2

Lagrange Problems

In this chapter we study the structure of approximate solutions of an au-
tonomous nonconcave discrete-time optimal control system with a compact
metric space of states. This control system is described by a bounded upper
semicontinuous objective function which determines an optimality criterion.
In the turnpike theory, it is known that approximate solutions are determined
mainly by the objective function, and are essentially independent of the choice
of time intervals and data, except in regions close to the endpoints of the time
intervals. In this chapter our main goal is to analyze the structure of approx-
imate solutions in regions close to the endpoints of the time intervals.

2.1 Discrete-Time Optimal Control Systems

Let (X, p) be a compact metric space and {2 be a nonempty closed subset of
X x X.

A sequence {z:}5°, C X is called an (£2)-program if (z¢,2:41) € (2 for
all integers ¢ > 0. A sequence {xt};’FiTl C X, where integers 71, T» satisfy
0 < Ty < T3, is called an (§2)-program if (x4, x¢41) € {2 for all integers
te [T17T2 — ].]

We consider the problem

Z v(z, Te41) — max, {(z4,Te41)} oy C 2, To = 21, T = 22 (P1)
t=0

studied in [72], the problem

T-1
v(xs, Te41) — max, {(zr,241) oy C 2, T0 = 21 (P2)
t=0
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studied in [71], and the problem

!
-

(g, Tg1) — max, {(z, 241) g C 12, (P3)
t

Il
<

considered in [83], where T is a natural number, 21,22 € X, and v : 2 — R!
is a bounded upper semicontinuous objective function.

In models of economic growth the set X is the space of states, v is a utility
function, and v(z, 2441) evaluates consumption at moment ¢. The interest in
discrete-time optimal problems of types (P1)—(P3) also stems from the study
of various optimization problems which can be reduced to it [8, 3739, 46, 70].

In [71-73, 75-77, 83, 84] we were interested in a turnpike property of
the approximate solutions of problems (P1)—(P3) which is independent of the
length of the interval T, for all sufficiently large intervals. In [71, 72, 83, 84] we
studied the problems (P1), (P2), and (P3) and showed under certain assump-
tions that the turnpike property holds and that the turnpike Z is a unique
solution of the maximization problem v(z,x) — max, (z,x) € 2. More pre-
cisely, we considered a class of (v)-good programs which are approximate solu-
tions of the corresponding infinite horizon optimal control problem associated
with the objective function v. It was shown that the turnpike property holds
and Z is the turnpike if the following asymptotic turnpike property holds: the
all (v)-good programs converge to Z.

In this chapter we show that the asymptotic turnpike property holds for
most objective functions in the sense of Baire category. In other words, the
asymptotic turnpike property holds for a generic (typical) objective function.
This result was obtained in [83].

In this chapter we also study the structure of approximate solutions of the
problems (P2) and (P3) in regions close to the endpoints of the time intervals.
We show that in regions close to the right endpoint T of the time interval these
approximate solutions are determined only by the objective function, and are
essentially independent of the choice of interval and endpoint value z;. For the
problems (P3), approximate solutions are determined only by the objective
function also in regions close to the left endpoint 0 of the time interval.

More precisely, we define 2 = {(y,z) € X x X : (z,y) € 2} and
(y,z) = v(z,y) for all (z,y) € 2 and consider the set P(v) of all solu-
tions of a corresponding infinite horizon optimal control problem associated
with the pair (v, £2). For given a real positive number € and a natural number
7, we show that if T is large enough and {x;}1_, is an approximate solution
of the problem (P2), then p(z7_,y;) < € for all integers ¢ € [0, 7], where
{y:}i20 € P(0).

Moreover, using the Baire category approach, we show that for most obj-
ective functions v the set P(?) is a singleton.

These results were obtained in [86, 90].
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2.2 The Turnpike Results

Let (X, p) be a compact metric space and {2 be a nonempty closed subset of
X x X. Denote by M(£2) the set of all bounded functions u : £2 — R!. For
each w € M({2) set

[w]| = sup{|w(z, y)| : (z,y) € £2}. (2.1)

For each z,y € X, each integer T' > 1, and each u € M({2) set

T-1
o(u,T,x) = sup{z u(zi,zit1) : {wi}l is an (£2) — program and zo = '},
i=0
(2.2)
T-1
o(u,T,x,y) = sup{z w(zi, xip1) (2.3)
=0
{z;}L_, is an (£2) — program and zo = z, z7 = y},
T—1
o(u,T) = sup{z u(zi, zip1) : {2} is an (£2) — program}. (2.4)
=0

(Here we use the convention that the supremum of an empty set is —o0).
For each z,y € X, each pair of integers T1, T, satisfying 0 < T < T5, and
each sequence {ut}?i}j C M(£2) set

To—1
U({“t}?i;ja Ty, Ty, x) = SUP{ Z ut(xtv It-i-l) :
t=T1
{ﬂft}tTiTl is an ({2) — program and zr, = z}, (2.5)
Ty—1
o({u}27), Tv, Ta, 2, y) = sup{ Z up (e, Teg1)
t=T,
{xt};"zn is an (£2) — program and zp, =z, 1, =y}, (2.6)
To—1
U({ut}?i}ll, Ty, Ty) = sup{ Z up (X, Tpp1) - {xt}tTiTl is an ({2) — program},
=T
(2.7)
To—1
G({ur} 27} Th, Ta, y) = sup{ Z up (24, Tey1)
=T
{xt}tTiTl is an ({2) — program and 1, = y}. (2.8)

Assume that v € M({2) is an upper semicontinuous function. We suppose
that there exist z, € X and constants ¢, > 0 and 7, > 0 such that the
following assumptions hold.
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(A1) {(z,y) € X x X : p(z,Ty), p(y,Ty) < 7y} C 2 and v is continuous
at (Zy, Ty).

(A2) o(v,T) < Tv(Zy, T,) + T, for all integers T > 1.

It is easy to see that for each natural number T and each (£2)-program

{'rt}tT:Oa

Z v(@g, Tey1) < o(v,T) < Tv(Ty, Ty) + Cy- (2.9)
t=0

Inequality (2.9) implies the following result.

Proposition 2.1. For each (§2)-program {x:}72, either the sequence

T—1
{Z (@, T11) — TV(To, Tw) } 721
t=0
is bounded or limTHoo[Zz:Ol v(@t, Te41) — T0(ZTo, Ty)] = —o00.

An (£2)-program {z;}$2, is called (v, £2)-good if the sequence

T-1

{Z U(%&, $t+1) - TU(EU, jv)}%;l

t=0

is bounded.

We suppose that the following assumption holds:

(A3) (the asymptotic turnpike property or, briefly, (ATP)) For any (v, £2)-
good program {z;:}$2, lims oo p(x¢, T,) = 0.

In view of (Al) and (A3), if (Z,,Z,) is not an isolated point of X x X,
then ||v|| > 0.

Examples of optimal control problems satisfying (A1)—(A3) are given in
[71, 72, 84].

Denote by Card(A) the cardinality of a set A and suppose that the sum
over empty set is zero.

It is clear that for each pair of integers 14,75 satisfying 0 < 17 < 75,
each sequence {wt}t ! € M(£2), and each pair of points z,y € X satisfying

p(x,Zy), p(y, Ty) < Ty the value 0({wt}tTiil,T17T27m,y) is finite.

Definition 2.2. Let T > 1 be an integer. We denote by Y the set of all points
x € X for which there exists an (£2)-program {z:}1_, satisfying To = %, and
7 = x and denote by Yr the set of all points x € X for which there exists an
(£2)-program {z; YL such that xo = x and x1 = T, .

The following two theorems obtained in [76] and presented in [84] establish
the turnpike property for approximate solutions of the optimal control prob-
lems of the types (P1) and (P2) with objective functions us, t =0,..., T — 1
which belong to a small neighborhood of v.
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Theorem 2.3. Let a positive number ¢ < 7,, Lo > 1 be an integer and
My > 0. Then there exist an integer L > 1 and § € (0,¢€) such that for each
integer T > 2L, each {u;}1—g" C M(82) satisfying

lug —v|| <6, t=0...T —1,
and each (§2)-program {x;}L_, which satisfies

o € YLm T € YL07

T-1
> wi(wy, wg1) > o({ur}i=y', 0, T, wo, 27) — My
t=0

and
T+L—1

> wlwnwia) > o({u N nr + Loag,wpyn) =

t=r1

for each integer T € [0,T — L] there exist integers 71 € [0, L], 7o € [T — L, T
such that
p(xe,Ty) <€, t=T1,...,Ta.

Moreover, if p(xo,T,) <6, then 71 =0 and if p(x7,Z,) <8, then 7o = T.

Theorem 2.4. Let a positive number ¢ < 7,, Lo > 1 be an integer and
My > 0. Then there exist an integer L > 1 and a number 6 € (0,€) such
that for each integer T > 2L, each {us}{—;" € M(R) satisfying

lug — vl <6, t=0...,T -1

and each (£2)-program {x,;}I_, which satisfies

T-1
2o € Yig, Y wi(wy,m41) = o({ue} 5" 0, T, m0) — Mo
t=0
and
T+L—1
Z w(wy,we1) > o({ud i r 7+ Loag,wey) — 6
t=1

for each integer T € [0,T — L] there exist integers 71 € [0, L], 72 € [T — L, T
such that
p(Te,ZTy) <€, t=T1,...,To.

Moreover if p(zo,ZT,) <, then 74 = 0.
In this chapter we prove the following theorem obtained in [83] which

establishes the turnpike property for approximate solutions of the optimal
control problems of the type (P3).
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Theorem 2.5. Let e € (0,7,) and M > 0. Then there exist a positive number
0 < min{l, M} and a natural number L such that the following assertions
hold.
1. Assume that an integer T > L, {us}1—o" € M(82) and an (£2)-program
{z:}io satisfy
lug —v|| <6, t=0,...,T —1, (2.10)

ﬂ
L

up(xe, we41) > o({ue}{ ' 0,T) — M. (2.11)
t

Il
=3

Then the inequality
Card({t € {0,...,T}: p(z¢,%y) > €}) < L

holds.
2. Assume that an integer T > 2L, {u;}{—;" € M(£2) and an (£2)-program
{x:}L, satisfy (2.10), (2.11), and

T-1

Z ue (e, 2041) > o({w} iy, 0, T, o, 1) — 6. (2.12)
t=0

Then there exist integers 1 € [0, L] and 7o € [T — L, T such that
p(xe,Ty) <€, t="T1,...,Ta.

Moreover, if p(xg,T,) <, then 71 = 0 and if p(xr,Ty) < 0, then 7o =T.
3. Assume that {u;}52, C M(82) and an (£2)-program {z:}52, satisfy

llus — v|| < § for all integers t > 0,

T-1

li;n sup[z we (24, 2e11) — o ({ue} =gt 0,T)] > — M.

Then
Card({t is a nonnegative integer such that p(xy,T,) > €}) < L.

4. Assume that an integer T > 0, {ut}z:ol C M(92), an (£2)-program
{2}, satisfy (2.10), (2.11), (2.12), and integers Ty, Ty satisfy 0 < Ty <
T, <T. Then

To—1
Y wilwnwen) = o({u 27 1, Te) — (AL +2)(2lJv] +2) — M — 1.
t=T,

Assertions 1 and 2 establish turnpike properties for approximate solutions
of the problem (P3) while Assertion 3 establish the turnpike property for
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approximate solutions of the corresponding infinite horizon problem. More-
over, they also show the stability of the turnpike phenomenon under small
perturbations of the objective function v.

It is clear that (M(42),] - ||) is a Banach space. Denote by M(£2) the set
of all upper semicontinuous functions v € M(§2) for which there exist z, € X,
¢y > 0 and 7, € (0,1) such that

{(z,y) e X x X : p(x,Zy), ply, Ty) < Ty} C 12, (2.13)
v is continuous at (Z, Zy ), (2.14)
o, T) <Tv(Zy,Ty) + & for all integers T > 1. (2.15)

In other words, M(£2) is the set of all upper semicontinuous functions
v € M(£2) which satisfy assumptions (Al) and (A2) with some z, € X,
7, € (0,1), &, > 0.

Denote by M. o(£2) the set of all continuous functions v € Mg (£2). Denote
by M,o(£2) and Mq(£2) the closure of subspaces M, o(£2) and Mg(£2) in
M(S2), respectively.

We equip the sets M. o(£2) and Mg (§2) with the metric d induced by the
norm || - ||+ d(u1,ug) = [lur — uz|l, w1, uz € Mo(£2).

