherent pulse [19].
Observing the subsequent decay of such a special initial state under weak dissipation
reveals the quantum phase diagram of the Hamiltonian under equilibrium conditions,
i.e. the coherence of the system at long times approaches zero for J < Jc, i.e., in the
Mott phase, while it is nonzero for J > Jc, i.e., in the superfluid phase (Jc denotes
the critical hopping strength of the quantum phase transition in equilibrium). Note,
that the distinction between Mott and superfluid phases becomes sharp only when
dissipation vanishes, but otherwise is smoothened and washed out (similar to finite
temperature effects for ultra cold atoms in optical lattices as described by the Bose-
Hubbard model (BMH) [69]).

In this review we focus on the superfluid-Mott insulator transition of polaritons
under (quasi-) equilibrium conditions. In Chap. 2, we discuss the atomic limit (J = 0)
and simple perturbative estimates for the phase diagram of the JCHM. In Chap. 3,
we show that a linked-cluster expansion of the photonic Matsubara Green’s function
can be utilised to calculate the quantum phase diagram and elementary excitations
of the JCHM in the Mott phase. In Sect. 2.3 we generalise such a strong coupling
approach to the superfluid phase using a slave-boson technique. In Chap. 4 we briefly
summarise the results of exact Quantum-Monte-Carlo simulations determining the
universality class and critical exponents of the JCHM. Finally, in Chap. 5 we discuss
an intricate relation between the SF-MI transition in the JCHM and the super-radiance
phase transition in a multi-mode Dicke model. In particular, we show that a weak-
coupling mean-field theory predicts the existence of a single Mott lobe even in the
absence of an underlying cavity array.

2.2 Degenerate Perturbation Theory

In the atomic limit (J = 0) the eigenstates of the Hamiltonian (2.1) are the dressed
polariton states |nσ〉 labelled by the polariton number n and upper/lower branch
index σ = ±. For n > 0 they can be written as a superposition of a Fock state with
n photons plus atomic ground state |n, g〉 and (n − 1) photons with the atom in its
excited state |(n − 1), e〉,

|n+〉 = sin θn|n , g〉 + cos θn|(n − 1) , e〉 ,

|n−〉 = cos θn|n , g〉 − sin θn|(n − 1) , e〉 , (2.4)

http://dx.doi.org/10.1007/978-3-319-52025-4_3
http://dx.doi.org/10.1007/978-3-319-52025-4_4
http://dx.doi.org/10.1007/978-3-319-52025-4_5
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with the angle tan θn = 2g
√
n/(δ + 2χn), χn = √

g2n + δ2/4 and the detuning para-
meter δ = ωc − ωx . The corresponding eigenvalues are

εσ
n = −(μ − ωc)n − δ/2 + σ χn , σ = ± . (2.5)

The zero polariton state |0−〉 = |0 , g〉 is a special case with ε−
0 = 0. Note, that

upper and lower polariton energies are separated by the so-called Rabi splitting
Ωn = 2

√
g2n + δ2/4.

Starting from the atomic limit result in Eqs. (2.4) and (2.5) we can obtain a rough
estimate for the quantum phase diagram of the JCHM at small tunnelling J � g by
calculating the excitation energies in straightforward degenerate perturbation theory.
To first order, the chemical potentials at which the addition/removal of a lower polari-
ton costs no energy is given by (we assume a hypercubic lattice in D dimensions)

μp − ωc = χn − χn+1 − 2DJ ( f −−
n+1)

2 + O(J 2/g) ,

μh − ωc = χn−1 − χn + 2DJ ( f −−
n )2 + O(J 2/g) . (2.6)

