
2Fundamental Geostatistical Tools
for Data Integration

Geophysicists and other geoscientists are among
the potential readers of this book. The purpose of
this chapter is to summarize the basics of geo-
statistics, focusing on the set of methods used in
stochastic simulations (Chap. 3) and seismic
inversion (Chaps. 4 and 5). For those seeking
more detailed information on geostatistics, we
recommend Journel and Huijbreghts (1978),
David (1977), Isaaks and Srivastava (1989),
Goovaerts (1997) and Chilès and Delfiner
(1999). As for the broad range of applications of
geostatistics the following compilation of papers
of different international geostatistics congresses
are recommended: Verly et al. (1984), Armstrong
et al. (1989), Soares (1993), Baafi and Schofield
(1997), Kleingeld and Krige (2001), Leuangth-
ong and Deutsch (2004), Ortiz and Emery
(2008), Abrahamsen et al. (2012).

Geostatistics began playing a central role in
the modeling and characterization workflows of
hydrocarbon reservoir characterization in recent
years (Dubrule 2003). By definition, geostatistics
is a set of statistical tools that seek to describe the
spatial and/or temporal distribution of a given
property of interest, of which one only knows its
value at sparse and discrete locations (Goovaerts
1997). Despite its potential, the use of geosta-
tistical tools as part of the reservoir geo-modeling
workflow is still traditionally restricted to the
three-dimensional interpolation of the reservoirs’
internal properties of interest (e.g. porosity,
velocities) in between the sparse well locations.

The importance of geostatistical techniques
has grown considerably largely as a result of
their ability to integrate, within the same frame-
work—the reservoir grid—geophysical and
well-log data of a different nature and support.
For example, the integration of seismic reflection
data during the geo-modeling procedure allows
for more detailed, heterogenic and reliable
reservoir models when compared with those
based exclusively on well-log data. This is due to
the much higher spatial coverage the seismic data
provides compared with the well data (Doyen
2007). Among the most well-known geostatisti-
cal algorithms are the Kriging methods
(Sect. 2.3: Deutsch and Journel 1992) and con-
ditional simulations [Chap. 3: e.g. sequential
Gaussian simulation, direct sequential simula-
tion; (Deutsch and Journel 1992; Gomez-
Hernandez and Journel 1993; Verly 1993;
Soares 2001)].

Deterministic models estimate the value of the
property of interest, zðx0Þ� at location x0 by using
a linear combination of the observed values, i.e.
the experimental data. Within this framework, the
inferred value is believed to correspond to the true
value for that unknown location, z x0ð Þ ¼ zðx0Þ�.
The interpolated values are interpreted as having
no associated error and the underlying assump-
tion is that the physical system being modelled is
fully known (Goovaerts 1997). By assuming no
uncertainty in the inferred parameter, determin-
istic models are hardly suitable for describing
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complex and heterogeneous systems like hydro-
carbon reservoirs. In these environments, the lack
of knowledge of the physical system being
modelled is large, and uncertainty should be
assessed during the modeling process (Caers
2011).

Unlike deterministic models, the use of a
probabilistic framework reflects the lack of
knowledge we have about the natural Earth
system being modelled. At location x0, the
probabilistic framework provides a distribution
of possible values for the property of interest
along with its probability of occurrence, allowing
the assessment of the spatial uncertainty of the
property being modelled at a particular location
of interest (Caers 2011). Finally, it is worth
noting that any model resulting from a proba-
bilistic approach is constrained by a set of
assumptions about prior probability distributions
that are estimated from available experimental
data and the spatial continuity model imposed
by, for instance, a variogram model or training
image (Goovaerts 1997; Strebelle 2002).

This section introduces the main geostatistical
stochastic sequential simulation approaches, due
to their importance in assessing spatial uncer-
tainty in recent modeling workflows and the lack
of a real understanding of this family of algo-
rithms within the oil and gas industry. Chapter 3
deals exclusively with stochastic sequential
simulation algorithms. These algorithms are the
basis of the geostatistical modeling techniques
presented in Chaps. 4, 5 and 6.

2.1 Spatial Continuity Patterns
Analysis and Modeling

Much of the success related with geostatistical
models in Earth sciences relates to the ability to
reproduce subsurface three-dimensional numeri-
cal models with the relevant statistics of the
variables retrieved from available experimental
data. This reproduction is particularly effective
for the spatial continuity and variability of the
physical property under investigation.

The purpose of the geostatistical methodolo-
gies for estimation, simulation and inversion
introduced here is to generate numerical subsur-
face models that reproduce the main statistics and
spatial distribution as they are quantified (or
estimated) as a result of available information
and experimental data. Therefore, in this section
we deal with the geostatistical tools that allow
inference of the spatial continuity patterns of a
natural resource for a given property measured at
sparse locations within the study area.

Modeling the spatial behavior of a given
property plays a key role in geostatistical
methodologies, fulfilling two objectives: first, the
characterization and quantification of the spatial
pattern of a reservoir property, commonly des-
ignated in geostatistics as spatial continuity
analysis, i.e. the quantification of the spatial
continuity for the property of interest and the
way how it varies in different spatial directions;
second it is also the basis for the spatial infer-
ence/estimation, simulation and geostatistical
inversion methodologies presented in the fol-
lowing chapters.

2.1.1 Bi-point Statistics

Let us start with a simple example of an image,
or two-dimensional model, with a biphasic phe-
nomenon: a body X within a given area A, which
is composed by X and its complementary Xc

(A = XUXc) in two distinct cases (Fig. 2.1), for
which we intend to quantify the degree of spatial
continuity.

To calculate the proportion of X in A, we can
use a point that visits all possible locations within
A and takes the value of ‘1’ if it intersects body
X, and the ‘0’ if it intersects its complementary
Xc. The ratio between the absolute frequency of
intersections ‘1’ and the total number of posi-
tions within A is an estimator of the proportion of
X in A.

Similarly, to measure the spatial continuity or
dispersion of X, we can consider a circle with
radius r and count the number of times it is
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wholly contained in X while visiting all the
locations within A. Increasing the radius r allows
us to assess the continuity of X for both situa-
tions, assuming an indicator variable Ir(x) = 1 if
the circle of radius r, centered in x, is wholly
contained within X, and Ir(x) = 0 if the circle is
not wholly contained in X. This relative mea-
surement of the spatial continuity, which varies
inversely with the size of r, is given by the fol-
lowing integral calculation (Eq. 2.1):

1
A

Z
A

lr xð Þdx: ð2:1Þ

In the case previously described, the circle of
radius r is considered, in image processing and
particularly for mathematical morphology, to be a
structural element that allows the inference of the
spatial continuity of X (Serra 1982). However,
there are many other structural elements that may
be used for the same purpose: a line segment l or
the bi-point—pairs of points separated by a vector
distance h—that are richer than the circle in a

morphological point of view. These tools, when
compared with the circle as structural element,
allow the measurement of other parameters, such
as the anisotropy degree of X: i.e. the way the
continuity ofX varies in different spatial directions.

Although less rich than the line segment, the
bi-point acting as structural element for measur-
ing the spatial continuity of a natural resource is
the privileged structural element in geostatistics.
Notice that, unlike the line segment, the bi-point
does not include the notion of connected sets
(two points may simultaneously belong to
X while not being connected). However, the
knowledge we have from a given resource is not
normally acquired from a two-dimensional rep-
resentation, as in Fig. 2.1. In practice, we nor-
mally have access to a sparse limited discrete
group of samples located within the study area
(e.g. well data, core samples, soil samples). For
this reason, the inference of the spatial continuity
of a given property is frequently performed by
returning to the bi-point as structural element
(Sect. 2.1.4).

Fig. 2.1 Based on the circle
as the basic structural
element, the two images
(a) and (b) have a spatial
continuity of X as illustrated
in (c)
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2.1.2 Complex Morphologic Patterns:
Auxiliary and Reference
Images

There are cases in which the connectivity of
bodies is of outmost importance for the charac-
terization of a resource (e.g. meandering sand
channels in braided river sedimentary environ-
ments associated with some hydrocarbon reser-
voirs). In these cases, given the limitations of the
bi-point in characterizing the connectivity of two
distinct bodies (see above), we may have to return
to proxy images of co-variables for the successful
reproduction of these complex spatial patterns.
The spatial distribution of these complex struc-
tures may be inferred from 2D and/or 3D images,
conceptual models or interpreted from available
geophysical data acquired from the hydrocarbon
reservoir of interest, for example. Although they
are auxiliary variables, which may be directly or
indirectly related to the properties being studied,
that information (e.g. seismic amplitudes, resis-
tivity) may be used as auxiliary variables for joint
simulation or as target images for geostatistical
inversion, which then allows the reproduction of
those complex spatial patterns within the
geo-modeling workflow.

When geophysical data is scarce or unavailable,
for example during early exploratory phases,
another reliable alternative is to use feasible geo-
logical models of a given sedimentary environ-
ment. These representations of reality are built by
gathering all the information about the system
being studied (e.g. information from analogous and
neighboring fields, expert opinion from geolo-
gists), and are often referred to as reference images.
These reference images are then used to quantify
the continuity and connectivity of the features from
multi-point structural elements (Strebelle 2002;
Arpat and Caers 2007; Mariethoz et al. 2010;
Renard and Allard 2013; Mariethoz and Caers
2014), as in the example of the line segment.

Although these multi-point statistics method-
ologies are not the focus of this book, it is
important to stress their use in complex geolog-
ical environments. The choice of multi-point
statistics as tools to quantify the spatial conti-
nuity patterns of a given property should be

exclusively directed by the trust and knowledge
of the degree of similitude between reality and
the reference image.

2.1.3 Spatial Random Fields

A random variable (RV) is defined as one that
can assume all the values contained within a
probability distribution function. It can be con-
tinuous if the possible range of outcomes is
continuous, or discrete if the outcomes are finite
and without any specific order. By using the
concept of RVs, the value of a property (e.g.
porosity, acoustic impedance) at a given location
within a study area (e.g. a reservoir grid) is
interpreted as a single realization, zðx1Þ of the RV
Zðx1Þ. The group of these dependent RVs,
located for example along a reservoir grid, is
defined as a random field (RF) (Ventsel 1973).

To properly model a stochastic process there
is no need to explicitly characterize the entire
number of associated RVs and their corre-
sponding multivariate distributions. Instead, and
under some a priori assumptions, all that is
required to spatially characterize a given prop-
erty is to describe a certain number of parame-
ters, such as the mean (Eq. 2.2) and variance
(Eq. 2.3; Isaaks and Srivastava 1989):

E Z xið Þf g ¼ m xið Þ ¼
Zþ1

�1
zdFxiðzÞ; ð2:2Þ

var Z xið Þf g ¼
Zþ1

�1
½z� m xið Þ�2dFxiðzÞ; ð2:3Þ

where Fxi zð Þ is the probability distribution func-
tion of the RV Z xið Þ.

