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Abstract. In order to incorporate the credit value adjustment (CVA)
in derivative contracts, we propose a set of numerical methods to solve a
nonlinear partial differential equation [2] modelling the CVA. Addition-
ally to adequate boundary conditions proposals, characteristics meth-
ods, fixed point techniques and finite elements methods are designed
and implemented. A numerical test illustrates the behavior of the model
and methods.
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1 Introduction

Since 2007 crisis, when important financial entities went bankrupt, the coun-
terparty risk has become an important ingredient in all contracts. It can be
described as the risk to each party of a contract that the counterparty will not
live up to its contractual obligations. Thus, the neutral risk value of a derivative
must take into account the following adjustments [6,7]:

— CVA: the credit value adjustment is the amount by which the value of a
security is adjusted downward because of the counterparty credit risk

— DVA: the debit value adjustment corresponds to the CVA of the bank, viewed
from the point of view of its counterparty

— FVA: the funding value adjustment represents the difference between a collat-
eralized and uncollateralized trade. Moreover FVA = FBA —-FCA, where FCA
is the adjustment due to existence of funding costs by the issuer, and the FBA
is the adjustment due to the liquidity produced by the evolution in this value.

Thus, including counterparty risk in the pricing of derivatives represents an
important change in the existent risk-free pricing models. In particular, you can
formulate nonlinear partial differential equation (PDE) models which have to be
mathematically analyzed and solved by means of numerical methods.

Our goal is to calculate the value of derivatives, accounting for all the associ-
ated cash flows that come from the derivative itself, the act of hedging, and the
management of default risk and funding cost. We will refer to all value adjust-
ments as XVA, which is defined by:

XVA=DVA—-CVA—-FCA+FBA=DVA-CVA+ FVA.
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In this work, we first propose boundary conditions for a one dimensional
model [2], considering constant default intensities. Then, we propose a set of
numerical methods (characteristics methods, fixed point techniques and finite
elements) to achieve approximations of the solutions and a numerical test is
solved.

2 Mathematical Model

In a first step, following [2] we hedge the derivative with a self-financing portfolio
which covers all underlying risk factors of the model. Let us assume a portfolio
IT consisting of:

A(t) units of the underlying S,

ap(t) units of Pg, a default risky, zero-recovery, zero-coupon bond of party B
— a¢(t) units of Pe, an analogous bond for the counterparty C

— ~ units of cash, which is made up of a financing amount, cash needed to buy
a position in C’s bond and a REPO amount, such that the portfolio value at
time ¢ hedges out the value of the derivative contract to the seller.

Thus,

f‘A@ =1II; = AS; + apPp, + acPc, + 7.
Imposing the self-financing feature of the portfolio, we deduce:
dll; = AdSy + apdPp, + acdPe, + (r’y}' + TEYE — TYPe — TRYR)AL;

then, applying Ito’s Lemma and eliminating all risks in the portfolio we obtain
the PDE modelling the value of the derivative including the counterparty risk:

8tV+AtV—7“V: ()\B+)\0)V+SFM+
— Ag(RgM~ —|—M+) —)xc(RcM++M_)

V(T,S) = H(S),
where the parabolic differential operator A; is given by:
1 5,0V ov
AtV_QGSaSQ 7‘3585,

and Ap and A\¢ are constant default intensities from the counterparties, R and
R¢ are the constant recovery rates of the two counterparties, sp is the funding
cost of the entity and M represents the Mark-to-Market value of V at default.
We consider two scenarios for the determination of the derivative Mark-to-
Market value at default, namely that recovery is either on the total risky value
or on the riskless value. Thus, according to the M value, two PDEs are obtained:

— if M =V, we obtain the nonlinear PDE:

8tf/ + .Atf/ — TV = (1 — RB))\B‘A/7 + (1 — Rc))\cf/Jr + SFVJr
V(T,8) = H(S),
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— if M =V, the following linear PDE is obtained:

OV + AV — (r+ g+ o)V

= *(RB)\B + )\C)V7 - (Rc)\c + )\B)V+ + SFVjL
V(T,8) = H(S),

where H(S) represents the pay—off of the derivative. European vanilla call and
put options and forwards have been considered.
As we aim to compute the value of adjustment, risk derivative value is writ-
ten as:
V=V+U,

where U is the total value adjustment and the risk-free value, V', satisfies the
classical Black—Scholes equation without counterparty risk:

{@V+Aﬂnwvzo Q)

V(T,S)=H(S).
Thus, the total value adjustment PDE is obtained:

—if M= V7 we get a final value problem governed by a nonlinear PDE:

atU+AtU —rU = (1 — RB)AB(V+ U)i
+ (1 — Rc)Ac(V + U)+ + SF(V + U)+
U, S) =0,

— if M =V, an analogous linear problem is deduced:

U + AU — (7“ + A+ Ac)U = (1 — RB)/\BV7
+ (1 — Rc))\cv+ +spVt
U(T, S) = 0.

In both cases, variable S belongs to the unbounded domain [0, +00), while ¢ lies
in [0, 7.

By using Feynman—Kac theorem, we obtain the total value adjustment (XVA)
in terms of the expected value:

—ifM =V,
T
U,S)=-01- RB)/f A (W) Dy (t, w)Ey[(V (u, S(u)) + U(u, S(u))) " Jdu
T
-(1- Rc)/t Ac(u) Dy (t, w)Ee[(V (u, S(u)) + U(u, S(u)))]du

ilsﬂma@wmﬂvmsm»+Umsmmﬂm, @)
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M=V,
U0.8) =~ (1~ Ba) [ Ap(0D, ng a0 (B 0V S0t
(- Re) | ) Drrg ro (B (V (1, S

- / 50(0)Dy-ay e re (6 B[V (u, S(00)) ] 3)

where the three lines of (2) (or (3)), from top to bottom, correspond to DVA,
CVA and FCA, respectively.

3 Numerical Methods

In order to solve the previous models, different numerical methods are proposed.
In particular, a finite elements method is used for spatial discretization; thus,
the truncation to a spatial bounded domain is required and adequate boundary
conditions have to be deduced.

We will focus on the nonlinear problem, although similar methods are used
in the linear one.

In any case, the change of variable 7 = T — ¢ is considered in order to write
the following initial condition problem:

ou  o% ,0*U ou

-~ 2% g57 g5tV
=—(1-=Rp)Ag(V+U)" —(1—=Rc)\c(V+U)" —sp(V+U)*T

U(0,8) = 0.

(4)

3.1 Characteristics Method

Analogously to other advection—diffusion equations, we use a characteristics
method [11] for time discretization. Thus, we consider the material derivative:

DU _0U  0U 95
Dr  O0r 0S8 Or
so that we can write our equation as:
DU o2 0 50U
DT_zaS(S as)*”f—

=—1-Rp)Ag(V+U)” = (1 = Re)Ac(V + U)Jr —sp(V + U)+.
The use of characteristics for time discretizations leads to:
U71,+1 _ Un o Xn 0.2 8 9 aUn—i-l
AT 2 08 oS

— (1= Re)Ac(V 4+ Un+1)+ —sp(V + Un+1)+ )

)+w{m+1=-41—zmgABU/+Lm+U—
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where U"(-) ~ U(7", ) and x™ = x(S, 7""1; 7") satisfies the final value problem:

0
Sr = (0% 47 — g )x(7)
() = S.

The solution of this problem is
x(S, 7" 1) = Sexp((rg — 0?) A7),

so that we can evaluate U™ o x™ at each step of (5).

