
Chapter 2
Notes on Point Set Topology

Abstract The chapter provides a brief exposition of point set topology. In particular,
it aims to make readers from the engineering community feel comfortable with
the subject, especially with those topics required in latter chapters. The implicit
appearanceof topological concepts in the context of continuummechanics is sketched
first. Afterwards, topological concepts like interior and boundary of sets, continuity
of mappings, etc., are discussed within metric spaces before the introduction of the
concept of topological space.

2.1 Preliminary Remarks and Basic Concepts

Here, tensor calculus is not seen as an end in itself, but rather in the context of
engineering mechanics, particularly continuum mechanics. As already discussed
earlier, the latter first requires a model for space.

Afirst step in defining such amodel is to interpret space as a set of points.However,
if, for instance, different points should refer somehow to different locations, then a
set of points, as such, is rather useless. Although sets already possess a kind of
structure due to the notion of subsets and operations like union, intersection, etc.,
some additional structure is required by which a concept like location makes sense.
Experience tells us that location is usually expressed with respect to a previously
defined point of reference. This, on the other hand, requires relating different points
with each other, for instance, by means of a distance.

Distance is primarily a quantitative concept. However, apart from quantitative
characteristics like distances between points, length of a curve, etc., there are also
others, commonly subsumed under the term topological characteristics. For instance,
in continuum mechanics, the concept of a material body is usually introduced as
follows. A material body becomes apparent to us by occupying a region in space at
a certain instant in time, i.e., a subset of the set of points mentioned above. A look at
the sketches commonly used to illustrate basic ideas of continuummechanics reveals
that it is tacitly assumed that this region is “connected” and usually has an “interior”
and a “boundary.”
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10 2 Notes on Point Set Topology

Intuitively,we have no problemaccepting “connected,” “interior,” and “boundary”
as topological properties. However, there are other properties whose topological
character is not at all that obvious. Therefore, the question arises as to how to define
more precisely what topological properties actually are. The following experiment
might give us some initial clues. A party balloon is inflated until it is possible to
draw geometric figures on it. This might be called state one. Afterwards, the balloon
is inflated further up to a state two. The figures can be inspected in order to work
out those properties which do not change under the transition from state one to state
two. Having this experiment in mind, one might be tempted to state that topological
properties are those which do not change under a continuous transformation, i.e.,
a continuous mapping. However, without a precise notion of continuity, this is not
really a definition but, at best, a starting point from which eventually to work out a
rigorous framework. Furthermore, it turns out that not all continuous mappings are
suitable for distinguishing unambiguously topological properties from others, but
rather only so-called homeomorphisms, bijective mappings which are continuous in
both directions, to be discussed in greater detail later.

The discipline which covers the problems sketched so far is called point set topol-
ogy and it can be outlined in a variety of ways. Perhaps the most intuitive one is to
start with metric spaces, i.e., a set of points together with a structure which allows
us to measure distances between points. Most texts on topology in metric spaces
focus first on convergence of series and continuity. Properties of sets like interior or
boundary are addressed only afterwards in order to prepare the next level of abstrac-
tion, namely topological spaces. Here, however, we follow Geroch [2] and start with
topological properties of sets in metric spaces.

2.2 Topology in Metric Spaces

The concept of a metric space is a generalization of the notion of distance.Measuring
distances consists in assigning real numbers to pairs of points by means of some
ruler, hence, it is essentially a mapping d : X × X → R where d is called a distance
function. A second step toward a more general scheme is to abstain from interpreting
the elements of X in a particular way. In the following, the elements of X can be
objects of any kind. By combining the set X with a distance function d, a space
(X, d) is generated. Themost challenging part is to define aminimal set of rules that a
distance functionmust obey such that certain concepts can be defined unambiguously
and facts about (X, d) can be deduced by logical reasoning.

