Chapter 2
Theoretical Foundations

In the following two chapters, we will first investigate a new “absolute value” norm,
which we will then use to develop a general two-level multigrid convergence theory
applicable to nonsymmetric problems. Both of the subsequent chapters will be very
general, assuming only that we are interested in solving problems of the form

Au=f 2.1)

with A € #(V, V*) being abounded linear operator from a complex reflexive Banach
space to the adjoint space. Additionally, the real part H = %(A + A*) of A will be
assumed to be positive, which suffices, by the Lax-Milgram lemma, Theorem 2.1, to
ensure the existence of A~! € Z(V*, V), so that there is a unique solution « to (2.1)
depending continuously on f.

Taking V = C" reduces this framework to the familiar matrix one, with (2.1)
reducing to a system of linear equations governed by the matrix A. This and following
chapters may be read with the assumption V = C” in mind, in which case one may
ignore the functional analysis concepts that come up. As with (2.1), the equations
should be readily interpretable in the matrix setting, as the notation matches standard
matrix notation.

On the other hand, the above framework is general enough to encompass elliptic
PDE:s such as those encountered in the previous chapter. Hence, all of the concepts we
consider will be applicable not just to discretized systems, but also to the underlying
PDE as well. It is a feature of the finite element discretization that concepts will tend
to have a compatible meaning whether we instantiate our framework to apply to the
PDE or to its discretization. For example, ||u ||124 may be, for a symmetric second-order
elliptic problem, the energy of an arbitrary H'! function in the one case, or the energy
of some member of the finite-dimensional subspace of discretization functions in the
other. We may thus draw insight as to the meaning of concepts in the discrete case
from the infinite-dimensional one. This applies, for example, to the new norm we
investigate in the next chapter.

The spaces V we have in mind (H' and C") are in fact Hilbert spaces. Indeed, as
we shall see, our premises on the operator A € Z(V, V*) in (2.1), that it have positive
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real part, ensures that V can always be equipped with a Hilbert space structure, with a
norm equivalent to the Banach norm. In other words, our assumptions imply that V is
topologically isomorphic to a Hilbert space. The reason we do not make the Hilbert
space structure an assumption is that we regard the particular inner products (the
Sobolev and Euclidean) and associated norms of these spaces as not being particularly
fundamental. By assuming only a Banach space structure, we essentially make these
inner products and their associated geometry unavailable to our developments. We
will instead investigate a number of alternative Hilbert space structures, such as
that given by the energy inner product, that are naturally associated with the given
problem. The only aspect of the given spaces that we consider important is the
topology, and this is captured by the Banach metric.

The reason for assuming a complex Banach space is that we will need to make use
of the complex numbers almost immediately (so that the quadratic form is sensitive
to the nonsymmetry of the operator), and it seems simplest to just treat the complex
case in full at the outset. Instantiating results to the real case is usually trivial (e.g.,
ignoring complex conjugation), whereas generalizing in the other direction is less
straight-forward.

In this chapter we will review the basic concepts of our abstract framework. For
a functional analyst, all of the material should be review or at least very straight-
forward, albeit, rendered in a matrix-like notation: favoring operators over forms,
and denoting Hilbert spaces by the operator associated with the inner product. For
a numerical analyst used to the matrix setting, the emphasis will be in focusing on
Hilbert spaces other than the Euclidean one, and the notation we use should be fairly
standard in this setting.

2.1 Sesquilinear Forms

The following definitions are standard and follow Kato [2]. Let V be a reflexive com-
plex Banach space. The adjoint space V* is defined to consist of bounded semilinear
(alternatively conjugate- or antilinear) forms on V, as opposed to linear ones. We
will reserve the notation (-, -) for the duality pairing of V* and V, so that, for any
bounded semilinear form f € V* and vector u € V,

(fsv) = fIv]. 2.2)

Note that the pairing (-, -) is linear in the first argument and semilinear in the second.
As above, we will consistently use the letters f and g to denote elements of an adjoint
space, and the letters u, v, and w for elements of the main space. In the matrix setting,
V = C", we identify V* with C" by letting (-, -) be the usual Euclidean inner product.

Let a be a bounded sesquilinear form on V. A sesquilinear form is defined to be
linear in its first argument and semilinear in its second, matching the convention for
the duality pairing. “Sesqui-”’ means “one and a half” and serves as a mnemonic for
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this convention. Taken together, these conventions allow the form a to equivalently
be considered as a bounded linear operator A € #(V, V*), defined by

(Au,v) = (Au)[v] = alu, v], (2.3)

where Z(V, W) is the space of bounded linear operators from V to W. In the matrix
setting (V, V*) is simply C"*", the space of all n x n matrices.

