CHAPTER 2

Methods of constructing topological vector spaces

In this chapter we consider projective limits (in particular, products) of fami-
lies of topological vector spaces, inductive limits (in particular, topological direct
sums) of families of locally convex spaces, including strict inductive limits and in-
ductive limits with compact embeddings, tensor products of locally convex spaces,
and nuclear spaces.

Throughout this chapter the symbol K denotes (if it is not explicitly stated
otherwise) the field of complex or the field of real numbers; it is assumed that all
considered vector and topological vector spaces are spaces over K.

2.1. Projective topologies

We define projective limits for topological vector spaces, but the construction
applies to general topological spaces.

2.1.1. Definition. Let E be a vector space and let 2 be some index set.
Suppose that for every a € 2 we are given a topological vector space E, and a
linear mapping g.: E — E,. The projective topology of the family of spaces
{E.} with respect to the family of mappings {9} is the weakest topology in E
with respect to which all mappings {g.} are continuous. The projective limit of
the family { E, } with respect to the family of mappings {gs} is the vector space E
equipped with this topology.

We verify that the topology in this definition is well-defined, i.e., we prove
that the projective topology of the family of spaces { E, } with respect to the family
{ga} of mappings exists. The proof is an explicit description of this topology. For
every index o € 2 let W, be the class of all sets of the form g, ~*(V'), where V is
an open subset in E,. Set W = o Wa. Then the collection P of the intersections
of all possible finite families of sets from V forms a base of a topology 7 in E
possessing the required properties, i.e., the weakest topology ¢ in E for which all
mappings g.: (F,t) — E, are continuous.

In order to see this, we have to verify the following assertions:

(1) P is a base of some topology 7 in E; (2) all mappings g.: (FE,7) — E,
are continuous; (3) the topology 7 is majorized by every topology ¢ in E for which
all mappings g.: (F,t) — E, are continuous.

The validity of (1) follows from the fact that the intersection of every finite
collection of subsets from P belongs to P, so that the collection of all subsets
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of the space E each of which is the union of some family of sets in P forms a
topology. It will be denoted by 7. It is clear that P is a base of this topology (the
family W is a prebase).

If now a € 2 and V is an open subset in F,, then g; ' (V) e WC P Cr
by the definition of W, P and 7, so that the mappings g.: (E,7) — E, are
continuous, i.e., (2) holds.

Let us verify (3). Let ¢ be a topology in E such that for every a € 2 the
mapping g,: (E,t) — E, is continuous. Then every set in W is open in t, i.e.,
we have W C t. Hence 7 C t by the definition of 7.

2.1.2. Remark. So far we have never used that for every a € 2 the topology
of the space E, agrees with the structure of a vector space and that all mappings g,
are linear, as well as that E' and E,, are vector spaces. Thus, the definition of the
projective limit is meaningful and remains correct without these assumptions (i.e.,
in the case where F is an arbitrary set, { E, } is an arbitrary family of topological
spaces and {g, } is an arbitrary family of mappings from E to E,).

2.1.3. Proposition. Under the assumptions of Definition 2.1.1 the projective
topology T agrees with the vector structure of the space FE.

PROOF. This follows from Corollary 1.2.9. Indeed, all E, are topological
vector spaces, all mappings g, are linear. Hence every family of sets W, is
invariant with respect to translations; then the families WV and P are also invariant
with respect to translations, hence the topology 7 is invariant as well.

Further, by the very definition of the topology 7 the set O of all subsets of
the space F/ each of which is the intersection of some finite family of sets of the
form g '(V'), where V' is an open circled neighborhood of zero in E,, is a base of
neighborhoods of zero in the topology 7, moreover, this base possesses properties
(1) and (2) from Proposition 1.2.2. Hence by Corollary 1.2.9 the topology 7 agrees
with the structure of a vector space. (]

The term the “projective limit” is often used for a more special construction
(which will be discussed below); on the other hand, projective topologies in our
sense are also called “initial”.

2.1.4. Proposition. If in Proposition 2.1.1 all topological vector spaces E,,
are locally convex, then the topology T is locally convex as well.

PROOF. The justification is similar to the proof of Proposition 2.1.3; we have
only replace the words “an open circled neighborhood” by the words “an open
convex circled neighborhood”. (|

2.1.5. Proposition. Let E be a topological vector space that is the projective
limit of a family {E,: o € A} of topological vector spaces with respect to linear
mappings {go.: @ € A}. A mapping f of an arbitrary topological space G to the
topological vector space E is continuous at a point x € G precisely when for
every a € U the mapping goof: G — E, is continuous at this point.

PROOF. Since the composition of continuous (at the corresponding points)
mappings is continuous, it suffices to prove that the continuity of the mappings
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gao f (o € ) implies the continuity of f. Let V be an open neighborhood of
the point f(x). We have to show that there exists a neighborhood W of the point
x such that f(W) C V. By the definition of the projective topology there exist
indices asq, ..., a, € 2 and open subsets V1, ..., V,, of the spaces E,,,..., E,,
for which f(z) € N/, 95" (Vi) C V. Since every mapping ga, o f is continuous,
there exists an open neighborhood W; of the point x such that (ga of)(W;) CV;
for every index ¢ € {1,2,...,n}. This means that f(W;) C g, '(V;) for every
such i. Hence f(N;W;) C g5 (V;) for all 3. Therefore, if W = (;_; W;, then we

have f(W) C N2, 92,1 (Vi) -

If E is a locally convex space and p is a continuous seminorm on FE, then
the symbol E,, or (E,,p) denotes the normed space defined as follows: the vector
space F, is the vector factor-space of the vector space E by its subspace p~1(0);
in addition, p is the norm on F), defined as follows: if z € F, and z; is a
representative of the class , then p(x) = p(z1).

Note that the canonical mapping g,: £ — E, is continuous as the composi-
tion of two continuous mappings: the identity mapping of the space E equipped
with the original topology to E equipped with the topology defined by the semi-
norm p (the latter is denoted by the symbol (F, p)) and the canonical mapping of
(E,p) to the quotient E, (actually this is the same mapping g,,, but considered as
a mapping from (E, p) to the space E,).

A general projective limit is a very universal object.

2.1.6. Proposition. Every locally convex space E is the projective limit of
the family {E,: p € P} of normed spaces with respect to the canonical mappings
{g9p: p € P}, where P is the set of all continuous seminorms on E.

PROOF. This follows from the fact that every locally convex topology is de-
fined by the set of all continuous seminorms on this space. (]

2.1.7. Remark. A similar proposition is valid for arbitrary topological vec-
tor spaces (i.e., spaces that are not locally convex). It suffices to replace the
word “seminorm” by the word “quasi-norm” and the word “normed” by the word
“metrizable” in the formulation of the proposition above.

2.1.8. Remark. For every seminorm p on £ we denote by &, the Banach
space serving as the completion of the normed space £,. It follows from the
previous proposition that every locally convex space is the projective limit of
the family of Banach spaces {€,} with respect to the corresponding canonical
mappings. A similar proposition is valid for arbitrary topological vector spaces,
i.e., not necessarily locally convex (in this case the role of Banach spaces is played
by complete metrizable topological vector spaces).

2.1.9. Remark. If 7 is the projective topology in a vector space E with
respect to a certain family {E,: o € 2} of topological vector spaces and linear
mappings {go € L(E,E,): a € 2}, then in order that 7 be separated, it is
necessary and sufficient that for every nonzero element x € E one could find
« € 2 and a neighborhood of zero V,, in E,, such that g, (z) ¢ V,,. In particular,
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if all topological vector spaces E, are separated, then in order that E be also
separated, it is necessary and sufficient that for every nonzero element z € E one
could find an index « € 2 such that g,(z) # 0. Both assertions follow directly
from the definition.

2.2. Examples of projective limits
Let us consider some examples of projective limits.

2.2.1. Example. (The least upper bound of a family of topologies in a vector
space.) Let E be a vector space and let 2 be an index set such that for every
a € 2 we are given a topology 7, in E' compatible with the structure of a vector
space. Then there exists a topology 7 in E that is the least upper bound of the set
{Ta: a € A} in the set of all topologies in F, i.e., the weakest among topologies
in ' each of which majorizes every topology 7. The topology 7 agrees with the
structure of a vector space and is locally convex if so are all 7.

Indeed, the required property holds for the topology of the projective limit of
the family of topological vector spaces {E,: « € 21} with respect to the family
of mappings {g.: « € A}, where for every o € 2 we take FE, = (F,7,), and
Jo 1s the identity mapping of the space E. The locally convex case follows from
Proposition 2.1.4.

2.2.2. Example. (Subspaces, see Example 1.3.10). Let E be a topological
vector space, let E; be its topological vector subspace (i.e., a vector subspace
equipped with the induced topology), and let g: E; — E be the canonical em-
bedding. Then Ej is the projective limit of the one-element family of topological
vector spaces { £} with respect to the one-element family of mappings {g}.

2.2.3. Example. (The product of topological vector spaces.) Let 2 be a
nonempty set and let (F,,7,) be a topological vector space, @ € 2. Let E be
the vector space that is the product of the family of vector spaces {E,: «a € 2}.
Thus, the set of elements of F is the set of all functions f on the set 2 with values
in the set | J, o Fo such that f(a) € E, for every a € 2; the structure of a
vector space in F is introduced by the relations

(Afr+ A2 f2)(@) = A fi(@) + Aafa(@), A, A2 €K, fi, f2 € E.

For every a € U let pr,, denote the projection of E onto E, defined as follows:
if f € E, then pr,(f) = f(«). The topology (in E) of the projective limit of the
family {F,: a € 2} of topological vector spaces with respect to the family of
mappings {pr,: « € A} coincides with the topology of Tychonoff’s product; this
follows from their definitions. Throughout the product of a family of topological
vector spaces will be understood as their product of vector spaces equipped with
the Tychonoff product topology; if {G,} is the corresponding family of topologi-

cal vector spaces, then the symbol [, o G Will denote their product.

2.2.4. Proposition. Suppose that E is the projective limit of a certain family
{Es: a € A} of topological vector spaces with respect to a certain family of
mappings {go € L(E, E,): a € A}; assume that its topology is separated. Then
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FE is isomorphic — as a topological vector space — to some topological vector
subspace in the product G of a family topological vector spaces {E,: «a € 2U}.

PROOF. The mapping ¥: E — G defined by: ¥(z)(«) = go(z) is linear by
the linearity of all g,. This mapping is injective, since, due to the assumption that
E is separated, for every x € E there exists a € 2 such that g, (z) # 0. Further,
for every a € 2 the composition pr, oW coincides with the mapping g,, hence is
continuous. By Proposition 2.1.5 the mapping V¥ is continuous. For completing the
proof it remains to verify that the mapping ¥=!: W(E) — F is also continuous
(assuming that the vector subspace W(E) of the space G is equipped with the
topology induced by the topology of the space (). For every index a € A
the composition of the mapping ¥~! taking the element g(z) (i.e., the function
a — gq(x)) of the space ¥(E) to the element « € E and the mapping g,, coincides
with the restriction to U(E) of the projection mapping pr,: g(x) — go(x) and
hence is continuous by the definition of the product topology. Hence — again by
Proposition 2.1.5 — the mapping ¥~! is also continuous. Thus, the mapping ¥ is
a linear homeomorphism of E onto the topological vector subspace WV (E) of the
space [ [, Fa. O

2.2.5. Corollary. Every Hausdorff locally convex space E is isomorphic to
a topological vector subspace of the product || E,, where P is the set of all
continuous seminorms on E.

peP

This fact follows from Propositions 2.1.6 and 2.2.4.

