Chapter 2
Derivatives and Differentials
of Intuitionistic Fuzzy Functions

Calculus, which is an important branch of classical mathematics, is the mathe-
matical study of change. Like the calculus of real numbers and the complex
numbers, the calculus of IFNs is very significant to the theory environment. Thus,
this chapter aims to do work in the calculus in intuitionistic fuzzy environment. To
begin with, we introduce the concept of intuitionistic fuzzy functions (IFFs) (Lei
and Xu 2015b), which are the main research subjects of intuitionistic fuzzy cal-
culus. Then, we study the derivatives and differentials of IFFs in detail.

Firstly, we introduce some topological knowledge of IFNs, which makes
preparations for defining the limit and the continuity of functions of IFNs.

When considering the complex plane C, let a € C, r € (0, + 00), then we call
the set

{z:|z—al<r,z€C}
a neighborhood or r-neighborhood of a, denoted by U(a, r). Moreover, the set
{z:]z—a|<r}
is called a closed neighborhood of a, denoted by U(a,r).

Hence, we can analogize the definition of neighborhood in the C to get a similar
notion in A, which is described as follows:

Definition 2.1 Let o € A and O <& <a. Then we call the set
{X: | Xoa|<g,X € Sp(a) USs(a)}

a neighborhood or g-neighborhood of a, denoted by U(a, ¢), where
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In addition, {X : | Xoa|<ls, X € Sq () US(a)} is called a closed neighborhood
of a, denoted by U(a, &), which is shown in Fig. 2.1.

For any given set E C A, if for any & (O<g<a), there always exists an infinity of
IFNs in the set U(a, &) NE, then we call @ an accumulation point of E.

2.1 Intuitionistic Fuzzy Functions

In this section, we study the concept of functions related to IFNs (Lei and Xu,
2015b, c, 2016a).

Let E (E C A) be a non-empty set, which consists of some IFNs. Then we call
@ : E — A an intuitionistic fuzzy function (IFF) defined in E, which is denoted by

Y=¢(X),X<cE

where is the domain E of ¢, X is the independent variable, and Y is the dependent
variable. According to the definition of IFF, we assume that an IFF ¢ consists of
two real functions f and g, which are

o(X) = (f(u,v), g, v)), X =(u,v) € E

where f and g satisfy the conditions: 0<f(u,v)<1, 0<g(u,v)<1 and

0<f(u,v)+g(u,v) <1 for any (u,v) € E.
In addition, we call that the IFF ¢ =(f,g) is meaningful at some points

X =(u,v) if only f(u,v) and g(u,v) of @(X) = (f(u,v),8(k,v)) meet the above
three inequalities, otherwise ¢ is meaningless at X. If ¢ is meaningful at all points
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of one set, then we call that ¢ is meaningful in the set. Obviously, the IFF ¢ is
meaningful in its domain E.
Reviewing the knowledge of derivative of real and complex functions, we know

f(\)

that its definition is the limit value of the expression %) when y — x, where x

and y are both real or complex numbers. However, for the IFNs, there exists a

question whether @(Y)Oe(X) = (%m , :Zg; ) is still an IFN when Y&X is an

IFN, which means that if ¢(Y) will fall into S¢(@(X)) when Y falls into Sg(X).
Unfortunately, the answer about the question is negative. In order to solve the
problem, the following definition is provided:

Definition 2.2 (Lei and Xu 2015a) Let ¢ =(f, g) be an IFF in the set E, X and Y be
both IFNs in E. If X<{Y, ¢@(X)<¢(Y) holds, then we call ¢ a monotonically
increasing IFF.

Based on the concept of monotonically increasing IFF, we know that

must be an IFN when YSX is an IFN, which is just the property of IFFs we want.
Considering ¢(X) = 1X(X € A), we get that ¢(X) =X is a monotonically
increasing IFF due to that ¢(Y)oe(X) = Yo X =A(YSX).

In addition, the intuitionistic fuzzy weighted aggregation (IFWA) operator was
proposed by Xu (2007), which has the following form:

n n
IFWAa,(al,ocz,...,an):iE:BIwioc,-: (1 11} l—y(x Hv )

where a; (i =1,2,...,n) is a collection of IFNs, and w; (i =1,2,...,n) is the
weights of a; (i=1,2,...,n) with ;>0 and ) ., w; = 1. Apparently, the
function IFWA, (a1, 0, . .., a,) is also a monotonically increasing IFF of any «;.

