Chapter 2
Mathematical Background

This chapter collects the necessary preliminaries to develop the theory of GLT
sequences. The reader who knows about measure/integration theory, general topol-
ogy and matrix analysis is supposed to be familiar with most of the material presented
herein. We will try, however, to be as much self-contained as possible, by proving
some of the results that may not be so popular, and by providing precise bibliographic
references for the results we do not prove.

2.1 Notation and Terminology

For the reader’s convenience, we report in this section some of the most common
notations and terminologies that will be used throughout this book. Together with
the index at the end, this section can be used as a reference whenever an unknown
notation/terminology is encountered.

e The cardinality of a set S is denoted by #S.

e If S is any subset of a topological space, the closure of S is denoted by S.

o R™" (resp., C"™*") is the space of real (resp., complex) m x n matrices.

e O, and [, denote, respectively, the m x m zero matrix and the m x m identity
matrix. Sometimes, when the size m can be inferred from the context, O and I are
used instead of O,, and I,,,.

e If x is a vector and X is a matrix, x” and x* (resp., X7 and X*) are the transpose
and the conjugate transpose of x (resp., X).

e We use the abbreviations HPD, HPSD, SPD, SPSD for ‘Hermitian Positive Def-
inite’, ‘Hermitian Positive SemiDefinite’, ‘Symmetric Positive Definite’, ‘Sym-
metric Positive SemiDefinite’.

o If X, Y € C"™" the notation X > Y (resp., X > Y) means that X, Y are Hermitian
and X — Y is HPSD (resp., HPD).

o IfX,Y € C™ we denote by X o Y the componentwise (or Hadamard) product
of Xand Y: X oY), =x;yy, i,j=1,...,m.
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2 Mathematical Background

If X € ™™, we denote by X' the Moore—Penrose pseudoinverse of X. For more
on the Moore—Penrose pseudoinverse, see Sect.2.4.2.

If X € C™™, we denote by A(X) the spectrum of X and by p(X) the spectral
radius of X, i.e., p(X) = max,ca(x) |A].

If X € C™, we denote by A;(X),j = 1,...,m, the eigenvalues of X. If the
eigenvalues are real, their maximum and minimum are also denoted by Aqax (X)
and Apin (X).

If X e C™"™, we denote by 0j(X),j = 1, ..., m, the singular values of X. The
maximum and minimum singular values are also denoted by oy« (X) and oy (X).
If 1 < p < oo, the symbol | - |, denotes both the p-norm of vectors and the
associated operator norm for matrices:

m P I/p : < <
x|, = [ (Zz':l || ) , > 1£1 :P oo, xeCm,
max;=q,..., m I-xl|7 1Ip =00,

Xx
|X|, = max | |p, X e C™M,

The 2-norm | - |, is also known as the spectral (or Euclidean) norm and it will be
preferably denoted by || - ||. For more on p-norms, see Sect.2.4.1.

GivenX € C"™™and 1 < p < o0, [ X||, denotes the Schatten p-norm of X, which
is defined as the p-norm of the vector (o (X), ..., 0,,(X)) formed by the singular
values of X. The Schatten 1-norm is also known under the names of trace-norm
and nuclear norm. For more on Schatten p-norms, see Sect.2.4.3.

N(X) and J(X) are, respectively, the real and the imaginary part of the square
matrix X:

X+ X* X —X*

IX) =

RNX) = ,
X) 2 2i

3

where i is the imaginary unit (i> = —1). Note that R (X), J(X) are Hermitian and
X = N(X) +13(X) for all square matrices X.

If z € C and ¢ > 0, we denote by D(z, ¢) the disk with center z and radius ¢, i.e.,
D(iz,e)={weC: |w—z <e}.If § € Cande > 0, we denote by D(S, ¢) the
e-expansion of S, which is defined as D(S, ¢) = UzeS D(z, ¢).

The symbol ‘something = something else’ means that ‘something’ tends to
‘something else’ as t — 7.

Given two sequences {¢,}, and {&,},, with {, > 0 and &, > O for all n, the notation
¢, = O(&,) means that there exists a constant C, independent of n, such that
¢, < C§, for all n; and the notation ¢, = o(&,) means that /&, — 0 asn — 0.
C.(C) (resp., C.(R)) is the space of complex-valued continuous functions defined
on C (resp., R) with bounded support. Moreover, for m € N U {oo}, CI'(R) =
C.(R) N C™(R), where C™(R) is the space of functions F : R — C such that the
real and imaginary parts R (F), J(F) are of class C" over R in the classical sense.
Ifw,:D; - C, i=1,...,d, are arbitrary functions, w; ® - - - @ wy : D| X - -+ X
D, — C is the tensor-product function:
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W ®---@wap)r,....8) =wi)---waa)

forall (&1,...,&;) € Dy x --- x Dy.

Iff: D — Eand g : E — F are arbitrary functions, the composite function g o f
is preferably denoted by g(f).

If g : D — C, weset |Igllc = supgep|g(§)]. If we need/want to specify the
domain D, we write || gl p instead of || g|l. Clearly, ||g|lcc < o0 if and only if
g is bounded over its domain.

If ¢ : D — C is continuous over D, with D C CF for some k, we denote by w,(+)
the modulus of continuity of g,

w,(8) = sup |gx)—g(y)|, 8>0.
x,yeD
[x—yll<é

If we need/want to specify D, we will say that wg () is the modulus of continuity
of g over D.
Xk 1s the characteristic (or indicator) function of the set E,

1, if¢ €eE,
0, otherwise.

xe(€) = [

i denotes the Lebesgue measure in R¥. Throughout this book, unless otherwise
stated, all the terminology coming from measure theory (such as ‘measurable set’,
‘measurable function’, ‘almost everywhere (a.e.)’, etc.) is always referred to the
Lebesgue measure.

If D is any measurable subset of some R¥, we set

Mp ={f : D— C: fis measurable},
L”(D)=[f€9ﬁn: /lfl”<OO], 1 <p<oo,
D
L®(D) = {f € Mp : esssupplf| < oo}

If D is the special domain [0, 1] x [—m, w], we preferably use the notation 91
instead of Mp:

M ={x:[0,1] x [-7, 7] — C: «k is measurable}.

If f € LP(D) and the domain D is clear from the context, we write ||f||.» instead
of ||flzr(p) to indicate the LP-norm of f, which is defined as

(o FIHYP, if1 < p < oo,
ess supp, |f|, if p = oo.

Ifllr =

For more on L? spaces, see Sect.2.2.2.
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e We use a notation borrowed from probability theory to indicate sets. For example,
if f,g: D C RF — C, then

f#1}={xeD: fx) # 1},

{f €Dz e)={xeD: f(x) € D(z,¢)},

0=<f=<1,g>2={xeD: 0=fx) =1 g&x) >2}

wilf >0, g < 0}is the measure of the set{x € D : f(x) > 0, g(x) < 0},

X{r=0} is the characteristic function of the set where f vanishes,

e A functional ¢ is any function defined on some vector space (such as, for example,
C.(C) or C.(R)) and taking values in C.

e If K is either R or C and g : D C R¥ — K is a measurable function defined on a
set D with 0 < (D) < oo, we denote by ¢, the functional

1
¢ : Cc(K) = C,  ¢o(F) = m/DF(g(X))dX

A matrix-sequence (or sequence of matrices) is any sequence of the form {A,},,
where A,, € C"™" and n varies in some infinite subset of N.
e We denote by & the space of all matrix-sequences,

& = {{A,,},, {Aulnisa matrix—sequence}.

2.2 Preliminaries on Measure and Integration Theory

In this section we collect the necessary background material about measure and
integration theory. Reference textbooks on this subject are, for example, [20, 95,
97]. We will anyway provide precise citations alongside each result we will not
prove.

2.2.1 Essential Range

Given a measurable function f : D C R¥ — C, the essential range of f is denoted
by ER(f) and is defined as the set of points z € C such that, for every ¢ > 0, the
measure of the set {f € D(z, )} is positive. In formulas,

ER() ={zeC: wif € D(z,e)} > Oforall ¢ > 0}.

Basic properties of the essential range are collected in the next lemma.
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Lemma2.1 Letf : D C R* — C be measurable. Then ER(f) is closed and
fe&RY) ae.

Proof We show that the complement of ER(f) is open. If z € C\ER(f) then ui{f €
D(z, ¢)} = 0 for some ¢ > 0. Each point w € D(z, €) has a neighborhood D(w, §)
such that D(w, §) € D(z, ¢) and, consequently, ui{f € D(w, §)} = 0. We conclude
that D(z, €) € C\ER(f), hence C\ER(f) is open.

To prove that f € ER(f) a.e., let

B=<D(q,%): g=a+ib, a,be Q, meN].

