
Chapter 2
Foundations

2.1 Stability Definitions

Consider a Multiple-Input Multiple-Output (MIMO) nonlinear system:

xk+1 = F(xk, uk) (2.1)

yk = h(xk) (2.2)

where x ∈ �n is the system state, u ∈ �m is the system input, y ∈ �p is the system
output, and F ∈ �n × �m → �n is nonlinear function.

Definition 2.1 ([5]) System (2.1) is said to be forced, or to have input. In contrast
the system described by an equation without explicit presence of an input u, that is

xk+1 = F(xk)

is said to be unforced. It can be obtained after selecting the input u as a feedback
function of the state

uk = ϑ(xk) (2.3)

Such substitution eliminates u:

xk+1 = F(xk, ϑ(xk)) (2.4)

and yields an unforced system (2.4) [8].

Definition 2.2 ([5]) The solution of (2.1)–(2.3) is semiglobally uniformly ultimately
bounded (SGUUB), if for anyΩ , a compact subset of�n and all xk0 ∈ Ω , there exists
an ε > 0 and a number N(ε, xk0) such that ‖xk‖ < ε for all k ≥ k0 + N.

In other words, the solution of (2.1) is said to be SGUUB if, for any a priory
given (arbitrarily large) bounded set Ω and any a priory given (arbitrarily small)
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set Ω0, which contains (0, 0) as an interior point, there exists a control (2.3) such
that every trajectory of the closed loop system starting from Ω enters the set Ω0 =
{xk | ‖xk‖ < ε}, in a finite time and remains in it thereafter [13].

Theorem 2.3 ([5]) Let V (xk) be a Lyapunov function for the discrete-time system
(2.1), which satisfies the following properties:

γ1(‖xk‖) ≤ V (xk) ≤ γ2(‖xk‖)
V (xk+1) − V (xk) = ΔV (xk)

≤ −γ3(‖x(k)‖) + γ3(ζ )

where ζ is a positive constant, γ1(•) and γ2(•) are strictly increasing functions, and
γ3(•) is a continuous, nondecreasing function. Thus if ΔV (xk) < 0 for ‖xk‖ > ζ ,
then xk is uniformly ultimately bounded, i.e., there is a time instant kT , such that
‖xk‖ < ζ , ∀k < kT .

Definition 2.4 ([8]) A subset S ∈ �n is bounded if there is r > 0 such that ‖x‖ ≤ r
for all x ∈ S.

Definition 2.5 ([8]) System (2.5) is said to be BIBO stable if for a bounded input
uk , the system produces a bounded output yk for 0 < k < ∞
Lemma 2.6 ([17]) Consider the linear time varying discrete-time system given by

xk+1 = Akxk + Buk
yk = Cxk (2.5)

where Ak, B and C are appropriately dimensional matrices, x ∈ �n, u ∈ �m and
y ∈ �p.
Let Φ(k1, k0) be the state transition matrix corresponding to Ak for system (2.5),
Φ(k1, k0) = ∏k=k1−1

k=k0
Ak. If Φ(k1, k0) < 1∀k1 > k0 > 0, then system (2.5) is

(1) globally exponentially stable for the unforced system (uk = 0) and
(2) Bounded Input Bounded Output (BIBO) stable [5, 17].

Theorem 2.7 (Separation Principle) [12]: The asymptotic stabilization problem of
the system (2.1)–(2.2), via estimated state feedback

uk = ϑ(̂xk)

x̂k+1 = F (̂xk, uk, yk) (2.6)

is solvable if and only if the system (2.1)–(2.2) is asymptotically stabilizable and
exponentially detectable.

Corollary 2.8 ([12]) There is an exponential observer for a Lyapunov stable
discrete-time nonlinear system (2.1)–(2.2) with u = 0 if and only if the linear approx-
imation
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xk+1 = Axk + Buk
yk = Cxk (2.7)
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of the system (2.1)–(2.2) is detectable.

2.2 Discrete-Time High Order Neural Networks

The use of multilayer neural networks is well known for pattern recognition and
for modelling of static systems. The neural network (NN) is trained to learn an
input-output map. Theoretical works have proven that, even with one hidden layer,
a NN can uniformly approximates any continuous function over a compact domain,
provided that the NN has a sufficient number of synaptic connections.