The two equations in (2.6) define the upper and lower phase boundary in the quantum
phase diagram in Fig. 2.1 for small values of the hopping parameter J/g. The point
where the two lines meet (i.e., μp = μh) is Jc ∼ 0.1g for n = 1 and represents
an upper limit for the size of the first Mott lobe. By going to higher order in the
perturbative expansion for the ground-state energy and subsequent resummation of
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Fig. 2.1 Quantum phase diagram for a hypercubic lattice in D = 2 (left figure) and D = 3 (right
figure). We show two Mott lobes for n = 1, 2 at zero detuning δ = 0. We compare first-order
perturbation theory (dashed), RPA (dot-dashed) and quantum fluctuations (solid) with recent results
from a quantum Monte-Carlo (filled dots) [11] and variational cluster (stars) [9] approach. The two
crosses (left figure) connected by the dotted line mark the parameter values used in Fig. 2.2. The
insets show the critical hopping strength Jc/g at the tip of the lobe as a function of the detuning
δ for n = 1 and n = 2 calculated within strong-coupling RPA in D = 3 dimensions. Figure taken
with permission from Ref. [12]
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the diverging strong-coupling series, e.g., via variational perturbation theory (VPT)
[70, 71], one could in principle determine the exact location of the phase boundary.
This has recently been achieved for the BHM [72, 73].

2.3 Greens Function Approach

In this section, we study the photonic Matsubara Green’s function

Gi j (τ ; τ ′) = −〈T ai (τ )ā j (τ
′)〉 (2.7)

with the time-ordering operatorT and the Heisenberg operator ā j (τ
′) = eHτ ′

a†
j e

−Hτ ′
.

A suitable method for the evaluation of the Matsubara Green’s function is a linked-
cluster expansion in terms of local cumulants originally developed by Metzner
et al. [74] for the Fermi-Hubbard model (FHM) and more recently applied to the
BHM [75].

First, we study the atomic limit (J = 0). For J = 0 the Matsubara Green’s func-
tion is local and given by

G0i j (τ ; τ ′) = G0i (τ ; τ ′) δi j = −〈T ai (τ )āi (τ
′)〉0 δi j , (2.8)

where the average 〈. . . 〉0 is taken with respect to the eigenstates of the local Hamil-
tonian in Eq. (2.4). We consider a spatially homogeneous system, drop the site index
i and obtain after a Fourier transformation

G0(ωm)=
∑

n,σ,μ

e−βεσ
n

Z

(
zμσ
n+1

Δ
μσ
n+1 − iωm

− zσμ
n

Δ
σμ
n − iωm

)
(2.9)

with the partition function Z = ∑
nσ e

−βεσ
n and bosonic Matsubara frequencies

ωm = 2πm/β (here, β = 1/(kBT ) with temperature T and Boltzmann constant
kB). The spectral weights in (2.9) are defined as zμσ

n = ( f μσ
n )2 with the matrix

elements f σν
n = 〈n σ|a†|(n − 1) ν〉. At zero detuning (δ = 0) they are given by

f σν
n = (√

n + σ ν
√
n − 1

)
/2 for n > 1 ( f σ−

1 = 1/
√

2).
Following the recipe in Metzner et al. [74], each term of the linked-cluster expan-

sion can be written diagrammatically in terms of n-particle cumulants represented by
2n-leg vertices and tunneling matrix elements symbolized by propagating lines con-
necting two vertices. The strong-coupling expansion provided by the linked-cluster
method is applicable to the JCHM because (i) the atomic limit Hamiltonian is local,
and (ii) anomalous averages of the photon operator with respect to the eigenstates
of the local Hamiltonian vanish, i.e., 〈nσ|(a†)k |nσ〉 = 0 for k ∈ N (since a single
photon excitation always changes the polariton number). In this case an infinite set of
diagrams can be summed by calculating the irreducible part of the Green’s function
K (k,ωm) which is connected to the full Green’s function via the equation
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G(k,ωm) = K (k,ωm)/[1 − J (k)K (k,ωm)] (2.10)

with the lattice dispersion J (k), e.g., for a hypercubic lattice J (k) = 2J
∑D

i=1 cos
k · ai (ai denotes a lattice vector). To second order in J we obtain

K(ωm) = +
= G0(ωm)+2DJ2Q(ωm)

(2.11)
with

Q(ωm)=
∫ β

0
dτdτ1dτ2 C

(2)(τ10; τ2τ )G0(τ2; τ1)e
iωmτ . (2.12)

The quantum fluctuation correction Q(ωm) involves the two-particle cumulant
C (2)(τ10; τ2τ ), which is related to the local (atomic limit) two-particle Green’s func-
tion G(2)

0 (τ10; τ2τ ) = 〈T ai (τ1)ai (0)āi (τ2)āi (τ )〉0 via

C (2)(τ10; τ2τ ) = G(2)
0 (τ10; τ2τ ) − G0(τ1; τ2)G0(0; τ ) − G0(τ1; τ )G0(0; τ2).