2.2.6. Example. (Weak topologies, Example 1.3.23). Let E be a vector
space, let G be a vector subspace in E*, and, for every g € G, let E; be a copy
of the field K considered as a one-dimensional topological vector space (over the
field K). Then the topology of the projective limit of the family of topological
vector spaces {Ey: g € G} with respect to the family of mappings {g: g € G}
is the weak topology in £ defined by the elements of the set G.

2.2.7. Example. (Limits of inverse spectra of topological vector spaces.) Let
A be a directed set. A family {F,: « € U} of topological vector spaces is called
the inverse spectre of topological vector spaces E,, if, for every pair of indices
o, € A with a < 3, a continuous linear mapping ¥.g5: Eg — E, is given.
The limit of such inverse spectre is the topological vector subspace in the product
I, Ea denoted by the symbol @Ea and consisting of elements g € [], Ea

such that g(a) = 9439(F) whenever o, 3 € A, a < 3. For example, if Eg C E,
whenever a < 3 and the natural embedding E3 — E, is continuous, then ﬂa FE,
is the limit of the inverse spectre of the spaces F,.

Every topological vector subspace of the product of an arbitrary family of
topological vector spaces is the projective limit of this family with respect to the
family of mappings of the regarded space to the factors that are the restrictions of
the projection mappings of the product to these factors. Therefore, in particular,
the space h;n FE, is the projective limit of the family of topological vector spaces
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{Es: a € A} with respect to the family of mappings that are the restrictions of
the corresponding projections.

Note also that by the continuity of the mappings 1,3 the topological vector
space @Ea is a closed subspace in the product []  E, (verify this). Since, in

addition, any closed subset in a complete topological vector space is complete,
and the product of an arbitrary family of complete topological vector spaces is
a complete topological vector space, the limit of an inverse spectre of complete
topological vector spaces is a complete topological vector space. An analogous
assertion is valid also for quasi-complete topological vector spaces.

Let us introduce one more interesting class of spaces.

2.2.8. Example. (Countably normed spaces.) This term is used for locally
convex spaces that are limits of inverse spectra of Banach spaces possessing the
following properties: (a) the index set is the set of natural numbers with its usual
order; (b) all mappings ,,; (defined for j > n) are injective.

The notion of a countably normed space was introduced by Gelfand and Shi-
lov [193] by means of another definition: in their book a topological vector space
is called countably normed if it is locally convex, metrizable, complete, and its
topology can be defined by a countable family of compatible norms. Here two
norms on a vector space F are called compatible if every sequence of elements
in this space that is Cauchy with respect to both norms and converges to zero with
respect to one of them must converge to zero with respect to the other.

As an example of incompatible norms on an infinite-dimensional Banach
space X we can take the original norm || - || on X and the norm = — ||z|| +|i(z)],
where [ is any discontinuous linear functional on X. Then one can always find
vectors x, € X such that ||z,|| — 0 and I(z,,) = 1.

We shall call our definition of countably normed spaces Definition I, and the
definition from the book [193] will be called Definition II.

We now show that these definitions are equivalent. First we show that the
requirements of Definition I imply the requirements of Definition II. Thus, let
us consider the inverse spectre {E,,: n € IN} of Banach spaces satisfying the
conditions in Definition 1.

For every j € IN, the norm of E; will be denoted by the symbol || - ||,. Since
all mappings ,;: F; — E, are injective, every space F, can be identified as
a vector space with a subspace of each space E; (: < n) with smaller indices.
Thus, replacing the words “is a vector subspace” by the symbol CC, we obtain
the following chain of relations:

---CCPE,CCE, 1 CC---CCE.

Here the mappings 1);, will coincide with the corresponding (identical) embed-
dings. We emphasize that in general the spaces E, are not topological vector
subspaces of the spaces E; with smaller indices j, they are merely vector sub-
spaces.

Therefore, the space {iﬁlEn can be identified as a vector space with the

intersection (), E, of the spaces E,. Indeed, g € lim E,, precisely when for
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all j > n we have the equality v,,;(g(j)) = g(n). Since t,; is an embed-
ding, these equalities actually mean that g(1) = ¢(2) = --- = g(n) = ---,
so that a natural identification of lim £,, and ), £, can be defined as follows:

g €limE, < g(1) €N, En.
Thus, we have shown that lim E,, coincides with (), E,, as a vector space.
As we have observed before Example 2.2.8, the topology of the space lim F,

is the topology of the projective limit of the family of topological vector spaces
{E;: j € IN} with respect to the family of mappings that are the restrictions to
@En of the mappings pr;: [[, En, — E;. Identifying @En and (), E,, we
can assume that the mappings pr; are defined on (), E,; each of these mappings
is an embedding into the respective space; say, pr; coincides on [, £, with the
identical embedding in;: (), £, — E;. Hence if we equip (), £, with the
topology 7 of the projective limit of the family of Banach spaces {E,,: n € IN}
with respect to the mappings in;, then the identification of the spaces @ FE, and

., £n described above will be their identification as topological vector spaces.

It follows from Definition I that the topology of the projective limit in (,, E,,
defined above is given by the family of norms | - ||,, (more precisely, by the
restrictions of these norms to (), E,,). We show that these norms are compatible.
Suppose that a sequence {1} C [, Er is Cauchy in both norms || - ||;, || - [|»
and ||zg||, — 0. If n > 7, then the relation ||xy||; — O follows from the continuity
of the embedding v;,,: E, — E;. If n < j, then {x}} converges to some z in
E; by the completeness of E;, which gives the equality z = 0 by the continuity
and the injectivity of t,,;. Thus, it is shown that the space ([,, En, 7), hence also
the space lim FE,, that coincides with it, is a countably normed space in the sense

of Definition II.

Suppose now that the space F satisfies the conditions of Definition II and
let {p,;} be compatible norms defining the topology of this space. Replacing, if
necessary, the norms p; by the norms p} = > pn (which define the same
topology) and keeping the previous notation we can assume that for all z € F
and n we have p,, (z) < pn+1(x); the consistence of norms is preserved.

Further, let F,, be the completion of E with respect to the norm p,,, n € IN.
For each pair n, j € IN we define a continuous linear mapping ¥y, p+;: Eny;— Ep
as the extension by the continuity of the identity mapping (such an extension exists
according to Proposition 1.7.14).

The consistency of our norms yields the injectivity of these mappings, i.e., the
equality z/zn,nﬂ»(;v) = 0, where = € E,,;, yields that z = 0. Indeed, there exists
a sequence {z;} C E converging in FE,y; to . This sequence is fundamental in
the norm p,, j, moreover, p,(x;) — 0, since ¥, ,,+;(z) = 0. By the consistency
of these norms p,,4;(x;) — 0, whence z = 0.

Thus, the family {E,,: n € IN} of Banach spaces forms a spectre with respect
to the injective mappings {¢,,s: n < s} (¥, is the identity mapping of E,, to E,,,
which, as above, is assumed to be an embedding of vector spaces).
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As we have shown above, the space lim F,, can be identified with the vector

space (), En equipped with the topology defined by the family of norms p,,.
Thus, for the proof of the fact that E is a countably normed space in the sense of
Definition I, it remains to verify that the set (1), E,, coincides as a vector space
with F.

Since the inclusion E C (), £, is true by definition (all spaces F,, are com-
pletions of E), we have to prove the opposite inclusion. Let x € [, E,. This
means that for every n € IN there is a sequence {x”} C E,, converging to x in E,,
i.e., in the norm p,. Then we can choose a “quasi-diagonal” sequence {xj (n) }
converging in every space F,, hence fundamental in every norm p,,. Since they
define the topology in F, this means that the sequence {x;’(n)} is Cauchy in FE
and by the completeness of E it converges to some element z € E. This sequence
converges to z also in the space E; (being converging in F, it converges in every
norm p,). However, {x?(n)} is a subsequence of the sequence {z]} converging
to x in E; and hence also converges in this space to . Thus, z = z, i.e., x € E.
This completes the proof of the equivalence of both definitions.

2.2.9. Remark. Let us note the following fact established in Example 2.2.8.
Suppose we are given a sequence of embedded Banach spaces E, 1 CC FE,, (as
above, the symbol CC means that the left space is a vector subspace in the right
space), where all embeddings are continuous. Such a family can be regarded as the
inverse spectre of these spaces the index set of which is the set of natural numbers
and the role of the mappings 1/,,; is played by the embeddings.

Then the limit of such inverse spectre is (as a vector space) the intersection of
all spaces F,, and its topology is defined by means of the restrictions to (), E,, of
the norms p,, of the Banach spaces E,,.

2.2.10. Example. Certainly, not every Fréchet space is countably normed.
For example, the countable product of the real lines IR* is not, since on it there
are no continuous norms at all (every neighborhood of zero in this space contains
some infinite-dimensional vector subspace).

2.2.11. Example. More interesting is the fact that even a Fréchet space whose
topology is defined by a countable collection of norms need not be countably
normed (observe by the way that in order the topology of a locally convex space,
not necessarily metrizable, could be defined by a family of norms it is sufficient
that this space had at least one continuous norm).

A Fréchet space in question can be defined as follows. Let E be the space of
all continuously differentiable real functions f on the real line with the following
property: |f(¢)| + |f/(t)] — O as |t| — oo. For every natural number n denote by
Ppn the norm on E defined by the equality

pa(f) = max |f(t)] + max \f @)

telR?! te[—r

+max{|f’(r+1/(2k))’: r€Z; r] >mn; kzl,?,...,n}.
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Let 7 be the topology in the space E defined by the countable family of norms
P ={pn: n € IN}; then (E, 7) is a Fréchet space.

We show that on this space there exists no countable family of compatible
norms defining its topology. First of all, no two norms in the family P are com-
patible (verify this!).

Suppose now that E possesses a family P; of compatible norms defining the
topology of E. We can assume that these norms are increasing, so that the set
of the corresponding balls {z € E: g;(x) < €} is a base (not only a prebase)
of neighborhoods of zero. Let ¢ € P;. Then there exist two distinct norms
Pji,Pj» € P such that ¢(x) < Cpj, (z) < Cpj, () for every z € E, where C' > 0
is some number. We can assume that C = 1. Certainly, the norms p;, and p;, are
not compatible . We can also find a norm ¢’ € P; and a norm p;, € P for which
q' < C'pj,, so that without loss of generality we can assume that

q(z) < pj, (z) < pj,(z) < ¢(x) <pj,(x) forallz e E.

Certainly, the norms p;, and p;, are not compatible as well.

We now show that the norms ¢ and ¢’ are not compatible. Let {a,} be a
sequence of elements in E fundamental in the norm p;,, hence also in the norms
p;j, and pj,, and converging to zero in the norm p;,, but not converging to zero
in the norm p;, (hence in the norm p;,). The fact that the topology 7 cannot
be defined by a family of pairwise compatible norms is implied by the property
of P that, for every three norms p;,, p;,, pj; With p;; < p;, < pj,, there is a
sequence converging to zero in the first norm, fundamental in all the three norms,
but not converging to zero in the last two norms. Since pj, (a,,) > ¢(a,), we have
¢(an) — 0. By the inequality ¢’ < p;, the sequence {a,} is fundamental in the
norm ¢'. Finally, the inequality p;, < ¢’ yields that it cannot converge to zero in
the norm ¢/, since otherwise it would converge to zero in the norm pj,.

