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Abstract In data science, there are important parameters that affect the accuracy of

the algorithms used. Some of these parameters are: the type of data objects, the mem-

bership assignments, and distance or similarity functions. In this chapter we describe

different data types, membership functions, and similarity functions and discuss the

pros and cons of using each of them. Conventional similarity functions evaluate

objects in the vector space. Contrarily, Weighted Feature Distance (WFD) functions

compare data objects in both feature and vector spaces, preventing the system from

being affected by some dominant features. Traditional membership functions assign

membership values to data objects but impose some restrictions. Bounded Fuzzy

Possibilistic Method (BFPM) makes possible for data objects to participate fully or

partially in several clusters or even in all clusters. BFPM introduces intervals for

the upper and lower boundaries for data objects with respect to each cluster. BFPM

facilitates algorithms to converge and also inherits the abilities of conventional fuzzy

and possibilistic methods. In Big Data applications knowing the exact type of data

objects and selecting the most accurate similarity [1] and membership assignments

is crucial in decreasing computing costs and obtaining the best performance. This

chapter provides data types taxonomies to assist data miners in selecting the right
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learning method on each selected data set. Examples illustrate how to evaluate the

accuracy and performance of the proposed algorithms. Experimental results show

why these parameters are important.

Keywords Bounded fuzzy-possibilistic method ⋅Membership function ⋅ Distance

function ⋅ Supervised learning ⋅ Unsupervised learning ⋅ Clustering ⋅ Data type ⋅
Critical objects ⋅ Outstanding objects ⋅ Weighted feature distance

1 Introduction

The growth of data in recent years has created the need for the use of more sophisti-

cated algorithms in data science. Most of these algorithms make use of well known

techniques such as sampling, data condensation, density-based approaches, grid-

based approaches, divide and conquer, incremental learning, and distributed com-

puting to process big data [2, 3]. In spite of the availability of new frameworks for

Big Data such as Spark or Hadoop, working with large amounts of data is still a

challenge that requires new approaches.

1.1 Classification and Clustering

Classification is a form of supervised learning that is performed in a two-step process

[4, 5]. In the training step, a classifier is built from a training data set with class labels.

In the second step, the classifier is used to classify the rest of the data objects in the

testing data set.

Clustering is a form of unsupervised learning that splits data into different groups

or clusters by calculating the similarity between the objects contained in a data set

[6–8]. More formally, assume that we have a set of n objects represented by O =
{o1, o2, ... , on} in which each object is typically described by numerical feature −
vector data that has the form X = {x1, ... , xm} ⊂ Rd

, where d is the dimension

of the search space or the number of features. In classification, the data set is

divided into two parts: learning set OL = {o1, o2, ... , ol} and testing set OT = {ol+1,
ol+2, ... , on}. In these kinds of problems, classes are classified based on a class

label xl. A cluster or a class is a set of c values {uij}, where u represents a member-

ship value, i is the ith object in the data set and j is the jth class. A partition matrix

is often represented as a c × n matrix U = [uij] [6, 7]. The procedure for member-

ship assignment in classification and clustering problems is very similar [9], and for

convenience in the rest of the paper we will refer only to clustering.

The rest of the chapter is organized as follow. Section 2 describes the conventional

membership functions. The issues with learning methods in membership assign-

ments are discussed in this section. Similarity functions and the challenges on con-

ventional distance functions are described in Sect. 3. Data types and their behaviour
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are analysed in Sect. 4. Outstanding and critical objects and areas are discussed in

this section. Experimental results on several data sets are presented in Sect. 5. Dis-

cussion and conclusion are presented in Sect. 6.

2 Membership Function

A partition or membership matrix is often represented as a c × n matrix U = [uij],
where u represents a membership value, i is the ith object in the data set and j is

the jth class. Crisp, fuzzy or probability, possibilistic, bounded fuzzy possibilistic

are different types of partitioning methods [6, 10–15]. Crisp clusters are non-empty,

mutually-disjoint subsets of O:

Mhcn =
{
U ∈ ℜc×n| uij ∈ {0, 1}, ∀j, i;

0 <

n∑
i=1

uij < n, ∀j;
c∑

j=1
uij = 1, ∀i

}
(1)

where uij is the membership of the object oi in cluster j. If the object oi is a member

of cluster j, then uij = 1; otherwise, uij = 0. Fuzzy clustering is similar to crisp

clustering, but each object can have partial membership in more than one cluster

[16–20]. This condition is stated in (2), where data objects may have partial nonzero

membership in several clusters, but only full membership in one cluster.