Defining this minimal set of rules is an iterative process for a variety of reasons.
The design of a particular distance function has to take into account the specific
nature of the elements of X . Furthermore, as in daily life, different rulers, hence
different distance functions, should be possible for the same X . A minimal set of
rules must cover all these cases and should therefore be rather general. In addition,
the set of rules has to account for what should be agreed upon no matter which
particular distance function is used to perform a measurement on a given set X . And
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last but not least, for cases in which we do not even need mathematics because things
are simply obvious just by looking at them, facts about (X, d) compiled in respective
theorems should be in line with our intuition. The final result of this process is the
following definition.

Definition 2.1 (Metric) Given a point set X , a metric is a mapping

d : X × X → R

with the properties:

(i) d(p, q) > 0,
(ii) d(p, q) = 0 implies p = q and vice versa,
(iii) d(p, q) = d(q, p),
(iv) d(p, q) ≤ d(p, r) + d(r, q),

where p, q, r ∈ X .

The most common representatives of a metric are the absolute value of the difference
of two real numbers in R and the euclidean metric in R

n . However, there are other
options (see Example2.1). While the properties (i)–(iii) in Definition2.1 are rather
obvious, the triangle inequality (iv) is not. Although (iv) is true for absolute value
and euclidean metric, it is not obvious at this point why a metric should possess this
property in general. This will become clear only later (see Example2.3).

Example 2.1 The following distance functions are commonly used for X = R
n ,

• d1(p, q) =
n∑

i=1
|pi − qi |,

• d2(p, q) =
√

n∑

i=1
[pi − qi ]2,

• d∞(p, q) = max
1≤i≤n

|pi − qi |,
where |a| denotes the absolute value of the argument a. Regarding the notation, see
Fig. 2.1 as well.

The following definitions refer to a metric space (X, d), specifically subsets
A, B ⊂ X . By means of a metric, the interior of a set can now be defined unam-
biguously after introducing a so-called ε-neighborhood.

Definition 2.2 (Open ε-ball) The set of points q fulfilling d(p, q) < ε is called the
open ε-ball around p or ε-neighborhood of p.

Definition 2.3 (Interior) Given a point set A. The interior of A, int(A), is the set of
all points p for which some ε-neighborhood exists which is completely in A.

It is important for further understanding to dissect Definition2.3 thoroughly, since
it illustrates a rather general idea. Although a metric allows for assigning numbers
to pairs of points, what matters are not the specific values but only the possibility as
such to assign numbers.
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Fig. 2.1 Visualization of the R2 = R × R

Example 2.2 Given the interval A = [0, 1] ⊂ R and d(p, q) = |p − q|. Do the
points p1 = 0.5, p2 = 0.99 and p3 = 1.0 belong to the interior of A?
In order to check for p1, some positive number ε has to be found such that all points
q with d(0.5, q) < ε belong to A. Any ε with 0 < ε ≤ 0.5 does the job. Since there
exists some positive number according to Definition2.3, p1 belongs to the interior
of A. The point p2 belongs to the interior of A too, but now we have to chose an ε
according to 0 < ε ≤ 0.01. However, p3 does not belong to the interior of A.
More generally, the interior of A is the open interval (0, 1).

Similarly, other properties of subsets of X can be defined precisely, for instance,
the boundary of a subset of X .

Definition 2.4 (Boundary) Given a point set A. The boundary of A, bnd(A), is the
set of all points p such that for every ε > 0 there exists a point q with d(p, q) < ε
in A and also a point q ′ with d(p, q ′) < ε not in A.

Based on the properties of the distance function and the foregoing definitions,
certain facts about sets in metric spaces can be deduced. Some of these are:

1. int(A) ⊂ A,
2. int(int(A)) = int(A),
3. if A ⊂ X then every point of X is either in int(A) or int(Ac) or bnd(A) and no

point of X is in more than one of these sets, where Ac is the complement of A.

