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Abstract For the class of multi-input multi-output systems being composed of a

linear continuous periodic (LCP) process, pure delay, and a digital controller, the

paper provides closed expressions for the parametric transfer matrix (PTM), even

for the difficult, but practically important case, when the external excitations act on

continuous system parts. In the same way as ordinary transfer matrices in the linear

time-invariant (LTI) case, the PTM for LCP systems is a fundamental concept for

analysis and design of those systems. The properties of the constructed parametric

transfer matrices as functions of the real parameter and the complex variable are

investigated. These properties are similar to those from ordinary transfer matrices, so

that the PTM after some modifications, can be applied with similar tools. Moreover,

formulae are derived that are appropriate for the practical computation of the PTM.

An example demonstrates, how the formulae can be handled.

1 Introduction

The classical approach for analysis and design of sampled-data (SD) systems con-

taining continuous LTI processes consists of the transfer to a discrete (-time) model

[1, 2, 6, 28]. This approach only provides exact solutions in the case, when all contin-

uous input signals are sampled before acting on the continuous system parts. Then

it is sufficient to consider the problems from the viewpoint of the computer, i.e.,

computer-oriented models are adequate [2]. However, in most practical situations,

this condition does not hold, because, e.g., continuous disturbances directly act on

the continuous plant. In those cases, a rigorous solution needs the application of

process-oriented models of the system, which are more complicated, because the

closed loop establishes itself as linear continuous periodic (LCP) nonstationary sys-

tem.
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Hence the traditional approach by ordinary (continuous or discrete) transfer func-

tions or state-space descriptions with matrices of finite size cannot be used. The exact

description is ordinarily in the focus, when the concept of sampled-data (SD) sys-

tems (in a stricter sense) is addressed. As in the LTI case, two principle approaches

have been established for the description of SD systems—one works in time domain

and uses state-space representations, the other one works in frequency domain and

applies input–output representations. The lifting method [4, 27] in state space and

two methods in frequency domain, namely the frequency response (FR) operator [5],

and the parametric transfer matrix (PTM) [23, 24] are most common. The PTM com-

pletely bases on a frequency domain description, so transformation to state space is

not required. This fact makes PTM interesting for the solution of design problems

for SD systems with delay [10, 11].

In the monographs [21, 22], it was already shown that the PTM W(𝜆, t) is useful

for analysis and design of linear continuous periodic (LCP) systems. In contrast to

the ordinary transfer matrix W(𝜆) for continuous LTI systems, the PTM does not

only depend on the complex frequency variable 𝜆, but also on real parameter time

t. In numerous works, see, e.g., [7, 9, 16–18, 20, 25], the PTM was used to solve

various kinds of control problems mainly for single-input single-output (SISO) SD

systems with arbitrary delay, including stability and stabilization, modal control,

advanced statistical analysis, H2, H∞ or L2 optimization, see [12–15]. In [24], the

PTM method was generalized for multi-input multi-output (MIMO) SD systems.

In [11] the PTM is constructed for SD systems containing an LCP process and

delay, under the assumption that the input signal acts to the sampler. The present

paper constructs the PTM in the practically more important case, when the input

signal acts directly to the LCP element. Moreover, the properties of the PTM as

function of the complex variable 𝜆 are investigated. The results open possibilities

to solve for this class of systems important kinds of control problems, e.g., stability

and stabilization, modal control, advanced statistical analysis, H2, H∞ or L2 opti-

mization with the help of methods and tools, which are elaborated by the authors

and co-workers [3, 19].