3.2 Fixed Point Scheme

In order to solve the of nonlinear Eq. (5) at each iteration of the characteristics
method, we propose a fixed point algorithm. Thus, the global scheme can be
written in the following way:

Let N > 1, ¢ >0, U° given.
Forn=0,1,2,...
Let Um0 = [/
For k =0,1,2,..., U*LF+1 is computed to satisfy:

(14 rAryuriie _ AT O ( , QU LR

2 S as ) =Ulox
_Ar [(1 _ RB))\B(VTLJrl 4 Un-‘rl,k)—
+ (1= Ro)Ac(VPHL 4 Untbkyt 4 sp(vntl L gntliy+] o (p)

until [|[UWFHL — UF|| < e

3.3 Boundary Conditions

As previously indicated, we will use finite elements to discretize the previous
equations. Thus, we need to truncate the unbounded domain [0,+00) into a
bounded one.

We will assume S € [0, Soo], where So, > 0 is large enough. Let us introduce
function f, defined by:

fU,V)=(1—=Rp)Ag(V+U)" + (1 —Rc)Ac(V+U)" +sp(V+U)T.
The left boundary condition is obtained just by replacing S = 0 in (4):
o.U+rU=—-f(UV);
this equation is approximated by an implicit Euler method:

U™H0) = U™(0) + Arr U™HH(0) = — A7 f(U1(0), VH(0)),
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so that the nonhomogeneous Dirichlet boundary condition is obtained for each
step of the global algorithm:

U 0) = S (U7(0) = A7 [(1 - Re)An(V™H0) + UM 0)

+ (1= Ro)Ac(VH0) + UM (0)F + sp (VP (0) + U 1R (0))F]) .

In order to deduce the boundary condition at S = S, we multiply Eq. (4)
by S~2; thus, when S tends to infinity the following condition is obtained:

LU
S0 D92

Then, following [5], we consider a solution of the form

=0.

U= Hy+ H,S,

where Hy and H; are constant coefficients. By introducing this expression into
each fixed point iteration, two simpler ODEs are obtained and the nonhomoge-
neous Dirichlet condition is posed:

= o (U en)(5x)

— A7 [(1 = Rp) (V" (Sac) + U™HF(S0)) ™
+ (1= Re)Ac (V" (Sa ) U"“ F (9T
+ sp(V" T (Se) + UMTHR(S)T]) (7)

Un+17k+1(500) — Hin+1,k+1SOO

3.4 Finite Elements Method
We can now proceed with the spatial discretization. For this purpose, let us
consider the functional spaces:
HY(0,8x) = {p € L*(0, 5 )/* € L*(0, Sx)}
W = Hy(0,Sx) = {p € H'(0,55)/(t,0) = 0, p(t, Soc) = O}

If we multiply both members of (6) by a function ¢ € V and integrate on
[0, S5 ], the variational formulation consists in finding a function U™t € W such
that:

S S
n+1 o 2
(1+7“AT)/0 U™ edS AT/O 85’( S 35 )LpdS

Soo oo
- / (U™ 0 X")(S)pdS — Ar / FOL V)0 dS, Y e W
0 0

Since W is an infinite dimension functional space, a finite dimension subspace
W, is built. For this purpose, we consider a uniform finite element mesh. Let
M > 0 such that

Soo — S0

=

>0,



CVA Computing by PDE Models 21

and Sj :So+jh fOI"jZO,...,M—I—l.
Let us define the functional spaces

Wi = {¢n:(0,5) = R/ wn € C(0,5x), ¥rls;,s,41) € P1}
Who = {¢n € Wi/ ¢1(0) = 0,1(Sx) = 0}.