Note also that the relation | f(¢)| + | f'(¢)| — 0 as |t| — oo, which is valid for
every function f € E, yields that the space (F, ) is separable.

2.3. Inductive topologies

The concept of an inductive topology is dual to that of a projective topol-
ogy, but the corresponding results related to one or the other topology are not
completely symmetric; the nature of this asymmetry will be clear below.

2.3.1. Definition. Let E be a vector space and let 2 be a nonempty index set
such that for every o € A we are given a locally convex space E, and a linear
mapping go.: Eo — E. The inductive topology of the family of spaces {E,} with
respect to the family of mappings {9} (more precisely, the inductive topology in
the category of locally convex topologies) is the strongest locally convex topology
in E with respect to which all mappings g., are continuous. The inductive limit of
the family { E., } with respect to the mappings {g. } is the vector space E equipped
with this topology. Notation: E = ind, E,.

2.3.2. Remark. (i) Let V be the set of all convex circled absorbent sets V'
in the space E such that g, '(V) is a neighborhood of zero in E,, for each a€2l.
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Then V is a base of neighborhoods of zero in the inductive topology of the fam-
ily {E,} with respect to the family of mappings {g,}. Indeed, according to
Proposition 1.2.11, the set )V is a base of neighborhoods of zero of some locally
convex topology 7 in E. It follows from the definition of V that all mappings
Jo: Eo — (E,T) are continuous. If 71 is an arbitrary locally convex topology
in E for which all mappings g,: E, — (F, 1) are continuous and V) is a base
of its neighborhoods of zero consisting of circled convex sets (certainly, they are
all absorbing), then for every « € 2 and every V € V; the set g, (V) is a neigh-
borhood of zero in E,,, which by the definition of V yields that V; C V, hence we
have m, C 7.

Thus, if F, is a locally convex space with a basis of absolutely convex neigh-
borhoods of zero V,, then the set V) of absolutely convex envelopes of all possible
sets of the form J,, ga(Va), where Vi, € V,, is a basis of neighborhoods of zero
in the space F.

(i) If E, are general topological vector spaces, then the inductive topology
on the space F in the category of topological vector spaces is introduced as the
strongest vector topology for which all mappings g,, are continuous. This topology
also exists. According to Example 2.2.1, the set T" of all vector topologies in F
for which all maps g, are continuous is nonempty, moreover, it has the weakest
topology. One can verify that 7' has the required strongest topology, but one
can also define explicitly the corresponding base of neighborhoods of zero (see
Jarchow [237, § 4.1]). For simplicity we assume that £ is the union of g, (F,). In
every space F, we take a basis U, of circled neighborhoods of zero and introduce
in E a base of zero U consisting of the sets of the form

00
U= U Z U ga(Ua,k)7 Ua,k € Uy,

where ) denotes a vector sum. For a countable collection of E,, we can take
the sets U = Uycic 2oper 9% (Ur), where Uy € Uy, and K is the set of all finite
subsets of IN. It is clear that U is circled and absorbent and that there exists V' € U
with V +V C U (one can take V, 1 C Uy 2k NUq 2k—1 in U, ). By Corollary 1.2.9
the class U is a base of neighborhoods of zero of a vector topology 72 in E. The
continuity of g, : E, — (E,7) is obvious. The maximality of 7 is seen from the
fact that if all g, are continuous when FE is equipped with a vector topology 79
and Wy is a balanced neighborhood of zero in it, then we can find U € U with
U C W by taking Wy € 19, Wy, + Wi, C Wi_1, Uax C g5 (Wy). If E,, are
locally convex, then so is the topology 7o, but for uncountable 2 this is false (see
an example below).

In addition to inductive topologies in the categories of locally convex spaces
and topological vector spaces, the space F' can be equipped with the strongest
topology (not necessarily vector) with the property that all mappings g, are con-
tinuous. It turns out that even if all F, are locally convex, these three topologies
can be distinct.
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2.3.3. Example. Let F be a real vector space with an algebraic basis of
cardinality of the continuum, let F be the set of all its finite-dimensional vector
subspaces each of which is equipped with the standard topology, and let gr be
the canonical embedding of F' into E for every F' € F (so here the index set
is F itself). Let 71 be the strongest locally convex topology in E for which
all gr are continuous (i.e., the locally convex inductive topology), let 7o be the
strongest vector topology in which all gr are continuous, finally, let 75 be the
strongest topology in E (not necessarily vector) for which the same mappings are
continuous.

Then, obviously, 73 D 75 D 71. We show that 75 # 75 # 7.

For the proof of the inequality 75 # 7 we observe that the topology 71 can
be defined by the set of all seminorms E and the topology 7> can be defined by
the set of all quasi-norms on E. Let P be a Hamel basis in £ and let ¢ be the
quasi-norm on F defined by the equality

Q(e;jce-e> = (; \/@)2

Certainly, the set of nonzero coefficients in the sum ) c - e is finite.
We show that on E there is no seminorm p such that

{reFE: plx)y <1} c{x e E: q(zx) <1}

Indeed, if p is such a seminorm on FE, then for every ¢ € E with p(a) < 1
we have the inequality ¢(a) < 1. On the other hand, for some C' > 0 the set
Po ={e € P: p(e) < C} is infinite, since if such C' > 0 does not exist, then the
set P is at most countable, which is false by assumption. Thus, for every n we
can find n different elements ey, ...,e, € Pc. Then for n; = C~'e; we have
the estimate p(n~" "7, ;) < 1, while ¢(n~' 32", ;) = C~'n. Hence for
a sufficiently large n we obtain the inequality q(rf1 Z;:l nj) > 1 contradicting
the aforementioned estimate. Therefore, 75 # 71. A simpler assertion is proven.

Let us proceed to the proof of the inequality 73 # 72. Let || - || be the
norm on E defined by the equality || > .pce - €| = maxeep |c|, where we
use the previous notation. For every positive function ¢ on the set P x P we
choose a neighborhood of zero V., in the topology 73 with the following property:
if |A(e1 + e2)]| = ¢(e1,e2), then A(e; + e2) is not contained in V. Such a
neighborhood of zero in 73 exists, since a set is open in the topology 73 precisely
when its intersection with each finite-dimensional subspace in E is open in the
standard topology of this finite-dimensional subspace; for the neighborhood V.,
we can take B\ [, ,ep{A(e+b): [A(e+b)|| = ¢(e,b)}.

In order to prove that the topology 73 is stronger than 7, it suffices to show
that there exists a function ¢: PxP — IR™ for which there is no quasi-norm ¢ on
E such that if W = {x € E: q(x) < 1}, then W+ W C V,. We prove a formally
stronger assertion: for some function ¢: P xP — IR™ there is no neighborhood
of zero W in the topology 73 such that W + W C V,,. For every neighborhood of
zero W in the topology 73 we choose some positive function 1y, on P with the
following property: for every e € P one has {Ae: ||Ae|]| < ¢¥w(e)} C W. Since
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the inclusion W + W C V, yields that min (4w (e1), ¥w (e2)) < ¢(e1, e2) for all
e1,ez € P (by our choice of V,,), it suffices to find a function ¢: PxP — Rt
for which the inequality

min (4(e), (b)) < ¢(e, b)

cannot hold for all e, b € P at once, whatever a function 1o: P — IR™ be.

A function ¢ with this property can be constructed in the following way. Let
{e;} be some countable subset of the set P, let S be the set of all sequences
of positive real numbers, and let Py be some subset of P of cardinality of the
continuum. Let g be a one-to-one mapping of Py onto S. For e € Py we set
v(e,ej) = g(e);, where (g(e));il is the sequence in S that is the image of the
element e under the mapping g. For other pairs (e,b) € P x P we define (e, b)
in an arbitrary way. Then, given an arbitrary a positive function ¢) on P, we
obtain that ¢(e,b) < min(¢(e), (b)) for some e,b. This follows from the fact
that the set g(Pp) contains all sequences of positive numbers, in particular, the
sequence of the numbers a; = (e;)/j. It is clear that if g(e); = «;, then we
have ¢(e, e;) < min(t(e),v(e;)) for all sufficiently large j (for arbitrary 1)(e)).

Hille and Phillips [222] introduced the “finitely open” topology in a vector
space in which a set is open precisely when its intersection with every finite-
dimensional subspace is open in the standard topology of this subspace (see Re-
mark 1.10.4); thus, this topology coincides with our topology 73 (as already noted
above). It was mentioned in [222] that the authors were unaware whether this
topology agrees with the vector structure; a negative answer was given later in
Kakutani, Klee [254].

The proof of the noncoincidence of the topologies 73 and 72 given above is
actually a proof of the fact that if the algebraic dimension of a vector space is at
least of cardinality of the continuum, then the finitely open topology in it is not
compatible with the vector structure.

2.3.4. Remark. The term “an inductive limit” is often used for a more special
construction (which will be described below). On the other hand, if F is an
arbitrary set, {E,: « € 2} is a family of topological spaces such that for every
a € 2 a mapping g,: E, — FE is given, then in E there exists the strongest
topology for which all these mapping are continuous. This topology is called
the inductive topology (in the class of all topologies) of the family of topological
spaces { E, } with respect to the family of mappings { g, }; sometimes this topology
is also called final. Throughout, however, the terms an inductive limit and an
inductive topology are used only in the sense of our definition.

The following simple result is frequently used.

2.3.5. Proposition. Let a locally convex space E be the inductive limit of
some family {E,: a € A} of locally convex vector spaces with respect to linear
mappings g Eo — E. A linear mapping f from the space E to a locally convex
space G is continuous precisely when for every a € U the mapping fog, is
continuous. Therefore, sequentially continuous linear mappings of inductive limits
of metrizable spaces are continuous.
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PROOF. As in Proposition 2.1.5, it suffices to show that the continuity of the
mappings fog, implies the continuity of the mapping f. To this end we have to
show that if V' is a convex circled neighborhood of zero in G, then f~(V) is a
neighborhood of zero in E. The set f~!(V) is convex, circled and absorbent by
the linearity of f. Finally, the continuity of all mappings g, implies that all sets
gt ( ft (V)) are neighborhoods of zero in the respective spaces. Now it remains
to use Remark 2.3.2. O

This proposition is not completely symmetric to Proposition 2.1.5, dual to
which it is: here we assume (unlike Proposition 2.1.5) that f is linear and that G
is locally convex. Neither of these assumptions can be dropped (the circumstance
that now we consider the continuity everywhere and not at a point is not essential,
since for linear mappings this is the same). Note also that this proposition does
not extend to closed linear subspaces of inductive limits even for linear functionals
(see Exercise 2.10.63).

2.4. Examples of inductive limits
We consider some more examples of inductive topologies.

2.4.1. Example. (The least lower bound of a set of locally convex topologies
in a vector space.) Let E be a vector space such that for every o from some index
set 2 we have a locally convex topology 7, in E. Then among all locally convex
topologies in E majorized by the topologies of the family {7, } there exists the
strongest one — the inductive topology 7 of the family of locally convex spaces
(E, 7o) with respect to the family of the “canonical” mappings (F,7,) — E (each
of which is the identical mapping of the vector space £ into itself). If V, is the
class of all neighborhoods of zero in the topology 7o, then [, V, is the class of
all neighborhoods of zero in the topology 7 (Remark 2.3.2).

2.4.2. Example. (Quotients.) Let E be a locally convex space and let F;
be its vector subspace. Then the topology in the quotient F/F; making it a
topological quotient is the inductive topology of the (one-element) family of locally
convex spaces { E'} with respect to the (one-element) family of mappings from E
to F/FE; whose unique element is the canonical mapping of E onto E/E; (see
Example 1.3.13).