B is a topological basis of C, i.e., for each open set U € C and each u € U, there
exists an element of 5 which contains u and is contained in U. Since C\ER.(f) is open
and every z € C\ER(f) has a neighborhood D(z, €) such that ui{f € D(z,&)} =0
(by definition of ER(f)), for each z € C\ER(f) there exists an element of 3, say
D, = D(q., i), such that z € D, € C\ER(f) and u{f € D,} = 0. Let C be the
subset of B given by C = {D, : z € C\ER(f)}. Since B is countable, C is countable
aswell,sayC ={Cy;: £=1,2,...}, and we have

uk{f¢6R(f>}=uk( U {fzz})suk( U {fGDz})

zeC\ER(f) zeC\ER(f)

ZMk(U{f € Cz}) < Zﬂk{f e C} =0,

=1 =1
which completes the proof. (]

Iff:DC RY - Cis any measurable function which is real a.e., the essential
infimum [supremum] of f is defined as the infimum [supremum] of the essential range
of f. Note that this makes sense, because f € R a.e. and, consequently, ER(f) C R.
The essential infimum of f is denoted by ess infp f or ess infxcp f (x). Likewise, the
essential supremum of f is denoted by ess supy, f or ess sup, ., f (X). By definition,

essinfp f = inf ER(f),
esssupp f = sup ER(f).

Note that an equivalent definition of essinfp f and ess sup, f is the following:

essinfp f = inf {(x eR: wff > o} > 0},
esssup, f = sup {ﬁ eR: wif < B} > O}.
Exercise 2.1 Suppose f : D € R¥ — C is continuous and D is contained in the

closure of its interior. Prove that ER(f) coincides with the closure of the image of f,
that is, ER(f) = f(D), where f (D) = {f(x) : x € D}.



12 2 Mathematical Background

2.2.2 I? Spaces

Let D C R¥ be any measurable set. Let 91 be the space of complex-valued mea-
surable functions defined on D,

Mp ={f : D— C: f is measurable},

and consider the following spaces:

LP(D)Z[fGEmD:/lfl"<OO], Il <p<oo,
D
L®D) = {f € Mp : esssup,lf| < oo}.
If we identify two functions f, g € L”(D) whenever f = g a.e., and if we set

il = [(fD [FI7HP, if 1 <p < oo,

= ess supp [f], if p= oo,
then || - ||» is @a norm on L”(D) for all p € [1, oo], the so-called L”-norm; see, e.g.,
[97, Chap. 3]. If the domain D is not clear from the context, we will write || - [|z»(p)
instead of || - ||z». The fact that || - ||.1 is a norm on L' (D) immediately implies the
following ‘vanishing property’:

/[f|=0 = f=0 ae. (2.1)
D

Given 1 < p, g < 0o, we say that p, g are conjugate exponents if é + c—; =1 (it

is understood that é = 0). By Holder’s inequality [97, Theorem 3.8], if f € LP(D)
and g € LY(D), with 1 < p, g < 0o conjugate exponents, then fg € L'(D) and

Ifgller < Flleligllze 2.2

As a consequence, if | <r < p < oo, f € LP(D) and ur(D) < oo, then f € L" (D).
This is clear for p = oo, while for p < oo it follows from Holder’s inequality and the
observation that 2, p%r are conjugate exponents, |f|” € LP/"(D) and 1 € LP/?~"(D)
(because ux (D) < o0). For p = g = 2, Holder’s inequality (2.2) is also known as
the Cauchy—Schwarz inequality.

Another important inequality is Jensen’s inequality [97, Theorem 3.3]. In com-
bination with [97, Theorem 1.29], Jensen’s inequality implies the following result,
which will be used in this book: if f € LP(D) with 1 < p < co and g € L'(D) is
such that fg € L'(D), g > 0 and [, ¢ = 1, then

( /D lflg)ps /D F1rg. 2.3)
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Let C.(D) be the space of continuous functions f : D — C such that the support
supp(f) = {f = 0} is compact. The space C.(D) isdense in L” (D) forall 1 < p < oo,
so for each f € L? (D) there is a sequence {f,},, C C.(D) such thatf,, — f in L’(D),
i.e., i —fllr — 0. For a proof of this result, see [97, Theorem 3.14]. Another
density result that will be of interest herein is stated in the next lemma.

Lemma 2.2 Let D = [a;, b1] x - - - X [ax, bi] be a hyperrectangle in R* and let Pp
be the space generated by the trigonometric monomials

B 27 s 2r &
1(7——— +oot T iV . .
{e (hl*al.]lyl hkfakjk)k) . (]1’ . ’] ) c Zk},

that is, the set of all finite linear combinations of such monomials (we call it the
space of scaled k-variate trigonometric polynomials). Then Pp is dense in L' (D),
so for each f € L' (D) there is a sequence {f,,},n C Pp such that ||f,, — flp1 — O.

Proof Let us first consider the univariate case k = 1. In this case, D = [a, b] is an
interval and Py, ) is the space of scaled trigonometric polynomials,

N
P[a,b] = E Oljelb*a]y 0N, ..., 0N € C, NeN
j=—N

Let f € L'([a, b]) and ¢ > 0. Since the space of continuous functions C([a, b]) is
dense in L' ([a, b)), there exists f, € C([a, b]) such that

If —fellr < e.

Now, for any g € L*([a, b]), the Fourier series of g, namely

;2 s s 2m L
2 4 m=py / gy e dy,
a

j=—00

converges to g in L>([a, b)), i.e.,

N—o00

N

lim | gel i — o) =0;
J=—N 12

see, e.g., [97, pp. 91-92]. It follows that the set of trigonometric polynomials Py, 5] is

dense in L%([a, b]). In particular, there exists a trigonometric polynomial p, € P, 5
such that

Ife = pell> < e

Thus, by Holder’s inequality,



14 2 Mathematical Background

If = peller = I —fellwr + Ife — pelle
< W =Ffellwr + I 2 fe — pellz2
<e+ (b—a)e.

This concludes the proof for the univariate case. The extension to the k-variate case is
conceptually identical: we use the density of the space of continuous functions C (D)
in L' (D) with respect to the L'-norm, and the density of Pp in L*(D) with respect to
the L?-norm, which is a consequence of the L?-convergence of the k-variate Fourier
series of any function in L?(D) to the function itself. (]

2.2.3 Convergence in Measure, a.e., in I/

Let f,,, f : D € R¥ — C be measurable functions. We say that f,, — f in measure
if, for every ¢ > 0,

Tim pellf —f1 > ) =0,

We say that f,,, — f a.e. if
widfm 7> f} = 0.

Important results about convergence in measure, a.e. and in L? are reported in the
next lemmas.

Lemma 2.3 Letf,, gm, f, g : D € R¥ — C be measurable functions.

o Iff,, — f in measure, then |f,,| — |f| in measure.

e Iff,, — f in measure and g,, — g in measure, then of,, + Bgn — of + Bg in
measure for all a, B € C.

e Iff,, — f in measure, g,, — g in measure, and p(D) < oo, then f,g,, — fg in
measure.

For the proof of Lemma 2.3, see [20, Corollary 2.2.6] or [60, Lemma 2.3].

Lemma 2.4 Let f,,,f : D € R* — C be measurable functions and assume that
pr(D) < oo.

e Iff,, = f a.e., thenf, — f in measure.

o Iff,, — f in measure, then there is a subsequence {f,, }; such that f,,, — f a.e.

o If fn,f € LP(D) for some 1 < p < ooandf, — f in LP(D), then f,, — f in
measure.

Lemma 2.4 is stated in [97, p. 74]. The proof of the first two statements can be found
in [95, pp. 100-101] or [20, Theorems 2.2.3 and 2.2.5], while the third statement
is a straightforward corollary of Chebyshev’s inequality: for any f : D € R — C
belonging to L7 (D) and for any ¢ > 0,
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V4 P
willf1 > e} = / X{lf|>e) < r_ ”f”“’. (2.4)
D D

er er

As a consequence of Lemma 2.4, if f,,,, f € LP(D) with u (D) < oo and f,, — f in
LP(D), then there is a subsequence {f;, }; such that f,,, — f a.e.

A fundamental result of measure theory, which will be used several times also in
this book, is Lebesgue’s dominated convergence theorem [97, Theorem 1.34]. We
report the corresponding statement for the reader’s convenience.

Theorem 2.1 (dominated convergence theorem) Let f,,, f : D € R — C be mea-
surable functions. Suppose that f,, — f a.e. and that there exists g € L'(D) such
that |f,,| < g over D for all m. Then f,,, f € L'(D), f,, — f in L'(D) and

[ [

Another important result of measure theory is Lusin’s theorem [97, Theorem 2.24].
One of its consequences will be used in this book and is proved here.

Theorem 2.2 Letf : D € RF — C be a measurable function defined on a set D
with 0 < ux(D) < oo. Then, there exists a sequence of functions {f,,},, C Cq(D)
such that supy, |f,| < esssupy|f| for all m and f,, — f a.e.

Proof Letf = f X{If|<ess supp|f1}» SO thatf = fae.byLemma?2.l and [fl < esssupp|f|
over D. By Lusin’s theorem, for every m € N there exists f,, € C.(D) such that

- 1 -
wilfm #f} < —,  sup|ful < sup|f| < esssupplf]|.
m D D

It is then clear that f,, — f in measure, so f,, — f in measure as well, because f =f
a.e. In view of Lemma 2.4, passing to a subsequence of {f;, },, (if necessary), we may
assume that f,,, — f a.e. O

We conclude this section with a series of technical lemmas that we collect here in
order to simplify the presentation of future chapters. Let K be either R or C and let
g : D € R¥ — K be ameasurable function defined on a set D with0 < (D) < 00.
Consider the functional

1
: C.(K) —» C, (F) = —/ F(g(x))dx. (2.5)
"’g = S
¢, is a continuous linear functional on the normed vector space (C.(K), || - |lo), and
g (F)
lggll = sup ———— <1,
T

where the supremum is taken over all F € C.(K) which are not identically 0. Indeed,
the linearity is obvious and the continuity, as well as the bound ||¢, || < 1, follows
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from the observation that |¢, (F)| < ||F|| for all I € C.(K). If g is constant, say
g = y ae., then ¢, = ¢, is the evaluation functional at y, i.e., ¢, (F) = F(y) for
every F' € C.(K).