That boundedness of the form a implies boundedness of the operator A is straight-
forward. If a[u, v] has bound C, i.e., |a[u, v]| < C|lu]lv|[v|lv, then so does A, since

|(Au, v)| Cllullviviiv
[Aully- = sup ———— < sup ————— = Clluly . (2.4)

vewnjoy  lIvilv venjoy  Ivllv
In the other direction, if ||A|| < C, then
lalu, vl = [(Au, v)| < [[Aullv-[Ivilv < Cllullvivily - (2.5)

That is, not only is A bounded, but it has the same bounding constant as a.

Conversely, if we are given an operator A € A (V*, V), then (2.3) can be taken to
define the sesquilinear form a, which by the above arguments is bounded with the
same bounding constant as A. That is, we have established an isometric isomorphism
between the space Z(V, V*) and the space of bounded sesquilinear forms on V. In
light of this correspondence, we shall sometimes refer to an operator A € Z(V, V*)
as a bounded sesquilinear form, leaving the isomorphic mapping implied.

The sesquilinear form a is associated with the quadratic form

alu] :=alu, u] = (Au, u) . (2.6)

In fact, the sesquilinear form is determined by the quadratic form via the polarization
identity

alu,v] = %(a[u +v] —alu —v] +iafu + iv] —iafu —iv]) . 2.7

This one-to-one correspondence between sesquilinear and quadratic forms relies on
the existence of the scalar i. That is, the correspondence would not hold if V were a
real instead of complex Banach space. The adjoint form a* is defined by

a*lu,v] :=a[v,u]l = (Av,u) = (A*u,v) . (2.8)
Note A* € BN**,V*) = BV, V*) as V was assumed to be reflexive. Thus, A* is

the operator associated with a* in exactly the same way as A is associated with a. In
the matrix case, A* is the conjugate transpose of A, as the notation suggests.
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The form a is symmetric when a* = a, which is equivalent to A being equal to
its adjoint (A* = A). In this case the quadratic form a[u] is real. In light of the
correspondence (2.3), where we think of A as a sesquilinear form, we will call A
symmetric when it is equal to its adjoint. There is a slight danger of confusion in
the matrix setting, as the term “Hermitian” is more common, “‘symmetric” possibly
referring to a matrix being equal to its regular (not conjugate) transpose. For a real
matrix there is no distinction, and the condition A* = A (the “Hermitian” one) is
the generalization of symmetry to the complex case more appropriate for our uses.
Here, symmetric always means Hermitian.

The Cartesian decomposition of the quadratic form a[u] is

. 1 1
alu] = blu] +it[u], h:= E(a +a¥), t= Z(a —a). (2.9)
Note that fh and ¢ are both symmetric, giving rise to real quadratic forms. The asso-
ciated symmetric operators are

1 1
Hy = E(A +A*), and K, := E(A — A" . (2.10)
i

We will refer to these as the real and imaginary parts of A. Subsequently, we will
usually shorten H4 and K4 to H and K. We will occasionally wish to refer to the
real and imaginary parts of other operators. For example, note that

Hy=Hy, Kp=—Kyu. @2.11)

For the case of A being a real matrix, H is the symmetric part of A, while iK is the
anti-symmetric part.

Table 2.1 summarizes the beginning of an analogy that arises between sesquilin-
ear forms and the complex numbers, including the concepts introduced so far. In the
analogy, the adjoint corresponds to complex conjugation, and “symmetric” corre-
sponds to “real.” Note that the second column reduces to the first in the scalar case
V=C.

Table 2.1 Analogy between C AL
complex numbers and .
sesquilinear forms

z A*
zeRifz=% (Au,u) e Rif A = A*
z=a+ib A=H+iK
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2.2 Lax-Milgram Lemma

A sufficient condition for A~! to exist, be continuous, and be defined on all of V* is
for a to be coercive. This statement is a variant of the Lax-Milgram lemma, usually
stated for a bilinear form on a real Hilbert space. The lemma will play a central role
in our development, as its premises serve to define (nearly, see the corollary below)
the class of problems we are interested in solving. It is easy to find the complex
version of the lemma, for which the proof is essentially the same. Rogca appears
to have been the first to consider its generalization to Banach spaces [3]. As it is
difficult to find a version of the proof with both generalizations, and as it is relatively
short, a proof is included here, for completeness. But note that considering a complex
instead of a real space adds essentially no difficulty to the proof. This is the only
result we will consider that involves topological notions, where the possibility of
infinite dimensions introduces subtleties not present in the finite-dimensional case.
As the result itself is (nearly) standard, the proof may be skipped, as none of the
following material will require the concepts it uses.

