
Chapter 2
Derivatives and Differentials
of Intuitionistic Fuzzy Functions

Calculus, which is an important branch of classical mathematics, is the mathe-
matical study of change. Like the calculus of real numbers and the complex
numbers, the calculus of IFNs is very significant to the theory environment. Thus,
this chapter aims to do work in the calculus in intuitionistic fuzzy environment. To
begin with, we introduce the concept of intuitionistic fuzzy functions (IFFs) (Lei
and Xu 2015b), which are the main research subjects of intuitionistic fuzzy cal-
culus. Then, we study the derivatives and differentials of IFFs in detail.

Firstly, we introduce some topological knowledge of IFNs, which makes
preparations for defining the limit and the continuity of functions of IFNs.

When considering the complex plane C, let a 2 C, r 2 ð0; þ1Þ, then we call
the set

z : z� aj j\r; z 2 Cf g

a neighborhood or r-neighborhood of a, denoted by Uða; rÞ. Moreover, the set

z : z� aj j � rf g

is called a closed neighborhood of a, denoted by Uða; rÞ.
Hence, we can analogize the definition of neighborhood in the C to get a similar

notion in N, which is described as follows:

Definition 2.1 Let a 2 N and OE eE a. Then we call the set

X : X� aj j / e;X 2 S�ðaÞ [S�ðaÞf g

a neighborhood or e-neighborhood of a, denoted by Uða; eÞ, where
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X�aj j ¼ X� a; if X 2 S�ðaÞ
a �X; if X 2 S�ðaÞ

(

In addition, X : X�aj jEe;X 2 S�ðaÞ [S�ðaÞf g is called a closed neighborhood
of a, denoted by �Uða; eÞ, which is shown in Fig. 2.1.

For any given set E � N, if for any e (OEeEa), there always exists an infinity of
IFNs in the set Uða; eÞ \E, then we call a an accumulation point of E.

2.1 Intuitionistic Fuzzy Functions

In this section, we study the concept of functions related to IFNs (Lei and Xu,
2015b, c, 2016a).

Let E (E � N) be a non-empty set, which consists of some IFNs. Then we call
u : E ! N an intuitionistic fuzzy function (IFF) defined in E, which is denoted by

Y ¼ uðXÞ;X 2 E

where is the domain E of u, X is the independent variable, and Y is the dependent
variable. According to the definition of IFF, we assume that an IFF u consists of
two real functions f and g, which are

uðXÞ ¼ f l; mð Þ; g l; mð Þð Þ;X ¼ l; mð Þ 2 E

where f and g satisfy the conditions: 0� f l; mð Þ� 1, 0� g l; mð Þ� 1 and
0� f l; mð Þþ g l; mð Þ� 1 for any l; mð Þ 2 E.

In addition, we call that the IFF u ¼ f ; gð Þ is meaningful at some points
X ¼ l; mð Þ if only f l; mð Þ and g l; mð Þ of uðXÞ ¼ f l; mð Þ; g l; mð Þð Þ meet the above
three inequalities, otherwise u is meaningless at X. If u is meaningful at all points

Fig. 2.1 Closed
neighborhood of a
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of one set, then we call that u is meaningful in the set. Obviously, the IFF u is
meaningful in its domain E.

Reviewing the knowledge of derivative of real and complex functions, we know

that its definition is the limit value of the expression f yð Þ�f ðxÞ
y�x when y ! x, where x

and y are both real or complex numbers. However, for the IFNs, there exists a

question whether uðYÞ�uðXÞ ¼ luðYÞ�luðXÞ
1�luðXÞ

;
muðYÞ
muðXÞ

� �
is still an IFN when Y�X is an

IFN, which means that if uðYÞ will fall into S�ðuðXÞÞ when Y falls into S�ðXÞ.
Unfortunately, the answer about the question is negative. In order to solve the
problem, the following definition is provided:

Definition 2.2 (Lei and Xu 2015a) Let u ¼ f ; gð Þ be an IFF in the set E, X and Y be
both IFNs in E. If XEY, uðXÞEuðYÞ holds, then we call u a monotonically
increasing IFF.

Based on the concept of monotonically increasing IFF, we know that

uðYÞ�uðXÞ ¼ luðYÞ � luðXÞ
1� luðXÞ

;
muðYÞ
muðXÞ

 !

must be an IFN when Y�X is an IFN, which is just the property of IFFs we want.
Considering uðXÞ ¼ kXðX 2 NÞ, we get that uðXÞ ¼ kX is a monotonically
increasing IFF due to that uðYÞ�uðXÞ ¼ kY�kX ¼kðY�XÞ.

In addition, the intuitionistic fuzzy weighted aggregation (IFWA) operator was
proposed by Xu (2007), which has the following form:

IFWAxða1; a2; . . .; anÞ ¼ �n
i¼1

xiai ¼ 1�
Yn
i¼1

ð1� laiÞxi ;
Yn
i¼1

mxi
ai

 !

where ai ði ¼ 1; 2; . . .; nÞ is a collection of IFNs, and xi ði ¼ 1; 2; . . .; nÞ is the
weights of ai ði ¼ 1; 2; . . .; nÞ with xi � 0 and

Pn
i¼1 xi ¼ 1. Apparently, the

function IFWAxða1; a2; . . .; anÞ is also a monotonically increasing IFF of any ai.
It is worth noting that IFFs studied in this chapter are both assumed as mono-

tonically increasing IFFs. Below we investigate the limit and continuity of IFFs (Lei
and Xu 2015b):