If we consider two RVs, such as Z x1ð Þ and
Z x2ð Þ, the covariance between both variables is
given by:

CðZ x1ð Þ; Z x2ð ÞÞ ¼ E Z x1ð ÞZ x2ð Þf g
� m x1ð Þm x2ð Þ; ð2:4Þ

with
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E Z x1ð Þ; Z x2ð Þf g ¼ Zþ1

�1

Zþ1

�1
xyd2Fx1;x2ðx; yÞ;

ð2:5Þ

where Fx1;x2ðx; yÞ is the bivariate probability
distribution function

Fx1;x2 x; yð Þ ¼ probfZ x1ð Þ\x and Z x2ð Þ\yg:
ð2:6Þ

The way the two RVs are spatially correlated
is frequently described by a variogram model.
The variogram between two RVs can be
expressed as:

c Z x1ð Þ; Z x2ð Þð Þ ¼ Ef½Z x1ð Þ � Z x2ð Þ�2g: ð2:7Þ

Under the spatial RF assumption, the avail-
able experimental data is interpreted as being a
single realization, zðxiÞ, i ¼ 1; . . .;N (with
N equal to the total number of samples of the
available experimental dataset), of a random
function that comprises a set of spatially-
correlated RVs. Therefore, by definition it is
impossible to sample more than a single real-
ization, z x1ð Þ; for a given RF. Even if the same
location is sampled twice, each sample set will
correspond to two different realizations of zðxiÞ
in the same RF (Goovaerts 1997; Soares 2006).

However, a single realization of a random
function is not enough to completely describe its
statistical moments. The inference of these
moments is only possible if we are somehow able
to repeatedly sample a given location within the
study area. The first and second statistical
moments of a given RF can only be calculated by
assuming different levels of stationarity within a
specified study area: the stationarity of the mean
and the stationarity of the spatial covariance
(Goovaerts 1997; Soares 2006).

Within a pre-defined area of interest, A, the
decision about the stationarity refers to a constant
mean and spatial continuity pattern, as estimated
from the available experimental data. By con-
sidering stationarity we can assume all RVs have
the same mean within a limited area. With this
assumption, the mean is not dependent on the

location, x0, since it remains constant for the
entire field. In this framework, the mean can then
be estimated as the arithmetic mean of all the
realizations of RF (i.e. the experimental dataset)
composed by N samples, ZðxaÞ, a ¼ 1; . . .;N:

m ¼ 1
N

XN
i¼1

ZðxaÞ: ð2:8Þ

The second order of stationarity is defined if
the correlation between two RVs depends
exclusively on the distance between the two
variables—the vector h—and not on the specific
location, x0, of each variable. For example, the
variogram between Zðx1Þ and Zðx2Þ:

c Z x1ð Þ; Z x2ð Þð Þ ¼ c Z x1ð Þ; Z x1þhð Þð Þ ¼ cðhÞ:
ð2:9Þ

By definition, the decision on stationarity can
never be proved or refuted since we only know a
single realization of the random function. Note
that the stationarity is a property of the random
function, or geostatistical model, needed to spa-
tially infer the value of a given property far from
the location of experimental data. This decision
does not assume that the Earth’s physical system
we are trying to model is itself stationary. We
should also test the available experimental data
for its homogeneity across the entire study area.
If this hypothesis cannot be assumed for the
entire study area, then we may have to divide the
field in smaller areas in which the decision about
stationarity is more suitable (Goovaerts 1997).

2.1.4 Variograms and Spatial
Covariances

Given a quantitative property, Z(x), the diagrams
representing the pairs of points, Z(x), versus Z
(x + h) calculated for different values of h are the
statistics parameters that contain more, and richer,
information about the spatial continuity of Z(x).

Figure 2.2 shows an example of well-log data
with samples located along the well path. For
each well we sample each pair of points with
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distance h, Z(x) and Z(x + h). Figure 2.3 shows
the cross-plots between pairs of points Z(x) and Z
(x + h) for different values of h in the vertical
direction: h = 1, 2, 3, 10. For h = 1 we may infer
a good linear correlation between the values of
samples Z(x). This means there is a good corre-
lation between the values of samples located in
x and the values of the samples located imme-
diately below. As soon as the values of h in-
crease, the clouds of points start to scatter and the
spatial correlation of the samples decreases. We
may interpret from Fig. 2.3 that there is no cor-
relation between samples separated by a distance
of h = 10.

A group of diagrams constructed from dif-
ferent steps, h, comprises almost all the infor-
mation related with the degree of dispersion/
continuity for the variable, Z(x), at that well
location that we may retrieve from bi-point
statistics. However, for a better interpretation
and further use one must synthesize the bi-plots
shown in Fig. 2.3 into a single tool. Summariz-
ing the dispersion between pairs of points allows
for a better visualization of the behavior of the
property with increasing h. One way, for exam-
ple, would be to represent the correlation coeffi-
cients (Pearson’s correlation) in function of h,

resulting in what is commonly called a correlo-
gram (Fig. 2.4).

In addition to the correlogram (Fig. 2.4), there
are other measurements that synthesize the dis-
persion of different clouds of point (Z(x), Z
(x + h)), and which may result in a series of
statistics quantifying the continuity of Z(x). For
example, each cross-plot from may be summa-
rized by the mean of the least squares between Z
(x) and Z(x + h), which is commonly called a
variogram (or semi-variogram: Eq. 2.10):

c hð Þ ¼ 1
2NðhÞ

XNðhÞ
a¼1

Z xað Þ � Z xa þ hð Þ½ �2; ð2:10Þ

where N(h) is the number of pairs of points for
each value of h.

Note that all these statistics represent the
spatial continuity of the variable Z(x) in a given
experimental location. In other words, the spatial
continuity and its representativeness are limited
to the region around the well. If instead of a
single well we simultaneously consider all the
wells with the same direction located within a
reservoir and intersecting different geological
layers, the resulting variogram (Eq. 2.10), or

Fig. 2.2 Left Spatial representation of four wells and samples of a given subsurface property of interest measured along
the well path. Right Detail of a well with the samples measured vertically along the well path
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correlogram, would represent the space covered
by the group of available wells.

Let us now consider an example of a sedi-
mentary environment related with large sinuous
channels. This kind of geological setting is nor-
mally described as anisotropic, i.e. the spatial
continuity/variability is different depending on
the direction of space. For example, petrophysi-
cal properties, such as porosity and permeability,
are frequently more continuous and consequently
less variable along a given geological formation
and are more variable between formations. The
same exercise can be carried out using the pairs
of values (Z(x), Z(x + h)) for different directions

in space. This exercise allows the assessment of
spatial continuity for the property Z(x) along the
entire domain of spatial analysis.

A different measurement of spatial continuity
is given by the average of the product Z(x)Z
(x + h), for a given distance h. This results in a
non-centered covariance estimate (Eq. 2.11):

C hð Þ ¼ 1
NðhÞ

XNðhÞ
a¼1

Z xað Þ � Z xa þ hð Þ½ �: ð2:11Þ

This covariance estimator may be centered by:

C hð Þ ¼ 1
NðhÞ

XNðhÞ
a¼1

Z xað Þ : Z xa þhð Þ½ � � m xað Þ;m xa þhð Þ;

ð2:12Þ

given mðxaÞ ¼ 1
NðhÞ

PNðhÞ
a¼1

ZðxaÞ and mðxa þ hÞ ¼

1
NðhÞ

PNðhÞ
a¼1

Zðxa þ hÞ as the arithmetical averages for

all the points at locations xa and xa þ h,
a ¼ 1; . . .;NðhÞ.

The covariance estimator (Eq. 2.12) may be
expressed in terms of a correlogram (or normal-
ized covariance):

Fig. 2.3 Bi-plots of Z(x) versus Z(x + h) for different distances (values of h) in the vertical direction: h = 1, 2, 3 e 10

Fig. 2.4 Example of a correlogram for h between 1 and 4
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qðhÞ CðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ðxaÞ : r

2
ðxa þhÞ

q ; ð2:13Þ

where

r2ðxaÞ ¼
1

NðhÞ
XNðhÞ
a¼1

Z xað Þ � m xað Þ½ �2;

and

r2ðxaþhÞ ¼
1

NðhÞ
XNðhÞ
a¼1

Z xa þ hð Þ � m xa þ hð Þ½ �2:

By assuming the stationarity of increments
h (Sect. 2.1.3), the mean of the least squares and
the mean of the products are estimates of the
second moments: the variogram (Eq. 2.14) and
the centred covariance (Eq. 2.15):

c hð Þ ¼ 1
2
Ef½Z xð Þ � Z xþ hð Þ�2g; ð2:14Þ

C hð Þ ¼ E Z xð ÞZ xþ hð Þf g
� E Z xð Þf gEfZ xþ hð Þg; ð2:15Þ

we reach the relationship between a variogram
and the covariance (Eq. 2.16):

c hð Þ ¼ C 0ð Þ � CðhÞ: ð2:16Þ

We then may express the variogram in terms
of a correlogram (Eq. 2.17):

q hð Þ ¼ CðhÞ
Cð0Þ : ð2:17Þ

The relationship between the variogram and
the covariance functions (Eq. 2.16) is synthe-
sized in Fig. 2.5.

2.1.5 Spatial Representativeness
of the Variogram

As noted in Sect. 2.1.3. above, it is important to
relate the stationary assumption of the proba-
bilistic model to the notion of the representa-
tiveness and homogeneity of the experimental
samples, which are the basis for calculating the
stationary statistics (mean and variance).

For the first statistical moment, the mean of

the N samples within an area A, mz ¼ 1
N

PN
a¼1

zðxaÞ
is an estimator of the expected value of the ran-
dom function Z(x) − E{Z(x)}, under the
assumption of stationary about the mean.

Given that we only have access to a single
realization of the random function Z(x), i.e. the
set of values z(xa) in A, we ensure that mz is a
good estimate of the spatial integral (Eq. 2.18):

mz ¼ 1
A

Z
A

z xð Þdx: ð2:18Þ

Assuming a stationarity mean for the random
function Z(x) is equivalent to considering the set
of available experimental data—the only known
realization of the random function Z(x)—as
homogenous and representative for the entire area
A. The same principle can easily be extrapolated
for the second statistical moments: the variograms
(Eq. 2.14) and covariance (Eq. 2.15).

Let us consider a given area, A, as a closed
body and a distance vector, h, as schematically
represented in Fig. 2.6. A new area, A+h, can
then be defined by the samples x+h with distance
+h from the samples x in A (Eq. 2.19):

Aþ h : xþ hjx 2 Af g or xjx� h 2 Af g: ð2:19Þ

Fig. 2.5 Relationship between covariance, C(h), and
variogram, c(h), functions with the increment of step h
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In the same way we may mathematically
define A−h (Eq. 2.20):

A�h : x� hjx 2 Af g or xjxþ h 2 Af g: ð2:20Þ

The variogram is by definition the variance of
the deviations (Z(x) − Z(x + h)) when both
samples x and x + h belong to A. Hence, its
representativeness refers to the union of both
grey areas as shown in Fig. 2.6: ðA \Aþ hÞ [
ðA \A�h).