For control tasks, extensions of the first order Hopfield model called Recurrent
High Order Neural Networks (RHONN) are used, which presents more interactions
among the neurons, as proposed in [14, 16]. Additionally, the RHONNmodel is very
flexible and allows to incorporate to the neural model a priory information about the
system structure.

Let consider the problem to identify nonlinear system

χk+1 = F (χk, uk) (2.8)

where χk ∈ �n is the state of the system, uk ∈ �m is the control input and F ∈
�n × �m → �n is a nonlinear function.

To identify system (2.8), we use the discrete-time RHONN proposed in [18]

xi,k+1 = w

i ϕi (xk, uk), i = 1, · · · , n (2.9)

where xk = [x1,k, x2,k . . . xn,k]
, xi is the state of the i-th neuron which identifies the
i-th component of state vector χk in (2.8), wi ∈ �Li is the respective on-line adapted
weight vector, and uk = [u1,ku2,k . . . um,k]
 is the input vector to the neural network;
ϕi is an Li dimensional vector defined as

ϕi (xk, uk) =

⎡

⎢
⎢
⎢
⎣

ϕi1
ϕi2
...

ϕiLi

⎤

⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Π j∈I1ξ
di j (1)

i j

Π j∈I2ξ
di j (2)

i j
...

Π j∈ILi ξ
di j (Li )

i j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(2.10)
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Fig. 2.1 Discrete-Time RHONN

with di j nonnegative integers, j = 1, . . . , Li , Li is the respective number of high
order connections, and {I1, I2, · · · , ILi } a collection of non-ordered subsets of
{1, 2, · · · , n + m}, n the state dimension, m the number of external inputs, and ξi
defined as

ξi =

⎡
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⎢
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⎣

ξi1
...

ξi1
ξin+1

...

ξin+m
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(2.11)

where the sigmoid function S(•) is formulated as

S(ς) = 1

1 + exp(−βς)
, β > 0 (2.12)

where β is a constant and ς is any real value variable. Figure2.1 shows the scheme
of a discrete-time RHONN.

Consider the problem to approximate the general discrete-time nonlinear system
(2.8), by the following modification of the discrete-time RHONN (2.9) [16]:

xi,k+1 = w∗

i ϕi (χk) + εψi (2.13)
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where wi are the adjustable weight matrices, εψi is a bounded approximation error,
which can be reduced by increasing the number of the adjustable weights [16].
Assume that there exists an ideal weights vectorw∗

i such that ‖εψi ‖ can beminimized
on a compact set Ωψi ⊂ �Li . The ideal weight vector w∗

i is an artificial quantity
required for analytical purpose [16]. In general, it is assumed that this vector exists
and is constant but unknown. Let us define its estimate as wi and the respective
weight estimation error as

w̃i,k = wi,k − w∗
i (2.14)

Since w∗
i is constant, then w̃i,k+1 − w̃i,k = wi,k+1 − wi,k . From (2.9) three possible

models of RHONN can be derived:

• Parallel model. In this configuration, the feedback connections of the NN come
from the NN outputs.

xi,k+1 = w

i ϕi (xk, uk) (2.15)

• Series-Parallel model. In this configuration, the feedback connections of the NN
are taken from the real plant.

xi,k+1 = w

i ϕi (χk, uk) (2.16)

• Feedforward model (HONN). In this configuration, the connections of the NN
come from the input signals.

xi,k+1 = w

i ϕi (uk) (2.17)

where xk is the neural network state vector, χk is the plant state vector and uk is the
input vector to the neural network.

2.3 The EKF Training Algorithm

The best well-known training approach for recurrent neural networks (RNN) is
the backpropagation through time learning [22]. However, it is a first order gra-
dient descent method and hence its learning speed can be very slow [10]. Recently,
ExtendedKalman Filter (EKF) based algorithms have been introduced to train neural
networks [4, 18], with improved learning convergence [10]. The EKF training of
neural networks, both feedforward and recurrent ones, has proven to be reliable
and practical for many applications over the past fifteen years [4]. With the EKF
based algorithm, learning convergence and robustness are guaranteed as explained
in [18].
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The training goal is to find the optimal weight values which minimize the pre-
diction error. The EKF-based training algorithm is described for each i-th neuron
by [6]:

Ki,k = Pi,k Hi,kMi,k

wi,k+1 = wi,k + ηi Ki,kei,k (2.18)