Example 2.3 In order to illustrate the need for the triangle inequality in
Definition2.1, int(int(A)) = int(A) is discussed in more detail. If a point p belongs
to int(A), then p has an ε-neighborhood of points which all belong to A. On the
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Fig. 2.2 Sketch related to Example2.3

other hand, if p belongs to int(int(A)) there must exist an ε∗-neighborhood of p
which belongs entirely to int(A). In other words, all points in an ε∗-neighborhood of
p must have themselves an ε∗-neighborhood of points which belong to A. A sketch,
see Fig. 2.2, based on subsets and points in a plane reveals that in this case, this is
obviously true for any p ∈ int(A). However, in order to ensure the functionality of
a metric space (X, d) independently of the particular nature of the elements of X , a
formal proof is required.

If p ∈ int(A), and, for instance, ε∗ ≤ 1
2ε is used, then every point q with d(p, q) ≤

ε∗ belongs to A and has itself an ε∗-neighborhood of points which are in A. The latter
is ensured by the triangle inequality d(p, r) ≤ d(p, q) + d(q, r)whereq is any point
within the ε∗-neighborhood of p and r is a point within the ε∗-neighborhood of q.
Since d(p, q) ≤ ε/2 and d(q, r) ≤ ε/2, the point r belongs to A, since d(p, r) ≤ ε.
According to our intuition, an operation which deletes the boundary of an argument
should leave that argument, which no longer has a boundary, unchanged. Without
triangle inequality, this cannot be assured in general, and such a space (X, d) would
not fulfill its purpose.

As already mentioned, the concept of a continuous mapping plays a crucial role
in topology. We first define continuity by means of a metric.

Definition 2.5 (Continuousmapping: ε − δ version)Given themetric spaces (X, dX )

and (Y, dY ). A mapping f : X → Y is continuous at a ∈ X if for every ε > 0, there
exists a δ > 0 such that dX (x, a) < δ whenever dY ( f (x), f (a)) < ε with x ∈ X .

The following examples use cases, the reader might already know from analysis
in R, in the more general setting of this section.
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Example 2.4 We consider X = R, Y = R, both with the absolute value distance
function and f = 2x + 14. Is f continuous at x = a?
We have dY ( f (x), f (a)) = 2|x − a| < ε and dX (x, a) = |x − a| < δ. Choosing a
particular value for ε, e.g., ε = 0.01, every δ < 0.05 assures that the images of x and
a are within a distance smaller than 0.01. However, this must work for every ε > 0,
e.g., ε = 0.001, ε = 0.0001, etc. Since, in general we can set δ < ε

2 , a δ > 0 can be
found for every ε > 0, and hence, f is continuous at x = a. Since this is true for any
a, f is continuous everywhere.

So far, this is just the very beginning of an exposition of the theory of metric
spaces. However, since here the main objective is to provide a working knowledge
in point set topology, we take a short cut. So far, all definitions rely on a distance
function. However, a distance can hardly be a topological property, which is a rather
unsatisfying situation. One alternative way of defining a minimal structure by which
topological concepts can be discussed requires the definition of self-interior sets,
also called open sets.

Definition 2.6 (Open set) A set A is said to be open or self-interior if A = int(A).

Once open sets have been defined by means of a distance function d, the
latter can be avoided in all subsequent definitions and theorems referring
to concepts considered as purely topological. For instance, it can be shown
that for metric spaces, the following definition is completely equivalent to
Definition2.7, see, e.g., Mendelson [4].

Definition 2.7 (Continuous mapping: open sets version) A mapping f : X → Y is
continuous if for every open subset U ⊂ Y , the subset f −1(U ) ⊂ X is open.

However, such a reformulation also makes use of the following properties of the
collection τ of all open sets induced by the distance function:

1. The empty set ∅ and X are open.
2. Arbitrary unions of open sets are open.
3. The intersections of two open sets is open.