We define u ¼ f ; gð Þ in the set E, and let X0 be an accumulation point of E
(Maybe X0 62 E) and a be an intuitionistic fuzzy constant, then for any given e . O,
there always exists an IFN d . O, such that if only X 2 UðX0; dÞ, we have
u Xð Þ 2 U a; eð Þ. We call u Xð Þ approaches a when X approaches X0, which can be
written by

lim
X!X0;X2E

u Xð Þ¼ a

According to the definition of neighborhood and the limit of IFFs, we can define
the limit of IFFs from another angle:
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For any given e . O, there is an IFN d . O, such that when O / X�X0j j / d, we
have u Xð Þ�aj j / e. Moreover, we introduce the continuity of IFFs as follows:

Assume that u is an IFF in the set E, X0 is an accumulation point of E and
X0 2 E, if lim

X!X0;X2E
u Xð Þ¼ u X0ð Þ, then we call u Xð Þ to be continuous at X0. It

means that for any given e . O, there always exists an IFN d . O, such that if only
X 2 UðX0; dÞ, then u Xð Þ 2 U u X0ð Þ; eð Þ, which can be shown in Fig. 2.2.

Because u is a monotonically increasing IFF, we obtain that if u Xð Þ is con-
tinuous at X0, then we have the following conclusions:

(1) When X 2 S�ðX0Þ, lim
X!X0;X2E

u Xð Þ�u X0ð Þ ¼ O, denoted as lim
X!X�

0 ;X2E
u Xð Þ�u X0ð Þ ¼ O.

(2) When X 2 S�ðX0Þ, lim
X!X0;X2E

u X0ð Þ�u Xð Þ ¼ O, denoted as lim
X!X�

0 ;X2E
u Xð Þ�u X0ð Þ ¼ O.

The above conclusions are similar to the left-continuity and the right-continuity
of real functions: lim

x!x�0
f xð Þ ¼ f ðx0Þ and lim

x!xþ0
f xð Þ ¼ f ðx0Þ. Consequently, we can

define the continuity of IFFs as follows:
For any given e . O, there is an IFN d . O, such that when O / X�X0j j / d, we

have

lim
X!X0;X2E

u Xð Þ�u X0ð Þj j¼ O

Obviously, the functions uðXÞ ¼ kX and IFWAxða1; a2; . . .; anÞ are both
continuous.

Fig. 2.2 Continuity of u Xð Þ
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2.2 Derivatives of Intuitionistic Fuzzy Functions

Based on the discussions about the IFFs in the last section, this section studies the
derivatives of IFFs.

By analogizing the definitions of derivatives of real and complex functions,

which are both defined as the limit of f yð Þ�f ðxÞ
y�x (that is lim

y!x

f yð Þ�f ðxÞ
y�x ), we can give a

definition about the derivative of IFF as follows:

Definition 2.3 (Lei and Xu 2015b) Let u ¼ f ; gð Þ be a monotonically increasing
IFF defined in the set E, X be an accumulation point of E (Maybe there is X 62 E).

If lim
Y!X�;Y2E

uðYÞ�uðXÞ
Y�X is still an IFN, then we call it the right derivative of u at X,

denoted by u0�ðXÞ. Similarly, lim
Y!X�;Y2E

uðXÞ�uðYÞ
X�Y is the left derivative if it is an

IFN, which can be noted by u0�ðXÞ. In addition, if the left and the right derivatives
are both IFNs and equal to each other, then we call u is derivable at X and

lim
Y!X;Y2E

uðYÞ�uðXÞj j
Y�Xj j is the derivative of u at X, denoted by duðXÞ

dX . If u exists the

derivative at every point in a set E, then we call that u is derivable in E.
Moreover, another form of the left and right derivatives can be expressed as:

lim
Y!X�

uðYÞ�uðXÞ
Y�X

, lim
DX!O

uðX � DXÞ�uðXÞ
DX

and

lim
Y!X�

uðXÞ�uðYÞ
X�Y

, lim
DX!O

uðXÞ�uðX�DXÞ
DX

After defining the derivative of u, we give the following theorem:

Theorem 2.1 (Lei and Xu 2015b) Let uðXÞ¼ f ðl; mÞ; gðl; mÞð Þ be a monotonically
increasing IFF in the set E, If u is derivable in E, if and only if u meets:

@f ðl; mÞ
@m

¼ @gðl; mÞ
@l

¼ 0 and 0� 1� l
1� f ðl; mÞ

@f ðl; mÞ
@l

� m
gðl; mÞ

@gðmÞ
@m

� 1

Due to f 0m ¼ g0l ¼ 0, uðXÞ can be written as f ðlÞ; gðmÞð Þ. Then, the derivative of
u has the following form:

duðXÞ
dX

¼ lim
Y!X

uðYÞ�uðXÞj j
Y�Xj j ¼ 1� l

1� f ðlÞ
df ðlÞ
dl

; 1� m
gðmÞ

dgðmÞ
dm

� �
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Proof We first prove the right derivative of u, which is lim
Y!X�

uðYÞ�uðXÞ
Y�X , where

Y 2 S�ðXÞ.
Assume that Y ¼ lþDl; mþDmð Þ ¼ l0; m0ð Þ 2 S�ðXÞ, which means YDX,

then there is uðYÞ ¼ f ðlþDl; mþDmÞ; gðlþDl; mþDmÞð Þ ¼ f ðl0; m0Þ;ð
gðl0; m0ÞÞ. Hence, we can get the following derivation process:

duðXÞ
dX

¼ lim
Y!X

uðYÞ�uðXÞ
Y�X

¼ lim
l0!l
m0!m

ðf ðl0; m0Þ; gðl0; m0ÞÞ�ðf ðl; mÞ; gðl; mÞÞ
ðl0; m0Þ�ðl; mÞ

¼ lim
l0!l
m0!m

f ðl0;m0Þ�f ðl;mÞ
1�f ðl;mÞ ; gðl

0;m0Þ
gðl;mÞ

� �
l0�l
1�l ;

m0
m

� �

¼ lim
l0!l
m0!m

f ðl0; m0Þ � f ðl; mÞ
1� f ðl; mÞ

1� l
l0 � l

;

gðl0;m0Þ
gðl;mÞ � m0

m

1� m0
m

 !

¼ lim
l0!l
m0!m

f ðl0; m0Þ � f ðl; mÞ
1� f ðl; mÞ

1� l
l0 � l

; lim
l0!l
m0!m

gðl0;m0Þ
gðl;mÞ � m0

m

1� m0
m

0
@

1
A

Next, we respectively discuss the membership and the non-membership of the
above equation in detail. For the membership part, it can be simplified as:

lim
l0!l
m0!m

f ðl0; m0Þ � f ðl; mÞ
1� f ðl; mÞ

1� l
l0 � l

¼ lim
l0!l
m0!m

1� l
1� f ðl; mÞ

f ðl0; m0Þ � f ðl; mÞ
l0 � l

¼ lim
l0!l
m0!m

1� l
1� f ðl; mÞ

f ðl0; m0Þ � f ðl; m0Þ
l0 � l

þ f ðl; m0Þ � f ðl; mÞ
m0 � m

m0 � m
l0 � l

� �

¼ 1� l
1� f ðl; mÞ

@f ðl; mÞ
@l

þ @f ðl; mÞ
@m

cos h
� �

and for the non-membership part, it can be calculated as:
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lim
l0!l
m0!m

gðl0;m0Þ
gðl;mÞ � m0

m

1� m0
m

¼ lim
l0!l
m0!m

m
gðl; mÞ

gðl0; m0Þ � gðl0; mÞ
m� m0

þ
m

gðl;mÞ gðl0; mÞ � m0

m� m0

¼ lim
l0!l
m0!m

m
gðl; mÞ

gðl0; m0Þ � gðl0; mÞ
m� m0

þ
m

gðl;mÞ gðl0; mÞ � m
gðl;mÞ gðl; mÞþ m

gðl;mÞ gðl; mÞ � m0

m� m0

¼ lim
l0!l
m0!m

m
gðl; mÞ

gðl0; m0Þ � gðl0; mÞ
m� m0

þ m
gðl; mÞ

gðl0; mÞ � gðl; mÞ
l� l0

l� l0

m� m0
þ 1

¼ 1� m
gðl; mÞ

@gðl; mÞ
@m

þ @gðl; mÞ
@l

1
cos h

� �

Therefore, the right derivative of u can be written as:

u0
� ¼ 1� l

1� f ðl; mÞ
@f ðl; mÞ

@l
þ @f ðl; mÞ

@m
cos h

� �
; 1� m

gðl; mÞ
@gðl; mÞ

@m
þ @gðl; mÞ

@l
1

cos h

� �� �

In order to make the above expression of u0
� not depend on the change of cos h,

we let

@f ðl; mÞ
@m

¼ @gðl; mÞ
@l

¼ 0

Based on the condition f 0m ¼ g0l ¼ 0, we note uðXÞ ¼ f ðlÞ; gðmÞð Þ. Moreover,
the expression of u0� is

u0
� ¼ lim

Y!X�

uðYÞ�uðXÞ
Y�X

¼ 1� l
1� f ðlÞ

df ðlÞ
dl

; 1� m
gðmÞ

dgðmÞ
dm

� �

Similarly, we can also prove u0�, and it can be represented as:

u0
� ¼ lim

Y!X�

uðXÞ�uðYÞ
X�Y

¼ 1� l
1� f ðlÞ

df ðlÞ
dl

; 1� m
gðmÞ

dgðmÞ
dm

� �

Hence, if only f 0l and g0m exist, the derivative of u exists and

u0 ¼ u0
� ¼ u0

� ¼ 1� l
1� f ðlÞ

df ðlÞ
dl

; 1� m
gðmÞ

dgðmÞ
dm

� �
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Moreover, in order to make 1�l
1�f ðlÞ

df ðlÞ
dl ; 1� m

gðmÞ
dgðmÞ
dm

� �
to be still an IFN, the

inequalities 0� 1�l
1�f ðlÞ

df ðlÞ
dl � m

gðmÞ
dgðmÞ
dm � 1 need hold. �

Theorem 2.1 gives the criterion to judge whether an IFF is derivable, which is
similar to the “C-R condition” in the complex number field.

In what follows, we introduce several examples (Lei and Xu 2015b):

(1) For uðXÞ ¼ a0, where a0 is a constant. Then, its derivative
duðXÞ
dX ¼ O, which is

similar to df ðxÞ
dx ¼ 0 for the real constant function f ðxÞ ¼ c.

(2) Let uðXÞ ¼ kX, then we have duðXÞ
dX ¼ k; 1� kð Þ. Specially, for the identity IFF

uðXÞ ¼ X, there is duðXÞ
dX ¼ E. It is like the situation that df ðxÞ

dx ¼ 1 when
f ðxÞ ¼ x.