(2.13)
The algebraic expressions for the two-particle cumulant and the quantum correction
Q(ωn) are lengthy, but can be calculated in a straightforward manner [12].

The object of interest is the inverse Greens function which tells us immedi-
ately about the phase boundary G−1(0, 0)|Jc(μ) = 0 and the dispersion relation
G−1(k, iωm → ω + i0+) = 0. It is thus convenient to introduce the strong-coupling
self-energy �(k,ωm) via G(k,ωm)−1 = G0(ωm)−1 − �(k,ωm). From (2.11) we
obtain to second order

�(k,ωm) = J (k) + 2DJ 2Q(ωm)/G0(ωm). (2.14)

The first term on the r.h.s. is usually called the strong-coupling random-phase approx-
imation (RPA), whereas the second term denotes the leading correction due to quan-
tum fluctuations. The RPA corresponds to a summation of all self-avoiding walks
(chain diagrams) through the lattice. The leading quantum correction includes in addi-
tion all one-time forward/backward hopping processes (bubble diagrams) between
two neighbored sites.

Although we have carried out our calculations at finite temperature, we will only
consider the T = 0 case from now on. At the quantum phase transition the energy of
long wavelength fluctuations vanishes and we obtain an explicit expression for the
critical hopping strength

J−1
c = D G0(0)

(
1 +

√
1 + 2Q(0)/(D G3

0(0))
)
. (2.15)
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If we ignore the second term under the square root in (2.15) we obtain the RPA phase
boundary 1/Jc = 2D G0(0) shown as a dashed-dotted line in Fig. 2.1. This result
agrees exactly with the phase boundary as obtained from a numerical decoupling
mean-field approach [1, 2]. The inclusion of quantum fluctuations in (2.15) leads to
an improved phase boundary (solid line in Fig. 2.1). In two dimensions the result in
Eq. (2.15) agrees well with Monte-Carlo calculations [11, 20, 22]. There is a small
deviation near the tip of the lobe, where quantum corrections are most important.
In the right panel of Fig. 2.1 we present quantitatively accurate results for the phase
diagram in D = 3 (note, that the strong-coupling expansion becomes more accurate
in higher dimensions).

We now discuss the elementary excitations of the JCHM in the Mott phase based
on the RPA, i.e., by neglecting the second term in (2.14). An analytic continuation
of the Matsubara Green’s function via iωn → ω + i0+ yields the retarded real-time
Green’s function. Its poles and residues provide us with the dispersion relations and
mode strengths of the fundamental excitations. In general, we obtain four poles, the
conventional (Bose-Hubbard like) lower polariton particle (hole) modes ω−

(p,h) and
two modes ω+

(p,h) which correspond to an upper polariton particle (hole) excitation
(conversion modes). The presence of the latter signals a clear deviation from the
usual Bose-Hubbard like physics and is due to the composite quasi-particle nature
of polaritons.

The conversion modes exist already in the atomic limit, but have been over-
looked in early numerical approaches. One reason might be that their bandwidth and
strengths are very small as compared to the conventional modes. However, extended
numerical studies have confirmed the prediction in [14]. The weakness of the conver-
sion modes throughout the Mott lobe allows us to set their dispersion relations ω+

(p,h)

and mode strength s+
(p,h) approximately equal to ω+

(p,h) ≈ Δ+
(p,h) and s+

(p,h) ≈ z+
(p,h)

with the atomic-limit particle (hole) gaps Δσ
p ≡ Δσ−

n+1 (Δσ
h ≡ Δ−σ

n ) and mode
strengths zσ

p ≡ zσ−
n+1 (zσ

h ≡ −z−σ
n ), respectively. If we neglect their contribution to

the one-particle cumulant (2.9), we can derive simple analytic formulas for the dis-
persion relations of the conventional modes, i.e.,