2.4.3. Example. (Topological direct sums of locally convex spaces.) Let
(E, T) be a locally convex space such that the vector space E is a direct sum of
a family {E,} of its vector subspaces and every E,, is equipped with the locally
convex topology 7, induced by the topology 7. The space (F,7) is called the
topological direct sum of the family of its topological vector subspaces (Fq,, o)
if the topology T is the inductive limit of the topological vector spaces (Eq, 7o)
with respect to the canonical embeddings F, — E.

In the just described situation we assume in advance that the topological vector
space (F,7) is given; so we consider the topological direct sum of a family of
topological vector subspaces.
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Suppose now that we are given a family {(FE,, 7 )} of locally convex spaces
about which we do not assume in advance that they are subspaces of some vector
space.

In this case the topological direct sum of the family {(F.,7)} of locally
convex spaces is the locally convex space (E,7) defined as follows. The vector
space E is the vector subspace in the product [ [, E, of the family {E, } of vector
spaces consisting of all functions f € [[, F« (defined on the index set ) each of
which does not vanish in at most finitely many points; 7 is the inductive topology
of the family of locally convex spaces {(E,, 7,)} with respect to the “canonical”
embeddings g, : (Eo, 7o) — E, where go(z) = f € Eforalla € Qand x € E,,,
and f is defined by f(a) = z, f(8) = 0, whenever 8 # a.

The topological direct sum of the family of locally convex spaces (Ey, 7o) is
denoted by (D, Ea, D, 7a). Thus, (B, Ea, P, 7a) is the topological direct
sum of its topological vector subspaces g (Fq ).

Throughout we identify every locally convex space E,, with its image ¢, (E,)
in the sum €@, E,, assuming that the spaces E, are topological vector subspaces
in their topological direct sum.

It follows that the topological direct sum of a finite family of locally convex
spaces and their product are the same object. For infinite families of topological
vector spaces that are not locally convex, topological direct sums are considered
very seldom (however, see Jarchow [237, §4.3]).

2.4.4. Definition. The topological vector space E equal the direct sum of
its topological vector subspaces E, ..., E, is called the topological direct sum
of the family {E, ..., E,} of its subspaces if E is canonically isomorphic to the
product H;”:l E; of the topological vector spaces E;.

This means that the topology of F is the strongest one among all vector
topologies in E for which all canonical embeddings E; — E are continuous.

2.4.5. Proposition. Let E., where v € I', be a collection of locally convex
spaces. Then the dual to their direct sum is the product of the dual spaces and the
dual to their product is the direct sum of the dual spaces, i.e.,

(EPEW)' - E[E;, (E[Ev)/ - EPE;.

Moreover, a set is bounded in @@ ., B precisely when it is contained and is bounded
in the sum of finitely many spaces E.; a set is bounded in || 5 By precisely when
it is contained in the product of bounded sets in the factors.

In particular, (IR") is the direct sum of T copies of the real line.

PROOF. The first equality for the dual spaces is obvious. For verifying the
second one we observe that if a linear function f on the product of the spaces E,
is bounded on a basis neighborhood of zero of the form U x [ +@To> where I’y is
finite, then f € @, e, E

Let AC P ., E5 be bounded. If there are infinitely many indices ~;, for which
the projections of A to £, contain nonzero vectors vy, then, taking f, € E!Yn such
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that f,,(v,) = n, we obtain a continuous linear functional unbounded on A. The
last assertion of the proposition is obvious. O

2.4.6. Proposition. Let E be the inductive limit of a family {E,: o € 2} of
locally convex spaces with respect to a family {g, € L(Eo, E): a € U} of linear
mappings such that the linear span of the set |, go(Eq) coincides with E. Then
FE is isomorphic as a topological vector space to some topological vector quotient
of the topological direct sum (@, Ea,®,, Ta).

PROOF. Let G = (B, Fa, P, 7o) and let &: G — E be the linear mapping
defined by the formula ®(g) = ), g(); in the latter sum the number of nonzero
terms is finite. The surjectivity of ® follows from the coincidence of the linear
span of |J,, go(Fo) with E. The mapping ® is continuous according to Proposi-
tion 2.3.5, since g, = Poim,, where im,, is the canonical embedding of F, to
&b o Eo defined in Example 2.4.3, where it is denoted by g,. Let ¥; denote the
canonical mapping of the space G onto G/Ker ® and let ¥5 be the linear one-to-
one mapping of the space G/Ker ® onto E defined by the equality U500 = &.
We show that ¥y and U5 ! are continuous; this will prove that E is isomorphic
(as a topological vector space) to the space G /Ker @ .

The continuity of ¥, follows from Proposition 2.3.5 and the continuity of ¥
and ®; here the role of the inductive limit mentioned in Proposition 2.3.5 is played
by the quotient G/Ker @ (it is the inductive limit of the family of spaces {E, }
with respect to the family of mappings {¥;0g,}). The continuity of ¥ ! follows,
again according to Proposition 2.3.5, by the fact that ¥ log, = Wycim,, where all
mappings ¥, oim, are continuous (now the role of the inductive limit mentioned
in Proposition 2.3.5 is played by F itself). O

In Chapter 3 we shall consider the duality between inductive and projective
limits under various topologies on the dual space.

2.4.7. Example. (Limits of direct spectra of locally convex spaces.) Let
be a directed set. A direct spectre of locally convex spaces with the index set
A is a family {(F,,7): a € A} of locally convex spaces (with this index set)
provided that to every pair «, 3 € 2 of indices with o <  a continuous mapping
Aga: Eo, — Eg is associated.

The limit of such direct spectre is the topological vector quotient of the topo-
logical direct sum (@ o Ea B, Ta) by its vector subspace generated by the
set G defined as follows: f € G if there exist a, 3 € 2 such that a < £,

f(B) = Aga f(a) and f(y) = 0 whenever v ¢ {a, B}

Every topological vector quotient of the topological direct sum of an arbitrary
family of locally convex spaces is the inductive limit of this family with respect
to the family of mappings that are the compositions of the canonical embeddings
of the spaces in the family into their sum and the canonical mapping of the latter
onto its quotient (this fact was used also in the proof of Proposition 2.4.6). Hence
the limit of a direct spectre of locally convex spaces — we shall denote it by
the symbol lim £, — is the inductive limit of the family {(Ea,7a): a € A} of
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locally convex spaces with respect to the just described family of mappings. Note
also that here, unlike the case of limits of inverse spectra, in general one cannot
assert that the space lim F,, is complete if all spaces (F,, 7,) are complete (see

Exercise 2.10.23).

In Schaefer’s book [436], the object called above “the limit of a direct spectre”
is called “an inductive limit”; thus, the meaning of the term an “inductive limit” is
broader here than in [436] (where it corresponds to an “inductive topology”).

Let us now consider one special — but the most important for applications —
class of direct spectra.

2.4.8. Example. Suppose that the index set 2 is the set of natural numbers IN
with its usual order and that all mappings A;;: E; — E; (defined for j < %) are
injective. Due to the latter assumption we can assume that every locally convex
space F; is a vector subspace in F;,, (notation: F; CC FE;,,). By the continuity
of the mappings A;; the topology induced on E; by the topology 7,1, of the
space E;, is majorized by the original topology 7; of the space E;.

Thus, we assume that £y CC E CC...CC E, CC ... and E = U;’;l E;;
the set F has a naturally defined structure of a vector space: if x1,20 € FE,
then z1,z5 € E, for some n € IN, and A\ix1 + Aoxo in E is defined as the
corresponding linear combination in F,; since E,, CC Fy4;, this definition does
not depend on our choice of F,,.

Under the stated conditions the vector space E equipped with the inductive
topology of the family {E,,: n € IN} with respect to the embeddings F,, — E is
“canonically isomorphic” to the space h_H)lEn

This isomorphism ¥: E — lim E, can be described as follows. Let x € F,
ie., x € E, for some n € IN. Then ¥(z) is an element of the space lim F,, (that

is a quotient of the space €,, E,,) which is the image under the canonical mapping
o: P, E, — lim E, of the element g7 € ,, E,, defined as follows: g7 (j) = 0

if j # n; g2 (n) = x. This definition is independent of our choice of n, since if
j = n, then A;,(z) = x and hence ®(g”) = ®(g7). The mapping ¥ is surjective:
ifa € h_H}R”’ g € ®(a), then \D(an(n)) = a (the set {n: g(n) # 0} is
finite).

Finally, the mappings ¥ and ¥~! are continuous; the proof of this is similar
to the proof of Proposition 2.4.6.

Thus, the space E, equipped with the inductive topology defined above is a
realization of a direct spectre. This realization will be denoted by the symbols
ind F,, or ind, F,,; the locally convex space ind E,, will be called the inductive
limit of the increasing sequence of locally convex spaces E,,.

Note that it often happens that it is not E that is constructed by means of a pri-
ori defined spaces FE,,, but the spaces F,, are defined as suitable vector subspaces
(with locally convex topologies) of an a priori given space E (without topology)
that is their set-theoretic union. the term the “inductive limit of an increasing
sequence of locally convex spaces E,” means precisely the same as the term the
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“inductive limit of a family { £, } of locally convex spaces with respect to embed-
dings E,, — E”. Though, once the space | ;- ; E, is introduced, the difference
between the latter and the former situations disappears. One should have in mind
that even the inductive limit of a sequence of Banach spaces can be non-separated
(Exercise 2.10.24). The inductive limit of a sequence of Fréchet spaces is called
an LF-space.

2.4.9. Example. Let D be the vector space of all infinitely differentiable (real)
functions on IR' with compact support. For every n € IN let D,, := D[—n,n] de-
note the subspace consisting of all functions vanishing outside of [—n, n] equipped
with the topology defined by the norms

) _ @ ().
pilp) = max  max | (1)

Then D[-1,1]CCD[-2,2]CC---CCD[-n,n|CC--- and |J,, D[—n,n] = D,
so that we are in the situation described in the second part of the previous example.

The inductive topology in D of the family of locally convex spaces D[—n, n],
where n € IN, with respect to the family of embeddings D[—n, n] — D coincides
with the topology in D introduced in Example 1.3.21. Thus, D = liLnD[fn, nj.

This topology in D is regarded as the standard one; if it is not stated otherwise,
it is assumed (in this book and also in other books) that D is equipped with this
topology.

The space D[—n,n] can be naturally identified with the space of all infin-
itely differentiable functions on the interval [—n, n] vanishing with all derivatives
at the points +n; to every function in the first space we associate its restric-
tion to the interval [—n, n], and every function in the second space is associated
with its extension by zero from [—7n,7n] to IR'. For the second space we use
the same notation D[—n,n] and equip it with the topology defined by the same
norms p(¢) = max;<; max; | (t)]. Although now D[—n,n] is not formally a
subspace in D[—n — j,n + j], we obtain the same inductive limit.

~ 2.4.10. Remark. (i) For every j € {0,1,2,...} and every natural n let
’Cf,n n denote the vector space of all j-fold continuously differentiable real func-

tions on IR' (for j = 0 we obtain just continuous functions) vanishing outside the
interval [—n, n] and equipped with the topology generated by the norms ¢; defined
by the equality

gi(p) = max{m?xho(i)(t)\: i=0,1,...,5}.