Lemma 2.5 Let K be either R or C, and let g,,, g : D C R¥ — K be measurable
functions defined on a set D with 0 < (D) < oo. If g, — g in measure, then
F(gn) — F(g) in L"(D) forall F € C.(K) and @, —> P pointwise over C.(K).

Proof Assume that g,, — g in measure. We show that F(g,,) — F(g) in L' (D)
for all F € C.(K); this immediately implies that ¢, — ¢, pointwise over C.(K),
because

1
|pg,, (F) — dpg (F)| < mllﬂgm) —F(@ll-

For every F € C.(K), every m and every ¢ > 0,

IF(gm) — F()l = /D IF(gn(x) — F(g(x))|dx

= A ‘ }|F(gm(x)) — F(g(x))|dx +/ |Fgn(x)) — F(g(x))]dx
&n—E&Il>¢€

{lgm—gl<e}

< 2/|Flloo piflgm — 8| > €} + wr (e), (2.6)

where wp is the modulus of continuity of F, i.e.,

wr(e) = sup |F(y) = F(2)].

y,zeK
ly—zl=<e

Since g, — g in measure by assumption and F is uniformly continuous by the
Heine—Cantor theorem [96, Theorem 4.19], we have

lim yuiflgm — gl > €} = lim wp(e) = 0.

m—00 e—0
Therefore, passing first to the lim sup,,_, ., and then to the lim,_, in (2.6), we con-
clude that F(g,,) — F(g) in L'(D). O
Lemma 2.5 admits the following converse.

Lemma 2.6 Let K be either R or C, and let g,,, g : D C R* — K be measurable
Sunctions defined on a set D with 0 < ux(D) < oo. If ¢y, _, —> Po pointwise over
C.(K), then g, — g in measure.

Proof We first recall that ¢ is the evaluation functional at 0. Hence, by hypothesis,
for all F € C.(K) we have

lim
m—o0 (D) Jp

F(gm(x) — g(x))dx = F(0). 2.7)
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Suppose by contradiction that g,, / g in measure. Then, there exist ¢, > 0 and a
subsequence {g,,}; such that, for all 7,

willgm — gl = €} = 6.

Take a real function ' € C.(K) such that F'(0) = 1 = max,cx F'(y) and F(y) = 0
over {y € K: |y| > ¢}. By the previous inequality, for all i we have

ﬁ /D Flgm () — O = F(gn (%) = g(x0)dx

k(D) Jyjg,,—gl<e)
- willgm — gl < &} < ur(D) =6
i (D) Hi(D)

<1=F0),

which is a contradiction to (2.7). U

Remark 2.1 Let ¢, be defined as in (2.5) and assume that ¢, = ¢p; then g = 0
a.e. Indeed, if ¢, = ¢y, the constant sequence {¢g},, converges pointwise to ¢ over
C.(K). By Lemma 2.6, this implies that g — 0 in measure, and hence g — 0 a.e.
by Lemma 2.4. Thus, g = 0 a.e.

We recall that a trigonometric polynomial is any finite linear combinations of the
so-called Fourier frequencies e?, k € Z. More explicitly, a trigonometric polynomial
is a function of the form

N
p6) = Z a e, ay,...,ay € C, N e N.
k=—N

Lemma 2.7 Let f € L'([—m, ]). Then, there exists a sequence of trigonometric
polynomials {py}m such that ||pm|e < esssup_, |f| for all m and p,, — f a.e.
and in L' ([, 7]).

Proof It suffices to show that, for each ¢ > 0, there exists a trigonometric polynomial
Pe such that

IPelloo < esssupp_ mlfl,  If = pellr < e.

Indeed, this shows the existence of a sequence of trigonometric polynomials {p,,},
such that ||p,,[lcc < €ss SUP|_ 7] |f| for all m and p,, — f in L' ([—m, 7]); in view of
Lemma 2.4, passing to a subsequence of {p,,},, (if necessary), we may assume that

pm — f ae.
Let ¢ > 0. By Theorem 2.2, there exists f; € C.((—m, 7)) such that

”fs”oo < ess Sup[—n,n]lf|7 ”f _f:QHL] < €. (28)

The function f; is continuous on [—, 7 ] and 27 -periodic, in the sense thatf, (—m) =
fe(r) (indeed, we have f,(—m) = f.(wr) = 0). We can therefore follow the nice
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construction in [97, pp. 89-91] to obtain a trigonometric polynomial p, such that

Pelloc < Wfelloos — Ife = Pelloo < €. (2.9)

By combining (2.8)—(2.9), we arrive at

IPelloc < esssupi_n lfl,  If = pelle < e(1 + 27),
which proves the thesis. (]

Lemma 2.8 Letk : [0, 1] x [—m, 7] — C be a measurable function. Then, there
exists a sequence {K,,}, such that k,, : [0, 1] x [—m, ] — C is a function of the
form

Nin
kn(x.0) = > a™(x)e’,  a™ e C®(0,1]), NyeN, (2.10)
J==Nn

and K, — K a.e.

Proof The function K, = & X{c|<1/m) belongs to L ([0, 1] x [—m, 7 ]) and converges
to x in measure. Indeed, k,, — « pointwise over [0, 1] x [—, 7], and the pointwise
(a.e.) convergence on a set of finite measure implies the convergence in measure
(Lemma 2.4). By Lemma 2.2, the space generated by the trigonometric monomials

{eZJTineijG 0 e Z}

is dense in L' ([0, 1] x [—m, ]), so we can choose a function «,, belonging to this
space such that ||«,, — &, ||,1 < 1/m. Note that «,, is a function of the form (2.10).
Moreover, for each ¢ > 0, using Chebyshev’s inequality (2.4) we obtain

ol — x| > e} < p{licm — Kml > €/2} U {likm — k| > €/2})
< uollicm — k| > €/2} + pollicm — x| > €/2}
”Km_’zm”L1

©/2) + woflim — k| > €/2},

which converges to 0 as m — oo. Hence, «,, — « in measure. Since the convergence
in measure on a set of finite measure implies the existence of a subsequence that
converges a.e. (Lemma 2.4), passing to a subsequence of {«,,}, (if necessary) we
may assume that x,, — « a.e. (I
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2.2.4 Riemann-Integrable Functions

A function a : [0, 1] — C is said to be Riemann-integrable if its real and imaginary
parts N(a), J(a) : [0, 1] — R are Riemann-integrable in the classical sense. Recall
that any Riemann-integrable function is bounded by definition. We report below a
list of properties possessed by Riemann-integrable functions that will be used in this
book, either explicitly or implicitly.

elf v, € Cand a,b : [0,1] — C are Riemann-integrable, then aa + Bb is
Riemann-integrable.

Ifa,b: [0, 1] — C are Riemann-integrable, then ab is Riemann-integrable.

If a : [0,1] — C is Riemann-integrable and F : C — C is continuous, then
F(a) : [0, 1] — C is Riemann-integrable.

e If ¢ : [0,1] — C is Riemann-integrable, then a belongs to L*°([0, 1]) and its
Lebesgue and Riemann integrals over [0, 1] coincide.

If a : [0,1] — C is bounded, then a is Riemann-integrable if and only if a is
continuous a.e.

Note that the last two properties imply the first three. The proof of the second-to-last
property can be found in [95, pp. 73-74] or [20, Theorem 2.10.1]. The last property is
Lebesgue’s characterization theorem of Riemann-integrable functions [95, p. 104].
A further property of Riemann-integrable functions that will be used in this book is
stated and proved in the next lemma.

Lemma 2.9 Leta: [0, 1] — R be Riemann-integrable. For each n € N, consider
the partition of (0, 1] given by the intervals

i—1 i .
Ii,n:( ,—i|, i=1,...,n,
n n

and let
ai, € |:inf a(x), sup a(x):|, i=1,...,n.
xel;, xeli,

Then

> ainxi, — a ae.in[0,1] (2.11)

i=1
and

IS :
lim ;i;a,,n - /0 a(x)dx. (2.12)

Proof Fix ¢ > 0 and letx € (0, 1] be a continuity point of a. Then thereisa § > 0
such that |a(y) — a(x)| < ¢ whenever y € [0, 1] and |y — x| < 8. Take n > 1/§
and call I; , the unique interval of the partition (0, 1] = U?=1 I; , containing x. For
y € Iy », we have y € [0, 1] and |y — x| < §, hence |a(y) — a(x)| < ¢. It follows that
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= |axn — a)|

> din, () — ax)
i=1

< max(a(x) — inf a(y), sup a(y) — a(x)) <e.

}’EI/‘-,,, yely,

As a consequence, » ., a; X1, (x) = a(x) whenever x is a continuity point of a in

in

(0, 1]. This implies (2.11), because a is Riemann-integrable and hence continuous
a.e.in [0, 1]. Since

n 1 n 1 n
E AinXr,| < llalle < 00, N E Qi =/ ( E Cli,nX1,,,,),
i—1 i=1 U

Equation (2.12) follows from (2.11) and from the dominated convergence theorem. [

2.3 Preliminaries on General Topology

This section covers specific topics from general topology that will be of interest in this
book and may not be included in standard university courses. The reader is supposed
to be familiar with basic topology, in particular with the notions of topological space
and metric space. Any university course covers these topics, as well as any good
book on general topology; see, e.g., the classic book by Kelley [80].