Pi,k+1 = Pi,k − Ki,k H


i,k Pi,k + Qi,k

with

Mi,k = [
Ri,k + H


i,k Pi,k Hi,k
]−1

(2.19)

ei,k = χi,k − xi,k (2.20)

i = 1, 2, · · · , n

where Pi ∈ �Li×Li is the prediction error associated covariance matrix, ei,k is the
respective identification error, wi ∈ �Li is the weight (state) vector, Li is the total
number of neural network weights, χi ∈ � is the i-th plant state component, xi ∈ �
is the i-th neural state component, ηi is a design parameter, Ki ∈ �Li is the Kalman
gain matrix, Qi ∈ �Li×Li is the state noise associated covariance matrix, Ri ∈ � is
the measurement noise associated covariance matrix, Hi ∈ �Li is a matrix, for which
each entry (Hi j ) is the derivative of one of the neural network output, (xi ), with
respect to one neural network weight, (wi j ), as follows

Hi j,k =
[

∂xi,k
∂wi j,k

]


wi,k=wi,k+1

(2.21)

where i = 1, ..., n and j = 1, ..., Li . As an additional parameter, we introduce the
rate learningηi such that 0 ≤ ηi ≤ 1.Usually Pi , Qi and Ri are initialized as diagonal
matrices, with entries Pi (0) , Qi (0) and Ri (0), respectively.We set Qi and Ri fixed.
It is important to note that Hi,k, Ki,k and Pi,k for the EKF are bounded [21]. Therefore,
there exist constants H̄i > 0, K̄i > 0 and P̄i > 0 such that:

‖Hi,k‖ ≤ H̄i

‖Ki,k‖ ≤ K̄i (2.22)

‖Pi,k‖ ≤ P̄i

It is worth to notice that Li refers to the number of high order connections and
the dimension of the weight vector.

Remark 2.9 The EKF algorithm is used only to train the neural network weights
which become the states to be estimated by the EKF.

Remark 2.10 The neural network approximation error vector εzi is bounded. This is
a well-known NN property [3].



2.4 Optimal Control Introduction 15

2.4 Optimal Control Introduction

This section closely follows [19]. First, we give briefly details about optimal control
methodology and their limitations. Let consider the discrete-time affine in the input
nonlinear system:

χk+1 = f (χk) + g(χk)uk, χ(0) = χ0 (2.23)

where χk ∈ �n is the state of the system, uk ∈ �m is the control input, f (χk) :
�n → �n and g(χk) : �n → �n×m are smooth maps, the subscript k ∈ Z

+ ∪ 0 =
{0, 1, 2, . . .} stands for the value of the functions and/or variables at the time k. We
consider that χ̄ is an isolated equilibrium point of f (χ) + g(χ)ū with ū constant;
that is, f (χ̄) + g(χ̄)ū = χ̄ . Without loss of generality, we consider χ̄ = 0 for an ū
constant, f (0) = 0 and rank{g(χk)} = m ∀χk �= 0.

The following meaningful cost function is associated with system (2.23):

J (χk) =
∞∑

n=k

(l(χn) + u

n R(χn)un) (2.24)

whereJ (χk) : �n → �+; l(χk) : �n → �+is a positive semidefinite1 function and
R(χk) : �n → �m×m is a real symmetric positive definite2 weighting matrix. The
meaningful cost functional (2.24) is a performance measure [9]. The entries of R(χk)

may be functions of the system state in order to vary the weighting on control efforts
according to the state value [9]. Considering the state feedback control approach, we
assume that the full state χk is available.

Equation (2.24) can be rewritten as

J (χk) = l(χk) + u

k R(χk)uk +

∞∑

n=k+1

l(χn) + u

n R(χn)un (2.25)

= l(χk) + u

k R(χk)uk + J (χk+1)

where we require the boundary condition J (0) = 0 so that J (χk) becomes a
Lyapunov function [1, 20]. The value ofJ (χk), if finite, then it is a function of the
initial state χ0. When J (χk) is at its minimum, which is denoted as J ∗(χk), it is
named the optimal value function, and it could be used as a Lyapunov function, i.e.,
J (χk) � V (χk).