2 Mathematical Description of LCP Processes

Below, it is supposed that the LCP process is described by the state equation

dv(t)
dt

= A(t)v(t) + B(t)r(t) (1)

and the output equation

y(t) = C(t)v(t). (2)

Here, v(t), r(t), y(t) are vectors of dimensions 𝜒 × 1, m × 1, n × 1, respectively, and

A(t) = A(t + T), B(t) = B(t + T), C(t) = C(t + T) are real periodic matrices of
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appropriate size. Furthermore, we suppose that these matrices are continuous and

of bounded variation in [0,T].
Assume the matrix equation

dv(t)
dt

= A(t)v(t), (3)

where v(t) is a 𝜒 × 𝜒 matrix. Under the initial condition v(0) = I
𝜒

, where I
𝜒

is the

𝜒 × 𝜒 identity matrix, we obtain the solution H(t). As is known, [26], the matrix

H(t) allows a representation of the form

H(t) = L(t)eNt, (4)

where L(t) = L(t + T) is a nonsingular continuously differentiable 𝜒 × 𝜒 matrix, and

N is a constant 𝜒 × 𝜒 matrix. Hereby, without loss of generality, the matrices L(t)
and N can be assumed to be real.

With the help of the Lyapunov transformation

v(t) = L(t)vL(t), (5)

state equation (1) appears as

dvL(t)
dt

= NvL(t) + L−1(t)B(t)r(t), (6)

and the output equation as

y(t) = C(t)L(t)vL(t). (7)

Indeed, differentiating (5) yields

dv(t)
dt

= dL(t)
dt

vL(t) + L(t)
dvL(t)
dt

. (8)

Moreover, from (4) we find

L(t) = H(t)e−Nt, (9)

and after differentiation

dL(t)
dt

= dH(t)
dt

e−Nt − H(t)e−NtN = A(t)H(t)e−Nt − L(t)N

= A(t)L(t) − L(t)N. (10)

Inserting (10) into (8), we achieve

dv(t)
dt

= A(t)L(t)vL(t) − L(t)NvL(t) + L(t)
dvL(t)
dt

(11)
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Formula (1) with the help of (5) can be written in the form

dv(t)
dt

= A(t)L(t)vL(t) + B(t)u(t) (12)

Comparing (11) and (12), we achieve

L(t)NvL(t) + L(t)
dvL(t)
dt

= B(t)u(t). (13)

Since the matrix L(t) for all t is nonsingular, so from (13) we directly derive (6).

Moreover, inserting (5) into (2) yields (7).

Further on, the totality of equations (6), (7) is called the L -equivalent LCP

process.

The matrix

M = eNT (14)

commonly is named the monodromy matrix of state equation (1), and the roots of

equation

det(I
𝜒
− 𝜁M) = 0 (15)

are its inverse multipliers.

3 PTM of Open SD System with LCP Process and Delay

In this section, we consider the open SD system with delay, as presented in Fig. 1.

In Fig. 1, DC stands for the digital controller, containing the analogue to digital

converter (ADC), the control program (CP), and the digital to analogue converter

(DAC), respectively described by the equations

𝜉k = x(kT), (k = 0,±1,…)
𝛼(𝜁 )𝜓k = 𝛽(𝜁 )𝜉k, (16)

u(t) = h(t − kT)𝜓k, kT + 0 ≤ t ≤ (k + 1)T − 0.

Here x(t), 𝜓k, u(t) are n × 1, q × 1, m × 1 vectors, and 𝜁 is the shift operator for one

step backward, [2]. Further, 𝛼(𝜁 ), 𝛽(𝜁 ) are polynomial matrices of size q × q and

Fig. 1 Open SD system

with LCP process and delay
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Fig. 2 Open SD system after Lyapunov transformation

q × n, respectively, satisfying the causality condition det 𝛼(0) ≠ 0. Moreover, h(t) is

an m × q matrix, where its elements are of bounded variation at the interval 0 < t <
T . Finally, in Fig. 1 𝜏 is a real constant, for which we use the two decompositions

𝜏 = 𝜇T + 𝜃 = (𝜇 + 1)T − 𝛾, (17)

where 𝜇 is a nonnegative integer, and 0 ≤ 𝜃 < T , 0 < 𝛾 ≤ T .

Below, we will always suppose that the LCP process is given by its L -equivalent

model (6), (7). The open chain under investigation can be configured to the structure

of Fig. 2, containing a dynamic time-invariant continuous element.