Mfcn =
{
U ∈ ℜc×n| uij ∈ [0, 1], ∀j, i;

0 <

n∑
i=1

uij < n, ∀j;
c∑

j=1
uij = 1, ∀i

}
(2)

An alternative partitioning approach is possibilistic clustering [8, 18, 21]. In (3)

the condition
∑c

j=1 uij = 1 is relaxed by substituting it with
∑c

j=1 uij > 0.

Mpcn =
{
U ∈ ℜc×n| uij ∈ [0, 1], ∀j, i;

0 <

n∑
i=1

uij < n, ∀j;
c∑

j=1
uij > 0, ∀i

}
(3)

Based on (1), (2) and (3), it is easy to see that all crisp partitions are subsets of

fuzzy partitions, and a fuzzy partition is a subset of a possibilistic partition, i.e.,

Mhcn ⊂ Mfcn ⊂ Mpcn [8].
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2.1 Challenges on Learning Methods

Regarding the membership functions presented above we look at the pros and cons

of using each of these functions. In crisp memberships, if the object oi is a member of

cluster j, then uij = 1; otherwise, uij = 0. In such a membership function, members

are not able to participate in other clusters and therefore it cannot be used in some

applications such as in applying hierarchical algorithms [22]. In fuzzy methods (2),

each column of the partition matrix must sum to 1 (
∑c

j=1 uij = 1) [6]. Thus, a property

of fuzzy clustering is that, as c becomes larger, the uij values must become smaller.

Possibilistic methods have also some drawbacks such as offering trivial null solu-

tions [8, 23] and lack of upper and lower boundaries with respect to each cluster

[24]. Possibilistic methods do not have this constraint that fuzzy method have, but

fuzzy methods are restricted by the constraint (
∑c

j=1 uij = 1).

2.2 Bounded Fuzzy Possibilistic Method (BFPM)

Bounded Fuzzy Possibilistic Method (BFPM) makes it possible for data objects to

have full membership in several or even in all clusters. This method also does not

have the drawbacks of fuzzy and possibilistic clustering methods. BFPM in (4), has

the normalizing condition 1∕c
∑c

j=1 uij. Unlike Possibilistic method (uij > 0) there is

no boundary in the membership functions. BFPM employs defined intervals [0, 1]
for each data object with respect to each cluster. Another advantage of BFPM is that

its implementation is relatively easy and that it tends to converge quickly.

Mbfpm =
{
U ∈ ℜc×n| uij ∈ [0, 1], ∀j, i;

0 <

n∑
i=1

uij < n, ∀j; 0 < 1∕c
c∑

j=1
uij ≤ 1, ∀i

}
(4)

BFPM avoids the problem of decreasing the membership degrees of objects, as the

number of clusters increases [25, 26].

2.3 Numerical Example

Assume U = {uij(x)|xi ∈ Lj} is a function that assigns a membership degree for each

point xi to a line Lj, where a line represents a cluster. Now consider the following

equation which describes n lines crossing at the origin:

AX = 0 (5)
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where matrix A is a n × m coefficient matrix, and X is an m × 1 matrix, in which n
is the number of lines and m is the number of dimensions. From a geometrical point

of view, each line containing the origin is a subspace of Rm
. Equation (5) describes

n with its different lines as a subspace. Without the origin, each of those lines is not

a subspace, since the definition of a subspace comprises the existence of the null

vector as a condition, in addition to other properties [27].

When trying to design a probability/fuzzy-based clustering method that could

create clusters using all the points in all lines, it should be noted that removing or

even decreasing the membership value of the origin ruins the subspace. For instance,

x = 0, y = 0, x = y, and x = −y are equations representing some of those lines with

some data objects (points) on them as shown in the following equation. Note that all

lines contain point (0, 0).