It is worth noting that IFFs studied in this chapter are both assumed as mono-
tonically increasing IFFs. Below we investigate the limit and continuity of IFFs (Lei
and Xu 2015b):

We define ¢ =(f,g) in the set E, and let X, be an accumulation point of E
(Maybe X ¢ E) and a be an intuitionistic fuzzy constant, then for any given &> O,
there always exists an IFN é1> 0, such that if only X € U(Xy,d), we have
o(X) € U(a,¢). We call ¢(X) approaches & when X approaches Xy, which can be
written by

li X)=
xm eX)=a

According to the definition of neighborhood and the limit of IFFs, we can define
the limit of IFFs from another angle:
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Fig. 2.2 Continuity of ¢(X) 1%

For any given ¢1> O, there is an IFN > O, such that when O < |[X©X,| < d, we
have |@(X)Sa| < &. Moreover, we introduce the continuity of IFFs as follows:

Assume that ¢ is an IFF in the set E, X is an accumulation point of E and
X)€E,if Xﬁl}}ngd o(X)= ¢(Xy), then we call ¢(X) to be continuous at Xo. It
means that for any given &> O, there always exists an IFN 6 > O, such that if only
X € U(Xy, 9), then ¢(X) € U(¢(Xy), ¢), which can be shown in Fig. 2.2.

Because ¢ is a monotonically increasing IFF, we obtain that if ¢(X) is con-
tinuous at X, then we have the following conclusions:

(I) When X € S3(Xo), lim  @(X)oe(Xy) =0, denoted as lim
X—Xo X<E

X—X{ XeE
0(X)S9(Xo) = 0.

(2) When X € S5(Xo), lim  @(Xo)oe(X) =0, denoted as lim
X—Xo.XeE X—X{ XcE

0(X)Sp(Xo) = 0.

The above conclusions are similar to the left-continuity and the right-continuity
of real functions: lim f(x) = f(xo) and lim f (x) = f(xo). Consequently, we can
X=X, x—x,

define the continuity of IFFs as follows:
For any given &> O, there is an IFN > O, such that when O < | X&X,| < 3, we
have

lim [p(X)S¢(Xo)|=0

X—Xo.X<E

Obviously, the functions @(X) =X and IFWA,(o,d,,...,a,) are both
continuous.
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2.2 Derivatives of Intuitionistic Fuzzy Functions

Based on the discussions about the IFFs in the last section, this section studies the
derivatives of IFFs.
By analogizing the definitions of derivatives of real and complex functions,

which are both defined as the limit of £ ( (that is hm y—_(’C)), we can give a
definition about the derivative of IFF as follows.

Definition 2.3 (Lei and Xu 2015b) Let ¢ =(f,g) be a monotonically increasing

IFF defined in the set E, X be an accumulation point of E (Maybe there is X ¢ E).

If lim % is still an IFN, then we call it the right derivative of ¢ at X,
Y—X? Y€EE

e(X)s0(Y)

Yor IS the left derivative if it is an

denoted by ¢’ (X). Similarly, lim
Y—X° YeE

IFN, which can be noted by ¢’ (X). In addition, if the left and the right derivatives
are both IFNs and equal to each other, then we call ¢ i% derivable at X and

: lp(Y)opX)| - (
YJ;(IF;GE [YOX|

derivative at every point in a set E, then we call that ¢ is derivable in E.
Moreover, another form of the left and right derivatives can be expressed as:

is the derivative of ¢ at X, denoted by . If ¢ exists the

o(Y)So(X) . (X @ AX)e(X)
Y]LHX]‘“ YoX <:>A}\1TO AX
and
im 2X)SeY) . #(X)Sp(XOAX)
Y—X° XeY AX—0 AX

After defining the derivative of ¢, we give the following theorem:

Theorem 2.1 (Lei and Xu 2015b) Ler o(X)=(f (1, v),g(p, v)) be a monotonically
increasing IFF in the set E, If ¢ is derivable in E, if and only if ¢ meets:

fpv) _O8v) _ v oy ge Lm# Oflwy) v Og0y)

v o T 1—f(wv) On T glwv) v

Due to f; = g, = 0, ¢(X) can be written as (f (1), g(v)). Then, the derivative of
@ has the following form:

do(X) _ . |¢(Y)9¢(X)|:< 1—p df(w) 1_Ldg_(V))
dx — v-x  |Yex| L—f(w) du °  g(v) dv

<1




26 2 Derivatives and Differentials of Intuitionistic Fuzzy Functions

Proof We first prove the right derivative of ¢, which is lima‘%
Y—X¥ -

Y € S5(X).

Assume that Y = (u+ Au,v+Av) = (¢/,V') € S¢(X), which means Y>X,
then there is (YY) = (f(u+Ap, v+ Av), g(p+Au,v+Av)) = (f(, V),
g(W',v")). Hence, we can get the following derivation process:

, Where

do(X) _ . 2Y)SeX)

dX y-x YoX
e V), g V)OS (1, v), 8, 7))

e (W, v)e(u,v)
(fwxv/)—f(u,v) g(uxv’))
I 1=f(uy) 7 gluy)
= l1im

’ i

- 1— 5y
D) ) L e
don L=f(pv) = 15

Next, we respectively discuss the membership and the non-membership of the
above equation in detail. For the membership part, it can be simplified as:

Y = fpv) T—p
1
ujlinu L—f(uv) W —un

1— VAN
— lim 1 f(u,vl) f(w,v)
W—n L= f(u,v) T

V=

i LA (f(u’,V’)—f(ﬂ,V’)+f(u,V’)—f(u7V)V’—V>
iou 1 —f(u,v) W= V= W=
1= (Of(wy) | Of(wv)

_1—f(u,V)( o o COSO)

and for the non-membership part, it can be calculated as:
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swy) v S
Jim £ v im0 V) —glsy) o8, v) = v
hjﬂu 1 —% }K;Hﬂg(l,t, v) v — v —
— lim voog(W,v)—gl,v)
“ﬁ!}g(#a v) y—
i g(l,v)g(/,t/, V) — g—(!‘l"\,)g(u, v)+ g_(l,v)g(/h V) — v
v—
/! AN 12 , _ oy
— fim "8G Y) é/’(#vv)+ vogl,v) g/(u,v)u K
mj,(g(,u, v) v—v g, v) W— i N
=1— v Og(u,v) I Og(p,v) 1
g(,u, V) ov ou cosb

Therefore, the right derivative of ¢ can be written as:

oo (i (T ) (5 7 )

av du cosf

In order to make the above expression of ¢’ not depend on the change of cos 0,
we let

of (w,v)  Og(u,v)
o Ou

=0

Based on the condition f; = g, = 0, we note @(X) = (f(1),8(v)). Moreover,
the expression of ¢’ is

C— g w(Y)etp(X):( 1—p df(p) 1_Ldg_(V)>
y—x¢ YoX 1—f(p) du’ g(v) dv

Similarly, we can also prove ¢’,, and it can be represented as:

w(X)@q)(Y)( 1—p df(n) 1vdg(V)>
S\ —f(w) du 0 g(v) dv

T
Peo= 1% xov

Hence, if only f; and g, exist, the derivative of ¢ exists and

Py ; (l—udf(u) | Ldg_(\)))

A N U %) PP T e
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Moreover, in order to make ( 1;(”> Z(lf), 1— ﬁdi}v ) to be still an IFN, the

inequalities 0 < g f(i) dfi(:) < o E) < 1 need hold. |

Theorem 2.1 gives the criterion to judge whether an IFF is derivable, which is
similar to the “C-R condition” in the complex number field.
In what follows, we introduce several examples (Lei and Xu 2015b):

(1) For ¢(X) = ay, where ay is a constant. Then, its derivative d'p(X = 0, which is

f()

similar to = 0 for the real constant function f(x) = c.

(2) Let (X) = XX then we have d‘g&) (4,1 — A). Specially, for the identity IFF
o(X) = X, there is d‘fl—go E. It is like the situation that < (*) =1 when
fx) =x.