(3) When considering uðaiÞ ¼ IFWAxða1; a2; . . .; anÞði ¼ 1; 2; . . .; nÞ, there is
dIFWAxða1;a2;...;anÞ

dai
¼ xi; 1� xið Þ, which expresses the information of the weights

of the independent variable ai.
For the real functions f ðxÞ ¼ kxþ a and gðxÞ ¼ kxþ b, there is f 0ðxÞ ¼ g0ðxÞ.
For IFFs, the similar conclusion (Lei and Xu 2015b) can be obtained by the
following two illustrations:

(4) For uðXÞ ¼ kX � a and wðXÞ ¼ kX � b, there is duðXÞ
dX ¼ dwðXÞ

dX .

(5) For uðXÞ ¼ K � X � a and wðXÞ ¼ K � X � b, there is duðXÞ
dX ¼ dwðXÞ

dX .

In the following, the concept of elasticity coefficient, which is usually used in
economics, will be introduced to analyze the derivative of IFFs:

Let y ¼ f ðxÞ be a real function, then we call

Ef ðxÞ ¼ lim
Dx!0

Dy
y
Dx
x

¼
dy
y
dx
x

¼ dy
dx

x
y

the elasticity coefficient of f ðxÞ at x.
According to the definition of elasticity coefficient, we get that the elasticity

coefficient actually describes what percentage of the dependent variable y will
change if 1% of x happens. It is just an indicator to depict the sensitivity of y to the
argument x. Moreover, there is also

1� l
1� f ðlÞ

df ðlÞ
dl

¼ l
1� f ðlÞ

dð1� f ðlÞÞ
dl

dl
dð1� lÞ

1� l
l

¼ E1�f ðlÞ
E1�l

and

1� m
gðmÞ

dgðmÞ
dm

¼ 1� EgðmÞ
Em
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Thus, the expression of the derivative of uðXÞ can be written (Lei and Xu
2015b) as

duðXÞ
dX

¼ 1� l
1� f ðlÞ

df ðlÞ
dl

; 1� m
gðmÞ

dgðmÞ
dm

� �
¼ E1�f ðlÞ

E1�l
; 1� EgðmÞ

Em

� �

If we understand the IFF u : l; mð Þ ! f ðlÞ; gðmÞð Þ by utilizing its interval form
introduced in Chap. 1, that is, u : ½m; 1� l	 ! ½gðmÞ; 1� f ðlÞ	, then we can get that
the derivative of uðXÞ at X essentially depicts that the reaction extent of intervals
endpoints of ½gðmÞ; 1� f ðlÞ	 when the endpoints of ½m; 1� l	 change (Lei and Xu
2015b).

Below we introduce the notion of the compound IFFs, and the chain rule of
derivatives:

Definition 2.4 (Lei and Xu 2015a) Let uðXÞ be an IFF defined in a set B, and XðtÞ
be an IFF in a set A. Then, the set G is a non-empty of A that satisfies XðtÞ 2 B for
any t 2 G, which means

G ¼ tjt 2 A;XðtÞ 2 Bf g 6¼ ø

For any t 2 G, according to the corresponding relation X, there is an IFN XðtÞ
belonging to B. Then according to the corresponding relation u, there is an IFN
uðXÞ. Hence, we define an IFF u 
 X in the set G as a compound IFF, which is

ðu 
 XÞðtÞ ¼ u XðtÞð Þ; t 2 G

where X is called the middle variable.
It needs to point out that if there are no special instructions, both the IFFs u and

X in a compound IFF u 
 X are monotonically increasing IFFs.

Theorem 2.2 (Lei and Xu 2015a) Let u XðtÞð Þ be a compound IFF. If the
derivatives of u and X both exist, then the derivative of u XðtÞð Þ also exists, and

du XðtÞð Þ
dt

¼ du XðtÞð Þ
dXðtÞ � dXðtÞ

dt

Proof We prove it in two different ways:

Method 1. Firstly, we can give a proof based on the definition of derivative of IFFs.
For the right derivative, there is
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du XðtÞð Þ
dt

¼ lim
Dt!O

u Xðt� DtÞð Þ�u XðtÞð Þ
Dt

¼ lim
Dt!O

u Xðt� DtÞð Þ�u XðtÞð Þ
Xðt� DtÞ�XðtÞ � Xðt� DtÞ�XðtÞ

Dt

� �

¼ lim
Dt!O

u Xðt� DtÞð Þ�u XðtÞð Þ
Xðt� DtÞ�XðtÞ � lim

Dt!O

Xðt� DtÞ�XðtÞ
Dt

¼ du XðtÞð Þ
dXðtÞ � dXðtÞ

dt

Similarly, we can get the same conclusion for the left derivative.