For each u € My(£2) and each r > 0 set

Ba(u,r) = {w € Mo(2) : |lu—w| <r}

We associate with any v € M (f2) the triplet (Z,, &, 7,) satisfying (2.13),
(2.14), and (2.15).
Denote by M. (£2) the set of all v € M(£2) such that for any (v, £2)-good
program {z; }2,,
lim p(z;,Z,) = 0.

1—00
Set
M. (£2) = M. (£2) N M. (£2).
In this chapter we prove the following theorem established in [83].
Theorem 2.6. M., (2) contains a set which is a countable intersection of

open everywhere dense subsets of Mo(£2) and M..(£2) contains a set which
is a countable intersection of open everywhere dense subsets of M. o(£2).

2.3 Auxiliary Results for Theorem 2.5
Lemma 2.7. Let € and My be positive numbers. Then there exists an integer
T > 1 such that for each (£2)-program {z;}L_, which satisfies

T-1
U(-’L‘t,ﬂft.}rl) Z T”U(.’I?v,j}'v) - MO
t=0

the inequality min{p(z;,Z,) : i =1,...,T} < € holds.
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Proof. Assume the contrary. Then for each integer k > 1 there exists an ({2)-
(F)\k
program {z;"’ }{_, such that

k—1
U(Jjgk) xg+)1) > kv(m'mxv) My, (216)
=0
plx E’“) Z,) > € for all integers t =1, ..., k. (2.17)

Let k be a natural number. Relations (2.16) and (2.4) and assumption (A2)
imply that for each natural number j < k,

Ju

j_

k—1 k—1
U (k) J) U J) U l‘
t+1 t+1 t+1
t=0 t=jg

=0

-

k—1
> kv(Zy, Ty) — Moy — Zv(xﬁk) xii)l)
t=j

> kv (T, o) — Mo — (0, — §) > kv(To, To) — Mo — (k — 5)0(Ty, o) — Go.

Combined with (2.16) this inequality implies that for each natural number k
and each integer j € {1,...,k} we have

=

i
S oM, 2 > ju(@,, 2) — 0 — M. (2.18)
t=0

There exists a strictly increasing sequence of natural numbers {k;}32, such
that for each nonnegative integer t there exists a limit

2, = lim 2. (2.19)
1— 00
It is easy to see that the sequence {z:}{2, is an (§2)-program. In view of
relations (2.19) and (2.17), we have
p(xt,Ty) > € for all natural numbers ¢. (2.20)

By relations (2.19) and (2.18), for each natural number T,

Z (e, Tpg1) = T0(To, To) — Mo — Cy.
t=0

This inequality implies that the sequence {z:}:2, is a (v, §2)-good program.
It follows from assumption (A3) that the equality lim;—, o p(2¢, Z,) = 0 holds.
This equality contradicts (2.20). The contradiction we have reached proves
the lemma. 0O
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Lemma 2.8 (Lemma 3.3 of [72]). Let My, e be positive numbers. Then
there exists a natural number Ty such that for each integer T > Ty, each
(£2)-program {x¢}1_, which satisfies

Z v(xt, xpy1) > To(Ty, Ty) — My (2.21)
t=0

and each integer S € [0,T — Tp] the inequality
min{p(z¢,Zy): t=5+1,...,5+Tp} <e
holds.

Proof. Lemma 2.7 implies that there exists an integer Ty > 1 such that the
following property holds:
(i) For each (£2)-program {z;}12, which satisfies

To—1

Z ’U(:Et;xt+1) > TOU(-i"Uﬂfv) - MO - 261}
t=0

the inequality
min{p(z;,Z,): i=1,...,To} <€

holds.
Let an integer T > Ty, let an (£2)-program {z;}_, satisfy (2.21), and let
an integer S € [0,T — Tp]. By relations (2.21) and (2.9), we have

S+To—1

Z v(xt, Te41) — Tov(To, Ty) > —Mo — 26,.
=8

It follows from this inequality and property (i) that
min{p(z;.Z,): i=S+1,....,.5+Tp} <e
Lemma 2.8 is proved. 0O

Lemma 2.9. Let € > 0. Then there exists § € (0, 7,) such that for each integer
T > 1 and each (§2)-program {x}L_, satisfying

p(2o, o), plzT,Tv) <6, (2.22)

T-1
v(xg, x41) > o(v, T, zg, x7) — 0 (2.23)
t=

0
the inequality p(xs, T,) < € holds for allt =0,...,T.
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Proof. Since the function v is continuous at the point (Z,,Z,) for any integer
k > 1 there exists a number

5k € (0,27F7,) (2.24)

such that
v(z,y) — v(Zy, )| <27F (2.25)

for each pair of points x,y € X satisfying
p(x,%y), p(Y,Ty) < O (2.26)

Assume that the lemma is wrong. Then for each integer k > 1 there exist
a natural number T} and an ({2)-program {xik)}?:ko such that

k) - k) —
pas?, 2), paf), 3,) < O, (2.27)
Te—1
Z v(mik),xgi)l) > J(v,xék),x%),Tk) — Or, (2.28)
t=0
max{p(z{" ) t=0,..., Tx} > e (2.29)

Let a natural number k be given. Define a sequence {2;}1%, C X as follows:
— k) — k) — = T T 9
20 =Ty, 21 =Ty, 2t = Ty, tE€ {0, T} \ {0, Tp }. (2.30)

In view of relations (2.30), (2.27), (2.24), and (A1), the sequence {z}1%, is a
program. By (2.28) and (2.30), we have

Tp—1 T, —1
Z v(gcgk),xgi)l) > a(v,xék),a:(Ti),Tk) — 0 > Z v(zty 2e41) — 0. (2.31)
t=0 t=0

It follows from relations (2.27), (2.30), and the choice of & (see (2.24)—(2.26))
that

|U(ZO,2’1) - U(fvaf'u)‘ < 2_ka |U(ZTk—17ZTk) - ’U(i'vvjvﬂ < 2_k7

(2, 2e41) = V(T Ty), t €{0,..., T, — 1} \ {0, T, — 1}. (2.32)
In view of (2.32) and (2.31),

Ty —1

ST w2 > Tz, 7,) — 2278 — 6. (2.33)
t=0
Put
k
So =0, S = Z(ﬂ + 1) — 1 for all natural numbers k. (2.34)

i=1



2.3 Auxiliary Results for Theorem 2.5 33
Define a sequence {z;}{2, C X as follows:
Ty = xgl), t=0,...,71, ©y = xl(»kﬂ) (2.35)

for each natural number k, each i € {0,...,Tp+1} and t = S + 4 + 1.

By relations (2.35), (2.27), (2.24), and (A1), the sequence {x:}{2, is an (£2)-
program. It follows from (2.34), (2.35), (2.27), and (2.24) that for each natural
number k£ we have

[v(25,, 25, 41) — V(To, Tp)| < 2-27F. (2.36)

In view of relations (2.34), (2.35), (2.33), (2.30), and the choice of §;, j =
1,2,... (see (2.24)-(2.27)) for any natural number k > 2, we have

Sk—1 k Tj—1
S vwe, we41) = Skv(@,T0) = Y Z (), 2%)) — (@0, 7,)]
t=0 j=1 \ t=0
k . k—1 '
+Z ;(;5@7 J+1) U(fv,fv)] > _2(2 N (Sj) _ 222—].
Jj=1 j=1

Together with inclusion (2.24) this relation implies that for any natural num-
ber k > 2,

Sk—1

k
Y vz wir) = So(@,20) = 5y 277 > 10,
t=0 =1

It follows from this inequality and Proposition 2.1 that the sequence {x:}22,
is a (v, 22)-good program. By assumption (A3), we have
tlgglo p(x, Ty) = 0.

On the other hand it follows from relations (2.29), (2.34), and (2.35)
that limsup,_, . p(z¢, Z,) > €. The contradiction we have reached proves
Lemma 2.9. O

Lemma 2.10. Let € € (0,7,) and My > 0. Then there exist a number §y €
(0,1) and an integer Lo > 4 such that for each integer T > Lg, each finite
sequence of functions {u;}i_g" C M(2), each (2)-program {z;}I_, which
satisfy
lug — o] < dp, t=0,...,T —1, (2.37)
min{p(x,T,): t=1,....,T} > ¢ (2.38)

and each pair of points zy,z1 € X satisfying

p(jtuzi) S T_Uv 1= 07 17 (239)
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the following relation is valid:

T—1 T—2
up(ze, wry1) < uo(20, o) + 3 s(To, To) + ur—1(Zy, 21) — Mo.
t=0 t=1
Proof. Fix a real number
M, >8+4||U|| + M. (240)

In view of Lemma 2.8 there exists an integer Ly > 4 such that the following
property holds:
(i) for each integer T' > Ly, each ({2)-program {z;}~ , which satisfies

Z v(g, Ter1) > To(Zy, Ty) — My
t=0

and each integer S € [0, T — Lg] the inequality
min{p(z,Ty): t=5+1,....,5+ Lo} <e

is valid.
Fix a positive number
So < (4Lo)~ . (2.41)

Assume that an integer T > Lo, {u;}1—," € M, an (£2)-program {z;}1_,
satisfy (2.37) and (2.38) and that a pair of points zg, 21 € X satisfy (2.39).
There exists an integer k > 1 such that

In view of (2.39) the sequence 2o, Z, ..., T (T — 2 times), 1 is an ({2)-program.
Property (i) and (2.38) imply that for every integer i satisfying 0 < i < k—1,

iLo—1
Z v(xt, Tey1) < Lov(Ty, Ty) — My, (2.43)
t=(i—1)Lo
T-1
> vl@n i) < (T = (k= 1)Lo)v(y, &) — M. (2.44)
t=(k—1)Lo

It follows from (2.37), (2.41), (2.43), and (2.44) that for every integer i satis-
fying 0 < ¢ < k — 1, we have

iLo—1 iLo—1
> wlmnwen) <Y v(@nm) + Lo
t:(ifl)Lo t:(ifl)Lo

< Lov(Zy, Ty) — M1 + 0o Lo
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iLog—1
< > wl®, %)+ S0Lo — My + SoLo
t=(i—1)Lo
iLo—1
< Y w(®,T) - My +1 (2.45)
t=(i—1)Lo
and
T—-1 T—-1
Z ut(:z:t, 13t+1) < Z ’U(l‘t, 17t+1) + 250L0
t=(k—1)Lo t=(k—1)Lo
S (T - (]{J - 1)L0)U(§7U,i‘v) - M1 + 250[/0
T-1
< Z ut(i’v, i’v) + 200Lg — M7 + 260 Ly
t:(k‘—l)Lo
T-1
< Y w(@e,®) — My + 1 (2.46)
t:(k*l)Lo

It follows from (2.37), (2.40), (2.42), (2.45), and (2.46) that

T—1 T—1
(2, Teg1) < U (Ty, Tp) — My + 1
=0 =0
T—2
< ug(20, %) + Y wi(To, ) + ur—1(Fo, 21) + 2l[uo|| + 2[lur|| — My + 1
=1
T—2
< ug(20,B0) + Y u(Tu, T) + 1 (v, 21) — Mo,
=1

Lemma 2.10 is proved. O

Lemma 2.11. Let € € (0,7,), My be a positive number and let dg € (0,1) and
an integer Lo > 4 be as guaranteed by Lemma 2.10.
Assume that an integer T > Lo, {u;}1—g' € M and that an (£2)-program

{ze o satisfy
lue —v]| < 6o, t=0,...,T—1 (2.47)

and

T-1
Z Ut ,’Et,.’L't+1 > U({ut}t 01,0 T) M() + 2”’[}” + 2. (248)
t=0
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Then there exists a finite strictly increasing sequence of natural numbers
{T;}i—, where q is a natural number such that

€[1,Lo], T, € [T — Lo+ 1,77, (2.49)
Tj11 =T < Lo for all natural numbers j < g, (2.50)
p(Zv,x7;) <€, j=,1,...,q. (2.51)

Proof. We claim that there exists a natural number 77 € [1, Lg] such that

P(fm le) S €.
Assume the contrary. Then

plxe,Ty) > €, t=1,..., Lo. (2.52)

There are two cases:
p(xe,Ty) >€, t=1,...,T; (2.53)
min{p(z;, %) : t=1,...,T} <e (2.54)

Assume that (2.53) is valid. Tt follows from (2.47), (2.53), the inequality
T > Ly, the choice of §g, Lo, and Lemma 2.10 that