In Fig. 2 the block DC(𝜃) is the conventional digital controller, described by the

equations

𝜉k = x(kT), (k = 0,±1, ...),
𝛼(𝜁 )𝜓k = 𝛽(𝜁 )𝜉k, (18)

u
𝜃
(t) = h

𝜃
(t − kT)𝜓k, kT + 0 ≤ t ≤ (k + 1)T − 0,

where

h
𝜃
(t) = L−1(t + 𝜃)B(t + 𝜃)h(t). (19)

Moreover, in Fig. 2 WN(𝜆) is the rational matrix

WN(𝜆) = (𝜆I
𝜒
− N)−1. (20)

As is seen from Fig. 2, a conventional DC and a continuous LTI block are acting

between the input x(t) and output vL(t). Therefore, formulae from [24] can be applied

for the calculation of the PTM WLx(𝜆, t) from the input x(t) to the output vL(t) with

the result

WLx(𝜆, t) = e−𝜆te−(𝜇+1)𝜆TĨN(𝜆, t)W̃d(𝜆). (21)

Here

ĨN(𝜆, t)
△
=

∫

T

0
D̃N(T , 𝜆, t + 𝛾 − 𝜈)h

𝜃
(𝜈) d𝜈,

W̃d(𝜆) = 𝛼
−1(𝜁 )𝛽)𝜁 )||

|𝜁=e−𝜆T
, (22)
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where

D̃N(T , 𝜆, t) =
1
T

∞
∑

k=−∞
WN(𝜆 + kj𝜔)e(𝜆+kj𝜔)t, (23)

which is determined for −∞ < t < ∞ by the formulae [24]

D̃N(T , 𝜆, t) = D̃N(T , 𝜆, t) = eNt(I
𝜒
− e−𝜆TM)−1

= (I
𝜒
− e−𝜆TM)−1eNt, 0 < t < T , (24)

D̃N(T , 𝜆, t + T) = D̃N(T , 𝜆, t)e𝜆T .

Using (24), (17) and (4), from (22), we obtain

ĨN(𝜆, t) = eNtF̃(𝜆, t)
[

(I
𝜒
− e−𝜆TM)−1P(𝜃) − R(t, 𝜃))

]

, (25)

where we denoted

F̃(𝜆, t) =
{

M, 0 < t < 𝜃,

e𝜆TI
𝜒
, 𝜃 < t < T ,

P(𝜃) =
∫

T

0
H−1(𝜈 + 𝜃)B(𝜈 + 𝜃)h(𝜈) d𝜈, (26)

R(t, 𝜃) =

{

∫
T
t+𝛾 H

−1(𝜈 + 𝜃)B(𝜈 + 𝜃)h(𝜈) d𝜈, 0 < t < 𝜃,

∫
T
t−𝜃 H

−1(𝜈 + 𝜃)B(𝜈 + 𝜃)h(𝜈) d𝜈, 𝜃 < t < T .

Formula (25) is extended onto the whole axis −∞ < t < ∞ with the help of the

relation

ĨN(𝜆, t + T) = ĨN(𝜆, t)e𝜆T . (27)

Regarding (21)–(27), it can be shown that the PTM WLx(𝜆, t) is continuous with

respect to t for all t.

Now, from Fig. 2, we easily derive an expression for the PTM Wyx(𝜆, t) from the

input x(t) to the output y(t)

Wyx(𝜆, t) = C(t)L(t)WLx(𝜆, t)
= e−𝜆te−(𝜇+1)𝜆TC(t)L(t)ĨN(𝜆, t)W̃d(𝜆). (28)

Under the taken propositions, the PTM Wyx(𝜆, t) is continuous with respect to t.
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4 PTM of Closed SD System with LCP Process and Delay

Consider the closed SD system S
𝜏
, shown in Fig. 3 described by the equations

dv(t)
dt

= A(t)v(t) + B1(t)g(t) + B(t)u(t − 𝜏),

y(t) = C(t)v(t),
𝜉k = y(kT), (k = 0,±1,…), (29)