⎡⎢⎢⎢⎣

1 0
0 1
1 1
1 −1

⎤⎥⎥⎥⎦
×
[
X
Y

]
=

⎡⎢⎢⎢⎣

0
0
0
0

⎤⎥⎥⎥⎦
Assume that we have two of those lines L1 ∶ {y = 0} and L2 ∶ {x = 0} with five

points on each, including the origin, as shown in the following definitions:

L1 = {p11, p12, p13, p14, p15} = {(−1, 0), (−2, 0), (0, 0), (1, 0), (2, 0)}

L2 = {p21, p22, p23, p24, p25} = {(0,−1), (0,−2), (0, 0), (0, 1), (0, 2)}

where pij = (x, y). As mentioned, the origin is part of all lines, but for convenience,

we have given it different names such as p13 and p23 in each line above.

The point distances with respect to each line and Euclidean ||X||2 norm(
dk(x, y) =

(∑d
i=1 ∣ xi − yi ∣2

)(1∕2))
are shown in the (2 × 5) matrices below, where

2 is the number of clusters and 5 is the number of objects.

D1 =
[
0.0 , 0.0 , 0.0 , 0.0 , 0.0
2.0 , 1.0 , 0.0 , 1.0 , 2.0

]
D2 =

[
2.0 , 1.0 , 0.0 , 1.0 , 2.0
0.0 , 0.0 , 0.0 , 0.0 , 0.0

]

A zero value in the first matrix in the first row indicates that the object is on the first

line. For example in D1, the first row shows that all the members of set X1 are on the

first line. The second row shows how far each one of the points on the line are from

the second cluster. Likewise the matrix D2 shows the data points on the second line.

We assigned membership values to each point, using crisp and fuzzy logic as shown

in the matrices below by using the following membership function (6) for crisp and

fuzzy methods and also the conditions for these methods described in (1) and (2).
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Uij =
⎧⎪⎨⎪⎩

1 if dpij = 0

1 −
dpij
d
𝛿

if 0 < dpij ⩽ d
𝛿

0 if dpij > d
𝛿

(6)

where dpij is the Euclidean distance of object xi from cluster j, and d
𝛿

is a constant

that we use to normalize the values. In our example we used d
𝛿

= 2.

Ucrisp(L1) =
[
1.0 , 1.0 , 𝟏.𝟎 , 1.0 , 1.0
0.0 , 0.0 , 𝟎.𝟎 , 0.0 , 0.0

]
Ucrisp(L2) =

[
0.0 , 0.0 , 𝟎.𝟎 , 0.0 , 0.0
1.0 , 1.0 , 𝟎.𝟎 , 1.0 , 1.0

]

or

Ucrisp(L1) =
[
1.0 , 1.0 , 𝟎.𝟎 , 1.0 , 1.0
0.0 , 0.0 , 𝟎.𝟎 , 0.0 , 0.0

]
Ucrisp(L2) =

[
0.0 , 0.0 , 𝟎.𝟎 , 0.0 , 0.0
1.0 , 1.0 , 𝟏.𝟎 , 1.0 , 1.0

]

UFuzzy(L1) =
[
1.0 , 0.5 , 𝟎.𝟓 , 0.5 , 1.0
0.0 , 0.5 , 𝟎.𝟓 , 0.5 , 0.0

]
UFuzzy(L2) =

[
0.0 , 0.5 , 𝟎.𝟓 , 0.5 , 0.0
1.0 , 0.5 , 𝟎.𝟓 , 0.5 , 1.0

]

In crisp methods, the origin can be a member of just one line or cluster. Therefore, the

other lines without the origin can not be subspaces [27]. In other words, the example

“crossing lines at origin” can not be represented by crisp methods.

Given the properties of the membership functions in fuzzy methods, if the number

of clusters increases, the membership value assigned to each object will decrease

proportionally.

Methods such as PCM, allow data objects to obtain larger values in membership

assignments [8, 21]. But PCM needs a good initialization to perform clustering [23].