T-1
Z ut (e, Tt1) Z (Zy,2y) — Mo < o({u}{5y, 0,T) — M.
=0 =0

This contradicts (2.48). The contradiction we have reached proves (2.54). In
view of (2.52) and (2.54) there exists an integer

S € (Lo, T (2.55)
for which
plrs,Ty) <€, p(x,Ty) >, t=1,...,5—1. (2.56)
Set
ztzfcmt:O,...,S—Lzt:xt,t:S,...,T. (257)

Relations (2.56) and (2.57) imply that {z;}1_, is an (§2)-program. By (2.47),
(2.55), (2.56), (2.57), the choice of dy, and Ly and Lemma 2.10 (with T =
S —1), we have

S—2 S—2 —
Z up (T, T11) < Z ut(Ty, To) — Z (2t,2e41) — Mo.  (2.58)
t=0 t=0 =0
It follows from (2.57) and (2.58) that
T—1 T—1

Ut(ﬂUt,ﬂft-s-l) - Ut(Zt,Zt-s-l)

~
I
=3
-
i
=3
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S—2 S5=2
= w(we, wi41) +us—1(ws—1,x8) — Y Ty, T) — tis—1(25-1, 25)
t=0 t=0

< Mo +2|jug—1]] < —Mo + 2[jv| + 2.
This implies that

Z (20, 2041) < o({u )71, 0,T) — Mo + 2||v]| + 2.
t=0

The inequality above contradicts (2.48). The contradiction we have reached
proves that there exists a natural number

Ty € [1, Lo (2.59)

for which
(T, ) < €. (2.60)

Assume now that & is a natural number and we defined a strictly increasing
sequence of positive integers {7;}¥_; such that

T, € [1,L0], T, <T, (261)
p(j’uaxTi) Sev i:717"'7k7 (262)

for every natural number i < k, we have
Tiy1 — T < Lo. (2.63)

(It is clear that for k = 1 our assumption is true.)
If T — T} < Lo, then the construction is completed. Assume that

T —Ty > Lg. (2.64)
We claim that there exists an integer Ty, such that
Tpyr — T < [1, Lo), p(Zy,27,,,) <€ (2.65)
Assume the contrary. Then
Ty, ) >€, t =T, +1,..., T + Lo. (2.66)
There are two cases:
P(Ty,xt) >e, t=T+1,...,T; (2.67)
min{p(Zy,2¢): t=T+1,...,T} <e. (2.68)

Assume that (2.67) is true. It follows from (2.47), (2.62), (2.64), (2.67),
the choice of &g, Lg, and Lemma 2.10 that

T-1 T-1

> wl@n, we) S gy (n, 30) + Y wi(@y, Zy) — M. (2.69)
t=T} t=Tr+1
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Define
zZr=x4, t=0,..., T, 2 =Ty, t=Tp +1,...,T. (2.70)

In view of (2.70) and (2.62), {2}, is an (£2)-program. By (2.70) and (2.69),

we have

,_.

Zut (@4, Tp41) —U({ut}t 0 ,O T)

t=0
T-1 T-1
< Ut(fﬂt, $t+1) - ut(ztv Zt+1)
t=0 t=0
T-1 T—1
= w(wy, weg1) —un (0, 30) — Y w(T, ) < — M.
t=T}, t=T)+1

The relation above contradicts (2.48). The contradiction we have reached
proves (2.68). In view of (2.66) and (2.68), there exists an integer S such that

T+ Lo <S<T, p(xs,Ty) <, (2.71)

pxe,Ty) > €, t=T+1,...,5 — 1. (2.72)
Set

Zt = T¢, tio,...,Tk, Zt:"]—fv, t:Tkﬁ’l,...,S*l, Zt = T, t:S,,T
(2.73)

It follows from (2.62), (2.71), and (2.73) that {z}]_, is an ({2)-program.
By (2.37), (2.71), (2.72), the choice of 9 and Ly and Lemma 2.10, we have

S—2

Z Ut(l"t, $t+1)

t=T}

S—2

S uTk (kaafv) + Z ut(i‘vvjv) - MO
t=Tr+1

= w21, z41) — M. (2.74)

t=T),
In view of (2.73) and (2.74), we have

T-1

— T-1
— 0,7) <
xt,l’t+1 U({Ut}t 0> > Ut It,l“t+1 Ut Zt,2t+1
t=0

t=0 t=0
T-1

iUt, 37t+1 E Ut(Zm Zt+1)
= t=T}

\M’ﬂ
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S—1 S=2
= > wlwnw) —un (@, To) — Y Ty, Ty) — s 1 (Ty, )
t=T} t=Tr+1

< =My +2llus—1|| £ —Mo + 2||v]| + 2.

The relation above contradicts (2.48). The contradiction we have reached
proves that there is an integer Ty satisfying (2.65).

It is clear that the assumption made for k also holds for £+ 1. Thus by in-
duction we construct the sequence 75,7 = 1, ..., g which is obtained by a finite
number of steps and Ty is its last element. It follows from the construction
that (2.49)—(2.51) are true. This completes the proof of Lemma 2.11. O

2.4 Proof of Theorem 2.5

Lemma 2.9 implies that there exists a positive number
dp < min{7,, €, 1}

such that the following property holds:
(i) for every natural number T and every (2)-program {z;}._, which
satisfy
p(anffv)a p(xTvi'v) < 50

and

;

v(zy, 2441) > 0(v, T, 2, 27) — do
t

Il
o

the inequality p(z,Z,) < € is true for all integers t =0,...,T.

Lemma 2.11 implies that there exist §; € (0,1) and an integer Ly > 4 such
that the following property holds:

(ii) for every natural number T" > L;, every finite sequence of functions
{ug} 12t € M() and every (£2)-program {z;}]_, which satisfy

lug — o] <6, t=0,...,T —1,
and

T-1
Z .’L't,.’Et+1 > J({ut}t 01,0 T) M—4

there exists a strictly increasing sequence of natural numbers {T} }gzl where
q is a natural number such that

Ty € [LLl]v Tq € [T - L+ 17T]7 (275)

Tj+1 — T < Ly for all natural numbers j < g, (2.76)

p(g_slnij) <607 j:,l,...7q. (277)
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Choose a positive number § and an integer L > 1 such that
§ < min{dy, M,8 L7 6}, (2.78)

L > 8Ly + 2L (M +1)5;".

Let us prove Assertion 1. Property (ii), (2.10), (2.11), and (2.78) imply
that there exists a strictly increasing sequence of natural numbers {T; };:1,
where ¢ is a natural number, such that (2.75), (2.76), and (2.77) are true. In

view of (2.75), (2.76), and (2.78),

q>2. (2.79)
Let ‘
E={je{l,...,q—1}:
Tj41—1
Z ug(Ty, Tpy1) > U({ut}t]+1 ! T3, Tj1, o1, o1, ) — 00/2. (2.80)
t=T);

By (2.11) and (2.80), we have

i xt,le — U({ut}t 07T)

t=0

Z (x4, Tey1) — U({Uf}t o 10,7, Zo,ZT)

+1—
Tjp1—1
< Z{ up (T4, Tep1) — U({Ut}ti}i 7Tj,11j+1»$Tj,$Tj+1) :

je{l,...,q—1}\ E}
< (=6p/2)Card({1,...,q — 1} \ E}

and
Card({1,...,q— 1} \ E}) < 2Mg; " (2.81)

Let
JjekE. (2.82)

It follows from (2.10), (2.80), and (2.82) that

Tji1—1 Tjy1—1
Z 0(T4, Tp1) > Z ut (T4, Tp1) — 0L
t=T}; t=T);

> o({w}, 257 T T, oy, wry,,) — 80/2 — 6La
> o, Tj11 — T, 21, 21,,,) — 0L1 — 60/2 — 014
> O'(U, rfj_H - Tj, CCTj,l’Tj+1) - 50. (283)
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In view of (2.77), (2.83), and property (i),
plxy, Ty) <€, t=Tj,...,T;41 and all j € E.
Combined with (2.77) the relation above implies that
{t€{0,....,T}: p(xs, Ty) > €}
c{o,....n —1}U{T—L,+1,...,T}
U{{t is an integer and T; <t < Tj41}: je{1,...,¢g—1}\ E}.

Combined with (2.75), (2.76), (2.78), and (2.81) this implies that

Card({t € {0,..., T} : p(xt,To) > €})

< 2Ly + LiCard({1,...,q — 1} \ E}) < 2L, + 2ML,5;" < L.

This completes the proof of Assertion 1.

Let us prove Assertion 2. It follows from (2.10), (2.11), (2.78), and property
(ii) that there exists a strictly increasing sequence of natural numbers {T; }?:1,
where ¢ > 1 is an integer, such that (2.76), (2.77) are true and that

Tq S [T— L+ 1,T], Ty € [O,Ll]

Evidently, if p(xg,Z,) < 4, then we may assume that 73 = 0 and if
plxr,ZTy) < 0, then we may assume that T, =T

Let an integer j € {1,...,¢ — 1}. In view of (2.10), (2.12), (2.76),
and (2.78), we have

Tj1—1 Tj41—1
E U($t7$t+1) > E Ut($t7$t+1) — 0Ly
t=T; t=T);

> o({u 24 7 Ty, Ty, vy, oy, ) — 0(Ly + 1)
> o, Tjr1 — Ty, 27;,27,,,) — 0L1 — 6(Ly + 1)
>o(v,Tj11 — Ty, 21, 27,,,) — do-
Combined with (2.77) and property (i) this implies that
p(z¢, T,) < € for all integers ¢t € [T}, T; 1] and all j=1,...,¢q— L.
This implies that
p(zy, %) < € for all integers t € [T4,T,].

This completes the proof of Assertion 2.
Assertion 3 easily follows from Assertion 1.
Let us prove Assertion 4. There are two cases: To —T) < 4L; To — T > 4L.
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Evidently, if To —T7 < 4L, then by (2.10), Assertion 4 holds. Assume that
Ty — T, > 4L. (2.84)
There exists an ({2)-program {yt}fiTl such that

T>—1

> wlye i) > o({u 27 1, To) = 6. (2.85)
t=T,

It follows from (2.10), (2.11), (2.12), (2.84), (2.85), and Assertion 2 that
p(xt,Ty) < € for all integers t = L,..., T — L, (2.86)
p(yt, Ty) < € for all integers t =Ty + L,..., Ty — L. (2.87)
Define
s=ap, =0, i+ L, zs=ye, t=Ty +L+1,....,Ts— L —1,

Zt:fEt,t:TQ—L,...,T. (288)

It follows from (2.88), (2.86), (2.87), and (A1) that {z;}1_, is an (£2)-program.
In view of (2.10), (2.11), and (2.88), we have

~
Ju

T-1 T-1
T-1
-M < (e, Tog1) —o({ur}i—g ,0,T) < E (2, Tep1) — E w2, 2e41)
t=0 t=0

t=0
T>—L-1 To—L—1
= Z Ut(iﬂt,iﬂwl) - Z ut(zt; Zt+1)
t=T1+L t=T1+L
-1 Ty—L—1
< wl@nwe) F 2Ll A1) = > we(ye yerr) + 4ol + 1)
t=T, t=T1+L
Ty—1 Ty—1
< w@n @) + 20 + DL +2) = D welye yern) + 2L([Jv]| + 1).
t=T t=T

Together with (2.85) this implies that

To—1 To—1
D wilwzen) 2 =M = 2(||oll + D)L +2) + Y welys, Y1)
t=T1 t=T1

> =M = 2(|[o] + 1)(2L + 2) + o ({ue} 27 T1, ) — 1.

This implies Assertion 4. This completes the proof of Theorem 2.5. O
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2.5 Proof of Theorem 2.6

Lemma 2.12. The set M..(£2) is an everywhere dense subset of Mo(£2) and
M (£2) is an everywhere dense subset of M. o(12).

Proof. Let v € My(£2) and ~ € (0,1). Define

’U’Y('r7 y) = v(a:,y) - ’VP(aSvi‘v) - ’Yp(yvi‘v)'

It is not difficult to see that v, € M, (£2), if v € M, o(£2), then v, € M. (£2)
and lim,_,04 vy = v. Lemma 2.12 is proved.