This leads to the conclusion that a distance function is not needed at all to impose
a topological structure on a set. It is sufficient to provide an appropriate collection of
sets which are defined formally as open. This is done in the following section. Prior
to this, another observation which supports a metric independent generalization of
point set topology should be mentioned. A closer look at Example2.1 reveals that
most distance functions are defined through the use of addition, subtraction, and
multiplication. This requires the existence of a structure on the considered set which
is already rather elaborated. This additional structure is by no means necessary for
discussing fundamental topological concepts and it might even obscure the view as
to what is important.
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2.3 Topological Space: Definition and Basic Notions

Definition 2.8 (Topological space) A nonempty set X together with a collection τ
of subsets of X with the properties:

(i) the empty set ∅ and X are in τ ,
(ii) arbitrary unions of members of τ are in τ ,
(iii) the intersection of any two members of τ is in τ ,

is called a topological space (X, τ ). The elements of τ are by definition open sets.

Remark 2.1 There is a number of equivalent definitions which can be obtained in
a similar way as that sketched for open sets in the previous section. For instance,
defining closed sets and working out their properties in a metric space eventually
leads to the definition of a topological space based on the notion of closed sets.
Another alternative can be worked out using so-called neighborhood systems.

Definition 2.9 (Closed set) Given a topological space (X, τ ). A set A ⊂ X is closed,
if its complement Ac is open.

Remark 2.2 From Definitions2.9 and 2.8 it follows that ∅ and X of (X, τ ) are both
open and closed since X c = ∅ and ∅c = X .

Example 2.5 The collection of all open intervals τ = {(a, b)}, a, b ∈ R defines a
topological space (R, τ ). On the other hand, the collection of all open intervals
τ ∗ = {(x − a, x + a)}, a, b, x ∈ R defines the same topological space.

Metric spaces are automatically topological spaces, because a distance function
induces a topology. In this context, two questions arise. The first asks whether the
reverse is true as well and the answer here is no. There are topological spaces which
do not arise from metric spaces. The second question asks whether the topology of
a metric space depends on the choice of a particular distance function. Here, the
answer is yes, since different distance functions may induce different topologies.
However, it turns out that the distance functions d1, d2 and d∞ defined for Rn (see
Example2.1) induce the same topology, which is called the standard topology ofRn .
One way to prove this is to show that every set that is open in terms of one distance
function is also open if one of the other distance functions is used, and vice versa.

Defining the notion of continuous mapping now consists essentially in repeating
Definition2.7 in the context of topological spaces according to Definition2.8.

Definition 2.10 (Continuous mapping) Given two topological spaces (X, τ ) and
(Y, τ ∗). A mapping f : X → Y is continuous if for every open subset U ⊂ Y , the
subset f −1(U ) ⊂ X is open.

It can be shown that the composition of continuous mappings is again contin-
uous, which is a important fact, for obvious reasons.
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Example 2.6 Consider the finite sets X = Y = {0, 1}. In order to check whether the
mapping

f : X → Y

0 
→ 1

1 
→ 0

is continuous or not, it has to be checked as to whether the domains of all open sets
in Y are open sets in X . The first observation is that there is not enough information
available to do this, since it is not clear which topologies are used. Given the topolo-
gies τ1 = {X,∅}, τ2 = {X,∅, {0}, {1}}, then f : (X, τ1) → (Y, τ2) is not continuous,
since the domain of {1} is {0} but {0} does not belong to τ1.

Remark 2.3 (Continuity) Intuitively, one associates continuity with mappings
between infinite sets like R or subsets of R. But Example2.6 illustrates that after
introducing the concept of topological spaces, continuity makes sense for finite sets
too. This, on the other hand, has reverse effects. For instance, it provides a reasoning
for the transparent motivation of compactness, a far reaching concept to be discussed
in more detail later.

Having defined what is meant by a continuous mapping, it is about time to
make the notion of topological properties more precise. Intuitively accepting the
property of being open as a topological property of a set, the standard example of
f = x2 shows that defining topological characteristics as those which are invariant
under continuous mappings does not work properly. This can be seen by taking the
open interval (−1, 1), which is mapped by f to the half open interval [0, 1), i.e.,
f ( (−1, 1) ) = [0, 1). Although f is continuous, the property of being open is not
preserved under f . The reason for this is that f is not bijective. This leads to the
notion of homeomorphism.