(3) When considering ¢(o;) = IFWA, (o, %2, ...,a,)(i = 1,2,...,n), there is

AIFWA ,,(1,00,....00) __
do; - ((,l),', 1

of the independent variable a;.

For the real functions f(x) = kx+a and g(x) = kx+ b, there is f'(x) = g'(x).
For IFFs, the similar conclusion (Lei and Xu 2015b) can be obtained by the
following two illustrations:

d
(4) For o(X) = AX ®a and Y(X) = AX @ B, there is ‘ng)f ’ng).

i dplX) _ dy(x)
(5) For ¢(X) =K ® X ®a and Y(X) = K ® X & B, there is TGz~ = “7.

— w;), which expresses the information of the weights

In the following, the concept of elasticity coefficient, which is usually used in
economics, will be introduced to analyze the derivative of IFFs:
Let y = f(x) be a real function, then we call

& & dyx
i Y Y
Ey = Aligloﬁ T dx;
X X

the elasticity coefficient of f(x) at x.

According to the definition of elasticity coefficient, we get that the elasticity
coefficient actually describes what percentage of the dependent variable y will
change if 1% of x happens. It is just an indicator to depict the sensitivity of y to the
argument x. Moreover, there is also

V—pdf(w) — p d(—f(w) dp 1-—n_ Eigp
L—f(w) du  1—=f(w) dp d(l—p) n Ey

and

v dg(v) _ B
g(v) dv E,
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Thus, the expression of the derivative of ¢(X) can be written (Lei and Xu
2015b) as

do(X) _ (11 AT L@(V)) _ (Elf(;t) I_Egm)

dX —f(u) du 0 g(v) dv Ei_,’ E,

If we understand the IFF ¢ : (u,v) — (f(u), g(v)) by utilizing its interval form
introduced in Chap. 1, thatis, ¢ : [v,1 — u] — [g(v), 1 — f(u)], then we can get that
the derivative of @(X) at X essentially depicts that the reaction extent of intervals
endpoints of [g(v), 1 —f(¢)] when the endpoints of [v, 1 — ] change (Lei and Xu
2015b).

Below we introduce the notion of the compound IFFs, and the chain rule of
derivatives:

Definition 2.4 (Lei and Xu 2015a) Let ¢(X) be an IFF defined in a set B, and X (¢)
be an IFF in a set A. Then, the set G is a non-empty of A that satisfies X(¢) € B for
any ¢t € G, which means

G={ttcA,X(t)eB} #o
For any ¢ € G, according to the corresponding relation X, there is an IFN X(f)
belonging to B. Then according to the corresponding relation ¢, there is an IFN
¢(X). Hence, we define an IFF ¢ o X in the set G as a compound IFF, which is

(poX)(t) = p(X(1).t € G

where X is called the middle variable.
It needs to point out that if there are no special instructions, both the IFFs ¢ and
X in a compound IFF ¢ o X are monotonically increasing IFFs.

Theorem 2.2 (Lei and Xu 2015a) Ler @(X(t)) be a compound IFF. If the
derivatives of @ and X both exist, then the derivative of @(X(t)) also exists, and

do(X(t)) _de(X())  dX(1)
dt dX(¢) dt

Proof We prove it in two different ways:

Method 1. Firstly, we can give a proof based on the definition of derivative of IFFs.
For the right derivative, there is
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depX(t)) _ . ¢X(SA))Ce(X(1))
dt At—0 At
_ ((p(X(t@At))@ o(X()) ®X(te9At)@X(t))
i X(te A)SX () At
i PXE© ACR(X (@) L X(t® AEX()
a—0 Xt A)eX(t) At—0 At
_de(X(1) _ dX(t)
- dX(b) dt

Similarly, we can get the same conclusion for the left derivative.