Let a function v € M(£2), and n > 1 be an integer. In view of (Al)
and (2.14), there exists a number

ri(v,n) € (0,4717,) (2.89)

such that
|0(Zy, Ty) — v(21, 22)| < 8 LFyn ™t (2.90)

for every pair of points z1,zo € X which satisfy p(z;,Z,) < ri(v,n), i =1,2.
Theorem 2.5 implies that there exist a positive number

§(v,n) < (4n)~*
and an integer L(v,n) > 1 such that for every function
u € By(v,6(v,n)) (2.91)

the following properties hold:
(i) for every integer T > L(v,n) and every ({£2)-program {z;}._, which
satisfies

T—1
Z w(zy, 1) > o(u, T) — 2n (2.92)
=0

the relation
Card({t € {0,...,T} : p(zt,7y) > (4n) " 'ri(v,n)}) < L(v,n)

is true;
(ii) for every (£2)-program {z;}$°, which satisfies

T—1
lim sup[z w(zy, xe41) —o(u, T)] > —2n
T=oo 4o
the inequality
Card({¢ is a nonnegative integer such that
p(xe,Ty) > (4n)"'ri(v,n)}) < L(v,n)

is true;
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(iii) for every integer T' > 2L(v,n) and every (§2)-program {x;}._, which
satisfies (2.92) and

Z w(x, wpy1) > o(u, T, xo, z7) — 6(v, M) (2.93)
t=0

the inequality
p(.%’t, ‘%v) < (4n)_1r1 (v,n)
is true for all t = L(v,n),..., T — L(v,n);
(iv) for every natural number T, every ({2)-program {z;}}_, which satis-
fies (2.92) and (2.93), and every pair of integers T7,T» satisfying 0 < T7 <
T> < T the inequality

Ty—1

Z w(xg, xpq1) > o(u,To — T1) — (4L(v,n) + 2)(2||v]| +2) —2n — 1

t=T\

is true.
Set

F =2, U{B4(v,6(v,n)): v e M,(£2), nis a natural number}, (2.94)

Fe =00 1U{Ba(v,6(v,n))NM_,o(2) : v € Mc.(£2),n is a natural number}.
(2.95)

Lemma 2.12 implies that F is a countable intersection of open everywhere
dense subsets of M(£2) and F. is a countable intersection of open everywhere
dense subsets of M, o({2). Let

ueF. (2.96)

In order to complete the proof it is sufficient to show that u € M, (2). It is

clear that for every integer T > 1 there exists an ({2)-program {x( )} _g for
which

!
—

T
u(@\", 2l = o(u, T). (2.97)
t

Il
=]

Extracting subsequences and using diagonalization process we obtain that
there exists a strictly increasing sequence of natural numbers {73}, such
that for every nonnegative integer ¢ there exists

of = lim 2™, (2.98)

k—o0

In view of (2.94) and (2.96), for every integer n > 1 there exists
vy, € M (02) (2.99)

such that
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u € Bg(vn,d(vp,n)). (2.100)
Let n > 1 be an integer. It follows from (2.97), (2.99), (2.100), and property
(iii) that for every integer T' > 2L(v,,n) we have
p(x,ET), Ty,) < (4n) " 'ri(vn,n), t = L(vy,n),..., T — L(v,,n).  (2.101)
In view of (2.98) and (2.101), for every integer T' > L(v,,n), we have
p(x}, 2y, ) < (4n) " tri (v, n). (2.102)

Property (iv), (2.97), (2.99), and (2.100) imply that for every natural number
T and every pair of integers T, Ts satisfying 0 < T < T < T the inequality

T2 1
S u(@”,2(D) > o(u, To—T1) — (4L(vn, ) +2)(2l|vn]|+2) —2n—1 (2.103)
t=T4

holds. In view of (2.98) and (2.103), for every pair of integers To > Ty > 0,
we have

Tgfl
> ulag,aiyy) > o(u, Ty —Th) = (4L(vn, ) +2)(2]|vn]|+2) — 20— 1. (2.104)
t=T1

Since n is any natural number it follows from (2.102) that {z}}:°, is a Cauchy
sequence and there exists
z* = lim zj. (2.105)

t—o0
Relations (2.102) and (2.105) imply that for every natural number n, we have
plx*,Z, ) < (4n) " 'ry (v, n). (2.106)

In view of (2.104) and (2.105), for every natural number n and every natural
number T', we have

Tu(z*, ") > o(u,T) — (4L(vn,n) + 2)(2||vn || +4) —2n — 1. (2.107)
Let n > 1 be an integer and points y, z € X satisfy
oy, ), p(z,2*) < (4n) " ri(vn,n). (2.108)
By (2.106) and (2.108),
Py, To,) < ply, @) + p(a*, Zy,) < (20) 111 (vn,n), (2.109)

P2 T0,) < pl2,57) + pla™, B,) < (20) 111 (v, 1). (2.110)
Relations (2.89), (2.90), (2.99), (2.109), and (2.110) imply that

(
(y,2) € 2, (z%,2%) € (2.111)
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It follows from (2.89), (2.90), (2.100), (2.106), (2.109), and (2.110) that
u(y, 2) — u(@™, %) < [vn(y, 2) — vn(z", 2")| + 26(vn, 1)
<oy, 2) — v (Zo,,, To, )| + |Un(Zo,, s To, ) — vn (2™, 27)| + 26(vp, n)
< (4n)7'Fy, + 207t < 1/n.

Thus for every pair of points y,z € X satisfying (2.108), we have (y,z) € 2
and
lu(y, z) —u(x*, x*)| <n~t.
Since n is any natural number we conclude that the function w is continuous
at the point (z*,z*) and together with (2.107) this implies that v € Mgy (£2).
In order to complete the proof it is sufficient to show that for every (u, £2)-
good program {z;}32,, we have
lim p(x;,2*) = 0.
11— 00

Assume that a program {x;}9°, is (u, £2)-good. Proposition 2.1 implies that
there exists a natural number ng such that for all natural numbers T,

T—1

Z u(zy, xeg1) — o(u, T) > —nyp. (2.112)

t=0
Let an integer n > ng. Property (ii), (2.99), (2.100), and (2.112) imply that
there exists a natural number j(n) such that for every integer t > j(n), we
have

p(xs, 20, ) < (4n) " 1ry (v, n).
Combined with (2.116) the inequality above implies that for all integers
t=jn),
p(ae,a*) < p(ae, To,) + p(T0,, 2") < (20) 7171 (vp,n) < (20) 7

Since n is any natural number we conclude that
1—> 00

and u € M, (£2). This completes the proof of Theorem 2.6. O

2.6 Overtaking Optimal Programs

In the sequel we use a notion of an overtaking optimal program [70, 84].
An (£2)-program {z:}32, is called (v, 2)-overtaking optimal if for each
(£2)-program {y, }$2, satisfying yo = z¢ the inequality
T—1
lim sup Z[U(ytayt+1) —v(xt, 1441)] <0
T—o0 =0
holds.
The following result obtained in [71] and presented in Chap. 2 of [84] es-
tablishes the existence of an overtaking optimal program.



2.7 Auxiliary Results 47

Theorem 2.13. Assume that x € X and that there exists a (v, §2)-good pro-
gram {x:}52, such that xo = x. Then there exists a (v, {2)-overtaking optimal
program {x;}52, such that xf = x.

The next result obtained in [71] and presented in Chap. 2 of [84] provides
necessary and sufficient conditions for overtaking optimality.

Theorem 2.14. Assume that {x:}:2, is an (£2)-program and that there exists
a (v, £2)-good program {y:}22, such that yo = xg. Then the program {x:}2,
is (v, 2)-overtaking optimal if and only if the following conditions hold:

(’L) hmt_mxj p(xt,a_sv) = 0,'

(ii) for each natural number T and each (£2)-program {y;}L_, satisfying
Yo = To, yr = a7 the inequality ZtT:_ol V(Yt, Ye+1) < ZtT:_ol v(z, Tey1) holds.

The following two theorems which establish the uniform convergence of
overtaking optimal programs to Z,, are proved in Sect. 2.9. They were obtained
in [86].

Theorem 2.15. Let Ly be a natural number and € be a positive number. Then
there exists an integer Ty > 1 such that for each (v, §2)-overtaking optimal
program {x:}22, satisfying xo € Y1, the inequality p(zs, T,) < € holds for all
integers t > Tp.

Theorem 2.16. Let € be a positive number. Then there exists a positive num-
ber § such that for each (v, £2)-overtaking optimal program {x:}32, satisfying
p(x0,Ty) < 0 the inequality p(xy, T,,) < € holds for all nonnegative integers t.

2.7 Auxiliary Results

Let v € M(£2) be an upper semicontinuous function. Suppose that z, € X,
7y € (0,1), & > 0 and that assumptions (A1), (A2), and (A3) hold.

For each positive number M denote by Xj; the set of all points z € X for
which there exists a ({2)-program {z;}$2, such that zo = = and that for all
natural numbers 7" the following inequality holds:

!

v(xy, we41) — To(Ty, T,) > —M.
t

I
<

It is not difficult to see that U{Xs; : M € (0,00)} is the set of all points
x € X such that there exists a (v, £2)-good program {z;}$°, satisfying xo = .
The boundedness of v implies the following result.

Proposition 2.17. Let T' be a natural number. Then there exists a positive
number M such that Yp C Xay.

The next result follows from Lemma 2.8.
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Proposition 2.18. Let M be positive number. Then there exists an integer
T > 1 such that the inclusion Xy C Y holds.

We define a function 7¥(z), © € X which plays an important role in our
study. For all x € X \ U{X5; : M € (0,00)} set

7w (z) = —o0.

Let
zeU{Xp: M e (0,00)}. (2.113)

Set

¥ (x) = sup{hmsup Z (T4, Tpg1) — V(To, To)) :

{2152, is an (£2) — program such that zo = x}. (2.114)
In view of (A2), (2.113), and (2.114),
— oo < 7w (z) < &. (2.115)

By (2.113), (2.114), and Proposition 2.1,

m’(x) = sup{llmsotip Z (v(@e, Te41) — 0(To, Ty)) -

{z:}32, is a (v, £2) — program such that zg = z}. (2.116)

Denote by P(v,x) the set of all (v, £2)-overtaking optimal programs {x:}2,
satisfying z9p = z. By Theorem 2.13, the set P(v,z) is nonempty. Defini-
tion (2.114) implies the following result.

Proposition 2.19. 1. Let {z:}52, be a (v, 2)-good program. Then for each
integer t > 0,

Wv(xt) Z U(xt, xt+1) - U(fv,.’fv) + 7r”(xt+1). (2117)

2. Let T > 1 be an integer and {x;}]_ be an (§2)-program such that
7V (x) > —o0. Then (2.117) holds for all integers t =0,...,T — 1.

The next result follows from the definition of (v, {2)-overtaking optimal
programs.

Proposition 2.20. Let x € U{X; : M € (0,00)} and {z:}52, be a (v, 2)-
overtaking optimal program satisfying xo = x. Then

(0) = timsup 3" (00 1) — 070 )

T— 00 =0
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Corollary 2.21. Let {z:}52, be a (v, §2)-overtaking optimal and (v, §2)-good
program. Then for any integer t > 0,

(@) = (T, Te1) — V(o) To) + 7 (Te41)-
Set
sup(m?) =sup{n’(z): z€ W{Xp: M € (0,00)}}, (2.118)
Xy ={r e U{Xpy: Me(0,00)}: n%(z) > sup(n’) — 1}. (2.119)
Proposition 2.22. 7¥(z,) = 0.

Proof. Set x; = &, for all integers ¢ > 0. By Theorem 2.14 and (A2), the
program {x;}72, is a (v, £2)-overtaking optimal. In view of Proposition 2.20,
7 (Z,) =0. O

Theorem 2.16, Proposition 2.20, and (A1) imply the following result.

Proposition 2.23. The function ©¥ is finite in a meighborhood of ., and
continuous at T,.

Proposition 2.24. Assume that zo € U{Xy : M € (0,00)} and {x,}2, €
P(v,x0). Then

T-1
7T’U(xo) = hm (’U(It; 'It—‘rl) - U(fvajv))-

Proof. Tt follows from (A3), Proposition 2.23, and Corollary 2.21 that

T-1
7 (o) = Jim (°(z0) = 7"(2r)) = lim 3" (0(w1, za1) — 0(F,50)).
t=0

Proposition 2.24 is proved. O
The next result is proved in Sect. 2.10.

Proposition 2.25. There exists an integer L, > 1 such that X, C YLW.
The following result is proved in Sect.2.11.

Proposition 2.26. The function 7w : X — R' U {—o0} is upper semicontin-
UOUS.

Set
D) ={x € X : n%(xz) =sup(n")}. (2.120)

By Proposition 2.26 and (2.115) the set D(v) is nonempty and closed subset
of X. The following proposition is proved in Sect.2.11.
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Proposition 2.27. Let {x:}:2, be a (v,§2)-good program such that for all
integers t > 0,

V(X Tpy1) — V(T Ty) = 70 (x4) — T (X4 41).
Then {z:}52, is a (v, £2)-overtaking optimal program.