According to PCM condition (uij ≥ 0), the trivial null solutions should be handled

by modifying the membership assignments [8, 21, 23]. The authors in [8] did not

change the membership function to solve this problem, instead they introduce an

algorithm to overcome the issue of trivial null solutions by changing the objective

function as:

Jm(U,V) =
c∑

j=1

n∑
i=1

umij ||Xi − Vj||2A +
C∑
i=1

𝜂i

n∑
j=1

(1 − uij)m (7)

where 𝜂i are suitable positive numbers. The authors of [23] discuss more details

about (7), without considering membership functions. Implementation of such algo-

rithm needs proper constraints and also requires good initializations, otherwise the

accuracy and the results will not be reasonable [23]. Upcm can obtain different val-

ues, since the implementation of PCM can be different because the boundaries for

membership assignments with respect to each cluster are not completely defined.
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In conclusion, crisp membership functions are not able to assign membership val-

ues to data objects participating in more than one cluster. Fuzzy membership func-

tions reduce the membership values assigned to data objects with respect to each

cluster, and possibilistic membership function is not well defined with respect to

clusters. BFPM avoids the problem of reducing the membership degrees of objects

when the number of clusters increases.

Ubfpm(L1) =
[
1.0 , 1.0 , 𝟏.𝟎 , 1.0 , 1.0
0.0 , 0.5 , 𝟏.𝟎 , 0.5 , 0.0

]
Ubfpm(L2) =

[
0.0 , 0.5 , 𝟏.𝟎 , 0.5 , 0.0
1.0 , 1.0 , 𝟏.𝟎 , 1.0 , 1.0

]

BFPM allows data objects (such as the origin in the lines presented by previous

example) to be members of all clusters with full membership. Additionally, BFPM

may show which members can affect the algorithm if moved to other clusters. In

critical systems, identifying these types of objects is a big advantage, because we

may see how to encourage or prevent objects from contributing to other clusters.

The method also includes those data objects that participate in just one cluster. Some

of the issues on membership functions are described in [6, 24]. In [24] some other

examples on different membership methods are discussed.

3 Similarity Functions

Similarity function is a fundamental part in learning algorithms [6, 28–32], as any

agent, classifier, or method make use of these functions. Most of the learning meth-

ods compare a given problem with other problems to find the most suitable solution.

This methodology indicates that the solution for the most similar problem can be the

desired solution for the given problem [33].

Distance functions are based on the similarity between data objects or use prob-

ability measures. Tables 1, 2 and 3 show some well-known similarity functions

(Eqs. 8–26) in L1, L2, and Ln norms [38, 39]. The taxonomy is divided into two

categories: vector and probabilistic approaches. P and Q represent data objects or

probability measures, in d dimensional search space, and D(P,Q) presents a distance

function between P and Q. Equation (13) is introduced to normalize the search space

Table 1 Distance functions or probability measures on Minkowski family

Minkowski family Euclidean (L2) DE =
√∑d

i=1 |Pi − Qi|2 (8)

City block (L1) [34] DCB =
∑d

i=1 |Pi − Qi| (9)

Minkowski (Lp) [34] DMK = p
√∑d

i=1 |Pi − Qi|p (10)

Chebyshev (L∞) [35] DChecb = maxi|Pi − Qi| (11)
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Table 2 Distance functions or probability measures on Lvovich Chebyshev (L1) family

Lvovich family Sorensen [28] DSor =
∑d

i=1 |Pi−Qi|∑d
i=1(Pi+Qi)

(12)

Gower [36] DGov =
1
d
d
∑d

i=1
|Pi−Qi|

Ri
(13)

DGov =
1
d

∑d
i=1 |Pi − Qi| (14)

L1 family Soergel [29] DSg =
∑d

i=1 |Pi−Qi|∑d
i=1 max(Pi ,Qi)

(15)

Kulczynski [30] DSg =
∑d

i=1 |Pi−Qi|∑d
i=1 min(Pi ,Qi)

(16)

Canberra [30] DCan =
∑d

i=1
|Pi−Qi|
Pi+Qi

(17)

Lorentzian [30] DLor =
∑d

i=1 ln(1 + |Pi − Qi|) (18)

Table 3 Distance functions or probability measures on x2 (L2) family

x2 family Squared euclidean DSE =
∑d

i=1(Pi − Qi)2 (19)

Pearson x2 [1] DP =
∑d

i=1
(Pi−Qi)2

Qi
(20)

L2 family Neyman x2 [1] DN =
∑d

i=1
(Pi−Qi)2

Pi
(21)

Squared x2 [1] DSQ =
∑d

i=1
(Pi−Qi)2

Pi+Qi
(22)

Probabilistic x2 [37] DPSQ = 2
∑d

i=1
(Pi−Qi)2

Pi+Qi
(23)

Divergence [37] DDiv = 2
∑d

i=1
(Pi−Qi)2

(Pi+Qi)2
(24)

Clark [30] DClk =
√∑d

i=1

(
(Pi−Qi)
(Pi+Qi)

)2
(25)

Additive x2 [30] DAd =
∑d

i=1
(Pi−Qi)2(Pi+Qi)

(PiQi)
(26)

boundaries by dividing the equation by R, the range of the population in the data set.