ω−
(p,h) = (Δ+ − J (k) z+ ± Ω) /2 (2.16)

with Ω =
√

Δ2− + J (k)2 z2+ − 2J (k) z− Δ− and the abbreviations Δ± = Δ−
p ± Δ−

h

and z± = z−
p ± z−

h . The strength of the modes are given by

s−
(p,h) = z+ ω−

(p,h) − z−
(p,h)Δ

−
(h,p) − z−

(h,p)Δ
−
(p,h)

ω−
(p,h) − ω−

(h,p)

. (2.17)

The dispersions in (2.16) are plotted in Fig. 2.2 deep inside the Mott regime and at
the tip of the lobe with n = 1. As shown in the inset of Fig. 2.2 the energy needed for
a conventional excitation is an order of magnitude smaller than for a conversion exci-
tation. The strengths of the conventional modes s−

(p,h) grow with increasing tunneling
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Fig. 2.2 Particle/hole dispersion of the conventional modes ω−
(p,h) for D = 2 and n = 1 at zero

detuning δ = 0. Left figure Deep inside the Mott insulator (see cross in Fig. 2.1) for (μ − ωc)/g =
−0.78 and J/g = 0.01. The inset shows the conventional modes ω−

(p,h) together with the conversion

mode ω+
p . Right figure At the phase boundary (see cross in Fig. 2.1) for (μ − ωc)/g = −0.78 and

J/g = 0.04. The inset shows the bandwidth W of the conventional particle mode ω−
p as a function

of detuning δ at the tip of the lobe. Figure taken with permission from Ref. [12]

strength while the strengths of the conversion modes s+
(p,h) stay approximately con-

stant. If we are only interested in low energy excitations we can thus indeed neglect
the contributions from upper polaritons throughout the Mott phase. They will always
remain gapped even at the phase boundary. We will make use of this result in the next
section, where we will also calculate the excitation spectra in the superfluid phase
using a slave-boson approach.

2.4 Slave-Boson Approach

In the previous section we derived an analytic strong-coupling theory for the phase
diagram and the elementary excitations in the Mott phase of the JCHM based on a
linked-cluster expansion (LCA) of the Matsubara Greens function. Here, we gener-
alise such a strong-coupling approach to the superfluid phase using a slave-boson
technique [18], which was previously applied to the BHM [76].

2.4.1 Slave-Boson Formulation

A convenient starting point is the polariton representation [13] of the boson operator

ai =
∑

nσν

f σν
n Pν†

in−1P
σ
in (2.18)
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in terms of standard algebra operators Pσ†
in = |nσ〉i i 〈0| and matrix elements f σν

n
defined below Eq. (2.9). In this new basis the JCHM becomes

H =
∑

i

∞∑

n=0

∑

σ

εσ
n P

σ†
in Pσ

in − J
∑

〈i j〉

∑

n,n′=1

∑

σ,σ′
ν,ν ′

f σσ′
n f νν′

n′ Pσ†
in Pσ′

in−1P
ν ′†
jn′−1P

ν
jn′ . (2.19)

The upper polariton branch with σ,σ′ = + leads to additional high energy conversion
modes in the Mott phase with small spectral weight and bandwidth as discussed in
the previous section. We thus neglect the upper branch as well as particle conversion
hopping from now on and drop the branch index σ. This leads to the simplified
Hamiltonian

H =
∑

i

∞∑

n=0

εn P
†
in Pin − J

∑

〈i j〉

∑

n,n′=1

fn fn′ P†
in Pin−1P

†
jn′−1Pjn′ . (2.20)

with εn ≡ ε−
n and fn ≡ f −−

n .

2.4.2 Gutzwiller Ansatz

In order to calculate the phase boundary and static observables in the superfluid phase
near a Mott lobe with filling n ≥ 1, we restrict the Hilbert space to states with n and
n ± 1 bosons and make a Gutzwiller Ansatz for the ground-state wave function

|ψ〉 =
∏

i

[
cos(θ)P†

i0 + sin(θ)(sin(χ)P†
i−1+cos(χ)P†

i1)
]|0〉 ,

where we also dropped the index n and changed the notation to P†
iα ≡ P†

in+α, εn+α ≡
εα, and fn+α ≡ fα. Note, that this variational wave function is normalized to unity
and satisfies the completeness relation, i.e.