From Bellman’s optimality principle [2, 11], it is known that, for the infinite
horizon optimization case, the value function V (χk) becomes time invariant and
satisfies the discrete-time (DT) Bellman equation [1, 2, 15]

1A function l(z) is positive semidefinite (or nonnegative definite) function if for all vectors z,
l(z) ≥ 0. In other words, there are vectors z for which l(z) = 0, and for all others z, l(z) ≥ 0 [9].
2A real symmetric matrix R is positive definite if z
Rz > 0 for all z �= 0 [9].
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V (χk) = min
uk

{l(χk) + u

k R(χk)uk + V (χk+1)} (2.26)

where V (χk+1) depends on both χk and uk by means of χk+1 in (2.23). Note that
the DT Bellman equation is solved backward in time [1]. In order to establish the
conditions that the optimal control law must satisfy, we define the discrete-time
Hamiltonian H (χk, uk) [7] as

H (χk, uk) = l(χk) + u

k R(χk)uk + V (χk+1) − V (χk). (2.27)

The Hamiltonian is a method to include the constraint (2.23) for the performance
index (2.24), and then, solving the optimal control problembyminimizing theHamil-
tonian without constraints [11]. A necessary condition that the optimal control law
uk should satisfy is ∂H (χk ,uk )

∂uk
= 0 [9], which is equivalent to calculate the gradient

of (2.26) right-hand side with respect to uk , then

0 = 2R(χk)uk + ∂V (χk+1)

∂uk
(2.28)

= 2R(χk)uk + g
(χk)
∂V (χk+1)

∂χk+1

Therefore, the optimal control law is formulated as

u∗
k = −1

2
R−1(χk)g


(χk)
∂V (χk+1)

∂χk+1
(2.29)

with the boundary condition V (0) = 0; u∗
k is used when we want to emphasize that

uk is optimal. Moreover, if H (χk, uk) has a quadratic form in uk and R(χk) > 0,
then

∂2H (χk, uk)

∂u2k
> 0

holds as a sufficient condition such that optimal control law (2.29) (globally [9])
minimizes H (χk, uk) and the performance index (2.24) [11].

Substituting (2.29) into (2.26), we obtain the discrete-time Hamilton-Jacobi-
Bellman (HJB) equation described by

V (χk) = l(χk) + V (χk+1) (2.30)

+ 1

4

∂V
(χk+1)

∂χk+1
g(χk)R

−1(χk)g

(χk)

∂V (χk+1)

∂χk+1

which can be rewritten as
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0 = l(χk) + V (χk+1) − V (χk) (2.31)

+ 1

4

∂V
(χk+1)

∂χk+1
g(χk)R

−1(χk)g

(χk)

∂V (χk+1)

∂χk+1

Solving the HJB partial-differential equation (2.31) is not straightforward; this is one
of the main disadvantages of discrete-time optimal control for nonlinear systems. To
overcome this problem, we propose the inverse optimal control.

Due to the fact that inverse optimal control is based on a Lyapunov function, we
establish the following definitions and theorems:

Definition 2.11 A function V (χk) satisfying V (χk) → ∞ as ‖χk‖ → ∞ is said to
be radially unbounded.

Theorem 2.12 The equilibrium χk = 0 of (2.23) is globally asymptotically sta-
ble if there is a function V : �n → � such that (I) V is a positive definite func-
tion, radially unbounded, and (II) −ΔV (χk) is a positive definite function, where
ΔV (χk) = V (χk+1) − V (χk).

Theorem 2.13 Suppose that there exists a positive definite function V : �n → �
and constants c1, c2, c3 > 0 and p > 1 such that

c1 ‖χk‖p ≤ V (χk) ≤ c2 ‖χk‖p (2.32)

ΔV (χk) ≤ −c3 ‖χk‖p , ∀k ≥ 0, ∀χk ∈ �n.

Then χk = 0 is an exponentially stable equilibrium for system (2.23). Clearly, expo-
nential stability implies asymptotic stability. The converse is, however, not true.

Definition 2.14 Let V (χk) be a radially unbounded function, with V (χk) > 0,
∀χk �= 0. and V (0) = 0. If for any χk ∈ �n , there exist real values uk such that

ΔV (χk, uk) < 0 (2.33)

where the Lyapunov difference ΔV (χk, uk) is defined as V (χk+1) − V (χk) =
V ( f (χk) + g(χk)uk) − V (χk). Then V (•) is said to be a “discrete-time Control
Lyapunov Function” (CLF) for system (2.23).

