
Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Simple Horizontal and Vertical Curves . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1 Circular Horizontal Curve. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Parabolic Vertical Curve. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Mathematical Methods for Defining of Transition Curves . . . . . . . . . 15
3.1 Transition Curves Described Using Curvature Function . . . . . . . . . 15
3.2 Transition Curves Described Using Explicit Function. . . . . . . . . . . 19
3.3 Transition Curves Defined in the Polar Coordinate System . . . . . . 21
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 Transition Curves Described Using Curvature Function . . . . . . . . . . 25
4.1 Classical Transition Curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.1.1 Spiral Curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.1.2 Bloss Curve. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.1.3 Grabowski Curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.1.4 Other Transition Curves Described Using Curvature

Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.1.5 Two-Parameter Spiral Curves . . . . . . . . . . . . . . . . . . . . . . . 36

4.2 Vertical Transition Curve Described Using Curvature
Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.3 General Transition Curves Described Using Curvature
Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

v



5 Transition Curves Described Using Explicit Function . . . . . . . . . . . . 49
5.1 Parabolic Transition Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.2 Sinusoid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6 Transition Curves Defined in the Polar Coordinate System . . . . . . . . 59
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

7 Polynomial Description of Transition Curves . . . . . . . . . . . . . . . . . . . 63
7.1 Categories of Polynomial Transition Curves. . . . . . . . . . . . . . . . . . 63
7.2 Boundary Conditions for Polynomial Transition Curves. . . . . . . . . 68
7.3 Generalized Solutions of Polynomial Transition Curves . . . . . . . . . 69

7.3.1 First Generalized Solution of Polynomial Transition
Curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

7.3.2 Second Generalized Solution of Polynomial Transition
Curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

7.3.3 Third Generalized Solution of Polynomial Transition
Curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

7.3.4 Fourth Generalized Solution of Polynomial Transition
Curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

7.4 Different Solutions of Polynomial Transition Curves . . . . . . . . . . . 73
7.4.1 Polynomial Transition Curves Based on the First

Generalized Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
7.4.2 Polynomial Transition Curves Based on the Second

Generalized Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
7.4.3 Polynomial Transition Curves Based on the Third

Generalized Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
7.4.4 Polynomial Transition Curves Based on the Fourth

Generalized Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
7.5 Selection of Design Parameters for Universal and Oval

Transition Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

8 Sample Applications of Transition Curves in Horizontal
Alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
8.1 General Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
8.2 Parabolic Transition Curve as a Connecting Element

Between Straight Line and Circular Arc . . . . . . . . . . . . . . . . . . . . . 92
8.3 Sinusoid as Transition Curve Between a Straight Line

and Circular Arc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
8.4 Polynomial Transition Curve as Connecting Element

Between a Straight Line and Circular Arc . . . . . . . . . . . . . . . . . . . 95
8.5 General Transition Curves as Connecting Element Between

Two Straight Lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
8.5.1 Designing Horizontal Curves Using Sinusoid

as a General Transition Curve. . . . . . . . . . . . . . . . . . . . . . . 97

vi Contents



8.5.2 Designing Horizontal Curves Using Polynomial
General Transition Curves. . . . . . . . . . . . . . . . . . . . . . . . . . 99

8.6 Universal Transition Curves in Horizontal Alignment . . . . . . . . . . 100
8.6.1 Designing of Curvilinear Transitions Using First

Solution of Universal Transition Curves . . . . . . . . . . . . . . . 101
8.6.2 Designing of Curvilinear Transitions Using Second

Solution of Universal Transition Curves . . . . . . . . . . . . . . . 104
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

9 Sample Applications of Transition Curves in Vertical
Alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
9.1 Optimization of Vertical Alignment Using Polynomial

Transition Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
9.1.1 Optimization of Vertical Alignment Using Polynomial

Transition Curves with Horizontal Tangent
at End Point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

9.1.2 Optimization of Vertical Alignment Using General
Transition Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

9.2 Designing Vertical Arcs Using Polynomial Transition Curves . . . . 121
9.2.1 Designing Vertical Arcs Using Transition Curves

with Horizontal Tangent at End Point . . . . . . . . . . . . . . . . . 121
9.2.2 Designing Vertical Arcs Using General Transition

Curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

Contents vii



http://www.springer.com/978-3-319-53726-9


	Contents