Theorem 2.1 (Lax-Milgram) Given A € AV, V*) with V a reflexive complex
Banach space, suppose
(A, w)| = ellully (2.12)

for all u eV and some ¢ > 0. Then A is invertible and A~ € BN\N*, V) with
A~ <

Proof From the coercivity assumption and the generalized Cauchy-Schwarz inequal-
ity, we find that forall u € V,

cllullfy < 1(Au, w)] < | Aully-llullv (2.13)

so that
lAullv- > cllully . (2.14)

We conclude [2, p. 146] that A has bounded inverse A~ with domain D(A™") =
R(A), the range of A, and that |A~"|| < ¢~'. We must yet show R(A) = V*.

Because |[(A*u, u)| = |(Au, u)| = [(Au, u)|, we see that A* is also coercive on
V, which by reflexivity is the whole domain of A* (D(A*) = V** = V). The above
argument thus applies equally well to A*, and we conclude in particular that the null
space of A* is trivial, N(A*) = {0}. Recall that the annihilator S+ of aset S C V is
the closed subspace of V* consisting of those forms f for which (f, u) = 0 for all
u € S, and that S+ is the closure of the span of S [2, p. 136], provided V is reflexive
as we have assumed. Since N(A*) = R(A)* [2, p. 168], it follows that the closure
of R(A) is

R(A)* =N@AH*: = {0} =V*. (2.15)

If we can show that R(A) is closed, then it would follow that R(A) = V*.
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But it is a standard result that a bounded operator has closed range when it is
bounded below. Here, the argument runs as follows. Let Au,, be an arbitrary Cauchy
sequence in R(A) so that ||Au, — Au,,|lv+ — 0 asn, m — oco. From (2.14) we see
that ||u, — up|lv < ¢~ Au, — Au,|lv- — 0 so that u,, is a Cauchy sequence in V.
By completeness, the sequence u,, has some limit #, and by continuity (boundedness
of A) Au, — Au in V*. Thus R(A) is closed, and it follows that R(A) = V* and
A7l e BNV V). O

We will actually be concerned with a slightly more restricted class of operators
A, namely those with positive real part H.

Corollary 2.1 If A € (V,V*) has positive real part H, i.e.,
Re (Au,u) = (Hu,u) > c||u||%, (2.16)

forallu € V and some ¢ > 0, then A~' € BN*, V).

Proof |(Au, u)| > Re (Au, u). m]

2.3 The “Energy” Norm and Dual Hilbert Space

A symmetric form h has lower bound ¢, written ¢ < §, if
blul > cllulld 2.17)

for all u € V. For the corresponding linear operator H :V — V*, defined by
(Hu,v) = blu, v], we write ¢ < H. Assume 0 < ¢ < fj. Then the sesquilinear form
b is an inner product on V. Assuming b (and thus H) is bounded, the induced norm

lul = blu) = (Hu, u) (2.18)

is equivalent to the Banach norm on V, as for all u € V,
M llully < lullg < HH IV ullv - (2.19)
In particular, V is complete under the new metric and thus a Hilbert space. The Lax-
Milgram lemma implies that H has inverse H~! € Z(V*, V) with [|[H™'|| < ¢~

The form defined by H ! is also an inner product, as it is symmetric with positive
lower bound, since, for all f € V*,

H'LH=IH " "fly =cHFIT = ﬁllfll\% : (2.20)
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i.e., c||H||™> < H™'. Note here that the duality pairing is of V** = V and V*. The
arguments above apply also to H ™!, and V* is a Hilbert space under the inner product
defined by H~!. In this case the norm equivalence is given by

172

Cc —
mllfllv»« < fllar < U f lve (2.21)

for all f € V*. By construction, H is the isometric Riesz representation mapping
between these dual Hilbert spaces.

IHullgr = lulle s WH fla =1l (2.22)

Versions of many familiar results involving the Banach norms arise with the
Hilbert space norms replacing the Banach norms. We first consider the generalized
Cauchy-Schwarz inequality |(f, u)| < || f llv+ |u|lv, which is little more than the def-
inition of || f|lv+. We see that

|(fow)l = 10LH " foull < WH ™ fllallulln = 1 a-tllull (2.23)

for all u € V, f € V*, where we have used the Cauchy-Schwarz inequality for the
inner product h. The Hilbert space norms have the following alternative characteri-
zations.