Definition 2.11 (Homeomorphism) Given two topological spaces (X, τX ) and
(Y, τY ). A homeomorphism is a bijective mapping f : X → Y where f and f −1

are continuous.

Since a homeomorphism preserves what is accepted intuitively as topological
characteristics, it might serve as a general criterion for distinguishing topological
characteristics from others. Eventually, this hypothesis can be confirmed, and topo-
logical spaces which can be related by such a mapping are called topologically
equivalent or homeomorphic.

One of the most familiar applications of homeomorphisms are coordinate charts,
the definition of which also implies a notion of dimensionality of a topological space.

Definition 2.12 (Coordinate chart) Given a topological space (X, τ ) and an open
subset U ⊂ X . A homeomorphism φ : U → V where V is an open subset of Rn is
called a coordinate chart.
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Definition 2.13 (Dimension of a topological space) Given a topological space
(X, τ ). X has dimension n if every open subset of X is homeomorphic to some
open subset of Rn .

2.4 Connectedness, Compactness, and Separability

After introducing the most basic notions, it is rather compulsory to ask under which
conditions certain operations can be safely performed. In this context, a number of
additional topological concepts will be discussed in the following section, starting
with the idea of subspace.

Definition 2.14 (Subspace) A topological space (Y, τY ) is a subspace of the topo-
logical space (X, τX ), if all members of τY can be derived from o = O ∩ Y for o ∈ τX
and some O ∈ τY . The topology τY is called the relative topology on Y induced by
τX .

In order to discuss the concept of connectedness, we start with the definition of a
path in a topological space X .

Definition 2.15 (Path) A path is a continuous function f which maps a closed
interval of R to a topological space X ,

f : R → X

[a, b] 
→ � ⊂ X ,

in this way connecting the start point f (a) with the end point f (b).

Definition 2.16 (Path-connected) A topological space is path-connected if for each
pair of points x, y ∈ X , there is a path which connects them.

It can be shown that a topological space is connected if it is path-connected.
According to Definition2.16, finite spaces with more than one point can obviously
not be connected. The connectedness of subsets of a topological space can be dis-
cussed by adapting Definitions2.15 and 2.16 using the relative topology according
to Definition2.14.

Remark 2.4 In continuum mechanics, the configuration of a material body at an
instant of time, e.g., τ = t0 can be encoded as a mapping κ(t0) which maps all
points of the body to a subset of the space X . A motion is now described as a
sequence of suchmappings, onemapping for each instant of time τ = t . It is supposed
that these mappings and their inverses are continuous, i.e., the motion is assembled
from homeomorphisms. This ensures automatically that a connected body remains
connected in the course of the motion.
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Certain properties of continuous mappings are of particular interest. This will be
illustrated by means of continuous functions f : A → Rwhere A ⊂ R. We are often
particularly interested in where a function attains its maximum or minimum values.
However, existence of such properties first requires that the considered function be
bounded.

Definition 2.17 (Bounded) A function f : A → R with A ⊂ R is bounded
if | f (x)| ≤ M for x ∈ A and M ∈ R.

The standard example f (x) = 1
x indicates that being bounded depends somehow

on the properties of the domain, since f is bounded on the intervals [0.001, 1) and
[0.001, 1] but not on (0, 1) or (0, 0.5]. Therefore, the question arises if there are
conditions regarding the domain under which a continuous function is definitely
bounded. At this point, the concept of compactness enters the scene. One possible
line of argument to motivate compactness takes finite sets as a role model, since
functions on finite sets are bounded in any case.