Then, for every n € IN, the family {’C{ﬂm] : 7 =0,1,...} is the inverse spec-

tre with respect to the embeddings Kff; n le_n n]» Moreover, the spaces
J

. and D[—n,n] coincide as locally convex spaces (Example 2.4.9). At

the same time, for every ;7 > 0 the family {ICE

liijC
)t T E IN} forms a direct

spectre with respect to the embeddings IC{_WL] — ICf_n_l,n 41

the set K/ = ind IC{_n n) (in place of the symbol K° we shall usually use the
n :

- Forevery j > 0
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symbol K). The locally convex spaces {K7: j > 0} form an inverse spectre with
respect to the embeddings K7t — K7, and the locally convex space lim /C7 can

be identified as a vector space with the space ﬂ;’il K7, which coincides as a vector
space with D. However, as locally convex spaces the space D with the standard
topology and the space lim KU/ are not isomorphic. When we identify them as

vector spaces the topology of the space D turns out to be strictly stronger than the
topology of the space lim K7. Note that no linear mapping of one of these spaces

onto the other can be continuous in both directions (i.e., is not an isomorphism
of topological vector spaces) at least for the reason that the locally convex space
D with the standard topology is barrelled, but the locally convex space lim K7 is

not (the definition of a barrelled space is given in § 3.5, the proof of theﬁct that
lim K7 is not barrelled is delegated to Exercise 3.12.55).

Taking into account the definition of the standard topology in D, the observa-
tions made above can be summarized as the inequality
Thus, the operations of forming direct and inverse spectra do not commute.

(ii) So far we have considered spaces of functions with compact support on IR*
(for simplicity we had in mind real functions, but nothing changes if we consider
complex spaces of complex functions). Completely analogous constructions apply
to spaces of functions on IR™ and even on domains in IR".

Namely, let Q be an open set in IR”. A function on §2 has compact support
if it vanishes outside a compact set in {2 (we consider real or complex functions).
Let K1 C Ko C K3 C --- be an increasing sequence of compact subsets of 2
such that | J°_, K, = Q. If in the previous discussion of Example 2.4.9, the
symbols [—7,7] and IR" are replaced with K, and Q, the words “compact inter-
val” by the word “compact”, and the symbols X7 and D with the symbols K7 (€2)
and D(?) denoting the spaces of all j-fold differentiable and all infinitely differ-
entiable functions with compact support in (2, respectively, and assume that the
symbols |¢)(z)| denote (certain) norms on the spaces to which belong the ele-
ments o) (z), say, the sums of all mixed partial derivatives of order 7, then all
our definitions remain meaningful and all our assertions will be valid. For exam-
ple, D(IR") is the inductive limit of the spaces D,, (IR") of smooth functions with
support in the ball K,,, = {z: |z| < m}.

2.4.11. Example. (The strongest locally convex topology in a vector space.)
Let E be a vector space. Then the inductive topology in E of the empty family of
locally convex spaces with respect to the empty family of mappings is the strongest
locally convex topology in E; a base of neighborhoods of zero is, for example,
the set of all convex circled absorbent subsets of the space E. This topology
can be defined by the set of all seminorms on E. Note that the strongest locally
convex topology in a vector space has already been considered in Examples 1.3.18
and 2.4.1. An interesting situation arises if we take for E the space IRy~ of all
finite sequences, i.c., the union of IR"™. On this space the strongest locally convex
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topology coincides with the topology of the inductive limit of IR™ (this is clear
from Proposition 2.3.5).

2.4.12. Example. (Spaces of germs of continuous, infinitely differentiable
and analytic functions at a fixed point.) We consider only the case of analytic
functions, other cases are similar.

Let z € C and let E; be the set of all complex functions each of which is
defined in some neighborhood of the point z and is analytic in this neighborhood
and let ~ be the equivalence relation in F; defined as follows: f ~ ¢ if and only
if there exists a neighborhood V' of the point z such that f and g are defined in V'
and f(z) = g(x) forall x € V.

Finally, let E' be the quotient of F; with respect to this equivalence relation.
Then E is naturally equipped with a vector structure; its elements are called germs
of analytic functions at the point z.

For every n € IN we take the space E™ of all complex functions continuous
on the disc S, = {x € C: |z — 2| < 1/n} and analytic inside S,, and equip it
with the topology defined by the norm

p(y) = max{lp(z)]: |z —z[ <1/n}.
Let g,, be the embedding of E™ into E associating to every function ¢ € E™ the
germ containing it (note that in the remaining three cases mentioned above, similar
mappings are not embeddings). We define similarly an embedding E™ — E"*1:
to every function in E™ we associate its restriction to .S, 1.

Thus, E' CCE*CcC---CCE"CC---, E"CCE,and E = |J;__, E". Let
us equip £ with the inductive topology of the family of locally convex spaces E™
with respect to the embeddings g,,. This makes E the inductive limit of the
increasing sequence of locally convex spaces E,,.

Finally, note that spaces like D can be defined on smooth manifolds, and

spaces of germs of holomorphic functions can be considered on complex mani-
folds.

In §2.6 and §2.7 we describe two classes of inductive limits of increasing
sequences of locally convex spaces most often encountered in applications: strict
inductive limits and inductive limits of increasing sequences of locally convex
spaces with compact embeddings.

2.5. Grothendieck’s construction

In this section we consider a method of constructing normed spaces associated
with absolutely convex sets in topological vector spaces. This method, which
became popular after Grothendieck’s works and found numerous applications in
the theory of locally convex spaces, the theory of Banach space, the operator
theory, and measure theory, consists in the following procedure.

Let E be a Hausdorff topological vector space and let B be its bounded
absolutely convex subset. Denote by Ep the vector subspace | J, - ; nB (the fact
that this is indeed a vector space follows from the absolute convexity of the set B)
equipped with the norm pp that is the Minkowski functional of the set B. The
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space E'p is also equipped with the topology generated by this norm. The fact that
the Minkowski functional is a seminorm on Eg follows from the condition that
B is an absolutely convex absorbent subset of the vector space Ep; the condition
that B is a bounded subset of a Hausdorff topological vector space yields that the
regarded Minkowski functional is a norm.

The set Ep is a vector subspace of the vector space E. However, in the
general case, it is not a topological vector subspace in F, i.c., the topology induced
on Ep by the topology of the space E does not coincide with the just defined
topology of the normed space Ep. The boundedness of the set B implies that the
canonical embedding of Ep into F is continuous; this is equivalent to saying that
the topology induced in Ep from E is weaker than the norm topology in E'p. See
also § 2.10(iii).

2.5.1. Proposition. If B is an absolutely convex bounded sequentially com-
plete subset of a Hausdorff topological vector space E, then the normed space Ep
is complete, i.e., is a Banach space.

PROOF. Let a sequence {a,} C Ep be Cauchy in the norm pg. This means
that for every ¢ > 0 there exists ny € IN such that pg(ar — a;) < ¢ for all
k,j > ng. Since the topology induced in Ep by the topology of the space E is
majorized by the topology defined by the norm pp, the sequence {a,,} is Cauchy
also in E. Hence for every fixed k& € IN the sequence {ar — a;} is Cauchy in
the topology of the space E. Since the inequality pp(ar — a;) < ¢ yields that
ar — a; € B, it follows that a, — a; € eB whenever k,j > ng. The set eB
is sequentially complete in E, hence the Cauchy sequence {ay — a; }?‘;1 of its
elements converges in the topology of the space E to some element b, € B.
Hence the sequence {a,} converges in the topology of E, moreover, if a is its
limit, then a, — a = b, € eB C Ep for all k > ng.

Since ar € Ep, we have a € Eg. In addition, the inclusion ap — a € B
(fulfilled for all k& > ng) yields that for such k we have pg(ar — a) < e. This
means that a;, — a in Ep, because € was arbitrary. [l

Similarly one can prove that if F is a vector space and 7; and 7 are two
Hausdorff topologies in E compatible with the vector structure and 7; is stronger
than 75 and possesses a base of neighborhoods of zero sequentially complete (or
complete) in the topology 72, then the topological vector space (E, ;) is sequen-
tially complete (respectively, complete).

2.5.2. Definition. 4 Banach disc in a topological vector space E is an ab-
solutely convex bounded subset B of the space E for which the space Ep is
complete.

The proposition above yields the following fact:
in order that an absolutely convex bounded subset B of a topological vector space
be a Banach disc it is sufficient that it be sequentially complete (wWhich holds,
in particular, if B is compact); moreover, it is sufficient that B be sequentially
complete in a topology in E that agrees with the duality between E and E'; in
particular, it is sufficient that this set be compact in some of such topologies.
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Neither of the aforementioned conditions is necessary.

2.5.3. Example. (i) The subset
{ = (zn) € co: (nay) € co, |zn| <1/n Vn}

of the space cg is a Banach disc, although it is not compact in any topology that
agrees with the duality between cy and (co)’ = 1.

(ii) the closed unit ball U of C]0,1] is a Banach disc in L?[0,1] which is
not closed and not precompact. The closure of U in L?[0,1] is also a Banach
disc for which the associated Banach space is L>°[0, 1], where C[0, 1] has infinite
codimension.

(iii) The space E = [! is naturally embedded into I?; let A be its closed unit
ball. Let us take the functional f € [*° defined by the sequence (1,1,...). Set
B = AN f71(0) and obtain a Banach disc. Certainly, it is easy to describe B
explicitly: this is the set of sequences x = (z,,) such that >~ |z,| < 1 and
Yoo i xn = 0. The set B is the closed unit ball in the Banach space Ep, that
is a closed hyperplane in ['. But in [? the set B is not closed. For example,
the vector h = (271,0,0,...) ¢ B is the limit in [? of the sequence of vectors
hi, € B of the form (27, —(2k)~!, ..., —(2k)71,0,0,...), where the number of
components —(2k) ™! equals k; here ||h — hy % = (4k) L.

A similar property holds for the non-closed precompact set

{z = (z,) €1®: |z, <277, lim 2"z, = 0}.
n—oo
In fact, such examples are quite common.

2.5.4. Example. In every infinite-dimensional Fréchet space F' there is a non-
closed Banach disc B that serves as the closed unit ball of the Banach space Fp.
In addition, we can take B totally bounded in F.

PROOF. The assertion reduces to the case F' = (2, since one can find an
infinite-dimensional separable Hilbert space continuously embedded into F' (then
the previous example can be used). To this end it suffices to take in F' a bounded
sequence {v,} of linearly independent vectors and set Tax = Z;o:l 27" T, Un,
x = (z,) € [2. The orthogonal complement to the kernel of 7' is injectively
mapped to I and the image of the obtained mapping contains {v,, }. We observe

that the constructed embedding is compact. (|

Clearly, a similar example exists in every locally convex space to which one
can continuously embed an infinite-dimensional Hilbert space.

It is rather surprising that the closure of a Banach disc is not always a Banach
disc (see Pérez Carreras, Bonet [385, Remark 8.3.21]).

Let us give a simple application of the notion of a Banach disc.

2.5.5. Example. Let B be a Banach disc in a topological vector space E and
let S C E be an absolutely convex closed set such that its linear span contains B.
Then there exists ¢ > 0 such that tB C S.

Indeed, the set S N Ep is closed in the Banach space E'p with norm pp and
the latter is the union of the closed sets n(SN Eg). By the classical Baire category
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theorem (see Bogachev, Smolyanov [72, § 1.5] or Rudin [425, p. 43]) for some n
the set n(.SN Ep) has inner points (in the topology of the norm pp). Hence this is
true also for the set S N Ep, which by its absolute convexity proves our assertion.

Let us introduce one more important concept.