In terms of spatial integrals of A, the vari-
ogram may be described as follows:

2c hð Þ ¼ 1
A\Aþ h

Z
A\Aþ h

½Z xð Þ � ZðxþhÞ�2dx

2
64

þ 1
A\A�h

Z
A\A�h

½Z xð Þ � Zðx� hÞ�2dx

3
75:

ð2:21Þ

When the distance vector h is small—for
example smaller than half the dimension of A—
then the representativeness of the variogram is
similar to A:

ðA\AþhÞ [ ðA\A�hÞ � A:

Thus, when computing the variogram estimate
we must take into account that its representa-
tiveness in A is given by the dimension of the
distance vector h. For practical applications, the
representativeness of the variogram (c hð Þ) should
be questioned for distances, h, larger than half
the size of A along the direction of h.

Besides the spatial representativeness, each
value of the variogram must be related to a
homogeneous cloud of pairs of points in the
bi-plot ðZ xð Þ; Zðxþ hÞÞ for each step h. For
example, one single anomalous value ZðxiÞ may
result, along with its neighbor samples Zðxi þ hÞ,
in large values of Z xið Þ � Z xi þ hð Þ½ �2, and con-
sequently a large mean c hð Þ translated in practice
as a weak spatial correlation for that given value
of h. We may consider this sample anomalous
and as having a restrict representativeness. If the
computed experimental variogram, without tak-
ing into account the anomalous value ZðxiÞ, has a
more regular behavior (in a way that it is more
similar to the rest of the values of c hð Þ), it may
and should be adopted as representative of the
remaining samples for the whole area. Note that
in these cases, during the process of local esti-
mation the areas surrounding ZðxiÞ should be
considered with special care to ensure the area of
influence of the sample does not have a large
impact on the estimate. By definition, c hð Þ does
not translate the behaviour of the large spatial
variability between ZðxiÞ and the neighbor
samples.

2.1.6 Spatial Continuity
for Multivariate Systems

Consider those cases in which, at a given spatial
location for a single sample, we measure more
than one attribute, Z1(xi), Z2(xi), … ZN(xi): for
example, P-wave velocity, S-wave velocity and
density measured at the same locations along a
well path.

The correlation between each pair of these
attributes Z1(x), Z2(x), … ZN(x) may be measured
through the correlation coefficient for the set of
N samples (Eq. 2.22):

q Z1; Z2ð Þ ¼ 1
Nr1r2

XN
i¼1

ðZ1 xið Þ � m1ÞðZ2 xið Þ � m2Þ½ �;

ð2:22Þ

Fig. 2.6 Schematic representation of the spatial repre-
sentativeness for covariance and variance estimates
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where m1, m2, r1
2 e r2

2 are the mean and variance
of Z1(x) and Z2(x) respectively.

We can now generalize the correlation between
the different variables and calculate the correlation
of variable Z1(x) located in x and the variable
Z2(x + h) located in x + h. The spatial depen-
dency between each pair of variables with dis-
tance hmay be characterized by cross-variograms,
cross-covariance and cross-correlation (Goovaerts
1997).

Assessing the spatial dependency between
variables is important as we often have to use an
auxiliary variable (frequently more abundant) to
estimate a primary variable (less abundant)
assuming a spatial correlation between both. This
is frequently the case when estimating porosity
models with known values at the well locations
from models of acoustic impedance retrieved, for
example, from seismic inversion in the entire
area A.

The random function model used so far
(Sect. 2.1.3) may be generalized for multivariate
cases. The set of RVs defining Nv random func-
tion, I = 1, .., Nv, can also be designated as
multivariate random function:

Zi xð Þ; i ¼ 1; . . .;Nv; 8x2A: ð2:23Þ

The joint distribution of two variables Zi xð Þ
and Zj xð Þ depends on the distance vector h
(Eq. 2.24):

Fij h; zi; zj
� � ¼ prob Zi xð Þ� zi; Zj xþ hð Þ� zj

� �
; 8ij:
ð2:24Þ

The spatial dependency between two variables
Zi xð Þ and Zj xð Þ may be measured by the
cross-covariance function:

Cij hð Þ ¼ E Zi xð Þ � mi½ � � Zj xþ hð Þ � mj

� �� �
; 8ij;
ð2:25Þ

or by the cross-variogram:

cij hð Þ ¼ 1
2
E Zi xð Þ � Zi xþ hð Þ½ �: Zj xð Þ � Zj xþhð Þ� �� �

; 8ij:

ð2:26Þ

Note that cij hð Þ ¼ cji hð Þ; but Cij hð Þ may not
equal C hð Þ, meaning the function is not sym-
metrical with h.

The relationship between cross-variogram and
cross-covariance may be described as:

cij hð Þ ¼ Cij 0ð Þ � 1
2
½Cij hð ÞþCij �hð Þ�: ð2:27Þ

If the cross-covariance in Eq. 2.25 is rewritten
in terms of the sum between two terms dependent
on h (Eq. 2.27), it can easily be understood that
the cross-variogram (Eq. 2.27) comprises only
the first term. This is the reason for the symmetry
around h:

Cij hð Þ ¼ 1
2

Cij hð ÞþCij �hð Þ� �þ 1
2

Cij hð Þ � Cij �hð Þ� �
:

ð2:28Þ
In practice, the asymmetry component of the

cross-covariance is usually ignored for two main
reasons (Journel and Huijbreghts 1978):

• The amount of available experimental data
rarely allows comprehension and consequent
validation across the whole study area of the
physical phenomenon that results in the
asymmetry in the cross-covariance;

• Modeling the asymmetric cross-covariance is
extremely complex.

For this reason, the geostatistical tools that
quantify the spatial continuity of a multivariate
system are frequently the cross-variograms and the
symmetrical cross-covariance: Cij hð Þ ¼ CjiðhÞ, or
the mean of CijðhÞ and CjiðhÞ.

Finally, the cross-correlogram may be syn-
thetized by (Eq. 2.29):

qij hð Þ Cij hð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cii 0ð Þ � Cjj 0ð Þp 2 ½�1; 1�: ð2:29Þ
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2.1.7 Variogram Modeling
Workflow

Modeling by a Mean Representative Function

Figure 2.7a represents a given reality, i.e. a model
with all the values of Z(x) within an area A. From
that reference data Z(x), a limited set of experi-
mental data was randomly sampled (black circles
on Fig. 2.7a) and an experimental variogram
calculated (Fig. 2.7b). As a reference dataset from
which reality is known, we may also calculate the
experimental variogram for all points within the
study area, the entire cðhÞ (Fig. 2.7c).

The example illustrated in Fig. 2.7 synthesizes
the main objective during the variogrammodeling
stage: the estimation of the real variogram using a
discrete and limited set of samples z(x) and the
corresponding experimental variogram.

Once the values of the variograms for differ-
ent distances, h, are calculated for a given area A,
it is necessary to model them using a function
describing the spatial behavior of the property of
interest for the entire study area. In practice, we
adjust a smooth function of a reduced number of
parameters that describe the spatial continuity of
Z(x).

This step is of utmost importance within the
geostatistical framework, since it allows the
synthesis of the structural characteristics of the
spatial phenomena, e.g. degree of dispersion/
continuity and anisotropies, into a single and
coherent variogram model.

It is also common practice to adjust a model to
the experimental variogram by conditioning it
from expert knowledge about the phenomena
being modelled.

Positive Definite Models

From the many functions that may be used to
interpolate the points of an experimental vari-
ogram we need to constrain our options to those
allowing stable solutions when calculating linear
estimates (Sect. 2.2). To meet this condition, the
variogram and covariance must be positive defi-
nite. The necessary condition for the positive
definite of a covariance matrix is:

X
i

X
j

kikjC i; jð Þ� 0: ð2:30Þ

Any linear combination of covariance
between pairs of points within an area A is
always positive definite. If we consider a given

Fig. 2.7 a Known given data from an area A and set of
samples retrieved from this data (black filled circles).
b Experimental variogram computed from the set of

available samples. c Experimental variogram computed
from the known given data (a)
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variable Zðx0Þ resulting from a linear combina-
tion of RVs Zðx1Þ; Zðx2Þ; . . . ZðxNÞ (Eq. 2.31):

Zðx0Þ ¼
X
i

kiZðxiÞ; ð2:31Þ

then a definite positive covariance ensures that
the variance of Zðx0Þ is always positive:

varfZðx0Þg ¼ E
X
i

X
j

kikjZ xið ÞZ xj
� �� m2

( )

¼
X
i

X
j

kikjE Z xið ÞZ xj
� �� m2

� �
¼
X
i

X
j

kikjC i; jð Þ� 0:

ð2:32Þ

By replacing Eq. 2.16 in Eq. 2.31 the vari-
ance may be written in function of the variogram:

varfZðx0Þg ¼ Cð0Þ
X
i

X
j

kikj

�
X
i

X
j

kikjc i; jð Þ� 0: ð2:33Þ

In the cases in which Cð0Þ does not exist (i.e.
non-stationary random functions) the variance
Zðx0Þ exists if

P
i
ki ¼ 0. Thus, the necessary

condition of positive variance is ensured ifP
i

P
j
kikjc i; jð Þ� 0 conditioned to the sum of the

weights being zero.

2.1.8 Theoretical Variogram Models

The positive definite condition limits the number
of models that can be used for interpolating ex-
perimental variograms. In practice, within a
geostatistical framework a limited range of pos-
itive definite interpolating functions are used.
The following models are presented: spherical,
exponential, Gaussian and power.

Spherical Model

The spherical model is one of the most common
in geostatistics and it is a function of two
parameters (Eq. 2.34): the sill (C), upper limit to
which the values of the variogram tend when h is
increased; and the range, a, distance from where
the values of cðhÞ stop increasing and are
approximately equal to the sill, normally the total
variance of the experimental data Z(x). The range
of a variogram measures the distance from where
the data Z(x) is no longer correlated:

c hð Þ ¼ C 1:5 h
a � 0:5 h

a

� �3h i
for h� a

C for h[ a:

(

ð2:34Þ

Figure 2.8a shows a map with the spatial
distribution of a variable Z(x) modelled with a
spherical model (Fig. 2.8b) in which the ampli-
tude is one-third of the dimension map length.

Fig. 2.8 a Map with the
spatial distribution of the
variable Z(x) according to
b a spherical model with
amplitude equal to 1/3 L
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Exponential Model

The exponential model is a function of the same
parameters of the spherical model—sill and
range (Eq. 2.35)—while the variogram tends
asymptotic to the sill value:

c hð Þ ¼ C 1� exp � 3h
a

	 
� �
: ð2:35Þ

In this model, the range value is the distance
in which the model reaches 95% of the sill:
c hð Þ ¼ 0:95C.