The method scales down the search space by dividing the equation by d, the number

of dimensions [36]. Asymmetric distance functions (Pearson (20),Neyman (21)) and

symmetric versions of those functions
(
squared x2 (22)

)
have been proposed, addi-

tionally to probabilistic symmetric x2 (23) functions. There are other useful distance

functions such as distance functions based on histograms, signatures, and probability

density [40, 41] that we do not discuss in this paper.
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3.1 Challenges on Similarity Functions

Assume there are two objects in a three dimensional search space, such as O1 =
(2, 2, 5) and O2 = (1, 1, 1), and a prototype P = (2, 2, 2). Now if we use a distance

function such as Euclidean distance, object O2 seems overall more similar to the

prototype, but from a features’ perspective, O1 is more similar to the prototype when

compared with O2 given that they share two out of three features. This example

motivates the following distance functions. These functions can be applied in high

dimensional search spaces (d′
≫ d) typical of big data applications [16, 42, 43]

where d′
is a very large number. Let us consider:

O′

1 = (2, 2, 2, ..., x),O′

2 = (1, 1, 1, ..., 1),P′ = (2, 2, 2, ..., 2)

where

O′

1,1 = O′

1,2 = O′

1,3 = ⋯ = O′

1,d′ −1 = 2 and O′

1,d′ = x =
√
d′ + 2

O′

2,1 = O′

2,2 = O′

2,3 = ⋯ = O′

2,d′ = 1

P′

1 = P′

2 = P′

3 = ⋯ = P′

d′
= 2

According to all similarity functions presented in Tables 1, 2 and 3, we see how

these functions may have some dominant features (x >
√
d′ + 2) that may cause

algorithms to misclassify data objects.

We should evaluate the data objects’ features from different perspectives, not just

using the same scale. This is because each feature has its own effect on the similarity

function and a single feature should not have a large impact on the final result.

3.2 Weighted Feature Distances

Assume a set of n objects represented by O = {o1, o2, ... , on} in which each object

is typically represented by numerical feature − vector data, with the same priority

in features, that has the form X = {x1, ... , xm} ⊂ Rd
, where d is the dimension of

the search space or the number of features. We introduce Weighted Feature Dis-

tance (WFD) that overcome some of the issues with distance function that we have

described.

WFD(L1): Weighted feature distance (WFDL1 ) for L1 norm is:
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WFD(L1) =
(|WiOi −WjOj|) =

=
d∑

k=1

(|wkxik − w′

kxjk|) (27)

WFD(L2): Weighted feature distance (WFDL2 ) for L2 norm is:

WFDL2 =
√(

WiOi −WjOj
)2 =

=

( d∑
k=1

(|wkxik − w′

kxjk|2)
)( 12 )

(28)

where d is the number of variables, or dimensions for numerical data objects. wk and

w′

k are the weights assigned to features of the first and the second objects respectively.

We make (wk = w′

k) if both objects are in the same scale.

We can also obtain the Euclidean distance function from (28) by assigning the same

values to wk as:

w1 = w2 = ⋯ = wd = 1

WFD(Lp): Weighted feature distance (WFDLp ) for Lp norm is:

WFD(L1) =
(|WiOi −WjOj|p)( 1r ) =

=
d∑

k=1

(|wkxik − w′

kxjk|p)(
1
r
)

(29)

where d is the number of variables, or dimensions for numerical data objects. p and

r are coefficients that allow us to use different metrics but p and r can be equal.

wk and w′

k are the weights assigned to features of the first and the second objects

respectively. (wk = w′

k), if both objects are in the same scale.