Method 2. We study its membership and non-membership, respectively. The proof
is shown as follows:

Assume that @(at) = (£, (1), 8 (V) and X(¢) = (fx (1), gx(ve)) are the IFFs of
the independent « = (u,,v,) and = (y,v,), respectively, and ¢@(X(t)) =
(f (x (1)) 80 (gx (v¢))) is a compound IFF, then

do(X(t)) _ ( Lo dfpUx() | dg¢(gx(vt))>
dt _fqa (fX(.“t)) dp, ’ 8o (gX(Vt)) dv,
_ ( U=y dfs(u) 1 —fx()  dfp(fx(i))
—fx(n) dyy 1 —Jfo (fx () dfxe(pte)

(gt ) (e o)
1 — e dfx(y ve dgx(ve
_ ( e dfx(m) | 8x( ))

—fx(u) due 7 gx(ve)  dw
®( U—fulm) dfy(fx(m)) | sx(v) dg(,,(gx(vt))>
—folx(ue)) dfx(n) 7~ 8p(gx(ve)) dgx(ve)
_do(X(t)) _ dX(t)
dX(t) dt

which completes the proof of the theorem. ]

According to Theorem 2.2, the derivative of the compound function is also equal
to the product of the derivatives of the components in intuitionistic fuzzy calculus,
which is the same as one of the traditional calculus. Furthermore, we provide some
examples (Lei & Xu, 2015a) as follows:

(1) Let (o) = o ® C, @,(a) = Ja, @5(a) = & @ C and ¢, (a) = a be four IFFs,
where 0<A<1. Then according to the derivatives of IFFs, there are

dwdl_a(u) = (4,1 -14), d% =(4,1-42), d‘pj;“) =E and d""‘é %) — E. Moreover,

we can conduct the followmg conclusions:
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(@) If @ (&) = A & C is expressed as @ (@, () = Lp4(a) & C, then there is

de,(2) _ de(94(2))

do do
_di(0s(0)  doa(@) _ de,(a) o dey(x)
dey(a) da da da

=(L1-A)QE=(41-14)
(b) If (o) = la @ C is written as @, (¢5(a)) = @5(a) & C, then

dg,(®) _ dgi(9s(@) _ dor(gs(®)  dgs(@) _ ;| s

da da des(a) da

(2) Considering ¢(a) =Aa @ C and IFWAy (o, %, ..., 0y) = G, w;o, then
when regarding a; as its independent variable, the derivative of
O(IFWA, (a1, 02, ...,a,)) can be calculated:

do(IFWA ,(a1,0, .. .,0,))

dal
_ de(IFWA,,(ay, %), . .., 0,)) @ dIFWA (o, 0, . . ., )
 dIFWA (4,0, ..., a,) doy

:(/1,1—)“)@(/11,1—/11)
— (a1 = 2d)

What’s more, we know @(IFWA, (o, a2, ...,a,)) = é Adia; @ C, then
i=1

do(IFWA (o), a2, . .
dd]

%)) (3o, 1= 3y)

Before introducing the properties of derivatives of IFFs, we first show several
concepts as follows:

Definition 2.5 (Lei and Xu 2015b) For any given IFN a = (p,v), we define
Ua)=p, V(a) =vand n(a) =1 —p—v.

Based on Definition 2.5, we get U(a) = 0.1, V() = 0.6 and n(a) = 0.3 for
= (0.1,0.6). In addition, any IFN a=(u,v) can be denoted by
a=(U(a),V(a)). Similarly, any IFF ¢(X) = (f(1),g(v)) can be written as
0(X) = (U(p(X)), V(p(X))),

Theorem 2.3 (Lei and Xu 2015a) Let ¢(X) and ¢,(X)(i =1,2,---,n) be n+1
derivable IFFs, then
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0 % (& 00) = (LU 1-£0-vie ). where ¢/(x)
represents the derivative of ¢;(X), which is d"’d"—g).
() If ¢;(X)<e;(X)(1<i,j<n), then

(@ (X)00,X)) = (U(#!,(X)) ~ Ul!, (X)), 1 - (V(#(X) ~ V(9/,(X)))

() £ (pX)) = (21— 2) ©2X, where 0< 1< 1.