2.5.6. Definition. A barrel in a locally convex space E is a closed absolutely
convex absorbent set.

The next simple but useful fact following from the previous example is called
the Banach-Mackey theorem.

2.5.7. Theorem. In every locally convex space every barrel absorbs every
Banach disc.

2.5.8. Proposition. Let S be a convex subset of a locally convex space E
such that every infinite sequence of its elements has a limit point in E. Then S is
contained in some Banach disc. In particular, S is absorbed by every barrel.

PROOF. In analogy with the usual /! we introduce the Banach space ['(S)
consisting of real functions ¢ on S non-vanishing in at most countably many
points and having a finite norm [|£]| = >, |£(s)].

Let E denote the completion of E. Consider the mapping 7T': I*(S) — E,
T¢ = Y cq€(s)s; for every x € I'(S) there are only countably many points

sy, for which £(s,,) # 0, hence the series Y- | &(sp)s, converges in E by the
completeness of E and boundedness of S following from our assumptions. It is
also seen from this that 7" is continuous. The desired disc will be the image of the
closed unit ball U in I*(S) if we verify that S C T(U) and T'(U) C E. The former
is obvious, since s = T'(e,), where e is the indicator function of the point s. For
proving the latter it suffices to show that T¢ € F for all £ € U such that £(s,,) > 0
for all points in the support of &. In this case vy = My* 25:1 &(sn)sn € S by
convexity, where My := Zﬁf:l &(sn). By our assumption, the sequence {vy}
has a limit point v € E, but My — ||£|| and Myvy — TE in E, whence it
follows that ||¢||v = T¢. Hence T¢€ € E. O

2.5.9. Theorem. Let F' be a metrizable locally convex space and let A C F be
a bounded set. Then there exists a bounded closed absolutely convex set B C F
such that A C B and the normed space Ep induces on A the same topology as F.

If A is precompact or compact in F, then it will retain this property in Ep.

In addition, for every sequence of bounded sets A, C F there is a bounded
closed absolutely convex set D such that all sets A,, are bounded in Ep.

PROOF. Passing to the absolutely convex hull of A, we can assume that A
is absolutely convex. In this case it suffices to find a bounded closed absolutely
convex set B C F containing A for which Ep and F' induce the same neigh-
borhoods of zero in A, which reduces to showing that, given a base {V,} of
absolutely convex closed neighborhoods of zero in F, for every A > 0 we can
find n with ANV, C AB. If this is done, then for every point a € A and
every A > 0 we can take V,,, such that AN (a + V,,,) C a + AB. Indeed, let
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V., be such that ANV, C 27'AB. If a3 = a + v € A, where v € V,,, then
v/2=(a1—a)/2 € ANV, C 27'\B and hence a; —a € AB, i.e., a; € a+ \B.

By the boundedness of A there are numbers A, >0 for which A C ﬂzo:l A Vi,
Clearly, we can assume that A, — 4o00. Let us set B := ﬂzo:l )\iVn. Then B is
absolutely convex, closed and bounded (since we have \;2B C V,,), A C B.

If A > 0, then there exists ng such that A\, > 1 for all n > ng. Then
A C A2V, for all n > ng. Since there exists m such that V,,, C Nic<no MV,
we have ANV, C A2V, for all n, whence we obtain ANV, C AB, as required.

Let us prove the last assertion. Let {V},} be a basis of closed neighborhoods
of zero consisting of absolutely convex sets such that V,, 1 C V,,. For every n
there exists ¢,, > 0 such that ¢, A,, C V,,. For D we can take the closed absolutely
convex hull of the union of ¢, A,,. O

Note that the spaces Ep and F' induce on B also the same uniform structure
(see § 1.12(3)).

Even if V is a convex balanced compact set in a Hilbert space, the Banach
space (Ey,py) is not always separable. For example, this happens with the
convex compact set V = {(z,): sup, |z,| < 1} in the weighted Hilbert space

E:{xf( ): lz)|? = Zn x? <oo}.

n=1

In this case Fy coincides with [°°. However, the following assertion is valid.

2.5.10. Theorem. Let E be a complete metrizable locally convex space and
let K be a compact set in E. Then there exists a convex balanced compact set V
containing K such that the Banach space (Ev , py ) is separable and K is compact
with respect to the norm py .

PROOF. Due to the completeness of £ and two previous theorems, there
exists a balanced convex compact set W containing K such that K is compact as
a subset of the Banach space Eyy,. Then the linear span of K in Eyy, is separable
with respect to the norm pyy,,. The closure Ej of this linear span with respect to
the norm pyw, in Ew, gives the desired separable Banach space Ey, whose unit
ball is the set W := Wy N Ey. O

One can go further and obtain the following useful assertion — the Davies—
Figiel-Johnson-Pelczynski theorem, a proof of which and of its corollary can
be found in Diestel [120, Chapter V, §4], Bogachev, Smolyanov [72, Theo-
rem 8.6.24]. On reflexivity, see § 3.7.

2.5.11. Theorem. Let X be a Banach space and let K be a convex balanced
weakly compact set in X. Then there exists a bounded closed balanced convex
set W containing K such that the Banach space (Ew ,pw) is reflexive. If K is
compact, then W can be chosen compact and Eyy can be made separable.

2.5.12. Corollary. In the situation of Theorem 2.5.10 the Banach space
(Ev,py) can be chosen separable reflexive.
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As shown in Fonf, Johnson, Pisier, Preiss [173], it is not always possible
to take for the space Fy a space with a Schauder basis (see the definition in
Chapter 3).

In the case of compact V' the topology of the space Ey is much stronger than
the original topology of E. Nevertheless, as the following result shows, on the
Banach space Ey, there are sufficiently many linear functionals continuous with
respect to this original topology.

2.5.13. Proposition. Let V be a compact, convex and balanced set in a
locally convex space E and let B* be the unit ball in the dual to the Banach
space Ey. Then the set of all functionals in B* continuous with respect to the
topology induced from FE is dense in B* in the topology of uniform convergence
on compact sets in Fy.

For a proof, see Bogachev, Smolyanov [72, Proposition 8.6.26].

2.5.14. Proposition. Let {x,} be a sequence in a locally convex space con-
verging to zero. Its closed absolutely convex hull K is compact precisely when the
space Ey is Banach. In this case the compact K is metrizable.

PROOF. If K is compact, then Fx is Banach. Conversely, let Fx be com-
plete. Consider the linear mapping T': I' — Ex, T(y) = > oo YnTn, Which is
defined and continuous, since the vectors x,, belong to the unit ball of Fx. Let
U be the closed unit ball in I'. Since I* = ¢}, the set U is a metrizable compact
in the topology o (I!, o), see Theorem 3.1.4.

We show that 7' is continuous on U with this topology (on all of /! this can
be false). If vectors v* = (v}) € U converge to v = (v,,) € U coordinate-wise,
then for every continuous seminorm p on E and every € > 0 we find a number m
with the property that p(x,) < € for all n > m, and then take a number M such
that v}, — v,| < e(p(x1) + - + plam) + 1)_1 foralln=1,...,mand i > M.
Then whenever ¢ > M we obtain the estimate

p(Tv' = Tv) <> [vl, — vnlp(an) + Y (Joh] + [vn]) < 32,
n=1 n=1

which proves the continuity of 7" on U in the topology o (I, co). Therefore, T(U)
is a metrizable compact set in E. This yields at once also the compactness and
metrizability of K, since {z,,} C T(U), but actually we have K = T'(U), which
is easily verified by observing that the absolutely convex hull of {z,} is dense
inT(U). O

2.5.15. Theorem. In every locally convex space whose algebraic basis is
at most of cardinality of the continuum there exists a hyperplane not containing
Banach discs with an infinite-dimensional linear span.

For a proof, see Pérez Carreras, Bonet [385, Theorem 6.3.11].

A compact set K in a Banach space X is called s-compact if it is contained in
the closed absolutely convex hull of some sequence {z,,} in X with the following
property: for every p € IN the sequence {nPx,} converges to zero.
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2.5.16. Theorem. For every s-compact set K in a Banach space X there
exists an s-compact Banach disc C such that E¢ is a separable Hilbert space, the
embedding Ec — X is a nuclear operator (see the definition in §2.9), and K
remains s-compact also in Ec.

For a proof, see [385, Theorem 6.5.4].

2.6. Strict inductive limits

Let {E, } be an increasing sequence of locally convex spaces:
FEiCCEy;CC...CCFE,CC...

such that for each index n the embedding E,, C FE,, ;1 is continuous, where CC
means “a linear subspace”, as above. The union E = J 7, E, is equipped
with the strongest locally convex topology in which the embeddings E,, — E
are continuous; for a base of neighborhoods of zero in it we can take convex
sets V' C F such that every intersection V N FE,, is a neighborhood of zero in F,,.
The space E is called the inductive limit of the sequence {F,} and denoted by
the symbol ind,, E,, (see §2.4). We shall see in §2.10(i) that such inductive limit
cannot be an inductive limit in the category of topological spaces, i.e., ind,, E,, can
contain non-closed sets (even convex) whose intersections with all F,, are closed.

Two increasing sequences of locally convex spaces FE,, and F,, are called
equivalent if for every m there exist p and ¢ such that £, C F},, F;,, C E,, and
these embeddings are continuous.

It is readily seen that ind,, F,, = ind,, F;, for two such sequences.

2.6.1. Definition. If for all n the topology in E,, coincides with the topology
induced from Eyy1 and E, # FE,i1, then the inductive limit of {E,} is called
strict.

The canonical example is the space D (see Example 2.4.9) represented as the
union of the closed subspaces D,,.
Let us show that the topology in E,, is induced by the topology in E.

2.6.2. Lemma. [f E = ind, F,, is a strict inductive limit, then the topology
in E,, is induced by the topology in E.
If all spaces E,, are separated, then F is Hausdorff as well.

PROOF. It is clear that the topology in F,, is not weaker than the induced
topology. Conversely, let U be an absolutely convex neighborhood of zero in E;,.
Lemma 1.3.12 gives an absolutely convex neighborhood of zero U,y in E, 4
such that U, 1 N E,, = U. By induction we obtain increasing absolutely convex
neighborhoods of zero Uy C Ej with k > n such that U1 N Ey = Ug. Then
V = U;oznﬂ Uy, is a neighborhood of zero in £ and V N E,, = U. It is also seen
from this that if all spaces E,, are separated, then so is F. (]

2.6.3. Proposition. Let E be the strict inductive limit of separated locally
convex spaces E,, such that every E,, is closed in E,, .

(1) 4 set A is bounded in E if and only if A is contained in some space E,,
and is bounded in it.
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(i1) Every compact set in E is a compact subset of some E,,, and similarly for
totally bounded sets. In particular, every countable sequence converging in E is
contained and converges in some of the spaces E,,.

(i) All subspaces E,, are closed in E.

PROOF. (i) It is clear that if A is bounded in E,, then it is bounded in E.
Conversely, let A C E be bounded. If A is contained in no E,, then there exist
increasing numbers k,, and points a,, € (Ey, NA)\E},_,. By using Lemma 1.3.12
and induction we find absolutely convex neighborhoods of zero V,, C Ej, such
that n=*a,, ¢ V,,+1 and V,,41 N Ey,, = V,, for all n. The set V = Uzozl V,is a
neighborhood of zero in E, but n='a, & V, which contradicts the boundedness
of A. Thus, A must belong to one of the sets F,, and then it is bounded in it
due to the coincidence of the topology in FE,, with the induced one. Assertion (ii)
follows at once by (i). Finally, (iii) follows from the previous lemma, since if a net
of elements =, € FE,, converges to a point x € FE, then x € E,,, for some m > n,
but E, is closed in E,, by the closedness of E,, in F, 1. [l

Note that for general inductive limits these assertions are false (see Exer-
cise 2.10.25). In addition, one should bear in mind that not every subspace L. C E
is the inductive limit of L N E), (see Proposition 2.10.7 and Exercise 2.10.63).