4 Data Types

Data mining techniques extract knowledge from data objects. To obtain the most

accurate results, we need to consider the data types in our mining algorithms. Each

type of object has its own characteristic and behaviour in data sets. The type of

objects discussed in this paper help to avoid the cost of redoing mining techniques

caused by treating objects in a wrong way.
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4.1 Data Objects Taxonomies

Data mining methods evaluate data objects based on their (descriptive and predic-
tive) patterns. The type of data objects should be considered, as each type of data

object has different effect on the final results [44]. For instance, data objects known

as outlier(s) are interesting objects in anomaly detection. On the other hand, outliers

do not play any role in other applications since they are considered noise. Since each

type of data object has different effects on the final result of an algorithm, we aim to

look at different types of data from different perspectives. We start with the simplest

definition of data objects and categorize them into single variable or with two or

more variables [45].

∙ Univariate Data Object:
Observations on a single variable on data sets X = {x1, x2, ..., xn}, where n is the

number of single variable observations (xi). Univariate Data Object can be cate-

gorized into two groups:

1. Categorical or qualitative [31], that can be represented by frequency distribu-
tions and bar charts.

2. Numerical or quantitative, which can be discrete or continuous data. Dotplots
can be used to represent this type of variables.

∙ Multivariate Data Object:
Observations on a set of variables on data sets or populations presented as X =
{X1,X2, ...,Xn}, where Xi = {x1, x2, ..., xd}, n is the number of observations, and d
is the number of variables or dimensions. Each variable can be a member of the

above mentioned categories.

4.2 Complex and Advanced Objects

The growth of data in various types prevents data taxonomies for classifying data

objects into above mentioned categories. Methods dealing with data objects need to

distinguish their type to create more efficient methodologies and data mining algo-

rithms. Complex and Advanced categories are two main topics for sophisticated data

objects.

These objects have sophisticated structures, and also need advanced techniques for

storage, representation, retrieval and analysis. Table 4 shows these data objects with-

out the details. Further information can be found in [24]. An advantage of sophisti-

cated objects is in allowing miners to reduce the cost of using similarity functions on

these type of objects instead of comparing the data objects individually. For example

two networks can be compared at once instead of being compared individually.
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Table 4 Data types (Complex and advanced data objects)

Complex objects Advanced objects

Structured data object [46] Sequential patterns [47, 48]

Semi-structured data object [49] Graph and sub-graph patterns [50, 51]

Unstructured data object [52] Objects in interconnected networks [53, 54]

Spatial data object [55] Data stream or stream data [56]

Hypertext [57] Time series [58]

Multimedia [59]

4.3 Outlier and Outstanding Objects

Data objects from each of the categories previously presented, can be considered as

normal data objects that do fit the data model and obey the discovered data patterns.

Now we introduce some data objects known as Outlier and Outstanding, that cannot

be considered as normal data objects. These data objects affect the results obtained

from knowledge extracted from data sets. Data objects from these categories can be

any data object from above mentioned categorizes (complex, advanced, univariate,

and multivariate data objects). Outliers and outstanding objects are important since

they have potential ability to change the results produced by the learning algorithms.

Outlier: A data set may contain objects that do not fit the model of the data, and

do not obey the discovered patterns [60, 61]. These data objects are called ‘outliers’
[17, 24]. Outliers are important because they might change the behaviour of the

model, as they are far from the discovered patterns and are mostly known as noise

or exceptions. Outliers are useful in some applications such as fraud and anomaly

detection [62], as these rare cases are more interesting than the normal cases. Outlier

analysis is used in a data mining technique known as outlier mining.

Outstanding Objects Unlike outliers, a data set may contain objects that do fit the

model of the data and obey the discovered patterns fully, even in all models or clus-

ters. These data objects are important because they do not change the behaviour of the

model, as they are in the discovered patterns and are known as full members. These

critical objects named as “outstanding” objects cannot be removed from any cluster

that they participate in [25]. The another important property of outstanding objects

is that they may easily move from one cluster to another by small changes in even

one dimension [24]. The crossing lines at origin example describes the behaviour

and properties of outstanding objects. Origin should be a member of each line with

full membership degree, otherwise each line without the origin can not be consid-

ered as a subspace. In such cases, we can see the importance of outstanding objects,

in having full membership in several or in all objective functions [63].