The next result easily follows from Proposition 2.25, Theorem 2.15, (2.119),
and (2.120).

Proposition 2.28. For each € > 0 there exists a natural number T, such that
for each z € D(v) and each (£2)-program {x:}2, € P(v,z) the inequality
p(x¢, Ty) < € holds for all integers t > T..

In order to study the structure of solutions of the problems (P2) and (P3)
we introduce the following notation and definitions.
Set
Q={(z,y) e X x X : (y,z) € N}. (2.121)

Clearly, 2 is a nonempty closed subset of X x X and
{(z,y) € X x X = p(x,Zy), py,To) <7y} C 92. (2.122)

Then M(f2) is the set of all bounded functions u : 2 — R! with [jul| =
sup{lu(z)|: z € 2}. B
For each u € M(S2) define u € M({2) by

w(z,y) = u(y,x), (z,y) € 2. (2.123)

Clearly, u — 1, u € M(S2) is a linear invertible isometry operator.
Let 0 < Ty < T3 be integers and let {xt}?iTl be an (£2)-program. Define
{#u}i2r, C X by
F = ary_rar t=Ti,..., Th. (2.124)
Clearly, {@}ZETI is an (£2)-program.
Assume that {ut}tTi}ll C M(£2). Tt is easy to see that

Ty—1 Ty—1
Z Uty 4 -1 (T, Trp1) = Z ULy 471 (BT, 41y 1, Ty 417y
t=T\ t=T
Ty—1
= Z up (T, Typ1)- (2.125)
t=T,

The next result easily follows from (2.125).
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Proposition 2.29. Let T > 1 be an integer, M > 0, {ut}z“:—ol c M(£) and
{th)}tT:Oa i =1,2 are (£2)-programs. Then

T-1 T-1
wrle wh) 2 D w2 - M
t=0 t=0
if and only if
T-—1 T-—1
ar—ea (@), 200) 2 Y a2, 23 - M
0 t=0

Proposition 2.29 implies the following result.

Proposition 2.30. Let T > 1 be an integer, M > 0, {u;}—' € M(£2) and
{x;}I ) be an (£2)-program. Then {z;}1_, is an (2)-program and the following
assertzons hold

if Zt 0 ut(xt,xtH) ({ut}tT 01,0 T)— M, then

=

Up—t—1(Zy, Tyy1) > U({ﬂT—t—l}tT:_olaOyT) — M;

i
=

t

zfzt 0 ut(xt,xtH) ({ut}t o 10,7, Zo,x1) — M, then

T-1
> 1T, 1) > o({ur—1}=',0,T, %o, Tr) — M;
=0

if i ui (e, wey) > ({u ) 0, Ty wp) — M, then

1
Ur—i—1(Zy, Tyy1) > U({ﬂT—t—l}Z:oly 0,T,Zo) — M;

~
|

t

if Zt 0 Ly (@, wgn) > o({uy=gh 0, T, 20) — M, then

-1
Ur—i—1 (T, Tr11) > 0({tUr—i-1}1—4,0,T, Tr) — M.

Il
=)

~

~+
I
o

The next result is proved in Sect. 2.11.

Proposition 2.31. Let v € M({2) be an upper semicontinuous function. Sup-
pose that T, € X, 7, > 0, &, > 0 and that assumptions (A1), (A2), and (AS3)
hold. Then the function v is upper semicontinuous,

{(z,y) € X x X : p(a,%y), ply,Ty) < Ty} C 2, (2.126)
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the function v is continuous at (T,,T,),

0(9,T) < T0(Zy,Ty) + & for all integers T > 1 (2.127)
and for all (v, 2)-good programs {z;}3°,,

tllg.lo p(‘rta jv) =0.

In view of Proposition 2.31, if v € M({2) is upper semicontinuous and sat-
isfies (A1)—(A3), then v is also upper semicontinuous and satisfies (A1)-(A3).
Therefore all the results presented above for the pair (v, {2) are also true for
the pair (7, £2).

2.8 Structure of Solutions in the Regions Close
to the Endpoints

In Sect.2.13 we prove the following result which describes the structure of
approximate solutions of the problems of the type (P2) in the regions close to
the right endpoints.

Theorem 2.32. Suppose that v € M({2) is an upper semicontinuous func-
tion, T, € X, 7, > 0, &, > 0 and that assumptions (A1), (A2), and (A3)
hold. Let Ly > 1, 19 > 1 be integers and € > 0. Then there exist 6 > 0 and
an integer Ty > 1o such that for each integer T > Ty, each {u;}13" € M(R2)
satisfying

lug — ]| <8, t=0...,T—1

and each (§2)-program {x;}L_, which satisfies

T-1

zo € Y1, Z ug(Ty, Ter1) > 0({ut}tT=_01, 0,T,x0) — &
t=0

there exists an (2)-program
{zi}720 € U{P(v,2): 2€D(v)}

such that
p(xT—hx;() <€ t=0,...,7.

Recall that U{P(7, 2) : z € D(v)} is the set of all (v, £2)-overtaking optimal
programs {z} }$2, such that xj is the point of maximum of the function 7°.

In Sect. 2.14 we prove the following result which describes the structure of
approximate solutions of the problems of the type (P3) in the regions close to
the endpoints.
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Theorem 2.33. Suppose that v € M(£2) is an upper semicontinuous func-
tion, T, € X, 7, > 0, ¢, > 0 and that assumptions (A1), (A2), and (A3) hold.
Let 19 > 1 be an integer and € > 0. Then there exist 6 > 0 and an integer
To > 7o such that for each integer T > Ty, each {u}i—g' C M(R2) satisfying

lug —v|| <8, t=0...,T -1

and each (£2)-program {x,}]_, which satisfies

T

|
—

w (e, wep1) > o({ut 50, 0,T) = 6
t

I
=)

there exist an (§2)-program

{vi }iZo € U{P(v,2) : 2 €D(v)}
and an (£2)-program

{z{ 120 € U{P(v,2) : 2 € D(v)}
such that for all integers t =0, ..., 79,

ploro ) < 6 plonyl) <
The next result is proved in Sect. 2.15.

Proposition 2.34. Suppose that v € M(S2) is an upper semicontinuous func-

tion, T, € X, 7, > 0, ¢, > 0 and that assumptions (A1), (A2), and (A3) hold.

Let 19 > 1 be an integer and € > 0. Then there exist 6 > 0 and an integer

To > 70 such that for each u € Bq(v,0) M. (£2) the following properties hold:
for each {x}52, € U{P(u,2) : z € D(u)} there exists

{vi}iZ0 € U{P(v,2) 1 2 € D(v)}

such that p(z¢,y:) < € for all integers t =0,...,7o;
for each {x,}52, € U{P(4,2): z € D(a)} there exists

{ve}iZo € W{P(v,2) : z € D(v)}
such that p(z¢,y:) < € for all integers t =0,...,79.

We have already mentioned that the mapping v — o, v € M({£2) is a linear
isometry which has the inverse. It is not difficult to see that

v € Mo(£2) for all v € My(£2),

S Mgo(Q) for all v € Mc’o(Q),

€ M, (02) for all v € M,(12),
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D€ M. (R2) for all v € M.(2),
v € Mo(92) if and only if v € Mg (£2),
v € M, o(92) if and only if v € M, o(£2).

The next theorem which is proved in Sect. 2.16 shows that for most objec-
tive functions v (in the sense of the Baire category) the sets U{P(v,z): z €
D(v)} and U{P(v,z) : z € D(v)} are singletons. In this case approximate
solutions of the problems of the types (P2) and (P3) in the regions close to
the endpoints have a simple structure.

Theorem 2.35. Let M be either Mo(§2) or M o(82). Then there ezists a set
F CMN M. (82) which is a countable intersection of open everywhere dense
subsets of M such that for each v € F there exists a unique pair of points
z,Z € X such that

7(2) = sup(n"), 7°() = sup(r”)

and there exist a unique (v, 2)-overtaking optimal program {z;}72, satisfying
zo = z and a unique (U, {2)-overtaking optimal program {Z:}32, satisfying
Z() = Z.

The results of this section were obtained in [86].

2.9 Proof of Theorems 2.15 and 2.16

We prove Theorems 2.15 and 2.16 simultaneously. In the case of Theo-
rem 2.16 set Ly = 1. By Theorem 2.3, there exist an integer L > 1 and
0 € (0,min{e, 7, /2}) such that for the following property holds:

(i) for each integer T' > 2L and each (£2)-program {z;}._, which satisfies

o € YLO, T € YLO,

T-1
Zv Ty, Tpr1) > o(v, Tz, x7) — O
t=0

there exist integers 7, € [0, L], 72 € [T — L,T] such that p(z:,Z,) <€, t =
T1,...,To; moreover, if p(xg,Z,) < §, then 7 = 0 and if p(xr,Z,) < §, then
Tg = T.

Assume that {z;}{2, is an (v, 2)-overtaking optimal program such that

T € YLU- (2128)

This implies that it is (v, £2)-good and in view of (A3), lim; o 2+ = T,,. Then
for all sufficiently large natural numbers T, p(z7,Z,) < 0 and 1 € Yi,.
Since the program {z;}$2, is (v, §2)-overtaking optimal it follows from the
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inclusion above, (2.128) and the property (i) that for all sufficiently large
natural numbers T, p(z¢,Z,) <€, t =L,...,T and if p(zg,Z,) < J, then

plxe, Ty) <€, t=0,....T

This completes the proof of Theorems 2.15 and 2.16. 0O

2.10 Proof of Proposition 2.25

By Assertion 1 of Theorem 2.5 and (A2) there exists a natural number L,
such that for each integer T > L, and each (£2)-program {z;}1_, satisfying

T-1
[v(zy, xe41) — V(Ty, Ty)] > —2 + sup(n?) (2.129)
t=0
we have
Card({t € {0,...,T}: p(xs,Ty) > 7y/8}) < Ly. (2.130)
Assume that
ze X, (2.131)

By (2.119), (2.131), and Proposition 2.24, there exists a (v, {2)-overtaking
optimal program {z;}{°, such

o =1,

T-1
sup(n?) — 1 < w%(z) = Th_>Héo (v(xt, Try1) — V(T Toy)).
=0

There exists a natural number Ty such that for all integers T > Ty,

T-1
(v(zt, Te41) — V(Ty, Ty)) = sup(n?) — 2.
t=0
Thus
To+Ly
S (@0 zi01) — v(F0 7)) = sup(r?) — 2.
t=0

By the inequality above and the choice of L, (see (2.129) and (2.130)),
Card({t € {0,...,To+ Ly, + 1} : p(z4,Ty) > T0/8}) < Ly.

Thus there exists an integer 7 € [0, L, — 1] such that p(z,,7,) < 7,/8. This
implies that xg € Y-41 C Y, . Proposition 2.25 is proved. 0O
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2.11 Proofs of Propositions 2.26, 2.27, and 2.31

Proof of Proposition 2.26. Assume that {z(V1%°, c X, 2 € X and
lim @ =g,
1—> 00

We show that

() > limsup 7° (V).
i—00

We may assume without loss of generality that

— o0 < limsup7®(z¥) = lim 7% (z¥), (2.132)
i—00 100
7¥(2)) > —oo for all integers i > 1. (2.133)

By (2.133), Theorem 2.13, and Proposition 2.24, for each integer i > 1, there
exists a (v, £2)-overtaking optimal program {mgz)}fio such

xéi) =g
4 T-1 o
7(z®) = Th_r}l'éo (v(:cgl), $§21) = 0(Zy, Ty))- (2.134)
=0

Extracting a subsequence and re-indexing, if necessary, we may assume with-
out loss of generality that for each integer ¢t > 0 there exists

2 = lim (", (2.135)

In view of (2.135), {z:}2, is an (§2)-program.
Let € > 0. By Propositions 2.22 and 2.23, there exists ¢ € (0, min{e, 7,,/4})
such that for each x € X satisfying p(x,Z,) < 4,

| (x)] < €/2. (2.136)

It follows from (2.132), (2.134), and (A2) that for all sufficiently large natural
numbers ¢ there exists an integer .S; > 1 such that for all integers T' > S,

T

|
—

(@, z{))) = To(z,,2,) + lim ")) - 4

Jj—oo

~+
i
(=}

>o(v,T) — ¢ + lim 7¥(z9)) — 4.