2.3.1 Pseudometric Spaces

A pseudometric on a set X is a functiond : X x X — [0, oo) such that, for all points
x,y,z€X,

(i) x=y = dx,y) =0,
(i) d(x,y) =d(y,x),
(iii) d(x,y) <d(x,z) +d(z,y).

A pseudometric space is a pair (X, d) where d is a pseudometric on X. A pseudomet-
ric is often referred to as a distance, and d (x, y) is called the distance between x and y.
The difference between a pseudometric and a metric space is simply that in a metric
space the property (i) is replaced by the stronger version x =y <= d(x,y) = 0.
In other words, the distance between two points in a metric space is zero if and only
if the two points coincide, whereas in a pseudometric space the distance can be zero
even if the two points do not coincide. However, this is not so disturbing as it is not so
hard to accept that the distance between different points can be zero. For example, if
the purpose of a distance is to quantify the money that is necessary to go from a place
to another, it may certainly happen that the distance between two distinct places is
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zero (e.g., because the two places are so close to each other that one can cover the
spatial distance between them by feet, without spending money). What is interesting
is that, also on the mathematical level, the theory of pseudometric spaces does not
differ significantly from the theory of metric spaces. Kelley, for instance, develops
simultaneously the theory of metric and pseudometric spaces in Chap.4 of his book
[80]. Moreover, if we imagine to identify two points in a pseudometric space when-
ever the distance between them is zero, we are introducing on the pseudometric space
an equivalence relation with respect to which the quotient space is a metric space;
see Exercise 2.3. In the remainder of this section, we investigate some properties of
pseudometric spaces that we shall use in this book. The reader will easily recognize
that all these properties have an exact analog in the world of metric spaces.

Let (X, d) be a pseudometric space. If x € X, the open disk of radius r > 0
around x is defined as

Dx,r)={yeX: dx,y) <r}.

We say that U C X is an open set if for every point x € U there exists 7 > 0 such that
D(x,r) € U. Itis easy to check that the collection of all open sets U is a topology
on X, which is referred to as the pseudometric topology induced by d. This topology
will be denoted by t,. We say that a sequence {x,,},, C X converges to a pointx € X
in (X, d) if d(x,;,x) — 0 as m — oo. This is actually equivalent to saying that
X, — X in the topological space (X, 7).

Lemma 2.10 Assume that the pseudometric spaces (X, d) and (X, d') have the same
convergent sequences, i.e., x,, — x in (X, d) if and only if x,, — x in (X, d'). Then
Tqg = Tg'.

Proof To avoid confusion, in this proof we denote by D, (y, r) (resp., Dy (y, r)) the
disk of radius r around y in the space (X, d) (resp., (X, d")). Suppose by contradiction
that t; # tz, and assume for example that U € 7, and U ¢ 7. Since U ¢ 14, there
exists a point x € U such that Dy (x, €) is not contained in U for all ¢ > 0. For each
m € N, choose a point x,, € Dy (x, %) such that x,, ¢ U. It is clear that x,, — x in
X,d) asd (x,,x) < i — 0 as m — oo. Nevertheless, x,, cannot converge to x
in (X, d) because x,, ¢ U for all m and U is open in (X, d), so there exists § > 0
such that D;(x,6) € U and x,, ¢ D,(x, &) for all m. This is a contradiction to the
assumption that (X, d) and (X, d’) have the same convergent sequences. U

Atopology 7 on X is said to be pseudometrizable if there exists a pseudometric d on
X suchthat t = 7. If 7 is pseudometrizable, there are actually infinite pseudometrics
d on X such that T = 74. For example, by Lemma 2.10, if we fix a pseudometric d
such that T = t; and if we define d’ to be any other pseudometric on X for which
there exist two positive constants «, § > 0 such that

ad(x,y) <d'(x,y) < Bd(x,y), Vx,yeX,
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then 74 = 14. Any two pseudometrics d, d’ on X such that t; = 7, are said to be
(topologically) equivalent.

Exercise 2.2 Let (X, ty) and (Y, 7y) be topological spaces and consider X x Y
equipped with the product topology tx x ty. We recall that 7y x ty is the collection
of all sets U € X x Y with the following property: for every (x,y) € U there exist
UX € Ty and UY € Ty such that (x, y) € UX X UY cUu. Show that if (X, Tx), (Y, 'L'y)
are pseudometrizable and dy, dy are pseudometrics inducing ty, Ty, respectively, then
(X x Y, tx x ty) is pseudometrizable and tx x 7y is induced by the pseudometric

dXXY((-xa y)a (-x,7 y/)) = max(dx(xvx,)a dY(yv y,))

In addition, show that tx x ty is also induced by any of the pseudometrics

AP (0, ), () = [(dx(x, X), dy (v, )

» l=p=oo

Exercise 2.3 Given a pseudometric space (X, d), we identify two points x,y € X
whenever d(x, y) = 0. In other words, we introduce in X the equivalence relation

x~y <= dix,y)=0.
The equivalence class of x is the set of 2}11 points y such that d(x, y) = 0; we call it
the zone of x and we denote it by x. Let X be the quotient space (the set of all zones)
and define d on X as follows:

dx,y =dx,y), x,yeX.

Show that (X, d) is a metric space.

2.3.2 The Topology tmeasure 0f Convergence in Measure

Let D C R* be a measurable set with 0 < (D) < oo, and let
Mp ={f : D — C: fis measurable}. (2.13)

We already introduced in Sect.2.2.3 the notion of convergence in measure on the
space p. In this section, we show that this convergence is related to a pseudometric
topology Timeasure ON Nip. We also identify a specific pseudometric dieqsure inducing
Tmeasure> and we study some of its properties that will be of interest in Chap. 5.

For every f, g € Mp, let
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Aeasure (fv g) = Pmeasure (f - g) s

uilfr # 0}
i (D)

(2.14)

pmeasure(f) = inf + ”fN||L°° : fR’fN € Mp, fR +fN =f]5

where it is understood that [|fy ||z~ = esssupp|fv| = oo whenever f ¢ L*°(D).

Theorem 2.3 The function pmeasure Satisfies the following properties.

(i) 0 < Pmeasure (f) < 1 forall f € Mp.

(ii) Pmeasure (f) =0 lfand Ol’lly Ucf =0ae
(iii) Pmeasure (f + &) =< Pmeasure (f) + Pmeasure (§) for all f, g € Mp.
(iv) Forall f € Mp,

E‘N 0
Pmeasure (f) = ian M +esssupglf|: EC D measurable] (2.15)
i (D)
o | R (E) .
= inf +esssupglf| : E € D measurable ;. (2.16)
i (D)

In particular, the function dmeasure IS @ pseudometric on Mp and dmeasure (f, ) = 0
ifand only if f = g a.e.

Proof (i) It is clear that ppeasure (f) = 0. Moreover, by taking fr = f and fy = 0 in
(2.14), we see that ppeasure (f) < 1.

(1) If f = 0 a.e. then pmeasure (f) = 0. Conversely, suppose that pmeasure (f) = 0.
Then, for every ¢ > 0 there exist fg ¢, fv.. € Pp such that fr . + fv.. =f and

wilfre # 0} < e, Wfv,elle < &.

Therefore,

widlf1 = e} < pu{fre # 03U {lfvel = D) = mlfre # 0} <e.

It follows that u{|f| > ¢} = 0 for each ¢ > 0. Since {f # 0} = Ufnozl{[ﬂ > %} is
the union of countably many sets of zero measure, we conclude that i {f # 0} = 0
andf =0 a.e.

(iii) By definition of pueasure (f) and pmeasure (g), for every & > 0 there exist four
functions fr ¢, fy.e» gr.e» Ev.e € Mp such thatfr . +fve =f, gre + gv.e = g and

widfre 7 O}
Hi (D)

/’Lk{gR,a 7& 0}
ui (D)

+ Wnvellze < Pmeasure (F) + €,
+ ”gN,s ”LOC < pmeasure(g) + e.

Hence, there exist (f + g)re = fre + &re and (f + g)v.e = fv.e + gv.e such that
(f+8re+ (f+8ne=f+gand
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e #0
pmeasure(f + g) = Mk{(f i g)R' 7& } + ”(f + g)N,e”L”"
k(D)
- Hilfre # O} + pidgr e # 0}
- i (D)

< Pmeasure () + Pmeasure (8) + 2¢.

+ Wvellze + llgn el

It follows that pmeasure(f + g) = Pmeasure (f) ~+ Pmeasure (g)

(iv) The equality (2.16) follows from the observation that, on the one hand, the
left-hand side is clearly less than or equal to the right-hand side as EN{f # 0} € E*;
and, on the other hand, for each measurable £ C D we have

EN{f =0} E9)
% + esssupglf| = % + esssupz|fl,

where £ = E U {f = 0}. We prove the equality (2.15). Let g(f) be the right-hand
side of (2.15). For each measurable E C D, setting fr = f xg- and fy = f xg, we

have fz + fy = f and
_ (ESN{f £0))

wulfr # 0}
W + fvlliee = W + esssupg|f].