Figure 2.9a shows the spatial distribution of a
variable modelled with an exponential variogram
(Fig. 2.9b) with range equal to 0.3 L of the map
length.

Comparing both Figs. 2.8 and 2.9, besides the
rapid growth of the spherical model near the

origin, it shows structures with larger spatial
continuities resulting from larger spatial correla-
tion for larger distances h.

Gaussian Model

The two variogram models previously presented
—the spherical and exponential—have a rela-
tively fast increase near the origin, translating
into a typical behavior of irregular natural phe-
nomena. Other phenomena, more regular and
continuous, are translated by a slow increase of
the variogram values near the origin, for example
a parabolic behavior. This is the case of Gaussian
models (Eq. 2.36):

c hð Þ ¼ C 1� exp
�3h2

a2

	 
� �
: ð2:36Þ

Fig. 2.9 a Map with the
spatial distribution of the
variable Z(x) according to
b an exponential model with
amplitude equal to 0.3 L

Fig. 2.10 a Map with the
spatial distribution of the
variable Z(x) according to
b a Gaussian model with
amplitude equal to 0.2 L
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As in the exponential model, range, a, is the
distance from where the model reaches 95% of
the sill: c hð Þ ¼ 0:95C.

Figure 2.10 shows the behavior of a Gaussian
variable model in which the range is 0.2 L of the
length of the map. Note the much larger and
smooth spatial continuity compared with those
obtained from the spherical and exponential
models (Figs. 2.8 and 2.9).

Power Models

So far all the variogram models described have a
sill as upper limit for where the variogram values
of c hð Þ tend when h increases infinitely. These
models are adequate for transition phenomena
characterized by a distance—the range—from
where the spatial correlation between samples no
longer exists. In these transitional phenomena
there is always a relationship between covariance
and variogram as described in Eq. 2.16.

However, there are other natural phenomena
in which the growth of c hð Þ is continuous with
h and does not tend to the sill. These are
non-stationary phenomena in which there is no
finite variance or notion of covariance—the
variance grows with the dimension of the dis-
persion field Z(x).

The most common variogram model applied
in these situations is the power model (Eq. 2.37):

c hð Þ ¼ Cha; ð2:37Þ

with a between 0 and 2. Depending on a, the
variogram may be linear (a ¼ 1), logarithmic
(0\a\1) or parabolic (1\a\2) (Fig. 2.11).

2.1.9 Linear Combinations
of Variogram Models:
Imbricated Structures

For most natural phenomena, spatial continuity
patterns are rarely simple and modelled by a
single variogram model. Normally different
structures coexist simultaneously with distinct
spatial continuities and distinct characteristics.
A simple example is the one illustrated by
Fig. 2.12, which shows a binary process with
structures at two different scales: the first struc-
ture is composed of bodies with average size a1;
the grouping of these structures results in bodies
with dimension a2 (second structure).

In these cases, the experimental variogram
reveals the simultaneous effect of the imbricated
structures through discontinuities in the growing
behavior of the variogram values with the dis-
tance h.

For comparing the effect of modeling a
property with different variogram models,
Fig. 2.13 shows four 2D models (with size
1000 	 1000 m) with distinct spatial variogram
models, respectively: (a) a spherical model with
range equal to 150 m; (b) a spherical model with
range equal to 750 m. Figure 2.13c, d show two
imbricated structures with different contributions:

• Figure 2.13c has a spatial distribution mod-
elled by a weighted mean of 70% for the first
structure (a = 150 m) and 30% for the second

Fig. 2.11 Schematic representation of power models
Fig. 2.12 Example of a binary process with structures at
two different scales, a1 and a2
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(a = 750 m). The greater influence of the
smallest structure is clear. The resulting var-
iogram model may be expressed by the fol-
lowing linear combination:

c hð Þ ¼ 0:7 Sph a ¼ 150mð Þþ 0:3 Sph a ¼ 750mð Þ:

• Figure 2.13d has a spatial distribution mod-
eled by a weighted mean of 30% for the first
structure and 70% for the second. In this
image the greater influence of the largest
scale structure is clear. The resulting vari-
ogram model may be synthetized by the fol-
lowing linear combination:

c hð Þ ¼ 0:3 Sph a ¼ 150mð Þþ 0:7 Sph a ¼ 750mð Þ:

The imbricated structures are modelled
through a linear combination of the variogram
models presented above (Fig. 2.14). They benefit
from the propriety of the positive definite models:

in any linear combination of positive coefficients
of models definite positive is positive. Any linear
combination of variogram models (Eq. 2.38) is an
imbricated group of variogram ci hð Þ where the
weights Cið0Þ are the sills—total variance—for
each single structure. The sum of the different
sills is equal to the global sill:

Fig. 2.13 Images with the
same attribute modelled with
different variogram models:
a spherical model with zero
nugget effect for a single
structure with range 150 m;
b spherical model with zero
nugget effect for a single
structure with range 750 m;
c imbricated structure
quantified by a weighted
mean of 70% for a first
structure with a = 150 m and
30% for the second structure
with a = 750 m; d imbricated
structure quantified by a
weighted mean of 30% for a
first structure with a = 150 m
and 70% for the second
structure with a = 750 m

Fig. 2.14 Variogram model resulting from the sum of
two distinct structures: c(h) = 0.48 Sph (a = 150 m) +
0.24 Sph (a = 750 m)
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c hð Þ ¼
X
i

Cið0Þci hð Þ: ð2:38Þ

Nugget Effect

Theoretically, the value of the variogram is zero
for h = 0 (c hð Þ ¼ 0; for h ¼ 0). In practice,
between consecutive samples there is a minimum
value of h for which the value of c hð Þ may be
calculated. When this minimum value (c hminð Þ) is
high, it means there is a high variability in the
natural phenomenon at the small-scale, i.e. for
distances smaller than the distances between
samples or observations: c hð Þ may not tend to
zero while h tends to zero. In these cases, there is
an inflexion or discontinuity in the growth of the
variogram at a scale not sampled by the available
experimental data, i.e. h = 0 and hmin. For these
cases, the variogram is modelled by a constant,
C0, which is called the nugget effect (Eq. 2.39).
The nugget effect is the first structure summed to
the linear combination of the remainder of the
structures:

c hð Þ ¼ C0 þ
X
i

Cið0Þci hð Þ; ð2:39Þ

while the total variance is described by:

C 0ð Þ ¼ C0 þ
X
i

Cið0Þ: ð2:40Þ

The nugget effect summarizes the effect of
two distinct parts of the total variability in the
natural phenomenon being modelled: (i) the
small-scale variability not comprised in the
sampling grid; (ii) the variability at the scale
support sample introduced by non-systematic
sampling errors that add to the structure of the
natural phenomenon random noise component.

Modeling the nugget effect by a constant
different from zero translates the lack of knowl-
edge about the system at the small-scale by
increasing the uncertainty during the estimation
procedure (Sect. 2.2 and Chap. 3). The nugget
effect can be interpreted as the intersect value at
the ordinate axis. It is usually inferred by the
intersection of a line approximating the first

points of the variogram with the ordinate axis
(Fig. 2.15).

Anisotropy Models

The spatial continuity of a natural resource fre-
quently varies as a function of the direction of the
space, e.g. greater continuity for porosity values
along a channelized structure versus lower con-
tinuity across the channel direction. A given
attribute of any natural resource (e.g. porosity in
hydrocarbon reservoirs) has an isotropic spatial
continuity if the variogram (or covariance) has
the same behavior in all directions (that is, c hð Þ
depends exclusively on the modulus of the dis-
tance vector h). There are cases, however, in
which the attribute being studied is more con-
tinuous along a preferential direction resulting in
structural anisotropy. The latter may be seen as
the variability of a given attribute depending on
the directions of the space we consider when
inferring the spatial behavior of a specific
property.

Modeling anisotropic structures seeks to
reduce structures of continuity depending on the
direction of a single variogram model. The ani-
sotropy is normally processed in terms of geo-
metric transforms of the coordinate system in
such a way as that the several variograms along
different directions are equivalent to a single
model, transforming them into isotropic
structures.

Two of the most common anisotropy models
are the geometric and the zonal.

Fig. 2.15 Nugget effect inference based on the linear
regression (thick black line) of the first points of c hð Þ.
Variogram model is represented by the thin black like
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Geometric Anisotropy

Geometric anisotropy is a model in which the
spatial continuity, revealed by the variogram
amplitudes, varies gradually from the direction of
larger continuity/range through the direction of
smallest amplitude, perpendicular to the first
following the equation of an ellipse defined by
those directions.

A geometric anisotropy is characterized by
variograms with the same model and the same
sill in all directions, but different ranges, while
the minimum and maximum amplitudes are in
perpendicular directions (Fig. 2.16).

Geometric anisotropy means the rose diagram
that describes the ranges of the variogram along
the different directions of the space may be
modelled by an ellipse in 2D or an ellipsoid in
3D. In fact, when representing the different var-
iogram ranges as a function of the angle of the
variogram direction in a diagram, the ellipse is
the geometric figure that best describes a geo-
metric anisotropy.

An ellipse may be seen as a linear transfor-
mation of a circle (or sphere in three-dimensions),
which corresponds to an isotropic condition: that
is to say, the variogram range does not change
with the variogram direction. A simple method
for combining a group of variograms, with ranges
ax, ay and az in the three directions of space,
respectively, into a single model with range
a = 1 is given by the following geometric
transformation:

ca¼1 hð Þ ¼ cx hxð Þ with h ¼ hx=ax;
ca¼1 hð Þ ¼ cy hy

� �
with h ¼ hy=ay:

ca¼1 hð Þ ¼ cz hzð Þ with h ¼ hz=az:
ð2:41Þ

This corresponds to the normalization of the
distances within the Cartesian space as follows:

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx
ax

	 
2

þ hy
ay

	 
2

þ hz
az

	 
2
s

ca¼1 hð Þ ¼ cx hxð Þ if h ¼ hx; =ax

: ð2:42Þ

If we choose to transform the anisotropy into
a reference variogram (for example, the vari-
ogram with the largest range instead of a vari-
ogram with range equal to 1), the normalized
distance h can be described as:

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx

ax
ax

	 
2

þ hy
ay
ay

	 
2

þ hz
az
az

	 
2
s

; ð2:43Þ

where ax is the reference variogram range and
rx ¼ ax=ax, ry ¼ ax=ay e rz ¼ ax=az are the three
anisotropic ranges in the three main ranges.

This methodology of transforming coordi-
nates may be applied equally to non-stationary
models that do not reach the sill.

If the direction of largest range does not match
the axis of the reference coordinate system, it
must be rotated so the axis xxʹ matches ax, yyʹ
matches ay and zzʹ matches az before applying
the geometry transform (Eq. 2.43).