J—00

Together with Assertion 1 of Theorem 2.5 this implies the existence of a
natural number L; such that for all sufficiently large natural numbers ¢,

min{p(:ﬁgi),fv) 2 t=0,...,L; —1} <.
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This implies that for all sufficiently large natural numbers ¢,

2 ey, (2.137)
Since {a:gi)}fio, i=1,2,... are (v, £2)-overtaking optimal programs it follows
from (2.137) and Theorem 2.15 that there exists a natural number Ly such
that for all sufficiently large natural numbers i,

p(xgz), v) < 0 for all integers ¢ > Lo. (2.138)

We may assume without loss of generality that (2.138) holds for all integers
i > 1. Let T > Loy be an integer. By Corollary 2.21, (2.138), and the choice of
0 (see (2.136)), for all integers ¢ > 1,

T—1
3w, 2))) — (@, 7)) = 7°(@f)) — 70 (@)) > 70 () — /2.
t=0

In view of the relation above and the upper semicontinuity of v, for all integers
T Z L27

T-1 T-1
v(zy, xe41) — V(Ty, Tp)) > limsup Z v(xy @ x,ﬁﬂl) — (T, Ty))
t:O =00 420

> lim sup W”(xg)) —€/2.

1—00

By (2.134), (2.135), and the relation above,

) > limsup Z V(g Tig1) — V(To, Tp)) > limsup ¥ (zP) — €/2.

T—oo i—00
Since € is any positive number we conclude that 7% (x) > limsup,_, . 7°(z(®).
Proposition 2.26 is proved. O
Proof of Proposition 2.27. In view of (A3),

tll)n(;lo Ty = Ty, (2.139)

By Theorem 2.13 there exists an (v, 2)-overtaking optimal program {y;}5°,
such that

Yo = o. (2.140)

Proposition 2.24 and (2.140) imply that

T-1

T (wo) = Am Z(v(yt, Yit1) — 0(Tw, Ty)). (2.141)
=0
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On the other hand it follows from (2.139) and Propositions 2.22 and 2.23 that
for any integer T' > 1,

T-1
Z(v(xt, Zpg1) —V(Ty, Ty)) = 70 (x0) —7 (1) = 70(x0) a8 T — 0. (2.142)
t=0

By (2.141) and (2.142),

T-1

lim > (v(@g, @i11) = 0(ye, vr)) = 0.

T—o00
t=0
This implies that {z;}$2, is an (v, £2)-overtaking optimal program. Proposi-
tion 2.27 is proved. 0O

Proof of Proposition 2.31. It is clear that the function v is upper semicontin-
uous and continuous at the point (Z,,Z,) and that (2.126) and (2.127) hold.
Let {x;}2, be a (v, £2)-good program. Then there exists a number M; > 0
such that for each pair of integers T5 > 11 > 0,

To—1

| Z (X, ry1) — V(T To))| < Mj. (2.143)
t=T,

In order to complete the proof of the proposition it is sufficient to show that

lim zy = Zy,.
t—o0
Let € > 0. By Lemma 2.9 and Proposition 2.30, there exists 6 € (0,7,) such
that the following property holds:
(ii) for each natural number 7' and each (§2)-program {z;}~_, which sat-
isfies p(z0, Tv), p(zT,Ty) < 9,

Z Zt,Zt+1 > 0’(777207ZT7T) -4
t=0

the inequality p(z¢,T,) < € holds for all integers t = 0, .

By Lemma 2.8 and Proposition 2.30, there exists an mteger Ty > 1 such
that the following property holds:

(iii) for each (£2)-program {z;}1°, which satisfies

To—1
Z E(Ztv Zt+1) Z Tol_j(jvvi'v) - Ml
t=0

we have
min{p(z¢,Zy) : t=0,...,Tp} < 4.
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Since {z;}2, is a (1, £2)-good program there exists a natural number 7
such that for each pair of integers 1o > T > 7y,

To—1

Z V(xt, xpy1) > 0(U, 2y, 2y, To — T1) — 4. (2.144)
t=T1

It follows from the choice of M; (see (2.143)) and the property (iii) that
there exists a strictly increasing sequence of natural numbers {Sj}?°; such
that S1 > 79 and p(zs,,Z,) < d for all integers k > 1. By the relations
above, (2.144) and the property (ii), for every natural number k, p(z, Z,) < ¢,
t = Sk,...,Sc+1. Therefore p(z;,z,) < € for all integers ¢ > S; and
lim; o ¢ = &,. Proposition 2.31 is proved. O

2.12 A Basic Lemma for Theorem 2.32

Lemma 2.36. Suppose that v € M(£2) is an upper semicontinuous function,
Ty € X, Ty >0, & >0 and that assumptions (A1), (A2), and (A3) hold. Let
To > 1 be an integer and € € (0,1). Then there exists § € (0,€) such that for
each (2)-program {x;}[2, which satisfies

7w’ (xg) > sup(w?) — 6, (2.145)
To—1
Z (v(xt, Tpy1) — V( Ty, T)) — 77 (20) + 7 (2T) > —0 (2.146)
t=0

there exists an (§2)-program
{2120 € U{P(v,2) : 2 € D(v)} (2.147)

such that
plze, ) <€ t=0,...,Tp. (2.148)

Proof. Assume that the lemma does not hold. Then there exist a sequence
{0k}72, C (0,1] and a sequence of (§2)-programs {x§’“>}tT;0, k=1,2,... such
that
lim &), = 0 (2.149)
k— o0
and that for each integer k& > 1 and each (£2)-program {z:}{2, satisfy-
ing (2.147),

7z > sup(n?) — &, (2.150)
To—1
S i, 2) —v(@,,7,)) — 7)) + 7 (@) > 6 (2.151)
t=0
we have

max{p(z, ") t=0,..., Ty} >e. (2.152)
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In view of (2.150) and (2.151), for each integer k > 1, w”(xék)) and 7 (:c(qu))
are finite. Extracting a subsequence and re-indexing, if necessary, we may
assume without loss of generality that for each integer ¢ € [0, Tp] there exists

¢y = lim xgk). (2.153)

k—>oc

Proposition 2.26, (2.150), and (2.153) imply that

sup(n”) > 7¥(zo) > limsup 7TU($(()k)) > sup(7’). (2.154)

k—o0

By upper semicontinuity of v and 7V (see Proposition 2.26), (2.149)—(2.151),
(2.153), and (2.154),

To—1

Y W, wep) = v(&0, 20)) — 7°(w0) + 7 (27

Z lim sup Z (k) Igi)l - U(fq),jv)) -7’ (xg)k)) +m (I%)))

> limsup(—dg) = 0.

k—o0
Thus
To—1
> W, weg1) = 0(&0, T0) — 7 (w0) + 7 (27,) > 0. (2.155)
t=0

In view of (2.154) and (2.155), 7" (x, ) is finite. Together with Proposition 2.19
and (2.155) this implies that for all integers ¢t =0,...,Ty — 1,

(X, py1) — V(T Toy) = 70 (x4) — T (X4 41). (2.156)

Since 7¥(xr,) is finite Theorem 2.13 implies that there is a (v, £2)-overtaking
optimal and (v, £2)-good program {Z;}22, satisfying

io = a1y, (2.157)

For all integers t > T} set

T = Fym,. (2.158)
It is clear that {x:}$2, is an (§2)-program. Since {Z;}2, is (v, 2)-overtaking
optimal program Corollary 2.21 and (2.158) imply that (2.156) holds for all
integers t > 0. Since {Z:}2, is (v, £2)-good program it follows from (2.156),
(2.158), and Proposition 2.27 that {x:}:2, is (v, £2)-overtaking optimal pro-
gram. In view of (2.120) and (2.154), z¢ € D(v) and

{2:}520 € U{P(v,2): z€D(v)}.

In view of (2.153), for all sufficiently large natural numbers k, p(z, xgk)) < e/4,
t=0,...,To. This contradicts (2.147) and (2.152). The contradiction we have
reached proves Lemma 2.36. O
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2.13 Proof of Theorem 2.32

We may assume that 7, € (0,1). Recall that
{(z,y) € X x X 1 p(x,20), p(y,Ty) <7y} C 12, (2.159)

By Lemma 2.36 applied to the function @ there exists d; € (0, min{e, 7, /2})
such that the following property holds:

Pi) for each (£2)-program {y;}7%, which satisfies
t=0

7% (yo) > sup(n?) — 61, (2.160)
Z_: (0(ye, Ye41) — 0(To, &) — 7 (yo) + 77 (yr) = —61 (2.161)
t=0

there exists an (§2)-program
{z1}20 € U{P(1,2): 2€D(D)} (2.162)
such that
p(ze,y) <€, t=0,...,7. (2.163)
By Propositions 2.22 and 2.23 and (A2), there exists d5 € (0,d1) such that for
each z € X satisfying p(z,Z,) < 262,
7" (2)] = |7"(2) — 7" (20)| < 01/8 (2.164)
and for each (z,y) € X x X satistying p(x, Z,) < 242, p(y, Tp) < 202,
v(z,y) — 0(Zy, To)| < 61/8. (2.165)

By Theorem 2.4, there exist an integer L > 1 and a number d§3 > 0 such
that the following property holds:

(Pii) for each integer T > 2L, each {u;}1—' C M(£2) satistying ||Ju; —v| <
83, t=0...,T — 1 and each (£2)-program {z;}1_, which satisfies

T-1
20 € YLO? Z Ut(zt; Zt+1) Z 0({“1&}?:_013 Oa T; ZO) - 53
t=0

we have p(z¢,Zy) < 02, t=1L,..., T — L.
By Proposition 2.25, (2.119), (2.120), and Theorem 2.15 applied to the

function v there exists a natural number 7 such that for each ({2)-program
{z:e}i20 € U{P(v,2) : 2€ D(v)} (2.166)

we have
p(zt,T,) < 02 for all integers t > 71. (2.167)
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Choose a positive number § and an integer Ty such that
§ < (16(L + 71 + 70 + 6)) "' min{dy, 02, d3}, (2.168)
To > 2L + 279 + 211 + 4. (2.169)
Assume that an integer T > Ty, {us}1—," C M(£2) satisfies
lug —v|| <6, t=0...,T—1 (2.170)

and {z;}]_, is an (£2)-program which satisfies

T-1

T € Y1, Z up (e, we41) > o({us} =g, 0, T, g) — 0. (2.171)
t=0

y (2.168)—(2.171) and the property (Pii),
p(z4,@y) < 02, t=L,...,T — L. (2.172)
In view of (2.169),
T—L-m—-m—4T—L-m—mn]C[L,T—L—1—n (2173
Relations (2.172) and (2.173) imply that
plas,Ty) <o, t€e{T—L—10—11 —4,T—L—719— 71} (2.174)

Fix an (£2)-program {z;}$°, satisfying (2.166). Then (2.167) is true. Define a
sequence {7}, by

Gp=a4, t=0,....,T—L—19—1 — 4,

Gi=2p g t=T—L—19—71—3,...,T. (2.175)
In view of (2.167) and (2.175),

P(ET—L—rg—m1~3,Tv) = P(ZLtr+71+3, T) < O2. (2.176)

By (2.159) and (2.174)—(2.176), {#;}1_, is an (£2)-program. It follows from
(2.170), (2.171), and (2.175) that
T—
Z up (T, Te1) — ue(Te, Tog1))
t=0
T-1

= > (e (e, Trg1) = ue (e, Tig1))
t:T—L—To—Tl —4

T-1 T-1
Z Z ’U(it,’f't_i_l)f Z U(I‘t,$t+1)725(L+T0+T1+4).
t=T—L—7o—T1—4 t=T—L—7o—711—4
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Together with (2.175) this implies that

T-1 T-1
Z (X, Tpy1) > Z (T, Tpy1) —20(L+ 70+ 71 +5)
t=T—L—719—71—4 t=T—L—719—71—4
L+7o+71+2
= V(X7 L—7o—71—4, L4704 +3) T Z 0(2t, ze41) — 20(L+ 70 + 71 +5).
t=0

(2.177)
By (2.165), (2.167), and (2.174),

|O(2L 4 ro+71+3) TT—L—ro—11~4) — V(ZLtrot71+3 2Lt ro+mi+4)| < 01/4.