Method 2. We study its membership and non-membership, respectively. The proof
is shown as follows:

Assume that uðaÞ ¼ fuðlaÞ; guðmaÞ
� �

and XðtÞ ¼ fXðltÞ; gXðmtÞð Þ are the IFFs of
the independent a ¼ la; mað Þ and t ¼ lt; mtð Þ, respectively, and uðXðtÞÞ ¼
fuðfXðltÞÞ;
�

guðgXðmtÞÞ
�
is a compound IFF, then

du XðtÞð Þ
dt

¼ 1� lt
1� fuðfXðltÞÞ

dfuðfXðltÞÞ
dlt

; 1� mt
guðgXðmtÞÞ

dguðgXðmtÞÞ
dmt

� �

¼ 1� lt
1� fXðltÞ

dfXðltÞ
dlt

1� fXðltÞ
1� fuðfXðltÞÞ

dfuðfXðltÞÞ
dfXðltÞ

;

�

1� 1� mt
gXðmtÞ

dgXðmtÞ
dmt

� �
1� gXðmtÞ

guðgXðmtÞÞ
dguðgXðmtÞÞ
dgXðmtÞ

� ��

¼ 1� lt
1� fXðltÞ

dfXðltÞ
dlt

; 1� mt
gXðmtÞ

dgXðmtÞ
dmt

� �

� 1� fXðltÞ
1� fuðfXðltÞÞ

dfuðfXðltÞÞ
dfXðltÞ

; 1� gXðmtÞ
guðgXðmtÞÞ

dguðgXðmtÞÞ
dgXðmtÞ

� �

¼ du XðtÞð Þ
dXðtÞ � dXðtÞ

dt

which completes the proof of the theorem. �
According to Theorem 2.2, the derivative of the compound function is also equal

to the product of the derivatives of the components in intuitionistic fuzzy calculus,
which is the same as one of the traditional calculus. Furthermore, we provide some
examples (Lei & Xu, 2015a) as follows:

(1) Let u1ðaÞ ¼ ka� C, u2ðaÞ ¼ ka, u3ðaÞ ¼ a� C and u4ðaÞ ¼ a be four IFFs,
where 0� k� 1. Then, according to the derivatives of IFFs, there are
du 1ðaÞ

da ¼ k; 1� kð Þ, du2ðaÞ
da ¼ k; 1� kð Þ, du3ðaÞ

da ¼ E and du4ðaÞ
da ¼ E. Moreover,

we can conduct the following conclusions:
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(a) If u1ðaÞ ¼ ka� C is expressed as u1 u4ðaÞð Þ ¼ ku4ðaÞ � C, then there is

du1ðaÞ
da

¼ du1 u4ðaÞð Þ
da

¼ du1 u4ðaÞð Þ
du4ðaÞ

� du4ðaÞ
da

¼ du1ðaÞ
da

� du4ðaÞ
da

¼ k; 1� kð Þ � E ¼ k; 1� kð Þ

(b) If u1ðaÞ ¼ ka� C is written as u1 u3ðaÞð Þ ¼ u3ðaÞ � C, then

du1ðaÞ
da

¼ du1 u3ðaÞð Þ
da

¼ du1 u3ðaÞð Þ
du3ðaÞ

� du3ðaÞ
da

¼ k; 1� kð Þ

(2) Considering uðaÞ ¼ ka� C and IFWAxða1; a2; . . .; anÞ ¼ �n
i¼1xiai, then

when regarding a1 as its independent variable, the derivative of
u IFWAxða1; a2; . . .; anÞð Þ can be calculated:

du IFWAxða1; a2; . . .; anÞð Þ
da1

¼ du IFWAxða1; a2; . . .; anÞð Þ
dIFWAxða1; a2; . . .; anÞ � dIFWAxða1; a2; . . .; anÞ

da1
¼ ðk ; 1� kÞ � ðk 1; 1� k 1Þ
¼ ðkk 1; 1� kk 1Þ

What’s more, we know u IFWAxða1; a2; . . .; anÞð Þ ¼ �n
i¼1

kkiai � C, then

du IFWAxða1; a2; . . .; anÞð Þ
da1

¼ ðkk1; 1� kk1Þ

Before introducing the properties of derivatives of IFFs, we first show several
concepts as follows:

Definition 2.5 (Lei and Xu 2015b) For any given IFN a ¼ l; mð Þ, we define
UðaÞ ¼ l, VðaÞ ¼ m and pðaÞ ¼ 1� l� m.

Based on Definition 2.5, we get UðaÞ ¼ 0:1, VðaÞ ¼ 0:6 and pðaÞ ¼ 0:3 for
a ¼ 0:1; 0:6ð Þ. In addition, any IFN a ¼ l; mð Þ can be denoted by
a ¼ UðaÞ;VðaÞð Þ. Similarly, any IFF uðXÞ ¼ f ðlÞ; gðmÞð Þ can be written as
uðXÞ ¼ UðuðXÞÞ;VðuðXÞÞð Þ.
Theorem 2.3 (Lei and Xu 2015a) Let uðXÞ and uiðXÞði ¼ 1; 2; � � �; nÞ be nþ 1
derivable IFFs, then
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(1) d
dX �n

i¼1
uiðXÞ

� �
¼ Pn

i¼1
U u0

iðXÞð Þ; 1�Pn
i¼1

1� V u0
iðXÞð Þð Þ

� �
, where u0

iðXÞ

represents the derivative of uiðXÞ, which is duiðXÞ
dX .

(2) If uiðXÞEujðXÞð1� i; j� nÞ, then

d
dX

ujðXÞ�uiðXÞ
� � ¼ U u0

jðXÞ
� �� U u0

iðXÞð Þ; 1� V u0
iðXÞð Þ � V u0

jðXÞ
� �� �� �

(3) d
dX kuðXÞð Þ ¼ k; 1� kð Þ � duðXÞ

dX , where 0� k� 1.