Figure 2.17 shows a two-dimensional exam-
ple in which the maximum range is observed in
the direction of 45° and the smallest amplitude
perpendicular to this (135°). Therefore, any
vector h must be first rotated 45° (Eq. 2.44)
before any normalization operation:

hx45

hy45


� �
¼ cos 45
 � sin 45


sin 45
 cos 45


� �
� hx

hy

� �
:

ð2:44Þ

Zonal Anisotropy

Zonal anisotropy is common in stratified phe-
nomena in which the spatial continuity along a
stratum is in contrast with the variability between

Fig. 2.16 Schematic representation of geometrical ani-
sotropy: variograms with the same sill, but different
ranges
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a stratum and, consequently, the variogram along
the stratum does not reach the sill of the vari-
ogram (Fig. 2.18).

The zonal anisotropy may be modelled by a
linear combination of two structures:

c hð Þ ¼ C1c1 h1ð Þþ ðC2 � C1Þc2 h2ð Þ; ð2:45Þ

where the second structure c2 h2ð Þ, here the
vector h2;, is related only to the direction of
larger variability—that is, between stratum. The
example of Fig. 2.18 may be modelled by a
first structure with a sill C1 and a geometric
anisotropy with an anisotropic ratio and a
second structure with variance equal to
C2 − C1 and range a2 that only exists in
direction h2:

c hð Þ ¼ C1c1 h1ð Þþ ðC2 � C1Þc2 h2ð Þ;

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx
hx

	 
2

þ hz
az

	 
2
s

and h2 ¼ hz
az
:

The two structures are defined as follows:

c1 hð Þ—an isotropic model with a sill equal to C1,

and with ranges a1 in direction h1 and a2 in
direction h2.
c2 hð Þ—anisotropic model with a sill equal to
C2 − C1, with range a2 in direction h2 and with
‘infinite’ range along h1. Note that choosing a
very large range in direction h1 (for example, 10
times the dimension of the field) implies a small
contribution of c1 hð Þ for values of h1 near the
dimension of the field.

Structural Transforms

There are cases in which the anisotropic phe-
nomena do not regularly vary from the maximum
to the minimum range: for example, when the
spatial dispersion is conditioned by external
factors to the genesis of this resource. Structural
geology, such as folds and faults, are typical
events in which these cases occur.

Each of these situations requires specific
geometric transforms in order to achieve simple
and generalized variogram models for the entire
study area. For example, the transform associated
with a folded geological formation, or dome, into
a regular shape in order to better identify the
spatial continuity between samples within a very
non-isotropic structure (Fig. 2.19) (Mallet 2002,
2004). The conceptual basis of this transform is
the following: the value of a sample in the thin
part of the formation is correlated with more than
one value in the thickest part of the folded layer.
For the example in Fig. 2.19, in order to calcu-
late the mean variogram for the pairs of points
(x0, x1) and (x0, x2), it is the same as doubling the
sample x0. Note that this type of transformation
is possible in geological formations with a large
horizontal continuity and vertical heterogeneity,
which is the case in some oil and gas reservoirs.

Fig. 2.17 Schematic representation of the rose diagram
for the group of ranges and geometric anisotropic model

Fig. 2.18 Example of zonal anisotropy
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2.1.10 Co-regionalized Models
of Multivariate Systems

So far we introduced the spatial continuity
models for univariate systems. This section deals
with a co-regionalization model for multivariate
systems (Sect. 2.1.6). In a multivariate domain,
the variogram models and cross-covariance, as in
the univariate case, must ensure a positive vari-
ance of any linear combination between vari-
ables. There are several co-regionalization
models, however the most common is the linear
model. In this mode the single and cross-
variograms are the result of the linear combina-
tion of basic models.

The basic models (nugget effect, first struc-
ture, second structure and so on): with L as the
total number of structure, c0 hð Þ; c1 hð Þ; . . .; cL hð Þ;
must all belong to the simple and
cross-variograms:

ciiðhÞ ¼ b0iic0ðhÞþ b1iic1ðhÞþ . . .þ bLiicLðhÞ:
cjjðhÞ ¼ b0jjc0ðhÞþ b1jjc1ðhÞþ . . .þ bLjjcLðhÞ;
cijðhÞ ¼ b0ijc0ðhÞþ b1ijc1ðhÞþ . . .þ bLijcLðhÞ:

ð2:46Þ

The co-regionalization model of the group of
Nv 	 Nv simples and cross-covariance may be
defined as

cij hð Þ ¼
XL
l¼0

blijcl hð Þ; 8i;j;

or

Cij hð Þ ¼
XL
l¼0

blijCl hð Þ; 8i;j; ð2:47Þ

where blij are the sill of the simple model Cij hð Þ.
In order to ensure that the groups of covariances

Cij hð Þ are allowed (i.e. we need to guarantee that
the variance of any linear combination between
variables is positive) we need the following:

(1) The functions Cl hð Þ are positive definite;
(2) The matrices blij 8i;j;l¼0;L are positive define.

This condition implies that:

bliii0 e bljji0 and blii � bljjiblijblij l ¼ 0; . . .; L:

These relationships suggest two basic rules:

(i) one structure that exists in the simple
covariance may not exist in the cross-
covariance:

blii 6¼ 0 does not imply that blij 6¼ 0;

(ii) one structure that exists in the cross-
covariance needs to necessary exist in the
corresponding simple covariances:

Fig. 2.19 Structural
geometric transform of a
folded geological layer
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blij 6¼ 0 ) blii 6¼ 0 and bljj 6¼ 0;

In practice the co-regionalization models of
multivariate systems by a linear model may be
summarized in the following sequence of steps
(Goovaerts 1997):

(1) Selection of a group of structures clðhÞ; l ¼
0; . . .L; that reproduce the behavior of the
different simple variogram models ciiðhÞ; e
cjjðhÞ;. Following the rules already stated in
the previous paragraphs (i.e., one structure in
the cross-covariance needs to exist neces-
sarily in the corresponding simple covari-
ances). There is no need, at this stage, to
perform an analysis of the cross-variograms;

(2) Estimation of the sills blij for the different
structures of each cross-variogram;

(3) The matrices blij need to be positive:

bliii0 and bljji0 l ¼ 0; . . .;L:

Repeat (2) and (3) until the adjustment of
the group of simple and cross-variograms is
satisfactory.

Note that is due to the last two steps of this
sequence that in practice, make the adjustment of
co-regionalization not simple.

Nevertheless, in the cases where there is the
need to model multivariate systems and there is
also the need to approximate the adjustments of
the simple and cross-variograms, the priority
should be focused on the simple variograms, and
in particular, the variograms of the main variable.

2.2 Estimation Models

The reason geostatistics has grown in many
research fields of Earth and Environmental Sci-
ences relates to the efficiency and simplicity of its
interpolation methods from known sparse
experimental data to unknown locations within a
study area.

Here we present a group of geostatistical meth-
ods for the characterization of spatial phenomenaby

integrating different types of experimental data with
different scale support, resolution and uncertainty.
The spatial inference methodologies presented for
continuous and indicator variables are the basis for
the stochastic sequential simulation algorithms
presented in Chap. 3, and one of the main founda-
tions of the methodologies for integrating geo-
physical data into reservoir modeling (Chaps. 4, 5
and 6).

2.2.1 Linear Estimation of Local
Statistics

Generally speaking, it is possible to define the
spatial inference, or estimation, of a variable at
any given scale support (point, area or volume)
for a location not sampled Zðx0Þ, located in x0 as
a linear combination of the known value, N, for
that variable ZðxaÞ located at other different
spatial positions, xa ¼ 1; . . .; N:

Z x0ð Þ�¼
XnðuÞ
a¼1

kaZðxaÞ: ð2:48Þ

The weights, ka, (Eq. 2.48) should summarize
two extremely important characteristics in spatial
inference procedures: first, they should be sen-
sitive to the distance between the known samples
Z xað Þ and the point to be estimated Z x0ð Þ; while
they should also be able to disaggregate clusters
of experimental data in order to avoid biasing the
estimate at the unknown location, x0, by these
groups of clustered samples.

2.2.2 Probabilistic Model
of the Geostatistical
Linear Estimator

In the probabilistic model described in Sect. 2.1,
the unknown value Z x0ð Þ; and the neighboring
experimental samples ZðxaÞ, xa ¼ 1; . . .; N, are
interpreted as a RV located in x0 and xa
and respectively.

If we assume the stationary hypothesis for the
statistical moments related to the structural ele-
ment bi-point (Sect. 2.1.1), the first moment of
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each of these RVs is individually defined as
(Eq. 2.49):

EfZðxaÞg ¼ EfZðx0Þg ¼ m: ð2:49Þ

On the other hand, it is possible to assume
each pair of RVs separated by the same distance
vector h has the same joint distribution laws:

FZZ 0 Z x1ð Þ;Z x1 þ hð Þ½ � ¼ prob Z x1ð Þ\z; Z x1 þ hð Þ\z
0

n o
¼ FZZ 0 Z x2ð Þ; Z x2 þ hð Þ½ �
¼ FZZ 0 Z xð Þ; Z xþ hð Þ½ �:

ð2:50Þ

This means any bivariate law depends exclu-
sively on the distance vector h—the distance
between Z xð Þ and Z xþ hð Þ—and not on the
location x0. The second-order stationarity implies
the variogram and covariance, cðhÞ and CðhÞ, are
functions depending exclusively on the vector h.