∑

nσ

Pσ†
in Pσ

in = 1 . (2.21)

It is straightforward to show that if the constraint (2.21) is fulfilled, the polariton
operators also obey bosonic commutation relations.

The expectation value εvar = 〈ψ|H |ψ〉 yields the variational energy

εvar = ε0 cos(θ)2 + sin(θ)2
[
ε−1 sin(χ)2 + ε1 cos(χ)2

]

−J D/2 sin(2θ)2
[
f0 cos(χ) + f−1 sin(χ)

]2
, (2.22)
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which has to be minimized with respect to the variational parameters θ and χ (here,
D denotes the dimension of a hypercubic lattice), yielding

tan(2χ) = 4J D f0 f1 cos(θ)2

ε−1 − ε1 + 2J D( f 2
1 − f 2

0 ) cos(θ)2
(2.23)

and

cos(2θ) = 1

2J D

ε1 cos(χ)2 + ε−1 sin(χ)2 − ε0

[ f0 sin(χ) + f1 cos(χ)]2
. (2.24)

The lobe boundaries are then determined by the vanishing of the order parameter

φc = 〈ψ|a|ψ〉 = sin(θ) [ f0 sin(χ) + f1 cos(χ)]2 /2. (2.25)

Setting φc = 0 (i.e., θ = 0) in (2.23) and (2.24) and eliminating χ yields the relation

ε−1 − ε1 = −J z( f 2
1 − f 2

0 ) ± √
Q (2.26)

with

Q = U 2 − 2J z( f 2
0 + f 2

1 )U + J 2z2( f 2
1 − f 2

0 )2 (2.27)

and

U = ε−1 − 2ε0 + ε1 . (2.28)

Equation (2.26) constitutes an expression for the mean-field boundaries of the Mott
lobes in the JCHM shown in Fig. 2.3 (the energies εα contain the chemical potential).
Note, that they agree exactly with those obtained from the RPA in the previous
section.

2.4.3 Quadratic Fluctuations

In order to find the elementary excitations we define a new set of operators
R† = (G†

i , E
†
1i , E

†
2i )

T , which is obtained from the original polariton basis P† =
(P†

i0, P
†
i−1, P

†
i1)

T via a unitary transformation R† = TP† with

T =
⎛

⎝
cos(θ) sin(θ) cos(χ) sin(θ) sin(χ)

− sin(θ) cos(θ) cos(χ) cos(θ) sin(χ)

0 − sin(χ) cos(χ)

⎞

⎠ . (2.29)
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Fig. 2.3 Quantum phase diagram for the JCHM as obtained from slave-boson theory, i.e., Eq. (2.26).
Shown are the lowest three Mott lobes with polariton numbers N = 1, 2, 3. Dotted lines represent
the critical hopping strength’s Jc/g for which the chemical potential μ and detuning δ are chosen
such as to fullfill particle-hole symmetry. Finite detuning |δ| > 0 decreases the critical hopping
strength Jc/g for N > 1, but the lowest Mott lobe (N = 1) steadily increases when tuning through
the resonance (δ = 0). Figure taken with permission from [18] (with minor modifications)

The operator G† creates a new vacuum state, i.e., the mean-field ground state
|ψ〉 = ∏

i G
†
i |0〉, and E†

1i , E
†
2i are orthogonal operators creating excitations above

the ground-state. We express the Hamiltonian in terms of these new operators and
eliminate Gi by using the constraint (2.21) in the restricted Hilbert space

Gi ≈
√

1 − E†
1i E1i − E†

2i E2i (2.30)

Expanding the square root everywhere in the Hamiltonian to quadratic order in E (†)

(1,2)i
yields, after a Fourier transformation, an effective quadratic Hamiltonian