Hence q¢(f) > Pmeasure (f). Conversely, for each fz, fy € 9Mp such that fr + fv = f,
setting £ = {fg = 0} and noting that fy = f on E, we have

wilfr # 0} _ k(E) pi(EC O {f 7 0))
D) + nllze = (D) + nllze = I — + ess supg|f].
Hence Pmeasure (f) = q(f) g

Since deasure 1S @ pseudometric on M p, it induces on MNp a topology, which we
denote by Tmeasure- The next theorem shows that the notion of convergence associated
with Teasure 18 precisely the notion of convergence in measure; that is, a sequence
{fin}m S IMp converges in measure to f € M, if and only if dieasure fin, f) — 0.

Theorem 2.4 Let f,,,f : D — C be measurable functions. Then, the following
conditions are equivalent.

(i) fin — f in measure.
(ii) pmeasure(fm _f) — 0as m — oo.

Proof (i) = (ii). Assume thatf,, — f in measure and fix ¢ > 0. Then, there exists
M (¢e) such that, for m > M(e),

widlfm —f1 = €} < e.

Setting E,, . = {|fin — f| < €} and using Theorem 2.3(iv), for m > M (¢) we obtain
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mk(Ey, ) €
3 - < - - T ’
Pueasure fn — ) < D) +esssupg, |fn —f1 < D) +e

It follows that peasure (i —f) — O.
(i) = (i). Assume that pieasure (fn —f) — 0 and fix ¢ > 0. Then, there exists
M (¢e) such that, for m > M(e),

pmeusure(fm _f) < €.

By Theorem 2.3(iv), for m > M (¢) there is a measurable E,, . € D such that

Mk(Eycn 5) /“Lk(qu 8)
———— 4esssupg |fn—fl<e = ——— <e, esssupg |fw —fl <e.
1(D) e (D) e
Thus,
willfm — f1 = e} < i (E,, ) < eur(D).
We conclude that f,, — f in measure. ]

Remark 2.2 (equivalent pseudometrics inducing Tmeasure) Other pseudometrics on
IMp, which are topologically equivalent to dpeasure and induce on 1y the topology
Tmeasure OF CONvergence in measure, are the following (see Exercise 2.4):

dt/neasure (f’ g) = p;neasure (f - g) ’

, . 2.17)
pmeasure(f) Z/mln(lﬂ’ D),
D
and , .,
dmeasure (f’ g) = pmeasure(f - g)’
fl (2.18)

p:r/leasure(f) = D 1 + lf| N

The pseudometrics (2.17)—(2.18) are actually much more common than our nonstan-
dard pseudometric dpyeasure as they are usually proposed in standard textbooks; see,
e.g., [95, p. 102] and [20, p. 306]. Nevertheless, our pseudometric is illuminating for
the purposes of Chap. 5, and this is why we preferred it to the others.

In view of Exercise 2.4, we recall that a function ¢ : I — R, defined on some
interval I C R, is said to be concave if

p(x + Ay —x) = ¢x) + Ae(y) — () (2.19)

for every x,y € I such that x < y and every A € (0, 1). Graphically, the condition
is expressed as follows: if x < u < y, then the point (u, ¢(u)) lies above or on the
line connecting the points (x, ¢(x)) and (y, ¢(y)). In other words, ¢ is concave if and
only if
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o) = 900 + o) — () = PR W0 ) )
y—Xx y—x u—x
for every x, u, y € I such that x < u < y; see also Fig.2.1, in which
U—x
Ery(u) = @(x) + yTx(w(y) — 9(x)). (2.21)

A simple characterization of concave functions is the following: ¢ : I — R is
concave if and only if the incremental ratios of ¢ satisfy the property

PO — o) _ o) — o)
y—u - U—x

(2.22)

for every x, u,y € I such that x < u < y. Indeed, defining &, , (1) as in (2.21) and
taking into account that the points (x, ¢ (x)), (u, & ,(w)), (v, ¢(y)) lie on the same
line (see Fig.2.1), we can prove that (2.22) is equivalent to (2.20) as follows:

e0) —e) _ o) — o)
y—u o uU—x

= o) > ek + ;‘_;;‘«o(y) — o)
= o) > £, 1) + —— (@) — p) — — () — ()
y—u y—Xx

= o) > £ W) + — (@) — p() — —(p(y) — &y y (W)
y—u y—u

= o) > Sx,y(u)~

Fig. 2.1 Illustration of the properties of a concave function
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It can be shown that a concave function ¢ : I — R is continuous on the interior of
I; see [97, Theorem 3.2] and take into account that a function ¢ is concave if and
only if —¢ is convex according to [97, Definition 3.1].

Exercise 2.4 Let ¢ : [0, 00) — R be a concave function such that ¢ (0) = 0.

(a) Show that ¢ is subadditive, i.e.,

p(x+y) <o)+, Vx,yel0,00).

(b) Suppose that ¢(x) does not diverge to —oo as x — oo. Show that ¢ is non-
decreasing (and hence nonnegative due to the condition ¢ (0) = 0).

(c) Suppose that ¢ is bounded, continuous at 0 (hence continuous on the whole
[0, c0) by the result mentioned above) and positive on (0, co) (hence non-
decreasing on the whole [0, o) by (b)). Let 91p be as in (2.13) and for every
frg e Mplet

dxfleasure (f’ g) = pgeasure(f - g)’

@ (2.23)
pmeasure (f) = / (p(lf‘|)'
D

Show that d¥ ... 1s a pseudometric on 9y inducing the topology Tmeasure Of

convergence in measure.

2.4 Preliminaries on Matrix Analysis

In this section we collect the necessary background material about matrix analysis.
Reference textbooks on this subject are, for example, [13, 17, 69]. The reader, how-
ever, is not required to know everything about these books, which contain much more
than is needed here. As in Sect.2.2, we will provide precise citations next to each
result we will state without a proof.

2.4.1 p-norms

Given 1 < p < oo and a vector x € C", we denote by |x|, the p-norm of X, i.e.,

p .
x|, = > slP) P, if 1 < p < oo,
! max;=1,..m x|, if p = oo.

The p-norm of a matrix X € C™*™ is simply the operator norm of X regarded as an
application from (C™, | - |,) into itself. In formulas,
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|Xx|,
|X|, = max = max |Xx]|,
xeC" |x|, xeC'
#0 [x],=

The 2-norm of both vectors and matrices is also known as the spectral (or Euclidean)
norm and will be preferably denoted by || - ||. Just like any other operator norm, the
p-norm |X|, satisfies the following inequalities:

pX) = X, (2.24)

and
1Xx|, < [X]pIxlp (2.25)

for all x € C™. Moreover, |X|, is the smallest constant for which (2.25) holds for all
x € C™. Therefore, observing that

IXYx], < X[, YX], < X ]| Y],x],.
one immediately obtains the submultiplicative property:

XY, <IX|,|Y],, X,YeC™". (2.26)

The most important among the p-norms are undoubtedly the 1-norm, the 2-norm

and the co-norm. For each of these norms, a special formula for the computation of
|X|, is available:

Xl = max Zl x;i (2.27)

IXII = Vo X*X) = /Amax (X*X), (2.28)

X|oo = max > ll: (2.29)
..... =

see, e.g., [17, Theorem 3.9] or [69, pp. 72—73]. Formulas (2.27) and (2.29) show that
|X]; and |X| are particularly easy to compute as they admit explicit expressions
in terms of the components of X. More precisely, |X|; is the maximum among the
1-norms of the columns of X, and |X| is the maximum among the 1-norms of the
rows of X. Formula (2.28) shows that the 2-norm is unitarily invariant, that is,

X[l = 1UXV]| (2.30)

for all X € C"™ and all unitary matrices U, V € C"*", Indeed,
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IUXV | = /p(UXV)*(UXV)) = /p(V*X*U*UXV) = \/p(V*X*XV)

= VpX*X) = |IX],

where the second-to-last equality is due to the fact that V*X*XV is similar to X*X, so
A(V*X*XV) = AX*X). Animportant inequality involving the norms (2.27)—(2.29)

is the following:
IXII < VIX[1X oo, X € C™ (2.31)

The proof of (2.31) is simple. Let x # 0 be such that X*Xx = Ap,« (X*X)xX. Passing
to the norms and using (2.25)—(2.28), we obtain

”X”2|X|oo = Amax (X" X) [X|oo = X" XX[oo < [X" o0 [X|oolX|oo = X1 [X]o0]X]o0s
which yields (2.31). In view of (2.27) and (2.29), the inequality (2.31) is particularly
useful to estimate the spectral norm of a matrix when we have upper bounds for its
components.

A matrix X € C"™* such that XX* = X*X is said to be normal. If X is Hermitian
(X* = X) or skew-Hermitian (X* = —X), then X is normal. If X is normal, then X is
unitarily diagonalizable, meaning that there exist a unitary matrix U and a diagonal
matrix D (whose diagonal entries are the eigenvalues of X) such that X = UDU™;
see, e.g., [17, Theorem 2.28] or [69, Corollary 7.1.4]. This result in combination with
(2.30) and (2.24) implies that

IXI =pX) <1Xl,, 1=<p=<oo, X eC"™" normal. (2.32)

2.4.2 Singular Value Decomposition

The fundamental theorem about the singular value decomposition of a matrix
X € C™™ is formally stated here. The proof can be found in [17, Theorem 7.8] or
[69, Theorem 2.4.1].