The linear estimator described by Eq. 2.48 is
interpreted as a RV located in x0 and resulting
from the linear combination of the variables
ZðxaÞ, xa ¼ 1; . . .; N. Let eðx0Þ be the difference
between the estimated value, Z x0ð Þ�, and the real
value, Z x0ð Þ, the error associated with estimating
the value of Z xð Þ in x0 (Eq. 2.51):

eðx0Þ ¼ Z x0ð Þ��Z x0ð Þ ¼
X
a

kaZ xað Þ � Z x0ð Þ:

ð2:51Þ

The two quality criteria mentioned above may
be expressed in terms of the mean and the vari-
ance of the new RV eðx0Þ:

(i) Unbiased condition: Efeðx0Þg ¼ 0

The first quality criteria of the estimate,
ZðxaÞ�, is related to its expected value:

EfZðxaÞ�g ¼ EfZðx0Þg ¼ m: ð2:52Þ

Ensuring, within the probabilistic formalism
of this estimation model, there is no bias in the
estimation Efeðx0Þg ¼ 0 results in the following:

Efeðx0Þg ¼ E
X
a

kaZ xað Þ
( )

� E
X
a

Z x0ð Þ
( )

¼ 0

X
a

kaEfZ xað Þg ¼ EfZ x0ð Þg:

ð2:53Þ

Since the random function is stationary,
EfZðxaÞg ¼ EfZðx0Þg ¼ m, the equality from
Eq. 2.53 is ensured if the sum of the weights is
equal to 1: X

a

ka ¼ 1: ð2:54Þ

(ii) Variance minimization: Ef eðx0½ Þ�2g

The second quality factor of this estimator is
related to the variance of the error eðx0Þ. Two
estimators may have a null mean of eðx0Þ, but the
minimum dispersion around the mean states the
difference in terms of the quality of the
estimators:

varfeðx0Þg ¼ varfZðxaÞ� � Zðx0Þg

¼ E
X
a

kaZðxaÞ � Zðx0Þ
" #28<

:
9=
;:

ð2:55Þ

Decomposing the squared terms, we have:

¼ E
X
a

X
b

kakbE Z xað Þ � Z xb
� �� �( )

þE Z x0ð Þ2
n o

� 2E
X
a

kaZ xað Þ � Z x0ð Þ
( )

¼
X
a

X
b

kakbE Z xað Þ � Z xb
� �� �þE Z x0ð Þ2

n o

� 2
X
a

kaE Z xað Þ � Z x0ð Þf g:

ð2:56Þ

Once the covariance or variance (CðhÞ or
cðhÞÞ, model is defined and validated for the
entire study area, Z x0ð Þ, the variance of estima-
tion of any estimator may be expressed as a
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function of the covariance between the samples
and the unknown location at which the estima-
tion is performed:

varfeðx0Þg ¼ Cð0Þþ
X
a

X
b

kakbCðxaxbÞ

� 2
X
a

kaCðxaxbÞ:

ð2:57Þ

2.3 Kriging Estimate1

Ordinary Kriging is the most common Kriging
algorithm from a family of algorithms that
comprise the following non-stationary estima-
tors: simple Kriging, universal Kriging (also
known as Kriging with trend), Kriging with
external drift, co-Kriging, the estimator of prob-
ability distribution functions—indicator Kriging
for categorical indicator variables, and the non-
linear estimates—multi-Gaussian Kriging and
disjunctive Kriging (Matheron 1965).

The linear geostatistical estimator (Eq. 2.48)
named by ordinary Kriging is defined as a linear
combination of N neighbors of x0—ZðxaÞ,
a ¼ 1; . . .; N—that verifies the two criteria
related to the estimation error eðx0Þ ¼
Z x0ð Þ��Z x0ð Þ; unbiasedness Efeðx0Þg ¼ 0 and
minimum estimation variance (Eq. 2.58):

minfvar eðx0ð ÞÞg: ð2:58Þ

The first criterion is reached by imposing a
condition on the weights (Eq. 2.54).

Minimizing the estimation variance (Eq. 2.58)
is ensured by the classic method of equating the

N partial derivatives to zero in order to ka
(a ¼ 1; . . .; N) and solving the system of
N equations with N unknowns by any mathe-
matical method. However, since the solution of
the N unknowns is conditioned by Eq. 2.54, the
minimization of Eq. 2.57 may be solved by
resorting to Lagrange formalism, which implies
adding an extra equation to Eq. 2.57 and, con-
sequently, an extra unknown (the Lagrange
parameter l) to Eq. 2.57:

varfeðx0Þg ¼ Cð0Þþ
X
a

X
b

kakbCðxaxbÞ

� 2
X
a

kaCðxax0Þþ 2l
X
a

ka � 1

" #
;

ð2:59Þ

the last term is null.
The minimization of Eq. 2.59 consists of

calculating the N + 1 partial derivatives to
achieve ka and l, using an equality to zero,
obtaining the system of N + 1 equations with
N + 1 unknowns in this way. The resulting
solution is the N weights ka that fulfil the unbi-
asedness condition (Eq. 2.54) while at the same
time minimizing the estimation variance:

@ E Z x0ð Þ��Z x0ð Þ½ �2
n o

þ 2l
P
a
ka � 1

� �� �
@ka

¼ 0; a ¼ 1; . . .N

@ E Z x0ð Þ��Z x0ð Þ½ �2
n o

þ 2l
P
a
ka � 1

� �� �
@l

:

ð2:60Þ

The development of the N first equations
results in:

The last partial derivative in order to l results
in the following equation:

X
a

ka ¼ 1: ð2:62Þ

@ Cð0Þþ P
a

P
b
kakbCðxaxbÞ � 2

P
a
kaCðxax0Þþ 2l

P
a
ka � 1

� �" #

@ka
¼ 0; a ¼ 1; . . .N 2

X
b

kbC xaxb
� �� 2C xax0ð Þþ 2l ¼ 0; a ¼ 1; . . .N:

ð2:61Þ

1The geostatistical estimator was named Kriging
by Georges Matheron (1965) as a tribute to the pioneering
work of Danie G. Krige (1951).
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Finally, the Kriging system of N + 1 equa-
tions that allows calculation of the N weights ka
is the following:P

b
kbC xaxb

� �þ l ¼ C xax0ð Þ; a ¼ 1; . . .NP
a
ka ¼ 1:

8<
:

ð2:63Þ

The minimum estimation variance is obtained
by replacing Eq. 2.63 into Eq. 2.57:

r2E ¼ C 0ð Þþ
X
a

kaC xax0ð Þ � l� 2
X
a

kaC xax0ð Þ

r2E ¼ C 0ð Þ �
X
a

kaC xax0ð Þ � l:

ð2:64Þ
The Kriging system may also be described in

terms of the variogram c hð Þ, knowing that
c hð Þ ¼ C 0ð Þ � CðhÞ:P

b
kbc xaxb
� �� l ¼ c xax0ð Þ; a ¼ 1; . . .NP

a
ka ¼ 1;

8<
:

ð2:65Þ

with the estimation variance defined as:

r2E ¼
X
a

kac xax0ð Þþ l: ð2:66Þ

2.3.1 Kriging System Resolution

In practice, the system of N + 1 equations may
be written in a matrix notation (Eq. 2.67). Con-
sidering K the covariance matrix between sam-
ples, M the second member matrix—the
covariance between samples and the unknown
location—and k the weighting matrix:

K½ � ¼

Cðx1; x1Þ � � � Cðx1; xNÞ 1

..

. . .
. ..

. ..
.

CðxN ; x1Þ � � � CðxN ; xNÞ 1

1 1 0

0
BBBB@

1
CCCCA;

M½ � ¼
Cðx1; x0Þ

..

.

CðxN ; xNÞ
1

2
6664

3
7775 k½ � ¼

k1
..
.

kN
l

2
6664

3
7775; ð2:67Þ

The Kriging system may be written as
follows:

K½ � � k½ � ¼ ½M�; ð2:68Þ

where the solution is achieved by inverting the
matrix K:

k½ � ¼ K½ ��1�½M�; ð2:69Þ

and

r2E x0ð Þ ¼ C 0ð Þ � k½ �T �½M�: ð2:70Þ

By defining [Z] as the vector of the values
ZðxaÞ, ½Z� ¼ ½zðx1Þ; . . .; zðxNÞ�, the Kriging esti-
mator Z x0ð Þ� is given by Eq. 2.71:

Z x0ð Þ�¼ k½ �T � Z½ � ¼ M½ �T � K½ ��1�½Z�: ð2:71Þ

Note that the Kriging variance (r2E x0ð Þ,
Eq. 2.66) depends exclusively on the location of
the experimental data ðxaÞ against the location
where the estimation is being performed (x0), and
not on the values of the experimental data. In
other words, the Kriging variance is not depen-
dent on the property that is being modelled,
but depends exclusively on the configuration of
the experimental data against the location x0
(Goovaerts 1997).

All the different available Kriging-based
techniques share some important properties:

(1) Kriging is an exact interpolator, the values of
the experimental data are honored in the
interpolated model;

(2) The interpolation is constrained by a spatial
continuity model, represented by a vari-
ogram model in two-point geostatistics;

(3) Kriging techniques are able to weigh differ-
ently isolated samples from clusters of sam-
ples (declustering);
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(4) Models interpolated with Kriging tend to
reproduce the mean value of the experimental
data in areas far from the experimental data
location (Deutsch and Journel 1992).

2.4 Linear Estimation
of Non-stationary Phenomena:
Simple Kriging

The ordinary Kriging estimator assumes the
mean of the variable Z xð Þ within the study area
A is not known but constant. However, there are
natural phenomena in which the values of a given
property we aim to estimate are not homoge-
neous across the entire study area. In such cases,
it can be said that a drift in the values of Z xð Þ
exists and that the stationarity hypothesis of
Eq. 2.49 is not verified for the entire A.

There are some linear estimation methodolo-
gies of Z(x) that take into account the way the
values of Z(x) drift spatially its local means (m(x))
vary: simple Kriging; Kriging with a trend model
(universal Kriging) and Kriging with an external
drift. Due to its importance in the following
chapters, we will only refer to the simple Kriging
estimate. For discussions of the other
non-stationary Kriging estimates, the reader is
referred to Journel and Huijbreghts (1978), Goo-
vaerts (1997), and Deutsch and Journel (1992).

The simple Kriging estimate is the most
general Kriging algorithm in its non-stationary
version. It assumes the mean of the set of RVs
from the available experimental data and the
locations not sampled within the study area is
known.

In practice, this algorithm is applied where the
theoretical formalism of the probabilistic model
imposes the knowledge of the mean of the ran-
dom function (as in the multi-Gaussian Kriging
of a random function with null mean) or when
there is good knowledge about the trend, or drift,
of the natural phenomenon. In these cases, the
values of the drift (if known for the entire field)
as the local mean of the RV of the sampled and
non-sampled values within the study area can be
assumed.

If we consider the Kriging estimator Z x0ð Þ� in
its most general form—as a linear combination of
the N data Z xað Þ, then:

Z x0ð Þ�¼ k0 � 1þ
XN
a¼1

kaZðxaÞ: ð2:72Þ

For those non-stationary cases in terms of the
first statistical moment of the RVs are known, but
not constant, the unbiasedness condition is
defined as:

E Zðx0Þf g ¼ E Zðx0Þ�f g ¼ k0 þ
XN
a¼1

kaE ZðxaÞf g;

ð2:73Þ

which implies:

k0 ¼ mx0 �
XN
a¼1

kamxa : ð2:74Þ

By plugging Eq. 2.74 into Eq. 2.72 we obtain
the simple Kriging estimate:

Z x0ð Þ��mðx0Þ ¼
XN
a¼1

ka½Z xað Þ � m xað Þ�;

ð2:75Þ

in which the residual Z x0ð Þ � m x0ð Þ is estimated
based on the residual between samples
Z xað Þ � m xað Þ.

Note that in those situations, in which uncer-
tainty about the knowledge of the drift phenomena
allows matching the drift of the set of RVs, simple
Kriging is a method for estimating the residuals.
The variance of the error eðx0Þ ¼ Z x0ð Þ��Z x0ð Þ
may be written in function of the covariances
(Eq. 2.57). For simple Kriging, the N weights are
calculated by minimizing this variance, obtained
by the N partial derivatives in order to ka,
resulting in the following system of N equations:

X
b

kbC xaxb
� � ¼ C xax0ð Þ; a ¼ 1; . . .;N; ð2:76Þ

resulting in the solution of N unknowns ka and
the consequent calculus of the estimation vari-
ance associated with simple Kriging:
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r2E x0ð Þ ¼ C 0ð Þ �
X
b

kaC xax0ð Þ: ð2:77Þ

2.5 Co-kriging Estimate

There are cases where, in addition to the main
variable being estimated, there is a secondary
variable in a different sampling grid. This sec-
ondary information may be incorporated into the
estimation model as soon as a co-regionalization
model between variables can be inferred. A typi-
cally example in hydrocarbon reservoir charac-
terization is porosity, which is often modelled
jointlywith an existing acoustic impedancemodel.