Proof We can prove the conclusion (1) based on the derivatives of IFFs. When
i=1,2, there is

01(X) @ 0,(X) = (filw) + /(1) — filwfa(n), g1 (v)g2(v))
Hence, 7% (69 0.4 )) = & (fi(w) +A(0) — i(Wf(u), g1(v)g2(v)). Then, its

membership and non-membership degrees are respectively discussed as follows:

(a) Considering the membership degree of & (fi (1) +/f2(1) — fi(1)f2 (1), 81 (v)
g2(v)), we have

1—u , / 5
T 0 =R +A( —A0) = > Ule

i=1

(b) For its non-membership degree, there is

L= a0 GO0+ a0)g0) =1 3 V)

On the basis of (a) and (b), we get that the conclusion (1) holds when i = 1, 2.
Moreover, according to the mathematical induction, it is easy to prove that it also
holds when i =1,2,---,n

For the conclusion (2), we also investigate its membership and non-membership
degrees, respectively, whose proofs are similar to those of the conclusion (1), and
are omitted here.

In what follows, we prove the conclusion (3) by utilizing the chain rule of
derivatives:

d(ZeX)) _d(ie(X)) de(X)
X dex) D ax W

Thus, the proof of this theorem is completed. ]
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2.3 Differentials of Intuitionistic Fuzzy Functions

Let ¢(X) be an IFF, and the function value ¢(Xy) is derivable at Xy. If we want to
get the function values of some points near Xy, such as ¢(X, ® AX) at Xo ® AX, it
is usual to acquire the approximation of ¢(Xy @ AX) instead of the precise value of
¢(Xo ® AX) in practical applications. Hence, we will focus on the methods to
calculate the approximate of IFFs in this chapter.

For a monotonically increasing IFF ¢@(X), AY = ¢(Xo® AX)Se(Xo) or
o(Xo ® AX) = ¢(Xy) @ AY, then we only need to handle the approximation of AY
in order to get the expression ¢ (X, @ AX). Obviously, AY is related to AX. To
facilitate the calculation, AY will be replaced by a simple IFF depending on AX.

Now we give a definition of differential of IFFs as follows:

Definition 2.6 (Lei and Xu 2015b) Let ¢(X) be a derivable IFF. If we note a tiny
change of X as AX, then

AX
ax

is called the differential of ¢(X). In addition, dX = E ® AX = AX due to 5 = E
for the identity IFF ¢(X) = X. Therefore, the differential can be rewritten as:
_de(X)

Based on the differential of ¢(X), the following theorem is provided to reveal
the relationship between the increment of ¢ (A@(X)) and its differential (de(X)):

Theorem 2.4 (Lei and Xu 2015b) Ler ¢(X) = (f(w),g(v)) be a monotonically
increasing IFF, and also be derivable, then

do(X)

p(1)op(x) ~ 00 (Yox)

where X<Y. If we note AX = YOX = (ﬂ 1 —%) and Ap = o(Y)S0(X),

l—p?
then the equality can be actually expressed as A@ =~ d¢, which satisfies the fol-
lowing conditions:

im J(A0) —Ue) _ . V(Ae) = Vide)

=0
Ap—0 Au Av—0 Av

Proof If X<Y, X and Y are expressed as (u,v) and (u/,v'), respectively, then
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’_ v
AX =YX = (i, V)o(uv) = (q - 5 ?)

and there is

d(p(X):< L—p df(w) | v dg(V))

dX L—f(w) du > = g(v) dv

Hence, we have

_de(X) (¥ = df(p) v—'dg(v)
W= O (1 T diw G )
Furthermore
do(X)
X) e X ® AX
_ W= pdf(w) W= pdf(p) v—Vdg(v)
VW TR e YT e Y (l - WWD
= (04 =0 L )+ (7 )
= (f(w) + (F W) —f () +o(u' = 1)), 8(v) + (g(v) — g(v) +0(v = )))
= (f(t) +olw — n), (V) +o(v' —v))
~F(Y)
Hence, ¢o(Y)oe(X) = ( )® (YoX) holds, which satisfies the conditions:
lim Y180)2Ue) _  4ng limM 0. |
Ap—0 A Av—0 Av

Theorem 2.4 describes the fact that d¢ closely approximates to A¢ by com-
paring the membership degrees (U(A¢@) and U(de)) and the non-membership
degrees (V(A@) and V(de)) of de and Ag, respectively. Moreover, this theorem
manifests that the differences U(A@) — U(dep) and V(A@) — V(dep) are the
infinitesimals of higher order of Au and Av, respectively. However, we doubt
whether the following hold:

o(Y)op(X) =—~@ (YoX)De
or

o(V)opx) = 2% o yox) o
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Fig. 2.3 The relationship 14

between d¢ and Ag S (Ag)
DNS.(Ap)