Theorem 2.5 (singular value decomposition) Let X € C™*™. Then, there exist two
unitary matrices U,V € C"™" and a diagonal matrix ¥ € R"™"™ with diagonal
entries oy > 0y > --- > 0y, > 0 such that X = UXV*,

If X € C™, any decomposition of X of the form X = UXV*, in which
U,V e C™"™ are unitary and ¥ € R™ is diagonal with diagonal entries
o1 >0y >--- >0, >0, is referred to as a singular value decomposition (SVD)
of X. Some important properties of the SVD are listed below.

e If X = USV*and X = UZV* are two SVDs of X, then X*X = VE2V* and
X*X = V2V*. Hence, the diagonal entries of both © and ¥ are the square roots
of the eigenvalues of X*X. Since the diagonal entries of ¥ and ¥ are sorted in
non-increasing order, we conclude that £ = . In conclusion:
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— the diagonal matrix X is always the same in any SVD of X;
— the diagonal entries of X are referred to as the singular values of X; they are the
square roots of the eigenvalues of X*X and are denoted by

Omax(X) = 01(X) = 02(X) > ... > 0,(X) = omin(X).
e For any matrix X € C"*", we have

rank(X) =#{i e {1,...,m} : 0;:(X) # 0}, (2.33)
IXI = omax(X) = x|, i, j=1,....,m. (2.34)

Indeed, let X = UX V* be an SVD of X. Since U, V are invertible, it is clear that
rank (X) = rank(X) and so (2.33) holds. Moreover, the unitary invariance of | - ||
yields ||[X|| = || Z|| = omax(X), which gives the equality in (2.34). To prove the
inequality in (2.34), note that

m
> o Xuivie

=1

m

< Omac (X)) D el [vjel < 1X1,
(=1

bl = ((UZVT)yl =

where in the last inequality we used the equation in (2.34), the Cauchy—Schwarz
inequality for vectors of C™, and the fact that the 2-norms of the rows and columns
of U and V are equal to 1.

e If X € C"™ is normal, then we already noted in Sect.2.4.1 that X = UDU*
for some unitary matrix U and some diagonal matrix D = diag,_; _,A:(X),
containing the eigenvalues of X as diagonal entries. By permuting the columns of U
(if necessary), we may assume that [A;(X)]| > [A2(X)| > ... > [A,,(X)]. Multiply
each eigenvalue A;(X) by the phase factor e such that e };(X) = |1;(X)| and
set ¥ = diag,_; /%) and V = e ...e U Then X = USV* is an SVD
of X, from which we see that the singular values of X are |A;(X)|,i =1,...,m.
In conclusion, the singular values of a normal matrix coincide with the moduli of
the eigenvalues. In view of (2.34), this also provides another proof of the equation
IX]| = p(X) for normal matrices X.

A crucial result about the SVD is the following approximation theorem, which
is sometimes referred to as the Eckart—Young theorem. It says that the matrix X;
obtained by truncating the SVD of X at the sth singular value is the closest to X in
spectral norm among all the matrices with rank bounded by s; moreover, the mini-
mum distance || X — X;|| equals o4 (X). The proof of the Eckart—Young theorem can
be found, e.g., in [17, Theorem 7.13] or [69, Theorem 2.4.8]. In the corresponding
statement below, we denote by uy, ..., u, and vy, ..., v, the columns of U and V,
respectively.

Theorem 2.6 (the Eckart—Young theorem) Let X € C™ " and 1 < s < m — 1.
Let X = UTV* = X" 0;(X)w;vi be an SVD of X and set X, = UL, V* =
> 0i(X)wv;, where ¥, = diag(o1(X), ..., 05(X), 0, ...,0). Then
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min{[IX — Y| : rank(¥) < s} = X = X;[| = 0541 (X).

We conclude this section about the SVD by talking about the Moore—Penrose
pseudoinverse. If X € C"™" and X = UXV* is an SVD of X, we define

X" =vxiu*, (2.35)

where =7 = diag(1/01(X), ..., 1/0,(X),0, ..., 0) is the diagonal matrix obtained
from ¥ = diag(o,(X), ..., 0,(X),0,...,0) by inverting the nonzero singular val-
ues of X (r = rank(X)). The matrix X' is called the Moore—Penrose pseudoinverse
of X. The Moore—Penrose pseudoinverse is well-defined, in the sense that its defi-
nition (2.35) is independent of the considered SVD of X. Indeed, regardless of the
considered SVD, the matrix X defined by (2.35) is the unique matrix of C"*" that
associates to any y € C™ the solution of the least squares problem

min [|Xx —y,
xeCm

i.e., the unique minimum norm vector x' such that minyecn |Xx —y|| = || Xx" —y].
For more details, we refer the reader to [17, Chap. 7 (especially Theorems 7.1, 7.15,
and p. 457)] or [69, Sect.5.5 (especially Subsections 5.5.1-5.5.2)].

2.4.3 Schatten p-norms

Given 1 < p < oo and a matrix X € C"™", we denote by | X||, the Schatten
p-norm of X, which is defined as the p-norm of the vector (o7 (X), ..., 0,,(X)) formed
by the singular values of X. Note that the Schatten p-norms are unitarily invariant,
ie., ||IPXQll, = [IX]l, for all p € [1, 00], all X € C™ and all unitary matrices
P, Q € C™™ This follows from the fact that X and UXV have the same singular
values (see Theorem 2.5). The Schatten p-norms, along with all unitarily invariant
norms, are deeply studied in Chap. IV of Bhatia’s book [13].

If 1 < p, g < oo are conjugate exponents, the following Holder-type inequality
holds for the Schatten norms (see [13, Problem II1.6.2 and Corollary IV.2.6]):

IXYIle < IX[p1Y Nl X, Y € C™ (2.36)

An analogous inequality actually holds for all unitarily invariant norms, as shown in
[13, Corollary IV.2.6]. If 1 < p, g < oo are conjugate exponents, then

Xl < (rank(X)Y9||X|, < m"4|X]|,, X € C™", (2.37)
)2 P

where it is understood that 1 /00 = 0. To prove (2.37),let X = UXV* be an SVD of
X and let J be the matrix obtained from the identity / by setting to 0 all the diagonal
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entries corresponding to indices exceeding rank (X). Since rank (X) is the number of
nonzero singular values of X, we have rank(J) = rank(X) and J¥ = X. Hence, by
(2.36),

IXIh = 1= = IVElh < g1, = rank (X)X,

In the nextlemma we provide a variational characterization of Schatten p-norms. A
completely analogous characterization actually holds for all unitarily invariant norms,
asprovedin[113, Theorem 2.1]. Throughout this book, we use the abbreviations HPD
and HPSD for ‘Hermitian positive definite’ and ‘Hermitian positive semidefinite’,
respectively.

Lemma 2.11 If1 < p <ocoand X € C™", then
IX1l, = sup |(WiXvy, ..., u;;,Xv,,,)}p, (2.38)

where the supremum is taken over all pairs of orthonormal bases {w;}",, {v;}!_, of
C™. If moreover X is HPSD, then

IX1, = sup |(wiXuy, ..., uanum)|p, (2.39)

where the supremum is taken over all orthonormal bases {w;}" | of C™.

Proof Let X = UXV* be an SVD of X, so that U*XV = diag(o|(X), ..., 0,(X)).
If {u;}, and {v;}i2, are, respectively, the columns of U and V, then

X1, =010, ..., am(X))|p = |(uiXvy, ..., u;va)|p.

Hence, < holds in (2.38). On the other hand, suppose that U (with columns {u;}}” ;)
and V (with columns {v;}?" ) are any two unitary matrices. If P; = e;e] is the
orthogonal projection onto the subspace of C™ generated by e; (the ith vector of the
canonical basis), then the singular values of Z:"Zl P,U*XVP; = Z:"Zl (u;Xv;)P; are
[u/Xv;|, i = 1,...,m. Thus, from the pinching inequality [13, Formula (IV.52)],
we obtain

|(u”va1, el u:;vajl)|p = |(|UTXV1|, . |u:‘anm|)|p =

m
Z P,U*XVP,
i=1

p
= NUXVIp = 11Xl

Since {uw;}72; and {v;}", are arbitrary orthonormal bases, we infer that also > holds
in (2.38), and this completes the proof of (2.38).