Heff = εvar +
∑

k

E†
k heff,k Ek (2.31)

where E = (E1k, E2k, E
†
1−k, E

†
2−k)

T and heff,k is a 4 × 4 matrix

heff,k =
(
g f
f g

)
, (2.32)

with f, g denoting 2 × 2 matrices defined in the appendix. The sum over k runs over
the first Brioullin zone. The effective Hamiltonian can be diagonalized by a bosonic
Bogoliubov transformation yielding
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Heff = εvar + εfluct +
∑

α=±

∑

k

εα(k)d†
αkdαk (2.33)

with a fluctuation-generated correction of the ground-state energy

εfluct = E(θ,χ) +
∑

α=±

∑

k

εα(k)/2 (2.34)

and d†
αk creating excitations with energy

ε±(k) =
√
A(k) ±

√
A(k)2 − B(k) (2.35)

with rather lengthy expressions for E(θ,χ), A(k), and B(k) given in the appen-
dix of Ref. [26]. In the Mott phase, these spectra agree with the expressions for
particle/hole like modes in Eq. (2.16). In the superfluid phase, we obtain a gap-
less, linear Goldstone mode ε−(k) = cs |k| + O(k2) with sound velocity cs . A sec-
ond mode, the so-called amplitude or Higgs mode, generally remains gapped with
ε+(k) = Δa + O(k2) (except for the tip of the lobe). For a more detailed discussion
of the excitation spectra we refer to the caption in Fig. 2.4.

2.5 Critical Exponents

In the previous two sections we have calculated the dispersion relations for the
elementary excitations of the JCHM in the Mott and superfluid phases. The long
wavelength behavior of the dispersion at k → 0 right at the phase boundary deter-
mines the dynamical critical exponent z defined by ω ∼ ξ−z ∼ kz with the diverging
correlation length ξ ∼ |J − Jc|−ν and its associated critical exponent ν. If the phase
boundary is approached away from the tip of the lobe, either the particle (upper phase
boundary) or the hole (lower phase boundary) gap vanishes linearily Δ ∼ |J − Jc|
and the dispersion remains quadratic ω ∼ k2. The situation changes at the tip of the
lobe, where particle and hole gaps vanish simultaneously with a square-root behav-
ior Δ ∼ |J − Jc|1/2, while their dispersions become linear ω ∼ k (see Fig. 2.4). This
indicates a special transition at the tip of the lobe, reminiscent of an emergent particle-
hole symmetry.

Consequently, according to the analytical results of the previous sections the
dynamical critical exponent has the generic value z = 2 everywhere in the phase
diagram except for the special critical point at the tip of the lobe where it changes
to z = 1. At k = 0 the gap vanishes as Δ ∼ |J − Jc|zν when the tunneling strength
approaches its critical value Jc. This leads to a mean-field exponent ν = 1/2 every-
where in the phase diagram. Thus on a mean-field level, the JCHM has the same
critical exponents as the BHM [69] with a change of its universality class along the
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Fig. 2.4 Elementary excitations of the JCHM as a function of the effective hopping strength J/Jc0
at zero detuning δ/g = 0 and for a μ = μc0 where μc0 denotes the critical chemical potential at
the tip of the lobe with critical hopping strength Jc = Jc0 (top figure) and b away from the tip at
μ = 1.2μc0 with Jc = 0.566Jc0 (bottom figure). Shown are the gaps of particle (dashed) and hole
(solid) modes in the Mott phase (J < Jc) and as well as the gaps of the Amplitude mode (dashed)
and the sound velocity of the Goldstone mode (solid). The insets show the corresponding excitation
spectra at (i) J = 0.5Jc0 (in the Mott phase) (ii) J = Jc0 (at the tip of the lobe) (iii) J = 1.5Jc0 (in
the superfluid phase) (iv) J = 0.566Jc0 (at the phase boundary away from the tip of the lobe). At the
phase boundary, the particle and hole mode of the Mott phase are identical with the Goldstone and
Amplitude modes of the superfluid phase. At the tip of the lobe (ii), where the polariton density can
remain constant during the superfluid-insulator transition, the Amplitude mode becomes gapless and
linear (its mass vanishes). The sound velocity of the Goldstone mode remains non-zero, confirming
a special point in the phase diagram with dynamical critical exponent z = 1. Away from the tip (iv),
the Amplitude mode remains gapped and the Goldstone mode becomes quadratic with a vanishing
sound velocity corresponding to a generic dynamical critical exponent z = 2. Figure taken with
permission from [18] (with minor modifications)

phase boundary. This result has also been predicted using scaling arguments based
on an effective action approach [13].