Proof We can prove the conclusion (1) based on the derivatives of IFFs. When
i ¼ 1; 2, there is

u1ðXÞ � u2ðXÞ ¼ f1ðlÞþ f2ðlÞ � f1ðlÞf2ðlÞ; g1ðmÞg2ðmÞð Þ
Hence, d

dX �2
i¼1

uiðXÞ
� �

¼ d
dX f1ðlÞþ f2ðlÞ � f1ðlÞf2ðlÞ; g1ðmÞg2ðmÞð Þ. Then, its

membership and non-membership degrees are respectively discussed as follows:

(a) Considering the membership degree of d
dX f1ðlÞþ f2ðlÞ � f1ðlÞf2ðlÞ; g1ðmÞð

g2ðmÞÞ, we have

1� l
1� f1ðlÞð Þ 1� f2ðlÞð Þ f 01ðlÞ 1� f2ðlÞð Þþ f 02ðlÞ 1� f1ðlÞð Þ� � ¼X2

i¼1

U u0
iðXÞð Þ

(b) For its non-membership degree, there is

1� m
g1ðmÞg2ðmÞ g01ðmÞg2ðmÞþ g1ðmÞg02ðmÞ

� � ¼ 1�
Xn
i¼1

V u0
iðXÞð Þ

On the basis of (a) and (b), we get that the conclusion (1) holds when i ¼ 1; 2.
Moreover, according to the mathematical induction, it is easy to prove that it also
holds when i ¼ 1; 2; � � �; n.

For the conclusion (2), we also investigate its membership and non-membership
degrees, respectively, whose proofs are similar to those of the conclusion (1), and
are omitted here.

In what follows, we prove the conclusion (3) by utilizing the chain rule of
derivatives:

d kuðXÞð Þ
dX

¼ d kuðXÞð Þ
duðXÞ � duðXÞ

dX
¼ k; 1� kð Þ � duðXÞ

dX

Thus, the proof of this theorem is completed. �
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2.3 Differentials of Intuitionistic Fuzzy Functions

Let uðXÞ be an IFF, and the function value uðX0Þ is derivable at X0. If we want to
get the function values of some points near X0, such as uðX0 � DXÞ at X0 � DX, it
is usual to acquire the approximation of uðX0 � DXÞ instead of the precise value of
uðX0 � DXÞ in practical applications. Hence, we will focus on the methods to
calculate the approximate of IFFs in this chapter.

For a monotonically increasing IFF uðXÞ, DY ¼ uðX0 � DXÞ�uðX0Þ or
uðX0 � DXÞ ¼ uðX0Þ � DY, then we only need to handle the approximation of DY
in order to get the expression uðX0 � DXÞ. Obviously, DY is related to DX. To
facilitate the calculation, DY will be replaced by a simple IFF depending on DX.

Now we give a definition of differential of IFFs as follows:

Definition 2.6 (Lei and Xu 2015b) Let uðXÞ be a derivable IFF. If we note a tiny
change of X as DX, then

duðXÞ ¼ duðXÞ
dX

� DX

is called the differential of uðXÞ. In addition, dX ¼ E� DX ¼ DX due to dX
dX ¼ E

for the identity IFF uðXÞ ¼ X. Therefore, the differential can be rewritten as:

duðXÞ ¼ duðXÞ
dX

� dX

Based on the differential of uðXÞ, the following theorem is provided to reveal
the relationship between the increment of u (DuðXÞ) and its differential (duðXÞ):
Theorem 2.4 (Lei and Xu 2015b) Let uðXÞ ¼ f ðlÞ; gðmÞð Þ be a monotonically
increasing IFF, and also be derivable, then

uðYÞ�uðXÞ � duðXÞ
dX

� Y�Xð Þ

where XEY. If we note DX ¼ Y�X ¼ Dl
1�l ; 1� Dm

m

� �
and Du ¼ uðYÞ�uðXÞ,

then the equality can be actually expressed as Du � du, which satisfies the fol-
lowing conditions:

lim
Dl!0

UðDuÞ � UðduÞ
Dl

¼ 0; lim
Dm!0

VðDuÞ � VðduÞ
Dm

¼ 0

Proof If XEY, X and Y are expressed as l ; mð Þ and l0; m0ð Þ, respectively, then
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DX ¼ Y�X ¼ ðl0; m0Þ�ðl; mÞ ¼ l0 � l
1� l

;
m0

m

� �
and there is

duðXÞ
dX

¼ 1� l
1� f ðlÞ

df ðlÞ
dl

; 1� m
gðmÞ

dgðmÞ
dm

� �

Hence, we have

du ¼ duðXÞ
dX

� DX ¼ l0 � l
1� f ðlÞ

df ðlÞ
dl

; 1� m� m0

gðmÞ
dgðmÞ
dm

� �

Furthermore

uðXÞ � duðXÞ
dX

� DX

¼ f ðlÞþ l0 � l
1� f ðlÞ

df ðlÞ
dl

� f ðlÞ l0 � l
1� f ðlÞ

df ðlÞ
dl

; gðmÞ 1� m� m0

gðmÞ
dgðmÞ
dm

� �� �

¼ f ðlÞþ ðl0 � lÞ df ðlÞ
dl

; gðmÞþ ðm0 � mÞ dgðmÞ
dm

� �
¼ f ðlÞþ ðf ðl0Þ � f ðlÞþ oðl0 � lÞÞ; gðmÞþ ðgðm0Þ � gðmÞþ oðm0 � mÞÞð Þ
¼ f ðl0Þ þ oðl0 � lÞ; gðm0Þ þ oðm0 � mÞð Þ
� FðYÞ