Together with (2.177) this implies that

T-—1 L4+71o+714+3
Z v(Ty, 1) > Z (2, 2041) — 01 /4 —20(L+ 710+ 71 +5).
t=T—L—19—11—4 t=0
(2.178)
Set
Yy =x7_¢, t=0,..., L+ 79+ 711 + 4. (2.179)
It follows from (2.125), (2.168), (2.178), and (2.179) that
L+7o+71+3 L+7o+71+3
S yewa) =Y 0z zg) — 01 /4—61/8. (2.180)
t=0 t=0

By (2.166), (2.174), (2.179), (2.180), Proposition 2.19, and Corollary 2.21,

7—071
7 (y0) — sup(r”) + 3 (0(9e, yes1) — 0(20, 2,)) — 77 (o) + 77 (yr,)
t=0
> 7% (yo) — 7" (20)
L+7o+71+3 B B
N @) — 00, 20)) — 7 (40) + 1 (Yipryrra)
t=0
B B L+7o+71+3
>7%(yo) =7 (20) + Y (02 241) — B(E, B))
t=0

—7"(Yo) + 7 (YLtrotri+4) — 361/8
> 7 (yo) =7 (20) + 77 (20) = 7 (2L4mo 4 48) =T (Y0) =T (YLtro 1 +4) —301/8
= 1" (Yrsm+mi+1) =T (ZLtrybr43) — 301/8. (2.181)
By (2.164) and (2.167),

T (2Lt ro+7i43) < 01/8. (2.182)
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In view of (2.164), (2.179), and (2.174),

|7Tﬁ(yL+To+7'1+4)| = |7T6(xT—L—To—T1—4)| < 51/8 (2183)
It follows from (2.181) to (2.183),

‘f'o—l

7 (yo) = sup(m?) + Y (0(ys, ye41) = 0(T0, ) = 7 (y0) + 7" (yry) = —61.
t=0

Together with (2.174), (2.179), and Proposition 2.19 this implies that

7% (yo) — sup(m?) > —dy, (2.184)
To—1
Z 0y, Yr41) — 0(To, T)) — 7 (y0) + 7 (yry) = —61. (2.185)
t=0

By (2.184), (2.185), and the property (Pi), there exists
{6320 € U{P(v,2) : 2 € D(v)}

such that p(&,x7r—¢) = p(&,y:) <€ t =0,...,7. Theorem 2.32 is proved.
O

2.14 Proof of Theorem 2.33

Theorem 2.32 and Assertion 1 of Theorem 2.5 imply the following result.

Proposition 2.37. Suppose that v € M(S2) is an upper semicontinuous func-
tion, T, € X, Ty > 0, &, > 0 and that assumptions (A1), (A2), and (A3) hold.
Let 19 > 1 be an integer and € > 0. Then there exist § > 0 and an integer
To > 7o such that for each integer T > Ty, each {u}{—y" € M(£2) satisfying
lug —v|| <3, t=0...,T — 1 and each (£2)-program {z;}L_, which satisfies

T

|
—

w (e, weq1) > o({u 50, 0,T) = 6
t

I
=)

there exists an (2)-program {x;}3°, € U{P(v,2) : z € D(v)} such that for
all integers t = 0,...,70, p(xr_t,z7) < €.

Since the mapping v — ¥, v € M(£2) is an isometry Theorem 2.33 follows
from Propositions 2.30, 2.31, and 2.37.
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2.15 Proof of Proposition 2.34

Since the mapping v — 0, v € M({2) is an isometry Proposition 2.34 follows
from Propositions 2.30, 2.31 and the following result.

Proposition 2.38. Suppose that v € M,(£2), 10 > 1 is an integer and € > 0.
Then there exist & > 0 and an integer Ty > 19 such that for each u € Bg(v,d)N
M. (2) and each {x:}72y € U{P(4,2): z € D(a)} there exists

{vi}iZo € U{P(v,2) : 2 € D(0)}
such that p(xy,y) < € for all integers t =0,..., 7
Proof. By (A2), for each u € My(£2) and each integer T' > 1,
oy T, Ty, Ty) = TU( Ty, Ty). (2.186)

Together with Assertion 1 of Theorem 2.5 this implies that there exists dy €
(0, €) such that for each u € By(v,d9) N Mg (£2),

P(ZTu, Ty) < T /4. (2.187)

By Theorem 2.32, there exist § € (0,00) and a natural number Ty > 79 such
that the following property holds:

(Piii) for each integer T > Ty, each u € M(§2) satistying ||ju —v|| < ¢ and
each (£2)-program {z;}7_, which satisfies

p(z0, Ty) < 7o/ Z u(zt, ze41) > o(u, T, 20) — 6

t=0
there exists an ({2)-program
{z7}20 € UW{P(7,2): z € D)} (2.188)
such that
plzr—t,xi) <e t=0,...,7. (2.189)
Assume that
u € M. (02), |lu—v| <9, (2.190)
{4} € U{P(4,2): z€D(@)}. (2.191)
In view of (2.190),
tlim Ty = Ty (2.192)

By (2.192), there exists an integer Sy > Tp such that

p(xsy, Tu) < Ty /4. (2.193)
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By (2.190) and the choice of d1, (2.187) holds. In view of (2.187) and (2.193),

p(2sy,Tv) < Ty /2. (2.194)
Set
Zt = TSy—t; t:O,...7SO. (2195)
By (2.194) and (2.195),
P20, Ty) < Ty /2. (2.196)

It is clear that {z;}7°, is an (£2)-program. We show that

So—1

Z u(zt, 2e41) = o(u, So, 20)- (2.197)

t=0
Let {y;}:°, be an (£2)-program satisfying

In order to prove (2.197) it is sufficient to show that

So—1 So—1
Z u(zt, 2041) > Z (e, Yet1)-
t=0 t=0

It follows from (2.195) that

So—1 So—1
> ulznzg) = Y WEs,—1—1,T50—1)- (2.199)
t=0 t=0
Set
?jt = YSy—t; t:07...,So. (2200)

In view of (2.200),

So—1 So—1
D u(eyien) = wlGe Gen)- (2.201)
t=0 t=0

By (2.190), (2.191), (2.193), (2.196), (2.198), (2.199), (2.201), and Corol-
lary 2.21,

So—1 So—1 So—1 So—1

Z u(2t, 2e41) — Z w(ye, yey1) = Z (e, Teq1) — Z (Yt Ye+1)
=0 t=0 =0 =0

So—1
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So—1

fz (G, Pra1) — W(Tus Zu) — 7 (F) + 7 (Feg1)] = 7 (Fo) + 7" (¥is,)

So—1

= 7"(20) — 7" (o) — Z [@(Fe, Ge+1) — (T, Tu) = 7 () + 7" (1))
t=0
> n%(x0) — 7" (o) > 0.
Thus (2 197) holds. By (2.190), (2.195)—(2.197), and the property (Pii) applied

to {2:}5°, there exists an (£2)-program {z}}22, satisfying (2.188) such that
forallt=0,...,7,

€2 p<Z507t7 !E:) = p(x;kv xt)'
Proposition 2.38 is proved. 0O

2.16 Proof of Theorem 2.35

In the sequel we use the following auxiliary results.

Proposition 2.39. Let v € M., (£2), {z:}52, be a (v, 2)-overtaking optimal
and (v, §2)-good program and to > t1 be nonnegative integers such that x;, =
ty- Then x, = Z, for all integerst =t1,...,ta.

Proof. By Corollary 2.21, for all integers ¢ > 0,
’U(I’t, IL't+1) — U(va, fv) = Wv(lft) — 7" (It+1). (2202)

We may assume without loss of generality that ¢; = 0. There exists a sequence
{Z:}22, such that

i‘t = T¢, t= O,...,tg, jt—&-tg = i‘t, t= 0,1,.... (2203)
In view of (2.202) and (2.203), for all integers t > 0,
’U(i’t,fiH,l) — U(ffv, "fv) = Wv(ft) - ’/T’U(it+1). (2204)

Together with (2.203) this implies that {Z;}52, is a (v, £2)-good program. By
(A3), lim;, 00 ¥+ = Z,,. Combined with (2.203) this implies that z; = Z, for
all integers t =0, ..., t5. Proposition 2.39 is proved. O

The next result follows from Theorem 2.16.

Proposition 2.40. Let v € M, (82), {z:}52, be a (v, 2)-overtaking optimal
program such that xo = T,,. Then x; = T, for all integers t > 0.

For any (z,y) € X x X and any nonempty set D C X x X put
p((z,y), D) = inf{p(z,21) + ply, 22) : (21,22) € D}.

Since the mapping v — ¥, v € M(£2) is an isometry Theorem 2.35 follows
from Propositions 2.30, 2.31 and the following result.
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Proposition 2.41. Let M be either Mo(£2) or M.o(£2). Then there exists
a set F C MN M., (2) which is a countable intersection of open everywhere
dense subsets of M such that for each v € F there exists a unique point z, € X
such that 7 (z,) = sup(n¥) and there exists a unique (v, §2)-overtaking optimal
program {z} }$2, satisfying z{ = z,.

Proof. By Theorem 2.6, there exists a set Fy C 9 N M, (£2) which is a
countable intersection of open everywhere dense subsets of 91. Denote by
E the set of all v € M N M. (£2) for which the following property holds:

(Piv) there exists a unique point z, € X such that 7¥(z,) = sup(7?) and
there exists a unique (v, £2)-overtaking optimal program {z}}:°, satisfying
zZ5 = Zy-

We show that F is an everywhere dense subset of 9. Let v € MN M., (2).
It is sufficient to show that for any neighborhood U of v in M, U N E # (.
There are two cases:

7w (Zy) = sup(n?); (2.205)

7w (Zy) < sup(m?); (2.206)
Assume that (2.205) holds. Let v € (0, 1). Define

vy (2, y) = v(x,y) — Y(p(2, T0) + p(Y, T0)), (T,y) € 2. (2.207)
It is not difficult to see that
vy € MN Mo(£2) with Z,,, = T,. (2.208)

By (2.207), any (v, £2)-good program {z;}$2 is (v, £2)-good and limy_, o ; =
T,. Thus

vy € M. (). (2.209)
It follows from (2.207) to (2.209) and Proposition 2.22 that

Uy (To, To) = V(To, Tw), T (y) < 7(y), y € X, 7 (Ty) =7 (&) =0

(2.210)
Assume that z € X satisfies
77 (2) = sup(7*) (2.211)
and that {z,}92, is a (vy, £2)-overtaking optimal program satisfying
20 = 2. (2.212)

By (2.205), (2.207)—(2.212), and Proposition 2.24,

T-1
0=n""(z) = lim Z[UW(Zt,ZtJ,_l) — Uy (T, Ty

T—o0
t=0
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T-1 T-1
= lim [Y vzt 2e01) = T(@0, 70) =7 D (p(21:20) + pl2t41, T0))]
T— o0
t=0 t=0
T—1 fe'e)
< lim sup Z('U(Zt,Zt.lrl) —0(Zy, Ty)) fyz (zt, Ty) + p(2t41, Tv))
T—oo 4 t=0
(o] o0
<sup(r”) =7 > (P20, o) + P21, 80)) = =7 > (p(20, ) + p(2041, 0))-
t=0 t=0

This implies that z; = ,, for all integers ¢t > 0 and v, € E.
Assume that (2.206) holds. There exist z, € X such that

77(24) = sup(m”) (2.213)

and a (v, 2)-overtaking optimal program {z;}$2, such that

ZO = Zx.
Proposition 2.24 implies that
T—1
w0 (24) = Tlim (2, 2711) — 0(To, To)]- (2.214)
—00
t=0
In view of (A3),
lim 2z} = Z,. (2.215)
t—o0

It follows from (2.206), (2.213), (2.215), and Proposition 2.23 that
w0 (zf) < 7¥(25) for all large enough integers ¢ > 1. (2.216)

By (2.216), there exists an integer 7o > 0 such that 7V(z} ) = 7”(z*) and
that 7¥(z;) < w(z*) for all integers t > 79. We may assume without loss of
generality 79 = 0. Thus

w0 (z5) = sup(n?), 7w¥(z;) < w(z;) for all integers ¢ > 1. (2.217)
Let v € (0,1). For all (z,y) € {2 define

’U"/(x7y) = U(xvy) - ’Yp((xv y)7 ({(2:7 Z:-i-l) 1 t=0,1,... } U {(ivajv)}))
(2.218)
In follows from (2.218) that
vy €9MN Mo (82), U'y(fvajv) = v(Zy, Ty),

any (v, 2)-good program is (v, 2)-good and converges to Z,. Thus

vy € M (), By, = Zy. (2.219)
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By (2.213), (2.214), (2.218), (2.219), and the equality 2 = 2.,
7 (y) < 7(y), y € X, 7 (2x) = 7 (24)- (2.220)
In view of (2.219), for all integers T' > 1,
0(Vy, T, Ty, Ty) = TU(Tyy, Ty). (2.221)