D

D15, (Ap)

Ag

which is Ap =dp @& or Ap =de Se. In order to investigate this problem,
Fig. 2.3 is provided:

Because U(A¢@) — U(de) and V(A@) — V(de) are respectively the infinitesi-
mals of higher order of Ay and Av, hence, we know that de must fall into a
rectangular area like D in Fig. 2.2. If d¢ is located in DNSg(Ag), then
Ap =dep ©¢& In addition, Ap =de @ ¢ if only de falls into DNSs(Ae).
Generally, there is not always Ap =dp @ g or Ap =de O .

In the following, we analyze the differentials of IFFs by utilizing the elasticity
coefficient. The formula in Theorem 2.4 can be transformed into the interval form
(Lei & Xu, 2015b) as follows:

o)) ~ 20 o (vex)

- (5 3) (ot e i) (50%)
S(W) —f(w) e(v) —g0)] [ L—p df(w) v dg)] [#—nv=V

{ L—f(w) = &) } [l—f(u) du 7 g(v) dv} L—#’ v }

Therefore, it is easy to obtain that the formula in Theorem 2.4 reveals how to
estimate the relative increment of [f(u), 1 — g(v)] when the relative increment of

[, 1 — v] and the range of the elasticity coefficient L ;(”)df;lf ) ) d‘fiaf)} are both

known.
Two examples (Lei and Xu 2015b) are provided to show Theorem 3.4 below:

(1) Let @(X) = (f(n),g(v)) =X (0<i<1), then f(u)=1—(1—p)" and
g(v) = v*. In addition, there is



36 2 Derivatives and Differentials of Intuitionistic Fuzzy Functions

doX) [ 1-n | P ) )
7X <(1—/1)’1A(1_#) ,1—A>—(i,1—/n)

Thus, according to Theorem 3.4, there is (X & AX)So(X) = (4, 1 — 1) ® AX.
Moreover, by the operational law of IFNs: A(a; @ ap) = loy @ Aay,
o(X ® AX)op(X) = A(X @ AX)©/X = A- AX holds.

Without loss of generality, we assume 1 = 0.2 and AX = (0.02,0.97), then

(7,1 — ) ® AX = (0.004,0.994) and /- AX = (0.0040324,0.9939267)

Obviously, replacing A - AX by (4,1 — 1) ® AX is approximate.

(2) Assume that there are four IFNs a; = (0.3,0.4), a; = (0.2,0.5), a3 =
(0.1,0.2) and a4 = (0.3,0.4), and their weights are respectively 0.2, 0.4, 0.1
and 0.3, then we have

4
IFWA (a1, 0,03, 04) = (1 -
J=

4
(1 - :uoz,)wjv H V;j’)
J=1

- (1 —(1-03)°% % (1-02)** x (1-0.1)"!

1

x (1-0.3)"%,0.4°2 x 0.5%% x 0.2%! x 0.4°%)
= (0.243,0.408)

If some decision makers think that their assessment o; = (0.3,0.4) has an
estimated error, and want to give the value again. Let the new value be
o« | = (i),v)), then

(1) If assuming alﬁla’l, which means that there exists an IFN B, such that
o =, BB, and o =(04,0.3), then B, =a) Sa = (0.143,0.75).
Hence, there is

IFWAw(d,l, Ay, A3, d4) ~ IFWAw(dl, A, A3, (Z4) @D (601, 1-— (1)1) & (a’l@zl)
= (0.243,0.408) & (0.2,0.8) ® (0.143,0.75)
= (0.265,0,388)

(2) When o | <a;, which means that there is f, such that «'; = «168,, and
o'y = (0.2,0.5), then B, = a;0¢’; = (0.125,0.8). Hence, there is
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IFWAw(dll, o, A3, a4) ~ IFWAw(dl, o, A3, oz4)@(w1, 1-— (1)1) & (dl@dll)
= (0.243,0.408)5(0.2,0.8) ® (0.125,0.8)
= (0.224,0.425)