I fllg—+ = sup [(fiw)l, llullzg= sup [(fiuw)]. (2.24)

lullz=1 1A -1=1

By the generalized Cauchy-Schwarz inequality (2.23), || fllz—1 = |(f, w)|for |ul|g =
1, with equality holding foru = H~! f/||H~" f|| ;. This establishes the first identity;
the second may be established by similar reasoning. The characterization of || f|| g-1
in (2.24) is the definition of the norm of the adjoint space, and so we have just proved
that these Hilbert spaces are dual, as previously asserted.

Suppose we have two reflexive complex Banach spaces, V| and V,, and let H, €
ZBN1, V7)) and H, € B(V,, V}) be positive symmetric operators. To refer explicitly
to the norm of 7 as an operator between the Hilbert spaces associated with H; and
H, we will use the notation

I Tull

T e b, =
ueV\{0} el a,

(2.25)

which is the standard definition of the norm of an operator between two Banach
spaces (here with the Hilbert space norms). When H, = H, = H, we will write
simply [Tl -

The norm of the adjoint of an operator is equal to the norm of the operator,

1T g st = 1T by, - (2.26)
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This is just the familiar identity ||7*|| = || T || [2, p. 154], but applied to T considered
as an operator between the two Hilbert spaces, and taking account that 7* is an
operator between the two dual spaces.

2.4 Sectorial Forms

Let us return our attention now to the nonsymmetric operator A, which we shall
assume to have positive real part H > 0. If the imaginary part is bounded by

[€[u]] < (tan@)hlu] , (2.27)

forallu € V, then ais said to be sectorial with vertex 0 and corresponding semi-angle
6 (see Fig.2.1). If A is bounded in addition to having positive real part, then a is
always sectorial, as we may take

tan6 = |K|lg-1 g - (2.28)
This follows from the generalized Cauchy-Schwarz inequality,

lelull = [(Ku, w)| < [ Kullg-llully < 1K a-rallulls; = 1K g mhlul .
(2.29)
We see that the angle 6, which falls in the range 0 < 6 < /2, is a direct measure of
the “nonsymmetry” of A, being a measure of the size of the imaginary part relative to
the real part. Note that & = 0 for positive symmetric A, as was the case for Poisson’s
equation as examined in Sect. 1.1.1, while for the advection-diffusion example of
Sect. 1.2.1, we have on the other hand & — /2 as the diffusion coefficient p — 0.

Fig. 2.1 Sectorial form with
semi-angle 0. The quadratic
form a[u] takes on values in
the shaded sector of the
complex plane

Im afu]

0 Re afu]
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It is easy to construct new Hilbert spaces that “pair” with those associated with
H and H~! to make A an isometry. Consider || Au||g-1.

| Aull3, - = (H ' Au, Au) = (A*H ' Au, u) . (2.30)
Let us construct the norm ||« ||y = ||Au||g-1 by defining
M:=A*H'A=AH 'A*=H+ KH 'K , (2.31)
which follows since A = H + iK while A* = H —iK. Note that 0 < KH 'K =
K*H'K so that H < M, i.e., (Hu,u) < (Mu,u) for all u € V. As for H, we
will occasionally use the notation M4 when we wish to make the dependence on A
explicit. Here we remark that M4 = M 4+. The Lax-Milgram lemma applies to M,
sothat M~ € B(V*, V). Indeed, M~ is the real part of AL
M'=ATTHA =1AT" A+ ANA™* =LA +47). (2.32)

In other words,
Hy = M,"', andhence M, = H;'. (2.33)

By construction, we have the following identities, analogous to (2.22), which state
that A is an isometry between the indicated Hilbert spaces.

lAullgr = llull s DA™ Flle = 1S

- (2.34)
lAully- = lulle . AT Fllg = 1 Fllpr -

These identities remain valid when A is replaced by A*. In any of these identities,
note that H and M may be exchanged—they enjoy a kind of “duality,” though not
in the sense of the dual space. The sectorial semi-angle provides an equivalence
between the two norms. We have
lullg < llully < (secO)|lully (2.35)
for any u. This follows from (2.28) and (2.31), noting that
leell g = lleellfy = 1K ull < (tan6)?(lul, (2.36)
and sec’ 6 = 1 + tan” 6. Dually, by taking u = A~ f we see that
If - = W f -1 = (secO)f llar- (2.37)

for all f € V*.
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By making use of the isometry identities (2.34) and the generalized Cauchy-
Schwarz inequality (2.23), as well as the corresponding one for M, we see that