Proposition 2.22 and (2.219) imply that

71 () = 0. (2.222)
Set
K={(2,2/11): t=0,1,... }U{(Zy,Zy)} (2.223)
Assume that y € X satisfies
777 (y) = sup(7*) (2.224)

and that {y:}72, is a (vy, £2)-overtaking optimal program satisfying
Yo =y. (2.225)

By (2.213), (2.218)—(2.220), (2.223)—(2.225), Proposition 2.24 and the inclu-
sion {y:};29 € P(vy,9),

T-1

(2s) = 7 (24) =T (y) = Tlggo Z[Uv(yuyt—s—l) — Uy (T, To))]
t=0
T-1
= Th_I)I(l)Q[Z(U(yt, yt+1) — U(-i"uy-i"u) - ’Y/)((yt7yt+1)7K))]

<7 (y) =7 > o yern), K).
t=0

Together with (2.221) this implies that
' (y) = (=), (2:226)

(yt,yt+1) € K for all integers t > 0. (2.227)
In view of (2.206), (2.214), (2.217), (2.223), (2.225)—(2.227), and the equality

25 = Zx,
Y=Yo = Zx- (2.228)

We show by induction that y; = 2} for all integers ¢ > 0. There are two cases:
z{ # T, for all integers t > 0; (2.229)

To€{z: t=0,1,...}. (2.230)
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Assume that (2.229) holds. By Proposition 2.39, (2.213), (2.214), and (2.229),
2z, # z, for all integers to > t; > 0. (2.231)

Assume that T > 0 is an integer and that
yy=z,t=0,...,T. (2.232)

(Note that in view of (2.228) and the equality z§ = z. our assumption holds
for T = 0.) By (2.223), (2.227), (2.229), (2.231), (2.232),

(Z;“vyTJrl) = (?JT,:UTH) EK = {(ZZ’Z:JA) t=0,1,... } U {(i'vajv)}

and yry1 = 27, ;. Thus y; = 2{ for all integers ¢ > 0.
Assume that (2.230) holds. By (2.206), (2.213), and the equality 2z = z.,
there is a natural number S such that

2§ = &y, 2z} # T, for all integers ¢ € [0, S). (2.233)
Propositions 2.39 and 2.40 imply that,
z; =T, for all integers t > S, (2.234)

z;, # zf, for all integers t1,t5 € [0, S] such that t; < t,. (2.235)
Assume that T > 0 is an integer and that

yr =2z, t=0,...,T. (2.236)

(Note that in view of (2.228), our assumption holds for T'=0.) If T' < S, then
by (2.223), (2.227), (2.233)~(2.236),

(21 y7r+1) = (W, yr+1) € {20, 2041)  t=0,1,... }U{(Z0, )}

and ypi1 = 25, f T > S, then by (2.223), (2.227), (2.232), (2.233), (2.234),

(j’vvyT+1) = (yT7yT+1) € {(2:7 Z;k+1) = 07 17 B } U {(-i"mjv)}

and ypy1 = T, = Z}H. Thus y; = z; for all integers ¢ > 0 in both the cases
(see (2.229), (2.230)). This implies that v, € E. Therefore the inclusion above
holds in both the cases (see (2.205), (2.206)). Since v, — v as v — 07 in M
we conclude that for any neighborhood U of v in MM, U N E # @. Thus E is an
everywhere dense subset of 9.

By definition, for every v € E, there exists a unique (v, 2)-overtaking
optimal program {z}}7°, satisfying 7¥(2{) = sup(n¥). Let v € E and k > 1
be an integer. By Proposition 2.34, there exist an open neighborhood U (v, k)
of v in M and an integer T'(v, k) > k such that the following property holds:

(Pv) for each u € U(v, k) N M,(£2) and each {z:}°, € U{P(u,2) : z €
D(u)} we have p(zy,2¢) < k™1, t=0,...,k.
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Set
Fir=02,U{UU(v,k): veE, k>p}, F=FNFo. (2.237)

Clearly, F is a countable intersection of open everywhere dense subsets of 90t
and F C Fo C M. (£2).

Let u € F, p > 1 be an integer and {xgi)},?io, i =1,2 be (u, £2)-overtaking
optimal programs such that

W”(mgi)) =sup(n’), i =1,2. (2.238)
By (2.237), there exist v, € E and an integer k, > p such that
u € Ulvy, k). (2.239)

In view of (2.239) and (Pv), (:c,E )7zt )<kt <pt=0,...,pi=12

This implies that p(xgl) x§2)) < 2p~', t =0,...,p. Since p is any natural

1 _

number we conclude that x; x§2) for all integers ¢ > 0. Proposition 2.41

is proved. O

2.17 Structure of Solutions of the Problem (P1)

Suppose that v € M, (§2), T, € X, 7, > 0, ¢, > 0 and that assumptions (A1),
(A2), and (A3) hold.

We prove the following result obtained in [86] which describes the structure
of approximate solutions of the problems of the type (P1) in the regions close
to the right and the left endpoints.

Theorem 2.42. Let Ly > 1, 19 > 1 be integers, € > 0, x € YLO andy € Yz, .
Then there exist § € (0,€) and an integer Ty > 19 such that for each integer
T > Ty, each {us}i=g' € M() satisfying ||uz —v|| <6, t=0...,T —1 and
each (2)-program {x;}L_, which satisfies

T-1

vo =, xr =y, Y w(we, x41) > o({w} 0, T, 20, x7) — &
=0

overtakmg

there exist a (v, £2)-overtaking optimal program {y; }, and a (v, 2)-
t=0,....7,

optimal program {z:}$2, such that yo = x, zo =y and for all

p(re,ye) <€ p(rr—i,2) <€

Since the mapping v — ¥, v € M({2) is an isometry Theorem 2.42 follows
from Propositions 2.30, 2.31 and the following result.
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Theorem 2.43. Let Ly > 1, 79 > 1 be integers, € > 0 and x € Y. Then
there exist § € (0,€) and an integer Ty > 1o such that for each integer T > Ty,
each {u}-gt € M(R) satisfying ||ug —v|| < 6, t = 0...,T —1 and each
(£2)-program {z;}1_, which satisfies
T—1
vo =, 17 € Yo, O (s, z41) > o({ur}i—g', 0, T, 2, 27) — 6

t=0

there exists a (v, £2)-overtaking optimal program {y; }72, such that yo = x and
forallt=0,...,719, p(xs,y:) <e.

Theorems 2.43 and 2.4 imply the following result.

Theorem 2.44. Let Ly > 1, 19 > 1 be integers, € > 0 and x € Y. Then
there exist § € (0,€) and an integer Ty > 1o such that for each integer T > Ty,
each {uy—gt € M(9) satisfying ||us —v|| < 6, t = 0...,T —1 and each
(£2)-program {z¢}1_, which satisfies

S

To = X, up(wp, 2441) > o({ue}{ ", 0, T, x0) — &
t

I
o

there exists a (v, 2)-overtaking optimal program {y;}$2, such that yo = x and
forallt=0,...,79, p(xe,y:) <e.

2.18 Proof of Theorem 2.43

Assume that Theorem 2.43 does not hold. Then for each natural number k

there exist an integer
Ty, > 19+ K, (2240)

{uﬁk)}fﬁal C M(£2) satisfying
luf® —of| <k, t=0..., T — 1, (2.241)

an ({2)-program {xgk)}fio such that

o =2, ) e vy, (2.242)
Tk—l
k k k k — k k _
ST u @M, ) > o({uMy g0, T 2l o)) — kT (2.243)
t=0

and that for each (§2)-program

{w}iZo € P(v,2) (2.244)
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we have
max{p(@™ y): t=0... 70} >« (2.245)

Extracting a subsequence and re-indexing, if necessary, we may assume with-
out loss of generality that for any integer ¢ > 0 there exists

xy = lim xl(tk). (2.246)

k—o0

Clearly, {z:}$2, is an (£2)-program. We show that for each integer T' > 1,

T—1
g v(xg, xry1) = 0(v,0,T, 2o, xT).
t=0

Assume the contrary. Then there exist a natural number S and A > 0 such
that

Z v(xg, xry1) < 0(v,0,8, 0, x5) — TA.
t=0

Clearly, there exists an (£2)-program {#;}s_, such that

S—1 —
Fo =, g =15, »_ 0(t, Te11) Z v(iy, Fyq1) — BA. (2.247)
t=0 t=0

By (A1), there exists § € (0,7,/4) such that for each z,y € X satisfying
pla, To), py, To) <6,

[0(, ) — 0(F0, 50)| < A/2. (2.248)

In view of (2.240)—(2.243), the inclusion z € Yz, and Theorem 2.3, there exist
natural numbers ki > L; such that for each integer k > kq,

p(z¥) 3,) <6, t=1Ly,..., Ty — L. (2.249)
It follows from (2.246) and (2.249) that
p(xt, T,) < 6 for all integers t > L. (2.250)
Choose a natural number
ky > ki + S+ 2L, +8. (2.251)
Relations (2.240) and (2.251) imply that for each integer k > ko,

T —IL1>k—Ly >k +S+Li+38. (2252)
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By (2.241), (2.246), and the upper semicontinuity of v,

k1+S+L1+47 . k %) ki+S+L1+7 X ,
lim sup Z ug )(SUt ),xgﬂ) = limsup Z v(xg ),xEJr)l)
k—oo =0 k— o0 =0
k1+S+L1+7
< > vlmnae). (2.253)
t=0

For each integer k > ks set

2 =g, t=0,...,8 3" =a, t=5+1,... ki + S+ L1 +8,
(k) _ (k)
Thi+5+L1+9 = Tk +5+L1+9° (2.254)
In view of (2.247), (2.249), (2.250), (2.252), and (2.254), for each integer k >
ka, {@ﬁ’“)}f;#“l*g is an (£2)-program. By (2.242), (2.247), and (2.254), for
each integer k > ko,

~k) (k) (k) _ (k)
Ty =T=24 , Ty 510,49 = Loyt S4L, 49" (2.255)

By (2.253), there exists an integer k > ko such that

ki+S+Li+7 . . . ki+S+L1+7
Z ug )(33,(5 ), 3:§+)1) < Z v(xy, Ter1) + A, (2.256)
t=0 t=0
k™ (ky + S+ Ly +10) < A. (2.257)

Relations (2.241), (2.247)—(2.250), (2.254), (2.256), and (2.257) imply that

BRI o ST ) a) A
Z up (@, @4) — Z up (T, Ty )
t=0 t=0

k1+S+L1+7 k1+S+L1+7

k k k k) ~(k) ~(k
= > WwPe® ) - > WPE,El)
t=0 t=0

(k) (k) (k)

Ty 50,18 (T 454 Ly 480 Thy 541y 49)
(k) ~(k) ~(k)

~Upy 541,48 (T, 540,480 Thy 4541y +9)

k1+S+L1+7 ki+S+L1+7 . .
< D> v@nm)+A- Y v(@", 7))
t=0 t=0

+(ky + S+ Ly +8)k™ + 2k~

(k) (k) (k)
FO(Ch, s 54 Ly 48 Ty g 54 Lo 19) — V(TR +SHL1 48 Thy s 54 1, 40)
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S—1 S—1
SA+ Y (s aer) = Y 0(@ Feaa) + KR+ S+ Ly +10) + A
t=0 t=0

< —6A+2A+k (ki + S+ L1 +10) < =34, < -3k~ 1.

Together with (2.255) this contradicts (2.243). The contradiction we have
reached proves that for each integer T > 0,

Z v(xy, 1) = 0(v,0, T, z, z7). (2.258)
t=0

Let ¢ > 0. By (2.240)-(2.243), the inclusion = € Y7, and Theorem 2.3, there
exist natural numbers k(e) > L(e) such that for each integer k > k(e),
the inequality p(mgk),fv) < € holds for all t = L(e),..., T — L(e). To-
gether with (2.256) this implies that p(x:,Z,) < € for all integers t > L(e).
Since € is any positive number we conclude that lim; .. x; = Z,. Together
with (2.242), (2.246), (2.258), and Theorem 2.14 this implies that {x;}22, is
a (v, £2)-overtaking optimal program and {z:}2, € P(v,x). By (2.246), for
all sufficiently large natural numbers k, p(xy, xik)) <e/2forallt=0,..., Lo,
a contradiction. The contradiction we have reached proves Theorem 2.43. O
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