Remark 2.5 Care should be be taken here regarding the interpretation of ±∞ in the
context of real analysis. There is no number 1

0 inR and∞ is no element ofR but only
an indication for something arbitrarily big. Therefore, A = {0, 1} and g = 1

x , x ∈ A
does not make sense, because the element 0 is not mapped to an element of R. For
the same reason, g together with A = [−1, 1] is not a proper definition of a function
according to Definition1.3, since not every element of A has an image. On the other
hand, g together with A = (0, 1), for example, is correct.

If A is a finite set, then a function f : A → R is locally bounded, since it assigns
to every element of A some real number. One of these numbers will be the one with
the largest absolute value, and f is bounded globally by the latter. This argument,
trivial for finite sets, does not apply if A is infinite. Here, a similar line of argument
is developed by means of the concept of open covers.

Definition 2.18 (Open cover) A collection of open sets is a cover of a set A if A is
a subset of the union of these open sets.

Suppose that an infinite set can be covered by a finite number of open sets. If, in
addition f is bounded on all these open sets, the same argument used for finite sets
can be adapted. However, there are many possible open covers for a given set and the
finiteness argument must not depend on the choice of a particular cover. This gives
raise to the following definition of compactness.

Definition 2.19 (Compactness) A set A of a topological space is compact if every
open cover of A has a finite sub-cover which covers A.

Example 2.7 The open interval I = (0, 1) can, of course, be covered by a finite
number of open sets, starting with I itself. However, this does not mean that I is
compact. In order to show that I is not compact, it suffices to find at least one
open cover which does not have a finite sub-cover. The collection On = ( 1n , 1 − 1

n )

covers, for n → ∞, the open interval I but there is no finite n for which I is covered
completely. Therefore, I is not compact.

http://dx.doi.org/10.1007/978-3-319-56264-3_1
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Of course, to check compactness for a topological space or some subspace by
means of Definition2.19 might be an option for a mathematician, but will not be
for nonmathematicians. However, it turns out that, for instance, all closed intervals
[a, b] with a, b ∈ R are compact.

Last but not least, the so-called Hausdorff property ensures that if a sequence
converges in a topological space X , it converges to exactly one point of X .

Definition 2.20 (Hausdorff) A topological space X is separable or Hausdorff if, for
every x, y ∈ X and x �= y, there exist two disjoint open sets A, B ⊂ X such that
x ∈ A and y ∈ B.

The concept of a basis for a topology is, among other things, useful for checking
if a topological space is a Hausdorff-space.

Definition 2.21 (Basis) Given a topological spaces (X, τ ). A collection τB of ele-
ments of τ is called a basis if every member of τ is a union of members of τB .

It can be shown that every space for which a countable basis can be constructed
is a Hausdorff-space. All metric spaces in particular fulfill this condition. A possible
basis for the standard topology in R consists of all open sets (a, b) with a, b ∈ Q,
whereQ is the set of rational numbers. SinceQ is countable,R is a Hausdorff-space.

2.5 Product Spaces and Product Topologies

Building a new set X from two sets X1 and X2 bymeans of the Cartesian product, i.e.,
X = X1 × X2, is a common and most natural thing to do. If X1 and X2 are equipped
with respective topologies τ1 and τ2, the question about the topology of X inevitably
emerges. Since τ1 is the collection of all open sets in X1 and τ2 is the collection of all
open sets in X2, it seems reasonable to try with the Cartesian product of these sets,
specifically to define a collection

B = {U1 ×U2 |U1 ∈ τ1 and U2 ∈ τ2} (2.1)

and to check if B may serve as a topology.