Let us first consider a primary variable, Z1 xið Þ.
i ¼ 1; . . .; N1, known in N1 sampling points and
a secondary variable, Z2 xj

� �
: j ¼ 1; . . .; N2,

sampled in N2 points. The linear estimate, Z1 x0ð Þ;
in an unknown location, x0, may be described by
the following linear combination of the neighbor
samples of both variables Z1 xið Þ and Z2 xj

� �
:

Z1 x0ð Þ½ ��CK¼
XN1

i¼1

aiZ1ðxiÞþ
XN2

j¼1

bjZ2ðxjÞ: ð2:78Þ

Equation 2.78 describes the co-Kriging esti-
mator, which like Kriging should be non-biased
and with minimum variance error. The unbi-
asedness condition implies that the expected
value for the error is null:

E Z1 x0ð Þ½ ��CK�Z1 x0ð Þ� � ¼ 0; ð2:79Þ

given the stationarity of the first statistical
moment of both variables:

E
X
i

aiZ1 xið Þþ
X
j

bjZ2 xj
� �� Z1 x0ð Þ

( )
;

ð2:80Þ

X
i

ai � 1

" #
m1 þ

X
j

bjm2 ¼ 0: ð2:81Þ

The following conditions imposed over the
weights ensure the unbiasedness of the estimate:X

i

ai ¼ 1 and
X
j

bj ¼ 0: ð2:82Þ

The estimation variance is given by:

where CZ1 hð Þ and CZ2 hð Þ are the covariances of
Z1 xð Þ and Z2 xð Þ; respectively, and CZ1Z2ðhÞ the
cross-covariance between Z1 xð Þ and Z2ðxÞ. The
weights ai and bj are calculated by minimizing
the estimation variance (Eq. 2.83) with con-
strains from Eq. 2.82.

The Lagrange formalism may be applied to
Eq. 2.83 as it was in Eq. 2.57:

var ef g ¼ 2l1
XN1

i¼1

ai � 1

 !
þ 2l2

XN2

j¼1

bj

 !
;

ð2:84Þ

var ef g ¼ var Z1ðx0Þ½ ��CK�Z1ðx0Þ
� � ¼ var

XN1

i¼1

aiZ1ðxiÞþ
XN2

j¼1

bjZ2ðxjÞ � Z1ðx0Þ
( )

¼
XN1

i¼1

XN1

j¼1

aiajCZ1ðxi; xjÞþ
XN2

i¼1

XN2

j¼1

bibjCZ1ðxi; xjÞ
XN2

i¼1

XN2

j¼1

bibjCZ2ðxi; xjÞ

þ 2
XN1

i¼1

XN2

j¼1

aibjCZ1Z2ðxi; xjÞ � 2
XN1

j¼1

aiCZ1ðxi; x0Þ

� 2
XN2

j¼1

bjCZ1Z2 xj; x0
� �þCZ1ðx0; x0Þ; ð2:83Þ

2.4 Linear Estimation of Non-stationary Phenomena: Simple Kriging 29



where:

e ¼ ½Zðx0Þ��CK � Zðx0Þ: ð2:85Þ

The minimization of Eq. 2.83 is achieved by
resorting to the N1 + N2 partial derivatives with
respect to the weights ai and bj equal to zero:

@ðvar ef gÞ
@aj

¼ 0 for j ¼ 1; . . .;N1

@ðvar ef gÞ
@bj

¼ 0 for j ¼ 1; . . .;N2

@ðvar ef gÞ
@l1

¼ 2
XN1

i¼1

ai � 1

@ðvar ef gÞ
@l2

¼ 2
XN2

i¼1

bi:

Resulting in the N1 + N2 + 2 equations:

XN1

i¼1

aiCZ1 xi; xj
� �þ XN2

i¼1

biCZ1Z2 xi; xj
� �þ l1 ¼ CZ1 x0; xj

� �
j ¼ 1; . . .;N1

XN1

i¼1

aiCZ1Z2 xi; xj
� �þ XN2

i¼1

biCZ2 xi; xj
� �þ l2 ¼ CZ1Z2 x0; xj

� �
j ¼ 1; . . .;N2

XN1

i¼1

ai ¼ 1 and
XN2

i¼1

bi ¼ 0: ð2:86Þ

In sum, here are some practical notes regard-
ing the co-Kriging estimate:

In practice, using an auxiliary variable
through co-Kriging is only advantageous com-
pared to the ordinary Kriging of the primary
variable, if the primary variable is sub-sampled
in comparison to the secondary variable and if
both variables are correlated. For more on this
topic, please see Sousa (1989), Wackernagel
(1995), Bourgault and Marcotte (1991), Marcotte
(1991), Myers (1982, 1984), Samper and Carrera
(1990) and Goovaerts (1997).

However, there are a few points that should be
noted about the co-Kriging estimate:

(1) The co-Kriging estimate is the natural exten-
sion of the Kriging estimate to incorporate a
secondary variable. As in ordinary Kriging,
the first member matrix must be definite
positive. This condition is satisfied if the
individual covariance and cross-covariance
are the ones described in Sect. 2.1.8;

(2) The resolution of the system of equations for
co-Kriging may have numerical instability
problems if there are large differences in the
variances of primary and secondary vari-
ables. In such cases, simple or cross-
correlograms should be used instead of
their variogram and covariance equivalents;

(3) Theoretically, the co-Kriging estimator
introduces estimation errors that are smaller
than those introduced by ordinary Kriging.
However, this advantage must take into

account the costs associated with model-
ing the cross-variograms, which are often
just rough approximations and forced
adjustments;

(4) The co-Kriging estimate may be generalized
for a group of auxiliary variables:

Z1 x0ð Þ½ ��CK¼
XN1

a1¼1

ka1Z1ðxa1Þþ
XNv

i¼2

XNi

i¼2

kalZiðxa1Þ:

ð2:87Þ

The resolution of this estimate implies the

knowledge of the ðNv þ 1Þ2=2 variogram
models.
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2.6 Co-estimation with a Secondary
Variable in a Much Denser
Sample Grid: Collocated
Co-kriging

In some cases, the secondary variable is much
more abundant compared to the available number
of samples or observations of the primary vari-
able. This is so when the secondary variable is
known for the entire area A, resulting in a 2D or
3D model that is intended to be used as condi-
tioning data to estimate the primary variable. Note
that the termmodel here refers to knowledge of the
variable for the entire study area. When this hap-
pens, the co-Kriging system (Eq. 2.86) becomes
unstable due to difference in the sampling density
between the primary and secondary variables.

Moreover, the value of the secondary variable
at the location at which the estimation is per-
formed tends to minimize the effect from the
primary variable samples located at great dis-
tances. In these cases, one possible solution is to
retain the values of the secondary variable at the
location being studied. This Kriging version is
known as collocated co-Kriging (Xu et al. 1992;
Almeida and Journel 1994).

By considering Z1 xð Þ to be the primary vari-
able the values of which are known at N1 loca-
tions, and Z2ðxÞ the secondary variable known
for the entire study area, the collocated
co-Kriging estimate Z1ðx0Þ is defined by:

Z1 x0ð Þ½ ��CK¼
XN1

a1¼1

aiZ1ðxiÞþ b0Z2ðx0Þ: ð2:88Þ

Resulting in a system of equation of N1 + 2
equations:

XN1

i¼1

aiCZ1 xi; xj
� �þ b0CZ1Z2 xi; x0ð Þþ l1 ¼ CZ1 x0; xj

� �
j ¼ 1; . . .;N1

XN1

i¼1

aiCZ1Z2 xi; xj
� �þ b0CZ2 0ð Þþ l2 ¼ CZ1Z2 0ð Þ j ¼ 1; . . .;N1

XN1

i¼1

ai þ b0 ¼ 1:: ð2:89Þ

When the variances of the primary and sec-
ondary variables are very different, the system of
equations (Eq. 2.89) should be expressed in
terms of correlograms.

2.7 Estimation of Local Probability
Distribution Functions

The Kriging estimate presented above is an
optimal solution for inferring mean global or
local characteristics of a quantitative property.
The resulting models are interpolated models of
mean values that are traditionally suitable for
characterizing variables homogenously spatially
distributed, i.e. variables with low variability in
which the mean value is enough to represent it
within a study area.

For heterogeneous variables, such as the
internal petro-elastic properties of a hydrocarbon
reservoir, since Kriging results in smooth mod-
els, the Kriging estimate is not enough to char-
acterize their spatial distribution.

For such complex variables there are geosta-
tistical models that aim to locally estimate the
probability distribution function of a given
property. These probability distribution functions
are the basis for the sequential stochastic simu-
lation methodologies introduced in the Chap. 3.

These can be used in the context of this book
to map extreme values or to assess local uncer-
tainty (Goovaerts 1997). But the indicator for-
malism as a method for estimating local
probability distribution functions is based in the
work developed by Switzer (1977). However,
this method is difficult to implement and was
replaced by alternative stochastic simulation
processes for continuous variables, such as the
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Gaussian formalism. Readers interested in the
indicator formalism should read Goovaerts
(1997) and Deutsch and Journel (1992).

Multi-Gaussian formalism

This approach for estimating the local probability
functions of a given variable consists in using a
single model known for the distribution function
of the group of RVs. It assumes that a group of
RVs fY xð Þ; x 2 Ag follows a joint multi-Gaussian
function. This is an easy way to estimate the local
probability distribution function when compared
to the indicator formalism, but this strong
assumption may lead to some consistency prob-
lems with the available experimental data.

The probability distribution function at any
location x0 is perfectly described by the condi-
tional expected value and variance:

E Y x0ð ÞjY x1ð Þ. . .Y xNð Þf g;
varfY x0ð ÞjY x1ð Þ. . .Y xNð Þg: ð2:90Þ

Resulting in the Gaussian probability function
at x0 as:

G x0; yð Þ ¼ G
y� E Yðx0ÞjYðxaÞ; a ¼ 1; . . .;Nf gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
var Yðx0ÞjYðxaÞ; a ¼ 1; . . .;Nf gp

" #
:

ð2:91Þ

Under the multi-Gaussian assumption both
first statistical moments (Eq. 2.90) are equal to
the linear simple Kriging estimate (Eq. 2.75) and
the corresponding Kriging variance (Eq. 2.77;
Journel and Huijbreghts 1978):

E Yðx0ÞjYðxaÞ; a ¼ 1; . . .;Nf g ¼ Y x0ð Þ�½ �

¼ m x0ð Þþ
Xn
a¼1

ka Y xað Þ � m xað Þ½ � ¼
XN
a¼1

kaY xað Þ;

ð2:92Þ

given that the means are known and constant:

m x0ð Þ ¼ m xað Þ ¼ 0;

var Yðx0ÞjYðxaÞ; a ¼ 1; . . .;Nf g ¼ r2E x0ð Þ:
ð2:93Þ

where the weights ka are computed by the simple
Kriging system (Eq. 2.76).