However, early Quantum Monte Carlo (QMC) calculations of the superfluid den-
sity [11] suggested that the universality class at the tip of the Mott lobe of the JCHM
is different from the BHM. This controversy between analytical and numerical find-
ings has been resolved in Ref. [20] in favour of the early analytical arguments in
Refs. [12, 13]. In Ref. [20] extensive QMC simulations of the superfluid density
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and the compressibility were carried out on the two-dimensional square lattice by
using much larger system sizes as compared to previous studies. Below we briefly
summarise these results.

The finite-size scaling form of the superfluid density ρs is known from Ref. [69]
and reads

ρs = L2−D−z ρ̃s[(J − Jc)L
1/ν,β/Lz] . (2.36)

Fixing the ratio α = β/Lz , the quantity

Xzν(L) = LD−2+zρs[(J − Jc)L
1/ν,α] = ρ̃s[(J − Jc)L

1/ν,α] (2.37)

depends only on the distance from the critical point, i.e., (J − Jc)L1/ν . Thus plotting
Xzν(L) as a function of J for different system sizes L allows us to determine the
critical value Jc, where curves for different L intersect. In Ref. [20] this quantity
has been calculated via QMC simulations using world lines in the stochastic series
expansion (SSE) representation (see Ref. [14] and references therein).

Figure 2.5a shows the rescaled superfluid density ρs L as a function of the hopping
strength J/g assuming z = 1 for system sizes ranging from 20 × 20 to 40 × 40. The
intersect of the curves leads to the estimate of the critical hopping strength Jc/g =
0.05241(1). Figure 2.5b shows Xzν(L) as a function of (J − Jc)L1/ν . One observes a
clear scaling collapse as expected from Eq. (2.37). Note, that here a correlation length
exponent ν = 0.6715 (as found numerically for the BHM [77]) has been assumed.
We can thus conclude that universal scaling at the tip of the lobe is observed for a
dynamical critical exponent z = 1 confirming unambiguously the prediction of the
analytical calculations in Refs. [12, 13].
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Fig. 2.5 (Color online) Scaling of the superfluid density ρs across the fixed-density transition at the
tip of the lobe with μ/g = 0.185 [11] using L × L square lattices and βg = 2L . The intersect of Lρs
for different lattice sizes L in a single point in panel a is evidence for a dynamical critical exponent
z = 1, and defines the critical point at Jc/g = 0.05242(1).bScaling collapse using Jc/g = 0.05242
and the exact critical exponent ν = 0.6715 [77]. Figure taken with permission from Ref. [20]
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2.6 Relation to the Dicke Model

In this section we discuss a remarkable relation between the superfluid-Mott insulator
transition of polaritons in coupled qubit-cavity arrays and the superradiance phase
transition of the Tavis-Cummings or Dicke model [78–82]. In particular, we argue
that a weak-coupling mean-field theory for the Dicke model predicts the existence
of a single Mott lobe, where the universality class of the phase transition changes at
the tip of the lobe just as for the JCHM [26].

The Dicke model describes the interaction of a single photonic mode with a
number of Ns qubits and can be written as

H = ω̃ca
†
0a0 + ω̃x

∑

i

σ+
i σ−

i + g√
Ns

∑

i

(
σ+
i a0 + h.c.