In next section we describe some experimental results on clustering methods to

illustrate how mining methods deal with outstanding objects, and how these data

objects can affect the final results.
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5 Experimental Results

Experiments are based on three scenarios. The first scenario compares the accuracy

of membership functions on clustering and classification methods on some data sets

shown in Table 5. In the second scenario, we check the effect of dominant features

on similarity functions and consequently on final results of clustering methods. Data

sets are selected based on a different number of features as we aim to check how

proposed methods can be influenced by dominant features. Finally, the third sce-

nario provides an environment to evaluate the behaviour of critical areas and objects

that we have called Outstanding. In all scenarios in our experiments, we compare the

accuracy of different fuzzy and possibilistic methods with BFPM and BFPM-WFD

algorithms presented in Algorithms (1) and (2).

BFPM Algorithm This algorithm uses the conventional distance functions for mem-

bership assignments. Equations (30) and (31) show how the algorithm calculates (uij)
and how the prototypes (vj)will be updated in each iteration. The algorithm runs until

the condition is false:

max1≤k≤c{||Vk,new − Vk,old||2} < 𝜀

The value assigned to 𝜀 is a predetermined constant that varies based on the type of

objects and clustering problems.

U is the (n × c) partition matrix, V = v1, v2, ..., vc is the vector of c cluster centers in

ℜd
, m is the fuzzification constant, and ||.||A is any inner product A-induced norm

[6, 64], and Euclidean distance function presented by (32).

DE =

√√√√ d∑
i=1

|Xi − Yi|2

=
√

(X1 − Y1)2 + (X2 − Y2)2 +⋯ + (Xd − Yd)2 (32)

Table 5 Multi dimensional data sets

Dataset Attributes No. objects Clusters

Iris 4 150 3

Pima Indians 8 768 2

Yeast 8 1299 4

MAGIC 11 19200 2

Dermatology 34 358 6

Libras 90 360 15
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Algorithm 1 BFPM Algorithm

Input: X, c, m

Output: U, V
Initialize V;
while max1≤k≤c{||Vk,new − Vk,old||2} > 𝜀 do

uij =
[ c∑
k=1

( ||Xi − vj||
||Xi − vk||

) 2
m−1

] 1
m
, ∀i, j (30)

Vj =
∑n

i=1(uij)
mxi∑n

i=1(uij)m
, ∀j ; (0 <

1
c

c∑
j=1

uij ≤ 1). (31)

end while

where d is the number of features or dimensions, and X and Y are two different

objects in d dimensional search space.

BFPM-WFD Since BFPM algorithm assigns (uij) based only on the total distance

shown by (32), we implement algorithm BFPM-WFD (BFPM Weighted Feature Dis-

tance) not only to compare the objects based on their similarity using the distance

function, but also to check the similarity between features of objects and similar

features of prototypes individually.

Algorithm 2 BFPM-WFD

Input: X, c, m

Output: U, V
Initialize V;
while max1≤k≤c{||Vk,new − Vk,old||2} > 𝜀 do

{
uij =

[ c∑
k=1

( ||Xi − vj||
||Xi − vk||

) 2
m−1

] 1
m
, ∀i, j ;

||Xi − Xj|| =
( d∑

f=1

(|wf .xif − w′

f .xjf |2)
)( 12 )

}
(33)

Vj =
∑n

i=1(uij)
mxi∑n

i=1(uij)m
, ∀j ; (0 <

1
c

c∑
j=1

uij ≤ 1). (34)

end while

wf and w′

f are weights assigned to features (xif and xjf ) of objects Xi and Xj respec-

tively, presented by (28). Table 6 illustrates the compared results between BFPM and

other fuzzy and possibilistic methods: Type-1 fuzzy sets (T1), Interval Type-2 fuzzy

sets (IT2), General Type-2 (GT2), Quasi-T2 (QT2), FCM and PCM on four data sets
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Table 6 Compared accuracy between conventional fuzzy, possibilistic, and BFPM methods

Methods Iris Pima Indian Yeast MAGIC

T1 (fuzzy) [65] 95.15 73.59 60.03 77.26

IT2 (fuzzy) [65] 94.18 74.38 54.81 75.63

QT2 (fuzzy) [65] 94.28 75.05 55.97 77.44

GT2 (fuzzy) [65] 94.76 74.40 58.22 78.14

FCM (fuzzy) [12] 88.6 74 67.4 54

PCM

(possibilistic)

[12]

89.4 59.8 32.8 62

BFPM 97.33 99.9 67.71 100.0

BFPM-WFD 100.0 100.0 82.3 100.0

Table 7 Compared accuracy based on distance functions

Dataset ↓ |||
Dis.Func.