2.6.4. Corollary. In the situation of the previous proposition the space E is
not metrizable.

PRrROOF. If E is metrizable, then, taking a basis of decreasing neighborhoods
of zero U, in E and choosing a vector a,, € U,\E,, for each n, we obtain a
sequence converging to zero, which contradicts the proven proposition. (]

2.6.5. Proposition. The strict inductive limit E of complete separated locally
convex spaces E,, is complete.

PROOF. Suppose that there is a point z ¢ E in the completion E of the
space E. We observe that F,, is closed in E by the completeness of E,,. Hence
for each n there exists an absolutely convex neighborhood of zero W,, such that
(z + Wy,) N E, = &. These neighborhoods can be chosen in such a way that
Whni1 C W, for all n.

The convex hull of the set | J> ,(27'W,, N E,,) will be denoted by U. Then

n=1

U is a neighborhood of zero in E, therefore, its closure U in E is a closed
neighborhood of zero in E. Since E is dense in E, the set (z + U) N E is
nonempty; hence for some n there exists v € (2 +U) N E,, i.e,v=2+u € E,,
where u € U. We show that U C W,, + E,,, whence it will follow that v = w,, +v,
where w,, € W, y € E,, but this will give the inclusion z + w, = v —y € E,
contradicting our choice of W,.

Thus, let z € U. Then 2 € U + 27 W, so z = u + w, /2, where u € U,
wy, € W,. Hence v = Mz + -+ + A\yxp + w, /2, where z; € 2*1Wj N Ej,
[Ad1] 4+ -+ 4+ |Ax| = 1. We can assume that k > n. We have

MEL A+ -+ MZp € By, Apg1@ng1 + - + Apxp € 271 W,



2.7. Inductive limits with compact embeddings 127

since W; C W,, for j > n and the neighborhood W, is absolutely convex. Thus
Mz1 + -+ Mz € B, + 27'W,,, whence we obtain that z € E,, + W, as
required. O

For example, D(IR") is complete. Some additional interesting information
can be found in Pérez Carreras, Bonet [385, Chapter 8].

2.7. Inductive limits with compact embeddings

We now turn to another important case where the topology of E,, is a priori
strictly stronger than the induced topology of E,, ;.

We shall say that an increasing sequence of Hausdorff locally convex spa-
ces F,, is regular if, for each n, there is a closed neighborhood of zero in F,, with
compact closure in F,, ;1. If one can find a closed neighborhood of zero in E,
compact in E,, 1, then we shall say that we have a strongly regular sequence.

It is easy to see that a regular sequence is not always strongly regular.

Recall that the equivalence of sequences of embedded spaces are defined
in §2.6.

2.7.1. Lemma. Every regular sequence {E,} is equivalent to some strongly
regular sequence of separable reflexive Banach spaces.

PROOF. For every n we find in F,, a closed absolutely convex neighborhood
of zero V,, whose closure K, is compact in F,,y; and set X,, := Ek_ (see §2.5).
Then X, is a Banach space, F, C X,, C E,11 C X,+1, and these embeddings
are continuous. Hence the closed unit ball of X, (i.e., K,,) is compact in X, ;.
Thus, the sequences {E,, } and {X,,} are equivalent and {X,, } is strongly regular.

Now with the aid of Corollary 2.5.12 we can obtain an equivalent sequence
of separable reflexive Banach spaces. (|

A sequence of absolutely convex compacts K, in a locally convex space F
will be called regular if £ = Uf;l K, every K, is contained in the algebraic

kernel of K, 11 (see § 1.10) and is compact in the Banach space Ef,,_, .

2.7.2. Lemma. Let {K,} be a regular sequence of absolutely convex compact
sets. Then for each m and each scalar ) there exists a number n such that \K,,
is contained in the algebraic kernel of K.

PROOF. For n > m let G,, be the algebraic kernel of K,, N Er, . Zero be-
longs to the topological interior of the set K,,NE,, ., in the Banach space F,, . ;.
Hence the algebraic kernel of this set coincides with the topological one in the
space Ef,,,, (Exercise 1.12.82). Thus, the sets G, are open in Ek,, . ,. They
cover AK,,, since the algebraic kernels of K,, cover E (since K, is contained
in the algebraic kernel of K, 1), moreover, K,, is compact in this space. Hence
MK, is contained in some G,, and so belongs to the algebraic kernel of K,,. [

2.7.3. Lemma. Let {K,} be a regular sequence of absolutely convex compact
sets. Then each absolutely convex compact set K C E is contained in some K,,.
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PROOF. By the continuity of the embedding Ex — E we obtain that the
absolutely convex set set K,, N Fx is closed in the Banach space Fx. Hence
some intersection K,, N Ex contains a neighborhood of zero in Ey. Therefore,
there exists A > 0 such that K C AK,,. By the previous lemma K belongs to
some K. O

2.7.4. Lemma. In every regular inductive limit of a sequence of locally
convex spaces there is a regular sequence of absolutely convex compact sets.

PROOF. We represent the given space in the form of a regular limit of some
sequence of Banach spaces X,, in which increasing closed unit balls U,, are com-
pact in X,,+1. Then we can take K,, = nU,. [l

2.7.5. Lemma. Let E = ind, E,, be a regular inductive limit of some se-
quence of locally convex spaces E,,, let { K} be an arbitrary regular sequence of
absolutely convex compacts in E. Then E is the inductive limit of the sequence of
Banach spaces E,.

PROOF. Let us take the same X,, and U,, as in the previous proof. Then the
sequences { X, } and {Ek, } are equivalent by Lemma 2.7.3. O

We shall say that a topological space X is a free union of a sequence of its
subspaces X,, if X = [J,2, X,, and the closed sets in X are exactly those sets
whose intersection which each X, is closed in X, in the induced topology. Thus,
the space X is the inductive limit of the subspaces X, in the category of general
topological spaces. It is important to emphasize that if X,, are increasing locally
convex spaces continuously embedded into embracing spaces, then the topology
of the inductive limit in the category of general topological spaces can be strictly
stronger than the topology of the inductive limit in the category of locally convex
spaces. This happens in the case of the space D(IRl): as we shall see below, it is
not a free union of its closed subspaces D[—n, n|. There is a principal difference
between the next theorem and the case of strict inductive limits.

2.7.6. Theorem. The inductive limit E = ind, F,, of a regular sequence of
locally convex spaces is a free union of any regular sequence of its absolutely
convex compact subsets.

PROOF. Let {K,} be a regular sequence of absolutely convex compacts in
FE and let A be a set such that all intersections A N K, are closed. We show that
A is closed. Let zg ¢ A. By assumption there exists a number p for which zq is
contained in K,_1, hence also in the algebraic kernel of K,,. By induction we find
an increasing sequence of sets V;,, n > p, with the following properties: 1) V,, is a
closed absolutely convex neighborhood of zero in Ex, and is compact in Ex
Do+ V, CKp3) (o+ Vo) NA=02.

For the set V), we take a closed ball of a sufficiently small radius in F,; this
is possible, since AN (AN Ek,) is closed in Ef,, x0 ¢ AN (AN Ek,) and g is
contained in the algebraic kernel of K, If increasing absolutely convex compact
sets Vp,...,V, with the desired properties are already picked in the respective
spaces up to Ex_, then V,,; is constructed as follows.

n+12
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The set AN K41 is closed in Ek, ., by the closedness in £ and continuity
of the embedding Ff,,, — E. The set zg + V,, is disjoint with A N K,y
and with the unit sphere S,,11 in Ek, ,, (since along with K, it is contained in
the algebraic kernel of K,,;1). Since xg + V,, is compact in Ef, , and the set
(AN K, +1) U Sp41 is closed in the Banach space Ex the distance d between
them in the norm of F,, ,, is positive.

Therefore, setting V;, 41 = V;, + 271dK,,;1, we obtain an absolutely convex
set compact in Fk, ,, due to the compactness of V,, and K41 in Eg, _,. Itis
clear that V;, C V41 for all n and V,,41 is a closed neighborhood of zero in the
space Eg, .. Finally, o + V41 C K41 and (29 + V,,41) N A = @ due to our
choice of d.

Thus, the sets V,, are constructed. Then the set V = Uzozp V,, is a closed
absolutely convex neighborhood of zero in F and (x9 + V) N A = @. Therefore,
E\Aisopenin E, i.e., A is closed. O

n+12

2.7.7. Corollary. 4 set A in a regular inductive limit ind, E, is closed
precisely when every intersection AN E,, is closed in E,.

PROOF. Let AN E, be closed in E,, for all n. Taking a regular sequence of
absolutely convex compact sets K,,, we obtain that A N K, is closed, which gives
the closedness of A. The converse is obvious. O

2.7.8. Corollary. 4 set A in a regular inductive limit ind, E, is closed
precisely when it is sequentially closed, i.e., contains the limits of all its convergent
countable sequences.

PROOF. Let A be sequentially closed in E. We represent E as a regular
inductive limit of a sequence of Banach spaces X,,. Then AN X, is sequentially
closed in each Banach space X,,, which implies that A is closed in E. The
converse is obvious. O

We observe that the previous two corollaries are not true for strict inductive
limits (considered in § 2.6), but the next corollary is true for them.

2.7.9. Corollary. In the situation of the theorem above, every compact set
in the space E is contained in some subspace E,. In addition, every convergent
sequence in E is contained and converges in some E,.

Moreover, every bounded set in E is contained in some E,, and has compact
closure there.

PROOF. It is clear that we can choose a regular sequence of absolutely convex
compact sets K, such that 2K,, C K, for all n. Suppose that for every
n there is a point a, of a given bounded set A not belonging to Ks,. Then
2 "a, ¢ K,, since K, C 27"Kjy,. The countable set {27 "a, } has a finite
intersection with each K, and according to the results above turns out to be
closed in E. However, this is impossible, since by the boundedness of the set A
the sequence {27 "a,} converges to zero that does not belong to this sequence.
Thus, the set A is contained in some K, but we already know that the set K, is
contained and compact in some F,,. (|
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If the spaces E),, are distinct, then we see on account of the obtained results
that the corresponding regular inductive limit is not metrizable. The proof of the
following fact is delegated to Exercise 2.10.28.

2.7.10. Corollary. Any regular inductive limit is complete.

2.7.11. Example. Let E be the inductive limit of an increasing sequence
of reflexive Banach spaces X,, with compact embeddings. Then E is a regular
inductive limit. In particular, this is true if all spaces X, are Hilbert. If all X, are
finite-dimensional, then this is true also in the case of continuous embeddings.

Indeed, any closed ball in X, is compact in X, by the weak compactness
(which follows from the reflexivity) and totally bounded (which follows from the
compactness of the embedding).

Here is yet another property of regular inductive limits that is not possessed
by strict inductive limits (see Exercise 2.10.63).

2.7.12. Proposition. Any closed linear subspace of a regular inductive limit
ind,, F,, equipped with the induced topology is again a regular inductive limit.