)
, (2.38)

where we have also introduced a Dicke model chemical potential μD for polari-
tons according to the recipe in Eq. (2.3) leading to the definition ω̃c = ωc − μD and
ω̃x = ωx − μD . A weak-coupling mean-field theory for the Dicke model (at zero
temperature and in a frame rotating at the cavity frequency ωc) predicts a phase tran-
sition from a normal phase with ψ = 〈a0〉 = 0 to a superradiant state with ψ �= 0 at
the critical coupling strength [79, 81]

g2 = −μD|δD − μD| . (2.39)

However, for μD > δD and negative detuning δD < 0 we observe the appearance
of a second normal phase corresponding to a Mott lobe with all two-level systems
inverted, i.e., with one excitation per cavity (n = 1) [26]. The corresponding zero
temperature phase diagram is shown in Fig. 2.6. The phase boundary of this lobe can
be obtained from Eq. (2.39) as

μD = 1

2

(
δD ±

√
δ2
D − 4g2

)
. (2.40)

with the tip of the lobe at δD = −2g and μD = −g.
We now argue that this interesting result can be understood as a special limit of

the JCHM: We first Fourier transform the photon operators in Eq. (2.1) to momentum
space

ai = 1√
Ns

∑

k

ake
ik·ri (2.41)

such that the JCHM can be written as

H =
∑

k

ω̃ka
†
kak +

∑

i

ω̃xσ
+
i σ−

i +
∑

ik

gik√
Ns

(
σ+
i ak + h.c.

)
(2.42)



38 S. Schmidt and G. Blatter

δ

Fig. 2.6 Quantum phase diagram of the Dicke model and the JCHM at infinite bandwidth and
infinite negative detuning for fixed μD, δD see text) showing the transition from the vacuum (n = 0)
to a superfluid state as well as the existence of a single Mott lobe with n = 1. Figure taken with
permission from Ref. [26]

where ω̃k = ω̃c − 2J
∑D

α=1 cos(kα) with ω̃c = ωc − μ, ω̃x = ωx − μ and gik =
geik·ri (Ns denotes the number of lattice sites). This Hamiltonian represents a many-
mode Dicke model, as studied in Refs. [83, 84]. The case studied in those works,
however, considered a quadratic photon spectrum, equivalent to expanding the lattice
dispersion for small k vectors yielding

ω̃k = ω̃c − 2DJ + Jk2 ≡ Jk2 − μD , (2.43)

where we have defined a Dicke-model chemical potential μD = μ + 2DJ − ωc (such
that μD < 0 is required for thermodynamic stability). Following Ref. [26], it is also
useful to define a Dicke-model detuning δD = δ + 2DJ , which measures the detun-
ing between the qubit (2LS) energy and the bottom of the photon band so that
ω̃x = δD − μD . With this quadratic expansion the generalised Dicke model in (2.42)
describes Ns localised two-level systems coherently coupled to a continuum of pho-
tonic modes with an effective photonic mass 1/2J . Note, that if one neglects all finite
momentum modes, Eq. (2.42) reduces to the single-mode Dicke model in Eq. (2.38)
with a0 = ak=0.

Thus, if one considers the limit of infinite bandwidth J → ∞ and infinite negative
detuning δ → −∞, the ground state of the JCHM at fixed chemical potential will
mostly be composed of qubit excitations such that higher k modes can be neglected.
In that case we expect that the long wavelength physics of the JCHM is similar to
the Dicke model. Indeed, in Ref. [26] we have shown that if one takes the limit of
infinite bandwidth and negative detuning such that μD and δD remain fixed, the phase
diagram in Fig. 2.3 maps exactly to the one in Fig. 2.6. This is a remarkable connection
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since both phase diagrams have been derived using very different methods, i.e., a
weak-coupling mean-field theory on one hand and a strong-coupling slave-boson
theory on the other. Moreover, also the excitation spectra as calculated from both
theories match exactly at the phase boundary of the Mott lobe [26]. In Fig. 2.3 one
can see the reason for this success: the size of the lowest Mott lobe increases for large
J and large negative detuning δ, while the size of all other lobes decreases. Thus,
only one lobe survives in Fig. 2.6. All other modes are pushed towards μD = 0 and
vanish. This is in strong contrast to the Bose-Hubbard model, where a weak-coupling
Bogoliubov-like theory describing weakly interacting atomic BEC‘s, fails to predict
the existence of Mott lobes and gapped Higgs-like modes [85].
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