[(Au, )| < |Aullp-1lvIla = llullalviia

(2.38)
|(Au, V)| < | Ay VI = llullzllviia -

Each member of this symmetric pair of inequalities resembles a Cauchy-Schwarz
inequality, though two norms are involved and the form a is not symmetric. The
weaker result

|(Au, V)| = (secO)llullullvila (2.39)

then follows from (2.35). For the quadratic form, we have
lullyy < (A, )] < flullm el < (secO)lull - (2.40)
These inequalities bounding the quadratic form, apart from the intermediate bound

involving M, can be found in Kato [2, p. 311], and are evident from studying Fig.2.2.
The dual versions of these inequalities are

-1 AN 18l
I(f. A7) = 0 F s gl = (secI fllallglm-r s (2.41)
1A < I AT AL I I f e < (secO) ) flI - (2.42)

These follow from the former by taking u = A~' f, v = A~!g and making use of
the isometry identities (2.34).

Fig. 2.2 When u is

) Im afu]
normalized such that A
lle|lg = 1, the quadratic J/
form a[u] takes on values on )/
the shaded line segment in )/
the complex plane /

l[ullr =1
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2.5 On Energy

Itis perhaps worth pausing to consider the physical significance of the abstract Hilbert
spaces we have been considering. The norm ||u|| g is often called an “energy’ norm.
It is indeed sometimes the case that ||u ||%1 corresponds to a physical energy. For
example, the Poisson equation (see Sect. 1.1.1) can be used to model the condition of
equilibrium for a membrane subjected to some load. In this case ||u|| %1 is the potential
energy of the membrane.

More generally, consider a time-dependent version of Au = f,

Qi+ Au=f, (2.43)

where Q € #(V, V*) is nonnegative symmetric and i := du/dt. For example, if we
take Q to be the operator corresponding to the L? inner product, then for our Poisson
equation example (Sect. 1.1.1) we recover the heat equation, while our steady-state
advection-diffusion example (Sect. 1.2.1) becomes time-dependent. In either case, if
we test (2.43) on u and take the real part, we find

d
— (3llully) = —llullf; +Re (f,u) (2.44)

QU
=

since %Hu”?2 = (Qu, u) + (Qu, u) = 2Re (Qu, u). As we have assumed H > 0,
we can infer that the “energy” ||u ||%2 cannot increase in the absence of a source (i.e.,
f = 0). We can also see that the imaginary part K of A leaves ||u ||%2 invariant. This is
an example of an “energy” method, a technique for analyzing PDEs (see e.g., Evans
[1, pp- 42, 65, 86]). Despite the fact that the Navier-Stokes equations are a nonlinear
and a vector version of the advection-diffusion example, an energy inequality similar
to the above equality nevertheless holds. For that case, u is the fluid velocity vector,
%||u||2Q is the kinetic energy of the fluid, and —||u||12H is the viscous dissipation of
kinetic into thermal energy. That the energy norm does not depend on the imaginary
part K physically corresponds to the fact that the convection transports kinetic energy
without diminishing it.

The M norm does not appear to have any common name. It is the dual to the
“energy” norm associated with A~! (recall M;l = H,-1), but there is no similar
physical significance to attach to it, as, e.g., there is no physically significant analog
of the time-dependent equation (2.43) for A~

It is apparent that the energy norm |[u||3, is useful and has importance in certain
contexts even for nonsymmetric problems. However, for other purposes it is inade-
quate. Returning to the problem we are actually concerned with, Au = f, one might
like to use the Cauchy-Schwarz type inequality (2.39) or the bound on the quadratic
form (2.40) in a convergence analysis of the multigrid method. Unfortunately, these
bounds involve sec 6, and as secd — oo as 8 — /2, they become useless for the
highly nonsymmetric problems that interest us. We can see that this difficulty stems
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precisely from the fact that ||u ||12H is completely independent of the imaginary (non-
symmetric) part of A, which we have just seen to be a useful and significant property
in a different context.

In this chapter, we have reviewed the basic concepts of the abstract setting we
have chosen for the analysis of multigrid methods applied to a nonsymmetric form
defined by an operator A with positive real part H. We have also looked at some
Hilbert spaces associated with A, such as that associated to H and the “energy” norm.
One more such Hilbert space and norm will be investigated in the next chapter, one
associated with a new notion of the absolute value |A| of A, which, unlike H, does
take account of the imaginary part K of A, and which will prove ideal for the multigrid
analysis in the subsequent chapter.
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