The discrete problem consists in finding U, [ZH € W, such that:

S S n+1
. = 9 (o* 50U
(1+7”AT)/O Uh+1cphdeAT/ 7S < 52 3}25' >g0hd5

0
Soo oo
- / (U7 0 X")(S)gn dS — Ar / FUIHL VT g dS,
0 0

forall ¢, € Wy 0. Applying Green’s formula and classical properties of integrals,
we obtain:

M Sjt1 M Sit1 2 6U7),+1 o
ntl, " 29, h
jg_o(l—’_rAT)/s- U, dS+JEOAT/§J (25 35 ) anS

J+1

J+1
72/ (U o x™)pndS — ZAT/ SOV 0pdS,  (8)

where U, [L"H and cpZ'H are polynomials of degree less or equal than one on each
interval [S;, S;41].
We have thus deduced a system of linear Eq. (8), that can be written as:

{(1 +rAT)A} + ATU2A2} Uy, = by, — ATbZ,

where matrices A,ll and A}% and vectors b}b and b}% are built by conveniently
assembling the contributions of each element. Moreover, adequate quadrature
formulae are used in order to approximate each integral. More precisely,

Al k(21
-] ~ —
[Ah_ T 6 [12]

21 2 1 -1
|:Agz_ %;ZOWZ'(SJ"F}L]':EO2 |:_1 1:|

7

1t St =S oy (i1 S5 (1
] = 2B (B ) ()

[bﬂ ~ Sit1 = 5; ( FU(S;), VHL(S))) )
h_ 2 f(Un+1(Sj+1)’Vn+1(Sj+1)) )

where Simpson, three node Gaussian, midpoint and trapezoidal formulae have
been respectively used.
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4 Numerical Results

In this section, one problem is simulated and the behaviour of the XVA is ana-
lyzed. We first study the error and order of convergence of the applied numerical
methods, for which we take advantage of the analytic solution of the XVA prob-
lem in particular cases. If M = V and considering funding cost, sp = (1—Rp)Ap,
the analytical solution is:

U(t,S) = —(1 —exp(=((1 = Rp)Ap + (1 = Ro)Ao)(T = 1)) V(£ S).

As we can observe in Table 1, the order of convergence obtained with the discrete
norm L>((0,T) x L?([0, Sx])) is one.

Table 1. Relative errors in norm L ((0,T) x L?([0, Ses]), convergence ratios and order.
Example with finite elements scheme. The input parameters are £ = 15, S € [0,4FE],
r = 0.03, rr = 0.015, 0 = 0.25, t € [0,5], Ap = 0.02, A\c¢ = 0.05, Rg = 0.4 and
Rc =04

Time step | Space step | Error R Order

400 50 0.02232872 | - -

800 100 0.01192059 | 1.87312280 | 0.90544548
1600 200 0.00617545 | 1.93031711 | 0.94883787
3200 400 0.00315299 | 1.95860211 | 0.96982435
6400 800 0.00160323 | 1.96665313 | 0.97574253

We show in Figs. 1 and 2 the XVA value as a percentage of the risk-free value,
V. We can see the relevance of the choice of the mark-to-market value at default
(either V or V'), as well as the funding cost.

Counterparty hazard rate, 7..= 0.0% Counterparty hazard rate, A..= 25%

XVA (% of V)

5% o :
8% 05% 1% 15% 2% 26% 3% 35% 4% 45% 5% Moo 0% 1% 15% 2% 25% % 0% % 45% 5%
Seller hazard rate, 1 Seller hazard rate, 7

Fig. 1. CVA in the cases M = Vand M =V for A\c = 0% and A\c = 2.5% int =0
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Counterparty hazard rate, .= 5.0%

XVA (% 0f V)

0 .
o 08 1% 15% % 25% % 35% 4% 4s% 5%
Seller hazard rate, 7,

Fig. 2. CVA in the cases M =V and M =V for A\c =5% int =0

5 Conclusions

In this work, we have assessed the derivative value taking into account different
adjustments in the risk-free value. Models are posed when V' depends on one
stochastic factor, S.

To solve this problem, different numerical methods have been applied. We
have analyzed one example where we can observe the relevance of considering
different kinds of risks and funding cost regarding risk-free value, as well as the
performance of the numerical methods.

Therefore, we can conclude the significance of taking into account different
adjustments. As a result, a new valuation framework of derivatives is created,
where both types of financing and counterparty risk must be considered.
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