𝛼(𝜁 )𝜓k = 𝛽(𝜁 )𝜉k,
u(t) = h(t − kT)𝜓k, kT + 0 ≤ t ≤ (k + 1)T − 0,

where all propositions of the last section should still hold, and in addition B1(t) =
B1(t + T) is a 𝜒 × 𝓁 matrix, where its elements are continuous functions of bounded

variation inside the period. When we apply in (29) Lyapunov transformation (5),

then we achieve the equivalent system of equations, which is the starting point of the

further investigations

dvL(t)
dt

= NvL(t) + L−1(t)B1(t)g(t) + u
𝜃
(t − 𝜏),

y(t) = C(t)L(t)vL(t),
𝜉k = C(0)vL(kT), (k = 0,±1,…), (30)

𝛼(𝜁 )𝜓k = 𝛽(𝜁 )𝜉k,
u
𝜃
(t) = h

𝜃
(t − kT)𝜓k, kT + 0 ≤ t ≤ (k + 1)T − 0,

where we used that L(0) = I
𝜒

.

Observing the structure of the open system in Fig. 2, the closed system S
𝜏

can

be configured to the structure shown in Fig. 4.

According to the general approach, [23, 24], for the determination of the PTM

for the system S
𝜏
, we assume

g(t) = e𝜆tI𝓁 (31)

and find the solution of equation (30), where

Fig. 3 Closed SD

system S
𝜏
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Fig. 4 Closed SD system S
𝜏

after Lyapunov transformation

vL(𝜆, t) = e𝜆tWLg(𝜆, t), WLg(𝜆, t) = WLg(𝜆, t + T),
y(𝜆, t) = e𝜆tWyg(𝜆, t), Wyg(𝜆, t) = Wyg(𝜆, t + T), (32)

where WLg(𝜆, t) and Wyg(𝜆, t) are the PTM from the input g(t) to the outputs vL(t)
and y(t), respectively.

Theorem 1 If (17) is valid, then the PTMWLg(𝜆, t) and Wyg(𝜆, t) are determined by
the formulae

WLg(𝜆, t) = e−𝜆te−(𝜇+1)𝜆TĨN(𝜆, t)R̃(𝜆)C(0)g1(𝜆, 0) + g1(𝜆, t),
Wyg(𝜆, t) = C(t)L(t)WLg(𝜆, t), (33)

where, in addition to the above notations

R̃(𝜆) = W̃d(𝜆)
[

In − e−(𝜇+1)𝜆TC(0)ĨN(𝜆, 0)W̃d(𝜆)
]−1

,

g1(𝜆, t) = e−𝜆t
∫

T

0
D̃N(T , 𝜆, t − 𝜈)L−1(𝜈)B1(𝜈)e𝜆𝜈 d𝜈. (34)

Proof Assume in system S
𝜏

the regime (31), (32). Then the closed system in Fig. 4,

respecting the stroboscopic property of the digital controller [23], can be configured

to the open system in Fig. 5.

Fig. 5 Open loop equivalent of Fig. 4
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Applying the formulae of Sect. 2, after reduction by e𝜆t, we find

C(t)L(t)WLx(𝜆, t)Wyg(𝜆, 0) + C(t)L(t)g1(𝜆, t) = Wyg(𝜆, t), (35)

where g1(𝜆, t) is the matrix in (34). Since the left and right side of the last equation

are continuous according to t, so for t = 0, we obtain

Wyg(𝜆, 0) =
[

In − C(0)WLx(𝜆, 0)
]−1 C(0)g1(𝜆, 0)

=
[

In − e−(m+1)𝜆TC(0)ĨN(𝜆, 0)W̃d(𝜆)
]−1 C(0)g1(𝜆, 0). (36)

Substituting this expression on the left side of (35), we achieve the second formula

in (33). The first formula in (33) directly follows from (36) and Fig. 5. □

5 PTM of System S
𝝉
as Function of the Argument 𝝀

As was stated before, the PTMWLg(𝜆, t) andWyg(𝜆, t) depend continuously on t for all

𝜆, excluding a certain set of singular points. In this section we will show that these

singular points are poles, and therefore, for all t the matrices WLg(𝜆, t),Wyg(𝜆, t),
Wvg(𝜆, t) are meromorphic functions of the argument 𝜆.