To prove (2.39), we first note that > certainly holds in (2.39) by (2.38). The proof
of < is the same as before; it suffices to observe that, since X is HPSD, we have
Li(X) = o0;(X) foralli =1, ..., m, and, moreover, we can take an SVD of X of the
form X = UX U™, with ¥ = diag(A(X), ..., Lx(X)). O
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The most important among the Schatten p-norms are the Schatten 1-norm, the
Schatten 2-norm and the Schatten co-norm. The Schatten co-norm || X ||« is equal to
Omax (X) by definition, and since o (X) = || X]|| we have || X |- = || X||. Moreover,
it is not difficult to see that, in the case p = oo, Eqgs. (2.38)—(2.39) yield

Omax(X) = [X|| = IX[lo = sup [u*Xv], X eC™", (2.40)
[lall=[lv]=1
Amax(X) = [1X]| = [ X]loo = sup u*Xu, X € C"™™HPSD.  (2.41)

uf=1

The Schatten 2-norm || X||, is also known as the Frobenius norm and admits an
explicit expression in terms of the components of X, namely

m

12
X1 = (Z |x,»,|2) . XecCmm

ij=1

Indeed, recalling that the squares of the singular values of X coincide with the eigen-
values of X*X, we have

X113 = Z:(C)',‘(X))2 = trace(X*X) = Z e 12
i=1

ij=1

The Schatten 1-norm ||X||; is also known under the names of trace-norm and
nuclear norm. From (2.37) we immediately obtain the following important trace-
norm inequality:

XN < rankQO[X] = mlIX]l, X e C™™. (2.42)

Note that (2.42) is actually a direct consequence of the equation o, (X) = || X|| and
the definition [|X||; = >, 0:(X) = Zfi"lk @ 5:(X). Other interesting trace-norm
inequalities, which provide an upper and lower bound for the trace-norm in terms of

the components, are the following:

[trace()] < X[l < D> byl X € T (2.43)
ij=1

The proof is simple. Let X = UXV* be an SVD of X. Then, setting Q = VU*, the
matrix Q is unitary and we have

IX]|; = trace(X) = trace(U*XV) = trace(XQ)

m m

m m m m
< E E [xikgril < E Jpax |Gxil E x| < E E [k |
= m
i1 k=1

i=1 k=1 =1 i=1 k=1
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Moreover, using the Cauchy—Schwarz inequality for vectors of C” and the fact that
the 2-norms of the rows and columns of U and V are equal to 1, we get

m m m m
ZZak(X)uikv_ik de(X)ZuikW
k=1 k=1 i=1

i=1

m

> W=V,

i=1

m m m
< Do) D lual viel < D~ or(X) = [IX[)1.
k=1 i=1 k=1

[trace(X)| =

Itis worth noting that the left inequality in (2.43) is a special case of Weyl’s majoriza-
tion theorem [13, Theorem I1.3.6]. This theorem actually implies a stronger inequal-
ity, i.e.,

>Rl X, X e C™ (2.44)

J=1

2.4.4 Singular Value and Eigenvalue Inequalities

We begin by reporting the minimax principles for singular values and eigenvalues.
We use the notation V' S, C™ to indicate that V is a subspace of C”.

Theorem 2.7 (minimax principle for singular values) Let X € C"™™ and let
01(X) > - -+ > 0,,(X) be the singularvalues of X sorted, as always, in non-increasing
order. Then,

0j(X) = max min ||Xx]| = min max || Xx||, j=1,...,m.
Sp. moxeV gsp'(Cm xeV
dim V=j IIXI=1 dim V=m—j+1 IXlI=1
In particular,
Umax(X) = ma?& ||XX||, Umin(X) = mn} ”XX”
i <

Theorem 2.8 (minimax principle for eigenvalues) Let X € C™*™ be Hermitian and

let M(X) = -+ = Au(X) be the eigenvalues of X sorted in non-increasing order.
Then,
2j(X) = max min(x*Xx) = min max (x*Xx), j=1,...,m.
Cp.C" xeV V<. C" xeV
dim v=j lIxlI=1 dim V=m—j+1 [XI=1
In particular,

Amax(X) = )I(IGI%)”S (X*XX), Amin(X) = gin (X*XX)-

m

lIxli=1 Ixli=1
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Theorem 2.7 follows from Theorem 2.8 applied to the Hermitian matrix X*X, whose
eigenvalues are the squares of the singular values of X. Theorem 2.8 is proved, e.g., in
[17, Theorem 6.7], [69, Theorem 8.1.2] and [13, Corollary III.1.2]. As a consequence
of Theorem 2.8, for all matrices X € C"™*" we have the following localization of the
spectrum:

AX) € [min(RX)), Anax R X [Amin (3(X)), Amax (X)) C C. - (2.45)

Indeed, if X is an eigenvalue of X and x is a corresponding eigenvector with ||x|| = 1,
then, by Theorem 2.8 applied to :(X) and I (X),

A =XXx = xX"RX)x +ix*"IX)x
€ Pmin(MX))s Amax (R XD)] X [Amin (F(X)), Amax (SX))]

In the next theorems, we provide some important perturbation and interlacing
theorems for singular values and eigenvalues.

Theorem 2.9 (perturbation theorem for singular values) Let X, Y € C™*™ and let
o (X)>--->0,(X)and o(Y) > --- > 0,,(Y) be their respective singular values
sorted, as always, in non-increasing order. Then,

loj(X) —o(M)| < IX=Y[l, j=1,....m

Theorem 2.10 (perturbation theorem for eigenvalues) Let X, Y € C™" be Her-
mitian and let \((X) > --- > L, (X) and A (Y) > --- = A, (Y) be their respective
eigenvalues sorted in non-increasing order. Then,

AiX) =AM < IX=Y], j=1....m.

Theorem 2.9 (resp., 2.10) is a corollary of the minimax principle for singular values
(resp., eigenvalues). For example, to prove Theorem 2.10 one simply observes that

X*(X = V)x| < x| |(X = Vx|l < [Ix[ IX =Y [Ix],
hence |x*(X — Y)x| < || X — Y| for all vectors x such that ||x|| = 1, and

A;(X) = max min (x*XX) = max min (x"(X — Y)x +x"Yx)
VCp LM xeV Co.C" xeV
dim V=; IIxI=1 dim V=) [IxlI=1

IX — Y| + max min (x*Yx) = |X — Y| + A;(Y).
Cp.C" xeV

dim V=j IxI=1

IA

Theorem 2.9 is proved likewise. Theorem 2.10 is known as Weyl’s perturbation
theorem [13, Corollary II1.2.6]. We refer the reader to [13, Problem I1.6.13] for a
general perturbation theorem for singular values, which extends Theorem 2.9.
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To simplify the statement of Theorems 2.11-2.12, we here adopt the following
convention: for each matrix X € C"™*" with singular values o, (X) > -+ > 0,,(X),
let 0;(X) = 400 if j < 1 and 0;(X) = —o0 if j > m; for each Hermitian matrix
X e C"™ with eigenvalues A (X) > -+ > 1,(X), let ;(X) = +o0if j < 1 and
Aj(X) = —o0if j > m.

Theorem 2.11 (interlacing theorem for singular values) Let Y = X + E, where
X,E € C"™"andrank(E) < k. Leto(X) > --- > 0,,(X)ando((Y) > -+ > 0,(Y)
be the singular values of X and Y. Then,

5k (X) = oY) = g (X),  j=1,....m.

Proof For every A € C™*", the eigenvalues of the 2m x 2m Hermitian matrix

- [oa
= (7o)

are 0j(A), —0oj(A), j=1,...,m.Indeed, if A = UXV*is an SVD of A, then
i O Uzv*| |UO[|O0OX]||U" O
“|\VEZU* O “lov]|zol||l o v*
_|Uo L I 1T|[X O L I 1||U* O —0 X 0 0"
“|loV AR O-X | |I-1 o V| 0 —-X ’

where
0= vol| 1l (1 1
oV NOARE
is unitary, being the product of two unitary matrices. Therefore, by applying

Theorem 2.12 with ¥ , X, Einplace of Y, X, E, we obtain the thesis. O

Theorem 2.12 (interlacing theorem for eigenvalues) Let Y = X + E, where X, E €
Cm=m are Hermitian. Let A (X) > -+ > A,(X) and M (Y) > -+ > A, (Y) be
the eigenvalues of X and Y, and let k', k= be the number of positive and negative
eigenvalues of E:

Kt=#e(l,....m: LE) >0}, k =#{je(l,....m: }(E) <O}

Then,
Aicpr (X)) = 4 (V) = - (X)), j=1,...,m.

In particular, if rank(E) < k then

() = L(Y) = A0, j=1.....m.
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Proof Throughout this proof, we adopt the convention stated before Theorem 2.11.
Moreover, we will make use of the following result.

Let B = A 4+ nuu*, where A € C™ is a Hermitian matrix, u € C" is a
(column) vector and n > 0. Let A;(A) > ... > X, (A) and A{(B) > ... >
Am(B) be the eigenvalues of A and B. Then,

Ai—1(A) = A;(B) = A;(A), j=1,...,m,
or, equivalently,

)\,j(B) Z)\,I(A) 2)\1+1(B), j=1,...,m.

This result, which is actually a special case of Theorem 2.12, can be found in
[17, Theorem 6.12], [69, Theorem 8.1.8] and [13, Exercise 111.2.4].