⟶

Euclidean (L2) WFDL2 (w = 1
2
) WFD (L2) w = 1

3
WFDL2 (w = 1

d
)

Irish 97.33 100 100 100

Pima 99.9 100 100 100

Yeast 67.71 77.2 77.3 82.03
MAGIC 100.0 100.0 100.0 100.0

Dermatology 77.4 89.5 83.0 92.4
Libras 57.0 69.0 62.5 61.4

“Iris”, “Pima”, “Yeast” and “MAGIC”. This comparison is based on the first sce-

nario, and as results show, BFPM performs better than the conventional fuzzy and

possibilistic methods.

Table 7 compares the accuracy between WFD with different weights (w = 1∕2,
w = 1∕3,w = 1∕d) and Euclidean distance function on different data sets “Iris”,

“Pima”, “Yeast”, “Magic”, “Dermatology” and “Libras”, where d is the number of

dimensions. According to the table, dominant features has less impact on weighted

features distance functions. The table also shows that in some data sets such as

“Libras” larger values for assigned weights are most desirable and in some other

such as “Yeast” lower values are most suitable. The comparison between conven-

tional similarity function and WFD was implemented with respect to the second

scenario.
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Table 8 Outstanding objects with ability to move from one cluster to another

Dataset No. objects >90% >80% >70%

Irish 150 25 99 99

Pima 768 677 751 751

Yeast 1299 868 1135 1264

MAGIC 19200 0 34 424

Dermatology 358 286 331 355

Libras 360 238 317 336

According to the last scenario, we aim to check the ability of outstanding objects

to participating in other clusters. Table 8 demonstrates the potential ability of data

objects to get membership values from the closest cluster, besides their own clusters.

For example, the first row of the table shows that 25 data objects from Iris data set

have the potential ability of more than 90% to participate in the closest cluster. As

the table presents, some data objects are able to move to another cluster with small

changes. These kinds of behavior can be beneficial or produce errors.

In some safety critical systems such as cancerous human cell detection, or fraud-

ulent banking transactions, we need to prevent data objects to move to other clusters.

Figures 1, 2, 3 and 4 plot data objects on data sets “Iris”, and “Libras” [66]

obtained by Fuzzy and BFPM methods with respect to two closest clusters. By com-

paring the plots for BFPM and fuzzy methods [24], critical areas and objects are

being shown. This comparison is being highlighted when we look at the accuracy

of Fuzzy, Possibilistic, and BFPM as well as considering the ability of outstanding

objects to affect performance. In fuzzy methods, data objects are mostly separated.

In this situation the critical areas are not shown, but instead in BFPM method, critical

areas, and also outstanding objects may be identified.

Fig. 1 Mutation plot for Iris data set, prepared by BFPM method
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Fig. 2 Mutation plot for Iris data set, prepared by Fuzzy method

Fig. 3 Mutation plot for Libras data set, prepared by BFPM method

Fig. 4 Mutation plot for Libras data set, prepared by Fuzzy method
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6 Conclusion

This chapter describes some of the most important parameters in learning methods

for partitioning, such as similarity functions, membership assignments, and type of

data objects. Additionally, we described the most used and well known membership

functions. The functionality of these membership functions was compared on differ-

ent scenarios. The challenges in using similarity functions that could deal correctly

with dominant features is another concept studied in this chapter. The presented sim-

ilarity functions were compared in different aspects.

This chapter also discusses different types of data objects and their potential effect

on learning algorithm’s performance. Critical objects known as outstanding were

described in the context of several examples.

Our results show that BFPM performs better than other conventional fuzzy and pos-

sibilistic algorithms discussed in this chapter on the presented data sets. WFD helps

learning methods to handle the impact of the dominant features in their processing

steps. Outstanding objects are the most critical and many learning methods do not

even consider this type of data objects. BFPM provides the most flexible environ-

ment for outstanding objects by analysing how critical objects can make the system

more stable. We found that the most appropriate membership and similarity function

should be selected, regarding the type of data objects considered by our model.
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