Denote

ã(𝜆) = I
𝜒
− e−𝜆TM,

b̃(𝜆) = M
[

e−𝜆TMA3(𝜃) + A1(𝜃)
]

, (37)

where the matrices A1(𝜃) and A3(𝜃) are defined by the relations

A1(𝜃) =
∫

𝛾

0
H−1(𝜈 + 𝜃)B(𝜈 + 𝜃)h(𝜈) d𝜈,

A3(𝜃) =
∫

T

𝛾

H−1(𝜈 + 𝜃)B(𝜈 + 𝜃)h(𝜈) d𝜈. (38)

Further assume

𝛼̃(𝜆) = 𝛼(𝜁 )|
𝜁=e−𝜆T , 𝛽(𝜆) = 𝛽(𝜁 )||𝜁=e−𝜆T . (39)

Then, by using (37)–(39), we can construct the block matrix

Q̃T (𝜆, 𝛼̃, 𝛽) =
⎡

⎢

⎢
⎣

I
𝜒
− e−𝜆TM 0

𝜒n −e−(𝜇+1)𝜆T b̃(𝜆)
−C(0) In 0nq
0q𝜒 −𝛽(𝜆) 𝛼̃(𝜆)

⎤

⎥

⎥
⎦

, (40)

where 0ik stands for the i × k zero matrix.
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Theorem 2 The PTM Wvg(𝜆, t) and Wyg(𝜆, t) for all t are meromorphic functions of
the argument 𝜆, and they permit representations of the form

Wvg(𝜆, t) =
PL(𝜆, t)

det Q̃T (𝜆, 𝛼̃, 𝛽)
,

Wyg(𝜆, t) =
Py(𝜆, t)

det Q̃T (𝜆, 𝛼̃, 𝛽)
, (41)

where the matrices PL(𝜆, t) and Py(𝜆, t) for all t are integral functions of the
argument 𝜆.

Proof Enhancing the first equation in (29) to matrix input, under (31), we obtain

with the notation v(𝜆, kT) = vk(𝜆)

v(𝜆, t) = H(t)M−kvk(𝜆) +
∫

t

kT
H(t)H−1(𝜈)B1(𝜈)e𝜆𝜈 d𝜈

+
∫

t

kT
H(t)H−1(𝜈)B(𝜈)h(𝜈 − 𝜏) d𝜈. (42)

When (17) is fulfilled, we find, as in [2]

u(t − 𝜏) =
{

h(t − kT + 𝛾)𝜓k−𝜇−1(𝜆), kT < t < kT + 𝜃,

h(t − kT − 𝜃)𝜓k−𝜇(𝜆), kT + 𝜃 < t < (k + 1)T . (43)

With the help of this equation, taking in (42) t = (k + 1)T , we obtain a discrete model

of the vector state for input (31), which after substituting k by k − 1, takes the form

vk(𝜆) = Mvk−1(𝜆) +M2A3(𝜃)𝜓k−𝜇−2(𝜆) +MA1(𝜃)𝜓k−𝜇−1 + e(k−1)𝜆TG(𝜆), (44)

where the 𝜒 × 𝓁 matrix

G(𝜆) = M
∫

T

0
H−1(𝜈)B1(𝜈)e𝜆𝜈 d𝜈 (45)

is an integral function of the argument 𝜆. Combining (44) with the discrete model for

the output y(t) and the equations of the digital control program, we obtain a discrete

model of the closed system S
𝜏

for the input (31)

vk(𝜆) = Mvk−1(𝜆) +M2A3(𝜃)𝜓k−𝜇−2(𝜆) +MA1(𝜃)𝜓k−𝜇−1(𝜆) + e(k−1)𝜆TG(𝜆),
𝜉k(𝜆) = C(0)vk(𝜆), (46)