References

1. Al-Tamimi, A., Lewis, F.L., Abu-Khalaf, M.: Discrete-time nonlinear HJB solution using
approximate dynamic programming: convergence proof. IEEE Trans. Syst. Man Cybern. Part
B Cybern. 38(4), 943–949 (2008)

2. Basar, T., Olsder, G.J.: Dynamic Noncooperative Game Theory. Academic Press, New York
(1995)

3. Cybenko, G.: Approximation by superpositions of a sigmoidal function. Math. Control Signals
Syst. (MCSS) 2(4), 304–314 (1989)



18 2 Foundations

4. Feldkamp, L.A., Prokhorov, D.V., Feldkamp, T.M.: Simple and conditioned adaptive behavior
from Kalman filter trained recurrent networks. Neural Netw. 16(5), 683–689 (2003)

5. Ge, S.S., Zhang, J., Lee, T.H.: Adaptive neural network control for a class of MIMO nonlinear
systems with disturbances in discrete-time. IEEE Trans. Syst. Man Cybern. Part B Cybern.
34(4), 1630–1645 (2004)

6. Grover, R., Hwang, P.Y.C.: Introduction to Random Signals and Applied Kalman Filtering.
Wiley, New York (1992)

7. Haddad, W.M., Chellaboina, V.-S., Fausz, J.L., Abdallah, C.: Identification and control of
dynamical systems using neural networks. J. Frankl. Inst. 335(5), 827–839 (1998)

8. Khalil, H.K.: Nonlinear Systems. Prentice Hall Inc., New Jersey (1996)
9. Kirk, D.E.: Optimal Control Theory: An Introduction. Dover Publications Inc., New Jersey

(2004)
10. Leung, C.-S., Chan, L.-W.:Dual extendedKalmanfiltering in recurrent neural networks.Neural

Netw. 16(2), 223–239 (2003)
11. Lewis, F.L., Syrmos, V.L.: Optimal Control. Wiley, New York (1995)
12. Lin, W., Byrnes, C.I.: Design of discrete-time nonlinear control systems via smooth feedback.

IEEE Trans. Autom. Control 39(11), 2340–2346 (1994)
13. Lin, Z., Saberi, A.: Robust semi-global stabilization of minimum-phase input-output lineariz-

able systems via partial state and output feedback. In: Proceedings of the American Control
Conference, pp. 959–963. Baltimore, MD, USA (1994)

14. Narendra, K.S., Parthasarathy, K.: Identification and control of dynamical systems using neural
networks. IEEE Trans. Neural Netw. 1(1), 4–27 (1990)

15. Ohsawa, T., Bloch, A.M., Leok, M.: Discrete Hamilton-Jacobi theory and discrete optimal
control. In: Proceedings of the 49th IEEE Conference on Decision and Control, pp. 5438–
5443. Atlanta, GA, USA (2010)

16. Rovithakis, G.A., Christodoulou, M.A.: Adaptive Control with Recurrent High-Order Neural
Networks. Springer, Berlin (2000)

17. Rugh, W.J.: Linear System Theory. Prentice Hall Inc., New Jersey (1996)
18. Sanchez, E.N., Alanis, A.Y., Loukianov, A.G.: Discrete-Time High Order Neural Control:

Trained with Kalman Filtering. Springer, Berlin (2008)
19. Sanchez, E.N., Ornelas-Tellez, F.: Discrete-Time Inverse Optimal Control for Nonlinear Sys-

tems. CRC Press, Boca Raton (2013)
20. Sepulchre, R., Jankovic, M., Kokotovic, P.V.: Constructive Nonlinear Control. Springer, Lon-

don (1997)
21. Song, Y.D., Zhao, S. Liao, X.H., Zhang, R.: Memory-based control of nonlinear dynamic

systems part II- applications. In: Proceedings of the 2006 1ST IEEE Conference on Industrial
Electronics and Applications, pp. 1–6, Singapore (2006)

22. Williams, R.J., Zipser, D.: A learning algorithm for continually running fully recurrent neural
networks. Neural Comput. 1(2), 270–280 (1989)



http://www.springer.com/978-3-319-53311-7


	2 Foundations
	2.1 Stability Definitions
	2.2 Discrete-Time High Order Neural Networks
	2.3 The EKF Training Algorithm
	2.4 Optimal Control Introduction
	References