Let us now prove Theorem 2.12. Let«y, ..., o+ and By, . .., Bi- be, respectively,
the positive and the negative eigenvalues of E. Since E is Hermitian, we can write

E = Qdiag(al,...,ak+,ﬂ1, ...,ﬂk—,o, ,O) Q*
kt k™
= ZOll‘lll‘ll;k + Zﬂivivl’-‘ = EJr +E7,
i=1 i=1

where:

e (O is a unitary matrix;

e uy,...,u+ are the columns 1, ..., k" of Q, which correspond to the positive
eigenvalues o, ..., o+;

® Vi,..., Vi are the columns kT + 1, ..., k" + k= of Q, which correspond to the
negative eigenvalues By, ..., fi-;

k* - k=
e Ef =" jouufand E- = > Bivivi.

i=

By repeated applications of the result quoted above, forj = 1, ..., m we obtain

Ai1(X) = 45X + aqugu}) > A(X),
A1 (X + aquguy) > Aj(X + ouuy + azuzu;) > (X + oquuy),

kt—1 kt—1

)\j—l (X + Z Ol,'ll,*ll?() > X,(X ~|—E+) > )\.j (X + Z C(,'ll,'ll;»k).
i=1

i=1

Thus,
A (X) = A (X + ET) > A (X)), j=1,...,m. (2.46)

By repeated applications of the result quoted above, forj = 1, ..., m we obtain
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WX AED) = 15X+ EY 4 Bviv]) = (X +E),
MNX+ET+BivivD) = X+ ET + Bivivi + Bavavd) = A1 (X + ET + Brviv)),

k™ —1 k™ —1
xj(x +ET+ > ﬂiviv;*) > 3j(Y) = Ajq (x +EY+ > ﬂiviv;").

i=1 i=1

Thus,
MNX+AED)>0MT) > - X+ET), j=1,....,m. (2.47)

By combining (2.46) and (2.47), we obtain the thesis. U

Important inequalities involving the imaginary parts of the eigenvalues of X and
the eigenvalues of J(X) are provided in the next theorem, which is due to Ky-Fan.

Theorem 2.13 Let X € C™" and label the eigenvalues of X and I(X) so that
S X)) = -+ = IAn(X)) and M(I(X)) = -+ = An(I(X)). Then,

k

k
>T3040 < D4R X0) (2.48)

j=1 j=1
forallk =1, ..., m. Moreover, for k = m, the equality holds in (2.48).

The proof of Theorem 2.13 can be found in [13, Proposition III.5.3]. Note that
Theorem 2.13 is stated in [13] with ‘R’ instead of ‘J’, but this is not an issue because
RNX) = I3(X).

Lemma 2.12 For every X € C"™",
>IN < IS0 (2.49)
j=1

In particular, for every X € C"™*™ and every ¢ > 0 we have

e . I3
ell,....m}: |SX))| > e} < — (2.50)
and if A(M(X)) is contained in the interval I C R, then
#jefl,...,m}: )\j(X)¢1X[—8,8]}§M. (2.51)

Proof Label the eigenvalues of X and J(X) so that J(A; (X)) > - -+ > J(A,,(X)) and
M(SX)) = -+ > 1, (3(X)). By Theorem 2.13,
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k
> e = max Z A (3(X))

44444

J: 2 (3(X))=0 j=1
k
> S = S (X)). .
= max > S%G0) = >, ). 252
j=1 J:304(X)=0

Again by Theorem 2.13,

> onE@) + D KEeE)

J: 4(3(X) <0 Ji 4(3(X))=0

= > @)+ D> 3%,

J: 3(;(X)<0 J:3((X))=0

so (2.52) implies that

D KEX) = D 3. (2.53)

J: 4 (3(X))<0 J:S((X))<0

Since J(X) is Hermitian, its trace-norm equals the sum of the absolute values of its
eigenvalues. Thus, by (2.52)—(2.53),

3O = z 12; (3O
j=1

= > e - D LEE)

J: (3(X))20 i 23X <0
> D> 3 - D> S)
7 304X)=0 J:304(X))<0
m
= > I3
=1

This proves (2.49). The inequality (2.50) follows from (2.49) and the observation
that

m

> 130X > By

J=1 JIS04(X) >
e-#jefl,...,m}: |S(NX))| > e}.

v

v

The inequality (2.51) follows from (2.50) and (2.45). O
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2.4.5 Tensor Products and Direct Sums

If X, Y are matrices of any dimension, say X € C™>" and Y € C“**, the tensor
(Kronecker) product of X and Y is the m£; x my£, matrix defined by

xY - xp,Y
X®Y =[x |i=tm =1| S

J=1,my

)lely xmlmzY

and the direct sum of X and Y is the (m; 4 £;) x (my + £,) matrix defined by

XY =dagX,Y) = [)O(g}

Tensor products and direct sums possess a lot of nice algebraic properties.
(i) Associativity: for all matrices X, Y, Z,

XRY®Z=X® (Y ®2),
XeYV)eZ=Xo (Y 2.
We can therefore omit parentheses in expressions like X; ® X, ® --- ® X, or
X 0X@--- @ Xy
(i1) If X, X, can be multiplied and Y7, Y, can be multiplied, then

X1 ®@YDNX2®Y2) = (X1X3) ® (Y1Y2),
X1 @YXz @ Y2) = (X1 X3) @ (Y1 Y2).

(iii) For all matrices X, Y,

XN =X"®Y* X =x"@y"
XY =XV, X =xTey".

(iv) Bilinearity (of tensor products): for each fixed matrix X, the application
Y—>XQY
is linear on C“*% for all £;, ¢, € N; for each fixed matrix Y, the application
X—XQY

is linear on C™>"™ for all my, m, € N.
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From (i)—(iv), a lot of other interesting properties follow. For example, if X, Y are
invertible, then X ® Y is invertible, with inverse X' ® Y~!. If X, Y are normal
(resp., Hermitian, symmetric, unitary) then X ® Y is also normal (resp., Hermitian,
symmetric, unitary). If X € C"™ and Y € C***, the eigenvalues and singular values
of X ® Y are

OOMT) = i=1,...,m j=1,....¢}, (2.54)
X))o (V) : i=1,...,m, j=1,..., ¢ (2.55)

and the eigenvalues and singular values of X @ Y are

i) s i=1,...,mpu): j=1,....¢, (2.56)
(GiX): i=1,....m}U{gi(Y): j=1,... Lk (2.57)

see Exercise 2.5. In particular, for all X € C™™, Y € C**, and 1 < p < oo, we
have

IX® Y, = IXIl, 1Y, (2.58)
(XI5 + 1Y Ip)'P, i1 <p < oo,
XY, =Xy IYIl,| = . 2.59
and
rank (X ® Y) = rank(X)rank(Y), (2.60)
rank(X @ Y) = rank(X) + rank(Y). (2.61)

Exercise 2.5 Let X € C™™ and Y € Ct*¢. Show that:

(a) the eigenvalues and the singular values of X ® Y are given by (2.54)—(2.55);
(b) the eigenvalues and the singular values of X & Y are given by (2.56)—(2.57).
2.4.6 Matrix Functions

Given a diagonalizable matrix A € C™*™ if A, ..., A; are the distinct eigenvalues
of Aand Vi, ..., V, are their respective eigenspaces, we have

t
" = @ V..
i=1
For each function f : A(A) — C we define f(A) as the matrix such that

fA)V =f(A;)vforeveryv € V;andeveryi=1,...,1. (2.62)
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In practice, f(A) is the matrix that possesses the same eigenspaces Vi, ..., V; as A
with corresponding eigenvalues f'(1;), ..., f(A;). Note that such a matrix f(A) exists
and is unique. To show the uniqueness, simply note that, if B is another matrix such
that Bv = f(A;))v = f(A)v forevery v € V;andevery i = 1, ..., ¢, then B coincides
with f(A) on each basis of C" formed by eigenvectors of A, hence B = f(A). To
show the existence, fix a basis of C"” formed by eigenvectors of A, define f(A) on
this basis in the unique possible way to meet (2.62), and extend the definition to the
whole C™ by linearity. It is not difficult to check that the matrix f(A) defined in this
way satisfies (2.62).

Now, letA € C"™*" be diagonalizableandlet, ..., A,, denote all the eigenvalues
of A, i.e., all the roots of the characteristic polynomial of A, each of them counted
with its multiplicity. If {vy, ..., v,,} is a basis of C"” formed by eigenvectors of A,

Avi=Aiv;,  i=1,...,m,
then for each f : A(A) — C we have
FQAYV, =f)v;, i=1,...,m.

This is a spectral decomposition of f(A), which can be rewritten in matrix form as

f ()
F(2)
fAV =V . , V=|vva--v, |,
S Gm)
or, equivalently,
Fa)
VACSY) »
fA) =V ) v, V=]|vv - va.]|. (263

)

As a straightforward consequence of (2.63), if f(1) = A then f(A) = A. Moreover,
if A is invertible and (L) = A7, then f(A) = A~'. Further properties of matrix
functions are given in Exercise 2.6.

Exercise 2.6 Let A be a diagonalizable matrix. Prove the following properties.

(@ Ifa,B e Candf,g : A(A) — C, letaf + Bg : A(A) — C be defined in
the natural way as (af + Bg)(2) = af (1) + Bg(). Then, (af + Bg)(A) =
af (A) + Bg(A).

b) Iff,g : A(A) — C, letfg : A(A) — C be the product function (fg)(1) =
FR)g@). Then, (fg)(A) = f(A)g(A). Moreover, f(A)g(A) = g(A)f(A), ie.,
two functions of the same matrix always commute.
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(c) Suppose A(A) C (0, 00), so that the functions A'/2, A71/2 : A(A) — R are
well-defined and hence also the matrices A'/2, A~'/? via definition (2.62). Then,
A1/2A71/2 =I, (A1/2)2 =A, (A71/2)2 =A71.

@ If pr) = Z;:O aj)J is a polynomial, then the matrix p(A) obtained from
definition (2.62) coincides with Z;=o a; Al

oo Ak
(e) e = =0 7T

For more on matrix functions, including the definition of f(A) in the case where
A is not diagonalizable, we refer the reader to Higham’s book [71].
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