𝛼0𝜓k(𝜆) +⋯ + 𝛼
𝜌
𝜓k−𝜌(𝜆) = 𝛽0𝜉k(𝜆) +⋯ + 𝛽

𝜌
𝜉k−𝜌(𝜆),
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where L(kT) = I
𝜒

has been used. In analogy to Theorem 7.4 in [24], it can be shown

that matrix (42) takes the form

v(𝜆, t) = e𝜆tWvg(𝜆, t), Wvg(𝜆, t) = Wvg(𝜆, t + T) (47)

if and only if the sequences vk(𝜆) and 𝜓k(𝜆) are chosen as solution of system of linear

matrix equations (46), satisfying the conditions

vk(𝜆) = e𝜆Tvk−1(𝜆), 𝜓k(𝜆) = e𝜆T𝜓k−1(𝜆),
𝜉k(𝜆) = e𝜆T𝜉k−1(𝜆). (48)

Due to these conditions, from (46), we find the linear system of matrix equations

according to the matrices v0(𝜆), 𝜓0(𝜆), 𝜉0(𝜆)

(I
𝜒
− e−𝜆TM)v0(𝜆) − e−(𝜇+1)𝜆T b̃(𝜆)𝜓0(𝜆) = e−𝜆TG(𝜆),

𝜉0(𝜆) = C(0)v0(𝜆), (49)

𝛼̃(𝜆)𝜓0(𝜆) = 𝛽(𝜆)𝜉0(𝜆).

Introduce the block matrices

Z(𝜆) =
⎡

⎢

⎢
⎣

v0(𝜆)
𝜉0(𝜆)
𝜓0(𝜆)

⎤

⎥

⎥
⎦

, Ḡ(𝜆) =
⎡

⎢

⎢
⎣

G(𝜆)
0n𝓁
0q𝓁

⎤

⎥

⎥
⎦

. (50)

Then Eq. (48) can be written in the form

Q̃T (𝜆, 𝛼̃, 𝛽)Z(𝜆) = e−𝜆TḠ(𝜆), (51)

from which we directly find

Z(𝜆) = Q̃−1(𝜆, 𝛼̃, 𝛽)Ḡ(𝜆)e−𝜆T . (52)

Since Ḡ(𝜆) is an integral function of the argument 𝜆, from (52) we obtain the expres-

sions

v0(𝜆) =
Mv(𝜆)

det Q̃T (𝜆, 𝛼̃, 𝛽)
, 𝜉0(𝜆) =

M
𝜉
(𝜆)

det Q̃T (𝜆, 𝛼̃, 𝛽)
, 𝜓0(𝜆) =

M
𝜓
(𝜆)

det Q̃T (𝜆, 𝛼̃, 𝛽)
,

(53)

in which the numerators are integral functions (matrices) of the argument 𝜆. Further

on, like in the proof of Theorem 7.4 in [24], it can be shown that the expression

Wvg(𝜆, t) = e−𝜆tv0(𝜆, t), (54)
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where the matrix v0(𝜆, t) is determined by formulae (42), (43), (52) yields the PTM

Wvg(𝜆, t) in form (41). Analogously, the representation of the PTM Wyg(𝜆, t) takes

the form

Wvg(𝜆, t) = e−𝜆tC(t)L(t)v0(𝜆, t), (55)

so the proof is complete. □

Remark 1 A direct solution of equations (49) yields the relations

v0(𝜆) =
[

I
𝜒
− e−𝜆TM − e−(𝜇+1)𝜆T b̃(𝜆)W̃d(𝜆)C(0)

]−1 G(𝜆)e−𝜆T ,
𝜉0(𝜆) = C(0)v0(𝜆), (56)

𝜓0(𝜆) = W̃d(𝜆)𝜉0(𝜆),

which can be used for the practical construction of the PTM for the system S
𝜏
.

6 Numerical Example

Construct the PTM Wyg(𝜆, t) for the system S
𝜏

with the LCP process of first order

dv(t)
dt

= (a − sin t
2 − cos t

)v(t) + g(t) + u(t − 𝜋),

y(t) = v(t),
𝜉k = y(kT), (k = 0,±1,…), (57)

𝛼(𝜁 )𝜓k = 𝛽(𝜁 )𝜉k,
u(t) = 𝜓k, kT < t < (k + 1)T ,

where a ≠ 0 is a real constant. In the actual case, we have

A(t) = a − sin t
2 − cos t

, B(t) = B1(t) = C(t) = 1,

h(t) = 1. (58)

Moreover,

T = 2𝜋, 𝜃 = 𝛾 = 𝜋, 𝜇 = 0, (59)

and 𝛼(𝜁 ), 𝛽(𝜁 ) are the polynomials of the digital controller. For analysis, the con-

troller is assumed to be given, in case of controller design, these polynomials will be

determined later, using expressions with them as parameters.