Hence, uðYÞ�uðXÞ � duðXÞ
dX � Y�Xð Þ holds, which satisfies the conditions:

lim
Dl!0

UðDuÞ�UðduÞ
Dl ¼ 0 and lim

Dm!0

VðDuÞ�VðduÞ
Dm ¼ 0. �

Theorem 2.4 describes the fact that du closely approximates to Du by com-
paring the membership degrees (UðDuÞ and UðduÞ) and the non-membership
degrees (VðDuÞ and VðduÞ) of du and Du, respectively. Moreover, this theorem
manifests that the differences UðDuÞ � UðduÞ and VðDuÞ � VðduÞ are the
infinitesimals of higher order of Dl and Dm, respectively. However, we doubt
whether the following hold:

uðYÞ�uðXÞ ¼ duðXÞ
dX

� Y�Xð Þ � e

or

uðYÞ�uðXÞ ¼ duðXÞ
dX

� Y�Xð Þ � e
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which is Du ¼ du� e or Du ¼ du� e. In order to investigate this problem,
Fig. 2.3 is provided:

Because UðDuÞ � UðduÞ and VðDuÞ � VðduÞ are respectively the infinitesi-
mals of higher order of Dl and Dm, hence, we know that du must fall into a
rectangular area like D in Fig. 2.2. If du is located in D\S�ðDuÞ, then
Du ¼ du� e. In addition, Du ¼ du� e if only du falls into D\S�ðDuÞ.
Generally, there is not always Du ¼ du� e or Du ¼ du� e.

In the following, we analyze the differentials of IFFs by utilizing the elasticity
coefficient. The formula in Theorem 2.4 can be transformed into the interval form
(Lei & Xu, 2015b) as follows:

uðYÞ�uðXÞ � duðXÞ
dX

� Y�Xð Þ

, f ðl0Þ � f ðlÞ
1� f ðlÞ ;

gðm0Þ
gðmÞ

� �
� 1� l

1� f ðlÞ
df ðlÞ
dl

; 1� m
gðmÞ

dgðmÞ
dm

� �
� l0 � l

1� l
;
m0

m

� �

, f ðl0Þ � f ðlÞ
1� f ðlÞ ;

gðmÞ � gðm0Þ
gðmÞ

� 	
� 1� l

1� f ðlÞ
df ðlÞ
dl

;
m

gðmÞ
dgðmÞ
dm

� 	

 l0 � l

1� l
;
m� m0

m

� 	

Therefore, it is easy to obtain that the formula in Theorem 2.4 reveals how to
estimate the relative increment of ½f ðlÞ; 1� gðmÞ	 when the relative increment of

½l; 1� m	 and the range of the elasticity coefficient 1�l
1�f ðlÞ

df ðlÞ
dl ; m

gðmÞ
dgðmÞ
dm

h i
are both

known.
Two examples (Lei and Xu 2015b) are provided to show Theorem 3.4 below:

(1) Let uðXÞ ¼ f ðlÞ; gðmÞð Þ ¼ kX (0\k� 1), then f ðlÞ ¼ 1� ð1� lÞk and
gðmÞ ¼ mk. In addition, there is

Fig. 2.3 The relationship
between du and Du
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duðXÞ
dX

¼ 1� l

ð1� lÞk
kð1� lÞk�1; 1� k

 !
¼ ðk; 1� kÞ

Thus, according to Theorem 3.4, there is uðX � DXÞ�uðXÞ � ðk; 1� kÞ � DX.
Moreover, by the operational law of IFNs: kða1 � a2Þ ¼ ka1 � ka2,
uðX � DXÞ�uðXÞ ¼ kðX � DXÞ�kX ¼ k � DX holds.
Without loss of generality, we assume k ¼ 0:2 and DX ¼ 0:02; 0:97ð Þ, then

k; 1� kð Þ � DX ¼ 0:004; 0:994ð Þ and k � DX ¼ 0:0040324; 0:9939267ð Þ

Obviously, replacing k � DX by k; 1� kð Þ � DX is approximate.
(2) Assume that there are four IFNs a1 ¼ 0:3; 0:4ð Þ, a2 ¼ 0:2; 0:5ð Þ, a3 ¼

0:1; 0:2ð Þ and a4 ¼ 0:3; 0:4ð Þ, and their weights are respectively 0.2, 0.4, 0.1
and 0.3, then we have

IFWAxða1; a2; a3; a4Þ ¼ 1�
Y4
j¼1

ð1� lajÞxj ;
Y4
j¼1

mxj
aj

 !

¼ 1� ð1� 0:3Þ0:2 
 ð1� 0:2Þ0:4 
 ð1� 0:1Þ0:1
�


 ð1� 0:3Þ0:3; 0:40:2 
 0:50:4 
 0:20:1 
 0:40:3
�

¼ 0:243; 0:408ð Þ

If some decision makers think that their assessment a1 ¼ 0:3; 0:4ð Þ has an
estimated error, and want to give the value again. Let the new value be
a0 1 ¼ l01; m

0
1

� �
, then

(1) If assuming a1Ea01, which means that there exists an IFN b1 such that
a0 1 ¼ a1 � b1, and a0 1 ¼ 0:4; 0:3ð Þ, then b1 ¼ a01 � a1 ¼ 0:143; 0:75ð Þ.
Hence, there is

IFWAxða01; a2; a3; a4Þ � IFWAxða1; a2; a3; a4Þ � ðx1; 1� x1Þ � ða01�a1Þ
¼ 0:243; 0:408ð Þ � 0:2; 0:8ð Þ � 0:143; 0:75ð Þ
¼ 0:265; 0; 388ð Þ