The probability distribution function in x0 is
defined by the two parameters estimated by
simple Kriging—mean and variance:

G x0; yð Þ ¼ G
y� Y x0ð Þ�½ �

r2E x0ð Þ
� �

: ð2:94Þ

2.7.1 Gaussian Transform
of the Experimental
Data

One of the greatest advantages of this approach
concerns the simplicity of its implementation: the
probability distribution function is defined for
every location x0 with the simple Kriging esti-
mate of Y x0ð Þ. However, we need a Gaussian
transformation of the experimental data ZðxaÞ;
a ¼ 1; . . .;N to ensure the Gaussian marginal
distribution at least:

YðxaÞ ¼ UðZðxaÞÞ; a ¼ 1; . . .;N; ð2:95Þ

where YðxaÞ follows a Gaussian function with
zero mean and variance one.

The Gaussian transform (Ф) may be calculated
using a polynomial approximation—Hermite’s
polynomial (Matheron 1974; Muge 1982)—or by
a simple graphical transform, which due to its
simplicity is more suitable for this operation.

Given two distribution function of variables
Z xð Þ and Y xð Þ:

F xð Þ ¼ prob ZðxÞ\zf g:
G yð Þ ¼ prob YðxÞ\yf g;

the value z corresponding to the Gaussian value
y satisfies F zð Þ ¼ GðyÞ.
Generalizing:

YðxaÞ ¼ UðZðxaÞÞ ¼ G�1 F Z xað Þð Þð Þ
a ¼ 1; . . .;N; ð2:96Þ

with the Gaussian transformation of the experi-
mental data Z xð Þ, with a probability distribution
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function F zð Þ into Gaussian Y xð Þ; and assuming
that these follow a joint multi-Gaussian proba-
bility function, all the formalisms previously
described may be applied following this
sequential approach:

(1) The experimental data is transformed into
Gaussian (Eq. 2.96);

(2) After calculating the variograms of the
transformed values YðxaÞ for each single
point x0; a local probability distribution
function is calculated:

G x0; yð Þ ¼ prob Yðx0Þ\yf g; ð2:97Þ

(3) The values of the probability distribution
F z

0� �
for any threshold value z

0
are obtained

by the inverse transform /: first the value of
yʹ corresponding to zʹ is calculated:

y0 ¼ / z0ð Þ ¼ G�1 Fðz0Þ½ �: ð2:98Þ

Then, we may calculate Fðx0; z0Þ from
G x0; y0ð Þ estimated by Eq. 2.94:

F x0; z
0ð Þ ¼ G x0; y

0ð Þ: ð2:99Þ

If the threshold zʹ is not coincident with the
values of experimental data Z xað Þ, and because
Fðx; zÞ is monotonous crescent, the inverse
transformation may be calculated by a linear or
power interpolation (Goovaerts 1997).

2.8 Estimation of Categorical
Variables

When the petrophysical properties of a given
hydrocarbon reservoir have some degree of
homogenization, one can frequently classify the
group of petrophysical properties through the
concept of lithofacies. Lithofacies may be
defined as geological bodies that share an iden-
tical behavior in terms of petrophysical and/or
elastic response; this concept does not strictly
refer to distinct types of lithologies (or sedi-
mentary facies). In reservoir characterization,
these lithofacies are frequently modelled using
categorical variables, which are further mod-
elled in terms of their internal properties and to
continuous variables, such as porosity and
permeability.

Within the conceptual geostatistical frame-
work for categorical variables, the unit element
consists in the probability of a point located
within the study area that belongs to a group of
complementary and disjunctive bodies. The
shapes of the different bodies (or lithofacies)
result from the classification of these elements
with the greater probability of belonging to each
body (or lithofacies). Let’s assume a group K of
disjunctive lithofacies, Xk ¼ 1; . . .;K. For each
point located in x within the study area A we may
define a binary vector IkðxÞ as follows (Fig. 2.20):

Ik xð Þ ¼ 1; if x 2 Xk

0; if x 2 Xj and j 6¼ k:



ð2:100Þ

Fig. 2.20 Schematic
representation of a group of
three lithofacies in a 2D
model
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From the multi-phase group, we may define
the individual statistics for each single phase:

mk ¼ EfIkðxÞg;
r2k ¼ varfIkðxÞg:

ð2:101Þ

For the group of different lithofacies we may
define a measurement of average continuity of
global structure—C(h) (Eq. 2.102)—with the
probability of two points x and x + h with dis-
tance h, belonging to the same lithofacies Xk for
all k = 1, …, K (Soares 1992):

C hð Þ ¼ E
XK
k¼1

Ik xð Þ � Ikðxþ hÞ
( )

: ð2:102Þ

The multi-phase covariance (Eq. 2.102) may
be decomposed by the sum of the single-phase
covariance:

C hð Þ ¼
XK
k¼1

E Ik xð Þ � Ikðxþ hÞf g ¼
XK
k¼1

Ck hð Þ;

ð2:103Þ

which may be written in the form of a variogram.
From the structural point of view, the co-

variance C(h) and the variogram c hð Þ quantify
the average morphological variability of the set
of all lithofacies:

c hð Þ ¼ 1
2
E
XK
k¼1

Ik xð Þ � Iki xþ hð Þ½ �2
( )

:

ð2:104Þ

Note that for most cases, when dealing with
multi-phase structures there are not enough
samples to estimate reliable individual vari-
ograms or covariances. This gets worse as the
number of lithofacies increases. In this way the
multi-phase variogram or covariance may be
directly estimated from Eq. 2.105:

c hð Þ ¼ 1
KNðhÞ

XK
k¼1

XNðhÞ
a¼1

IkðxaÞ � IkiðxaþhÞ½ �2;

C hð Þ ¼
XK
i¼1

r2k � c hð Þ: ð2:105Þ

A multi-phase group may be composed of
subgroups with distinct spatial behavior. This can
be seen as having a single variable with a
non-stationary behavior for the entire study area.
By adopting an average global spatial continuity
model there will be regional areas that are not
modelled correctly. In such cases, each subgroup
should be modelled independently, avoiding as
much as possible, the integration within the same
model subgroups with very distinct spatial
behaviors.

With these structural tools for categorical
variables, we are now ready to introduce a
morphological estimation methodology for
multi-phase structures (Soares 1992). With the
geostatistical estimation of multi-phase struc-
tures, the aim is to calculate, for each point x0
within the study area A, the joint probability of x0
belonging to lithofacies Xk for all k = 1, …, K
based on the IiðxaÞ from the experimental sam-
ples xa ¼ 1; . . .;N:

prob x0 2 X1f g ¼ I1ðx0Þ½ ��¼
X
a

ka;1I1ðxaÞ;

prob x0 2 X2f g ¼ I2ðx0Þ½ ��¼
X
a

ka;2I2ðxaÞ;

prob x0 2 XKf g ¼ IKðx0Þ½ ��¼
X
a

ka;KIKðxaÞ:

ð2:106Þ

If when constructing these estimators, we
use the same covariance model—multi-phase
covariance—then the weights ka are the same for
all phases:

ka;1 ¼ ka;2 ¼ . . . ¼ ka;K ¼ ka: ð2:107Þ

The estimator IKðx0Þ½ ��¼P
a
kaIkðxaÞ,

k ¼ 1; . . .;K, is calculated in such a way that it is
not biased and the estimation variance is
minimized:

Unbiasedness condition

E Ikðx0Þ½ ��f g ¼ EfIkðx0Þg;X
a

kaEfIkðxaÞg ¼ EfIkðx0Þg; ð2:108Þ
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implies that

X
a

ka ¼ 1: ð2:109Þ

Consequently, from Eq. 2.106 the result is
that the sum of the estimated probabilities of
belonging to each one of the phases is 1:

XK
k¼1

Ikðx0Þ½ ��¼
X
a

ka ¼ 1: ð2:110Þ

In addition to the unbiasedness condition,
Eq. 2.108 calculated the weights of the mini-
mization in the sumof the estimation variances that
is also imposed on each lithofacies individually:

min E I1ðx0Þ½ ���I1ðx0Þ½ �2 þE I2ðx0Þ½ ���I2ðx0Þ½ �2 þ . . .þE IKðx0Þ½ ���IKðx0Þ½ �2
n o

¼ min E
X
k

E Ikðx0Þ½ ���Ikðx0Þ½ �2
" #( )

ð2:111Þ

which we also may express in terms of multi-
phase covariance C(h):

X
k

E Ikðx0Þ½ ���Ikðx0Þ½ �2
n o

¼ C 0ð Þþ
X
a

X
b

kakbCðxaxbÞþ
X
a

kaCðxax0Þ:

ð2:112Þ

By minimizing this equation under the con-
straining from Eq. 2.109, we obtain the classical
Kriging system with multi-phase covariance:

P
b
kbC xaxb

� �þ l ¼ C xbx0
� � 8a ¼ 1; . . .;NP

a
ka ¼ 1:

8<
:

ð2:113Þ

The minimization of the sum of the variances
does not directly imply the minimization of the
variances for each class individually. This means
that the best estimate of the multi-phase group may
not be the best estimate of each class/lithofacies
individually: this is only possible if each class is

estimated individually with independent covari-
ance for each class.

When we can calculate individual variograms
for each phase, they can be different, and as the
weights are phase-dependent, the sum of proba-
bilities estimated at a given point may not be 1.
However, there are methods to overcome this
limitation (Suro-Perez and Journel 1990).

Considering:

Si ¼
X
a

IkiðxÞ½ �� 6¼ 1; ð2:114Þ

then the estimated probability for each phase is
reconverted by factor

IKðx0Þ½ ���¼ IKðx0Þ½ ��
Si

being
X
k

Ikðx0Þ½ ��� ¼ 1:

Thus, both the multi-phase estimation and the
individual estimation of each phase are valid
methods for reaching the same goal—the spatial
characterization of a multi-phase structure—but
in different situations:

– The individual estimation of each phase has the
advantage of taking into consideration the
structural differences quantified by individual
variogram or covariance models. However, in
practice this is not often used since while the
number of phases increase, the estimation of the
individual variograms becomes more difficult
as the number of samples per phase decreases.

– Usingmulti-phase variograms does notmeanwe
need to use a single variogram model. Hetero-
geneous multi-phase groups may and should be
modelled by different multi-phase variograms
within the same estimation procedure.
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