It is easy to verify that in the actual case

H(t) = eat
2 − cos t

, L(t) = 1
2 − cos t

, N = a, M = e2𝜋a, (60)
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and, hence

H−1(t) = e−at(2 − cos t), L−1(t) = 2 − cos t . (61)

Therefore, formulae (38) and (45) yield

A1(𝜃) = e−𝜋a
∫

𝜋

0
e−a𝜈(2 + cos 𝜈) d𝜈,

A3(𝜃) = e−𝜋a
∫

2𝜋

𝜋

e−a𝜈(2 + cos 𝜈) d𝜈, (62)

G(𝜆) = e2𝜋a
∫

2𝜋

0
e−a𝜈(2 − cos 𝜈)e𝜆𝜈 d𝜈

and from (37), we find

I
𝜒
− e−2𝜋𝜆M = 1 − e−2𝜋𝜆e2𝜋a,

b̃(𝜆) = e2𝜋a
[

e−2𝜋𝜆e2𝜋aÃ3(𝜃) + A1(𝜃)
]

. (63)

With the help of (57)–(62), from (55) we obtain

v0(𝜆) =
e−2𝜋𝜆𝛼̃(𝜆)G(𝜆)
det Q̃T (𝜆, 𝛼̃, 𝛽)

, 𝜓0(𝜆) =
e−2𝜋𝜆𝛽(𝜆)G(𝜆)
det Q̃T (𝛼̃, 𝛽)

, (64)

where

det Q̃T (𝜆, 𝛼̃, 𝛽) = (1 − e−2𝜋𝜆e2𝜋a)𝛼̃(𝜆) − e−2𝜋𝜆b̃(𝜆)𝛽(𝜆). (65)

Using (42), (43) and (63), we find from the equations of the LCP process, that for

0 ≤ t ≤ T , the representation of Wyg(𝜆, t) in form (41) apppears as

Wyg(𝜆, t) =
e(a−𝜆)te−2𝜋𝜆

(2 − cos t) det Q̃T (𝜆, 𝛼̃, 𝛽)
G(𝜆)H̃yg(𝜆, t) +

e(a−𝜆)t
2 − cos t ∫

t

0
(2 − cos 𝜈)e(𝜆−a)𝜈 d𝜈

(66)

where

H̃yg(𝜆, t) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪
⎩

𝛼̃(𝜆) + 𝛽(𝜆)e−2𝜋𝜆
∫

t

0
e−a𝜈(2 − cos 𝜈) d𝜈, 0 ≤ t ≤ 𝜋,

𝛼̃(𝜆) + 𝛽(𝜆)
[

e−2𝜋𝜆
∫

𝜋

0
e−a𝜈(2 − cos 𝜈) d𝜈

+
∫

t

𝜋

e−a𝜈(2 − cos 𝜈) d𝜈
]

𝜋 ≤ t ≤ 2𝜋.

(67)



30 B.P. Lampe and E.N. Rosenwasser

7 Conclusions

The contribution provides closed expressions for the parametric transfer matrices

(PTM) of sampled-data (SD) systems containing a periodic continuous process and

delay, where the external excitation acts on the input to the process. It is shown that

the PTM Wyx(𝜆, t) for all t is a meromorphic function of the complex variable 𝜆, the

poles of it are among the set of eigenvalues of certain matrices, depending on 𝜆, but

not depending on the parameter t. An example is given. The achieved results open

possibilities to solve, in analogy to that of previous works of the authors, various

control problems, including stability and stabilzation, advanced statistical analysis,

H2, L2 and H∞ optimization for systems of the considered class. The development

of computational tools for analysis and design of digital filters and controllers inter-

acting with RLCP processes, will be a main task in future work.
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