Remark 2.6 In the following, most examples refer to R
n . Since we started with the

intention of working out a minimal structure, suitable for discussing topological
concepts, this might seem inconsistent, because Rn has a lot of additional structure.
However, R and R

2 especially are quite accessible to our intuition. Furthermore, a
topology on a set X can be defined, for instance, by means of a bijective mapping
g : X → R

n . Since the existence of a topology is assured inRn , a topology on X can
be defined as the collection of the images g−1(U ) of all open sets U of the standard
topology of Rn . This makes X a topological space and g a continuous mapping.
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X1 = R X1 = R

X2 = R X2 = R

U1U1

U2U2 U1 × U2

W1

W2

(U1 × U2) ∪ (W1 × W2)

Fig. 2.3 Sketch illustrating for X1 = X2 = R that the union of members of B, see (2.1), is not an
element of B. Therefore, B given by (2.1) can not be a topology

According to Definition2.8, arbitrary unions and finite intersections of members
of τ must result in an element of τ . Figure2.3 illustrates that this does not hold for
B. Therefore, B is not a topology.

However, B can be used to construct a topology. To this end, the concept of the
so-called sub-basis is introduced. The reader is encouraged to solve Exercise2.3 after
reading the following definition carefully.

Definition 2.22 (Sub-basis) A sub-basis B for a topological space (X, τ ) is a col-
lection of open sets in which the union of all members of B equals X . The topology
of X is the collection of all unions of finite intersections of members of B.

B as defined by (2.1) fulfills the requirements for being a sub-basis according to
Definition2.22. It turns out that for X1 = X2 = R the product topology coincides
with the standard topology of R2. Considering the projections

π1 : X1 × X2 → X1 π2 : X1 × X2 → X2

(x1, x2) 
→ x1 (x1, x2) 
→ x2 ,

more insight about the product topology can be gained. The sub-basis B can be
written by means of the projections as follows:

B = {
π−1
1 (U1) ∩ π−1

2 (U2) | U1 ∈ τ1 andU2 ∈ τ2
}

,

which shows that the product topologyτ generated by B ensures that the projections
are continuous. In fact, τ is the coarsest topology for which the projections are
continuous.What coarsemeans depends on the topologies τ1 and τ2 (seeExercises2.4
and 2.5). Furthermore, it can be shown that a function



2.5 Product Spaces and Product Topologies 21

f : Z → X1 × X2

z 
→ ( f1(z), f2(z) )

is continuous if f1 : Z → X1 and f2 : Z → X2 are continuous, and vice versa.
The step toward general finite products, i.e., X1 × X2 × · · · × Xn , is straight

forward. Infinite products, however, require additional considerations.

2.6 Further Reading

A didactic introduction to topology, which nicely illustrates the creativity behind the
formal “definition-theorem-proof” structure by showing how the formal language of
topology evolves from first ideas accompanied by trial and error, is given in Geroch
[2]. The classic book by Mendelson [4] is a compact and accessible introduction.
Also recommendable are Conover [1] and Runde [5], the latter of which also con-
tains a number of historical notes. For further steps in topology, we recommend, for
example, Jänich [3]. In addition, summaries of point set topology can be found in
most textbooks on differentiable manifolds.

Exercises

2.1 Check continuity of f in Example2.6 for the following cases:

• f : (X, τ2) → (Y, τ1)
• f : (X, τ2) → (Y, τ2)

2.2 Check if (Y, τY )with Y = {a, b} and τY = {∅, {a} , {b}} is a subspace of (X, τX )

with X = {a, b, c, d} and τx = {∅, {a} , {b} , {c} , {d}}.
2.3 Given X1 = {0, 1}, X2 = {a, b} together with the topologies τ1 =
{X1,∅, {0} , {1}} and τ2 = {X2,∅, {a} , {b}}. Determine the sub-basisB for the prod-
uct topology of X = X1 × X2.

2.4 Given X1, X2 and τ1 as in Exercise2.3. Determine the sub-basis B for the topol-
ogy τ of X = X1 × X2 for τ2 = {X2,∅}. Determine τ and show that the projections
are continuous.

2.5 Given X1, X2 and τ2 as in Exercise2.4. Determine the sub-basis B for the topol-
ogy τ of X = X1 × X2 for τ1 = {X1,∅}. Determine τ and show that the projections
are continuous. Compare τ with the corresponding result of Exercise2.4.
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