(2) When a0 1Ea1, which means that there is b2 such that a0 1 ¼ a1�b2, and
a0 1 ¼ 0:2; 0:5ð Þ, then b2 ¼ a1�a01 ¼ 0:125; 0:8ð Þ. Hence, there is
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IFWAxða01; a2; a3; a4Þ � IFWAxða1; a2; a3; a4Þ�ðx1; 1� x1Þ � ða1�a01Þ
¼ 0:243; 0:408ð Þ� 0:2; 0:8ð Þ � 0:125; 0:8ð Þ
¼ 0:224; 0:425ð Þ

The following theorem shows that the situation holds when Du ¼ du:

Theorem 2.5 (Lei and Xu 2015b) Let uðXÞ ¼ f ðlÞ; gðmÞð Þ be an IFF, which
satisfies

d2f ðlÞ
dl2

¼ d2gðmÞ
dm2

¼ 0

when XEY, then

uðYÞ�uðXÞ ¼ duðXÞ
dX

� Y�Xð Þ
Based on the proof of Theorem 2.4, it is easy to prove Theorem 2.5. So it is

omitted here. Next, we give an example (Lei and Xu 2015b) to illustrate this
theorem:

Let a0 ¼ l0; m0ð Þ, a ¼ l; mð Þ and X ¼ lX; mXð Þ be three IFNs, and uðaÞ ¼
a0 � a be an IFF. Because f ðlÞ ¼ l0l and gðmÞ ¼ mþ m0 � m0m satisfy

d2f ðlÞ
dl2

¼ d2gðmÞ
dm2

¼ 0

According to Theorem 2.5, we have

uða0Þ ¼ uðaÞ � duðaÞ
da

� ða0�aÞ

In addition, by using the formula of derivative of IFFs, we have

duðaÞ
da

¼ a0 � 1� l
1� l0l

; 1� m
mþ m0 � m0m

� �

Hence, there is

a0 � ða� XÞ ¼ a0 � a� a0 � X � 1� l
1� l0l

; 1� m
mþ m0 � m0m

� �
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Now we use the following (1)–(3) to test the above equality:

(1) a0 ¼ a� X ¼ ðlþ lX � llX; mmXÞ:
(2) duðaÞ

da
� X ¼ ðlX; mXÞ � ðl0; m0Þ �

1� l
1� l0l

; 1� m
mþ m0 � m0m

� �

¼ ðlX; mXÞ �
l0 � l0l
1� l0l

;
m0

mþ m0 � m0m

� �

¼ lXl0 � lXl0l
1� l0l

; mX þ m0
mþ m0 � m0m

� mXm0
mþ m0 � m0m

� �

(3) uðaÞ � duðaÞ
da

� X ¼ a0 � a� duðaÞ
da

� X

¼ ðl0lþ l0lX � l0llX; m0 þ mmX � m0mmXÞ
Furthermore,

uða0Þ ¼ a0 � ða� XÞ ¼ ðl0lþ l0lX � l0llX; m0 þ mmX � m0mmXÞ

Hence, uða0Þ ¼ uðaÞ � duðaÞ
da � ða0�aÞ holds, which is

a0 � ða� XÞ ¼ a0 � a� a0 � X � 1� l
1� l0l

; 1� m
mþ m0 � m0m

� �

which indicates a0 � ða� XÞ 6¼ a0 � a� a0 � X holds.
In the last section, we have studied the chain rule of derivatives of the compound

IFFs. It is natural to obtain the form invariance of differential in intuitionistic fuzzy
calculus. Next, we show the important property (Lei and Xu 2015a) as follows:

Let uðwðtÞÞ be a compound IFF, which consists of two IFFs Y ¼ uðXÞ and
X ¼ wðtÞ. If both Y 0

X and X0
t exist, then Y 0

t ¼ Y 0
X � X0

t.
If considering the middle variable X as the independent variable of Y, then

dY ¼ Y 0
X � dX

On the other hand, if we do not consider X as the independent variable of Y, but
t, then

dY ¼ Y 0
t � dt

However, if we replace Y 0
t with Y 0

X � X0
t and notice that X0

t � dt is actually
dX, then we have the following derivational process:

dY ¼ Y 0
t � dt ¼ Y 0

X � X0
t � dt ¼ Y 0

X � dX

which is just the form invariance of differential in intuitionistic fuzzy calculus.
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Based on these analyses, we know that the differential form remains unchanged
when the original variable of IFFs is replaced by a new variable. The only differ-
ence is that dX will not be regarded as the increment DX but the differential of
X ¼ wðtÞ when we consider t as the independent variable of Y.

2.4 Conclusions

In this chapter, we have mainly studied the derivatives and differentials of IFFs.
Firstly, we have defined the concept of IFF, and pointed out that the IFFs are the
main research object in intuitionistic fuzzy calculus. In addition, we have also given
the definitions of monotonically increasing IFFs and continuous IFFs. By taking the
limit value of difference quotients of IFFs, we have defined the derivatives of IFFs.
After that, we have studied some important proprieties of derivatives, like the chain
rule of derivatives of the compound IFFs. In addition, this chapter has also inves-
tigated the derivatives of IFFs by introducing the notion of elasticity coefficient.

Based on the derivatives of IFFs, we have defined the differentials of IFFs, and
proven the relationship between the increment of u (DuðXÞ) and its differential
(duðXÞ). Finally, we have revealed the form invariance of differential in intu-
itionistic fuzzy calculus.
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