The following theorem shows that the situation holds when Agp = de:

Theorem 2.5 (Lei and Xu 2015b) Let ¢(X) = (f(u),g(v)) be an IFF, which
satisfies

d’f(n)  dg(v)

_— = = O
du? dv?
when XY, then
do(X
o(V)opx) = %) o (vox)

Based on the proof of Theorem 2.4, it is easy to prove Theorem 2.5. So it is
omitted here. Next, we give an example (Lei and Xu 2015b) to illustrate this
theorem:

Let ay = (¢g,v0), @ = (u,v) and X = (uy,vx) be three IFNs, and ¢(a) =
oo @ & be an IFF. Because f (i) = pou and g(v) = v+ vy — vov satisfy

d’f(n)  dg(v)

_— = 0
du? dv?
According to Theorem 2.5, we have
do(a
o) = plx) 0 M) 5 ()

In addition, by using the formula of derivative of IFFs, we have

dw(a)_d()@(ll—u | v )

da — o vAve— vy

Hence, there is

1—u v
R X)=RQada X , 1=
1 — pop V+vo — VoV
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Now we use the following (1)-(3) to test the above equality:

(1) o =a®X = (u+px — ppy, vx).

do(a) 1—u v
2 ——ex= l——
da ® (Hx,Vx)®(,uo,Vo)® 1—,110/1’ Vv — vV
Ho — Holt Yo
= 7\) ® )
(1 x) <l—uo,u v+v0—vov)
_ (uxuo — Uy ol Vo VxVo >
= S — VX _|_ —
1 — pou V4+vy — Vv V+vy — VoV
de(a) de(a)
U 9X = U eX
3) o(a)® T ® o) ® a P T ®
= (Mol + Moty — HoMity, Vo +VVx — VoVVx)
Furthermore,

@) = a9 @ (x ® X) = (Hopt+ Holtx — HoMhx, Yo+ VVx — VoVvx)

Hence, ¢(o) = ¢(a) ® d‘zi“) ® (o/ca) holds, which is

1—un \4
a0®(a@X):a0®aEcho®X®< 1= )
1 — pou V—+vo — VoV
which indicates oy ® (a ® X) # ap @ a @ a9 ® X holds.

In the last section, we have studied the chain rule of derivatives of the compound
IFFs. It is natural to obtain the form invariance of differential in intuitionistic fuzzy
calculus. Next, we show the important property (Lei and Xu 2015a) as follows:

Let ¢(y(f)) be a compound IFF, which consists of two IFFs ¥ = ¢(X) and
X =y(t). If both Y’y and X exist, then ¥, = Y'x @ X/;.

If considering the middle variable X as the independent variable of Y, then

dY =Y'x @dX

On the other hand, if we do not consider X as the independent variable of Y, but
t, then

dY =Y, ®dt

However, if we replace Y’; with ¥’y ® X', and notice that X’; ® dt is actually
dX, then we have the following derivational process:

AY =Y, dt=YxX,dt=Yy ®dX

which is just the form invariance of differential in intuitionistic fuzzy calculus.
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Based on these analyses, we know that the differential form remains unchanged
when the original variable of IFFs is replaced by a new variable. The only differ-
ence is that dX will not be regarded as the increment AX but the differential of
X = y(t) when we consider ¢ as the independent variable of Y.

2.4 Conclusions

In this chapter, we have mainly studied the derivatives and differentials of IFFs.
Firstly, we have defined the concept of IFF, and pointed out that the IFFs are the
main research object in intuitionistic fuzzy calculus. In addition, we have also given
the definitions of monotonically increasing IFFs and continuous IFFs. By taking the
limit value of difference quotients of IFFs, we have defined the derivatives of IFFs.
After that, we have studied some important proprieties of derivatives, like the chain
rule of derivatives of the compound IFFs. In addition, this chapter has also inves-
tigated the derivatives of IFFs by introducing the notion of elasticity coefficient.

Based on the derivatives of IFFs, we have defined the differentials of IFFs, and
proven the relationship between the increment of ¢ (A@(X)) and its differential
(de(X)). Finally, we have revealed the form invariance of differential in intu-
itionistic fuzzy calculus.
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