PROOF. Suppose that F' is a closed linear subspace in a regular inductive
limit ¥ = ind, E,. We can assume that F,, are reflexive Banach spaces such
that the closed unit ball K,, of E,, is contained and is compact in the unit ball
K41 of E 1. We show that Q,, = K,, N F' is a regular sequence of compact
sets in F. It is clear that (), is an absolutely convex compact set in F, closed
in Eg, .. In addition, the set @, is totally bounded in Eg, . . Indeed, it is
compact in Ex, _,, so for every ¢ > 0 there exist points x1,...,2, € Q, for
which Q,, € Ui~ (z; + eKp41), whence Q,, C U/~ (% + €Qnt1). Therefore,
{Qn} is a regular sequence of compact sets in the subspace F. We now verify that
F with the induced topology coincides with the regular inductive limit ind,, Eq,, .
Let ACF be such that all AN Q,, are closed. Then A N K, is closed as well,
whence it follows that A is closed in F, hence also in F' with the induced topology.
The converse is also true: if A is closed in I’ with the induced topology, then all
sets A N @y, are closed. Thus, F' with the induced topology is a free union of @,
and hence coincides with ind,, Fg,, . (]

2.8. Tensor products

Let E; and Es be two locally convex spaces. The algebraic tensor product
FE1®F5 is usually defined as the natural quotient of the linear space formally
generated by expressions of the form x®y, where z € E1, y € Es, but here it will
be convenient to define F4 ® E5 from the very beginning as the linear subspace
in the algebraic dual to the space B(FE1, Es) of bilinear functions on E; X Fs
generated by the elements

ry: b b(z,y), be B(Ey,E,).

When using this embedding the necessary factorization is done automatically.
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The space F1® F5 can be equipped with different locally convex topologies.
The projective topology T, is defined as the strongest locally convex topology in
which the canonical bilinear mapping Fy X Fy — F4® Fs is continuous.

It is readily verified (see Schaefer [436, p. 93]) that the dual to the space
(E1®F5, T, ) can be identified with the space of all continuous bilinear functions on
Ey xEs in such a way that equicontinuous subsets in (E1®Fs, 7 )" will correspond
to equicontinuous sets of bilinear functions on F; x F5. In order to define 7, by
means of seminorms the following construction of the tensor product of seminorms
pand q on F; and F» is used. For w € E1® FE5 set

poq(w) = f{ > p(ra(y): w= D ri@ui},

where inf is taken over all representations of w in the indicated form. It is readily
verified that p®q(z®y) = p(x)q(y).

Any locally convex topology can be always defined by a directed family of
seminorms P, i.e., in such a way that for any seminorms p1,ps € P there exists
p3 € P with p; < p3, p2 < p3 (for example, one can take all possible finite sums
of the original seminorms and their products by positive numbers). Let us take
directed families of seminorms P; and Ps on F; and Es defining the topologies.
Then the collection of all seminorms p; ®p2, where p; € P1, pa € Pa, defines the
projective topology 7. The completion of the space (E1®FEs, ) will be denoted
by E1@,E. The following result was obtained by Grothendieck.

2.8.1. Theorem. If Ey and E5 are metrizable locally convex spaces, then
every element w € F1Q,Fo can be represented in the form
w = Z)\ixi(@yi, where Z |Ai| < o0,
i=1 i=1

where x; — 0 and y; — 0 in E1 and F», respectively.

PROOF. Let us take in E; and E5 increasing sequences of seminorms p,,
and g, generating the topologies. Set r, = p, ®gq, and extend r,, to Elé;Eg.
There exist w,, € Ey® Es such that v, (w — w,) < n=227""1 and w; = 0. Let
wy, = Yoty A @y, and v, = Wp41 — wy,. Then

Tn(Un) < (W —wy) +7rp (W — Wpr)

~
< rp(w —wy) + g1 (W — wpg1) < n=227",

It follows from the definition ‘of ry, that there exist increasing numbers in, NEIN
and representations v, = > ;"% | \i\ix; @ y; such that Y7 A < 277,
po(zi)<n™L, qu(y;) < n~t forall i, < i < i,.1. Indeed, take a representa-

tion of the form v, = Y ;"%' | w; ®z; with Zi"“_H Pn(ui)gn(z;) < n2277,

=it i=i,
where p,(u;) > 0 and ¢,(z;) > 0. Now we can take z; = u; (npn(ui))_l,

Yi = 2 (nqn(zi))fl, i = n%p,(u;)qn(2;). Thus, the required representation is
oo

given by w =37 v, = Yoo T @Y. .
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Taking absolutely convex neighborhoods of zero U C F; and V C F», we can
define the following seminorm on £ ® Fs:

pu,v(w) = sup{z f(za)g(yi): w= Z$i®yi7f el ge V°},

where sup is taken over all representations of w in the indicated form. It is
readily verified that py v (w) < py®py. Hence the topology 7. generated by
such seminorms is weaker than 7. This weaker topology is called the topology of
equicontinuous convergence.

The completion of (E1® Fs, 7.) will be denoted by the symbol E1®.Fs.

We shall see in the next section that for a given locally convex space E the
equality E®_F = E®F holds for all locally convex spaces F precisely when F is
nuclear (which is also defined in the next section). Actually, it suffices to have this
equality for all Banach spaces. Since infinite-dimensional Banach spaces are not
nuclear, it is easy to give examples where the equality fails. Below we describe
these two topologies explicitly in case of Hilbert spaces.

Yet another projective topology on the tensor product F1® E5 is called induc-
tive. It is denoted by the symbol 7; and is defined as the strongest locally convex
topology on F; ® E5 such that the canonical bilinear mapping E1 X Fs — F1®QF,
is separately continuous. Hence the projective and inductive topologies coincide
if all separately continuous bilinear mappings on E; x F5 are continuous. For ex-
ample, the projective tensor topology on D(IR)®@D(IR) is strictly weaker than the
inductive topology, since there is a discontinuous separately continuous bilinear
form on D(IR), see Exercise 2.10.49.

It is instructive to examine the case of Hilbert spaces F; and Fs. The projec-
tive tensor topology is generated by the so-called nuclear norm

ol = inf{ > haill lyill: w =3 @i}
7 i

the completion with respect to which in case F1 = Fy = H gives the space N'(H)
of nuclear (or trace class) operators on H, i.e., H9,H = N(H). The inductive
topology gives the same. The topology 7. is generated by the norm

Jewlloe = sup{ 3" F@idg(ye): w =" @iy, Ifls; <1, lgllsy <1},
which is the operator norm, and in case £y = F> = H the completion of H@H
is the space KC(H ) of compact operators on H. Actually, both constructions apply
to any Banach spaces (where the elements z®y are regarded as operators from F
to Ey acting by the formula | — [(z)y). However, in the Hilbert case the space
FE,®FEs5 can be equipped with the Hilbert-Schmidt norm (when we identify ele-
ments of F1®F, with operators from F; to E5), which in case By = E5 = H after
completing leads to the space H(H ) of Hilbert-Schmidt operators (p. 144). This
latter tensor product is called the Hilbert tensor product and is denoted by F1®2F5.
Note that in these examples the regarded norms on elements x®y equal ||z ||ly||;
such norms on F; ®, F are called cross-norms. The operator norm and nuclear
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norm are extreme cross-norms. Using other norms on F;®sF» we obtain different
tensor products as completions.

Tensor products can be introduced in the language of categories, and they
are connected with the so-called representable functors. We make brief remarks
in this direction, although categories are never used in this book. In the theory
of categories (see Mac Lane [326]), it is customary to consider along with usual
sets certain “very large sets”, called “classes” to distinguish them from sets, in
order to use expressions like “the class of all locally convex spaces” (we recall
that the concept “the set of all sets” is contradictory). A category is a class &
whose elements are called objects of the category, and it is assumed that for each
pair A, B of objects we are given a set hom(A, B) whose elements are called
morphisms from A to B, provided that they satisfy certain natural axioms.

For example, in the category of sets morphisms are arbitrary mappings. An-
other relevant example is the category LCS of real locally convex spaces; mor-
phisms are continuous linear mappings. Certainly, one can also consider the cat-
egory of complex locally convex spaces. In the category of topological spaces
morphisms are continuous mappings.

We say that there is a covariant functor from a category &; to a category €5 if
to every object A of &; an object F/(A) of &, is defined and for every morphism
¢ € hom(A, B), where A, B € €, a morphism F(¢) € hom(F(A),F(B))
is defined such that the identity mappings are taken to identity mappings and
F' respects compositions (provided they are defined). Contravariant functors are
defined similarly, but F'() € hom(F(B), F(A)).

For example, let G be the category of sets and let & be some category. The
mapping h*: C' — hom(A, C), where A, C' € €&, along with the class of naturally
defined mappings of sets hom(A;, C) to sets hom(As, C) is a covariant functor
from € to S.

Isomorphisms of functors are defined in a natural way. A covariant functor
F' from a category € to the category of sets & is called representable if, for some
object A € €, there is an isomorphism of functors f: h4 — F; then we say that
the object A represents the functor F'.

Let us return to the category L£CS of real locally convex spaces. Suppose
that we are given E,G € LCS. For each space K € LCS let B(E x G, K)
be the set of all continuous bilinear mappings from E x G to K. The category
T will be defined as follows: its objects are pairs (K, B), where K € LCS,
B € B(ExG@G,K), and morphisms between objects (K7, By) and (K3, Bs) are
linear operators ¢: K1 — K> such that YoB; = B,. Another category is obtained
by using the set B,(E x G, K) of all separately continuous bilinear mappings.

One can verify that in both cases we obtain a representable covariant functor
from the category L£CS to the category of sets &. In the first case (continuous
bilinear mappings) the representing object is the completion of the tensor product
FE,® E with the projective topology. The functor isomorphism f: hF®¢ — F
takes the set of continuous linear operators from E®G to K to the set of their
compositions with the canonical bilinear mapping from E x G to E®G, which is
continuous in this case.



134 Chapter 2. Methods of constructing

In the second case (separately continuous bilinear mappings) the representing
object is the completion of the tensor product F;®FE» with the inductive topology.
The functor isomorphism is described similarly

2.9. Nuclear spaces

Let X and Y be two normed spaces. An operator T' € L£(X,Y) is called
nuclear if it can be represented in the form

Tx = Zui(x)vi, where u; € X', v; €Y, Z llwil [|vi]] < oo.
i=1 i=1
The infimum of the sums >~ ||u;|| ||v;]| over all possible representations of 7" is
called the nuclear norm of T and is denoted by the symbol ||T'|| .. It is obvious
that any nuclear operator between Banach spaces is compact (see the definition
in §3.10).

The concept of nuclear operator is naturally extended to locally convex spaces.

If V is an absolutely convex neighborhood of zero in a locally convex space E,
then the Minkowski functional py of the set V' is a seminorm and generates a norm
on the quotient £/py,' (0). The completion of this normed space will be denoted
by E\. The norm in Ey will be also denoted by the symbol py,. If p‘_/l(O) =0,
then EV is the completion of the usual space (Ey,py). We recall that the latter
is complete if V' is bounded and sequentially complete. However, in typical cases
the set V' is not bounded and p;,'(0) # 0. The natural mapping j, : E — Ey
is continuous. Note also that if V' contains an absolutely convex neighborhood of
zero W, then the operator m, , : EW — EV generated by the natural inclusion
Py (0) C py'(0) and the surjection E/py! (0) — E/py;'(0), is continuous.

Let £ and F' be two locally convex spaces and let T: £ — F be a linear
mapping such that for some absolutely convex neighborhood of zero V' C E the
set T'(V') is contained in some Banach disc B C F. Let ¢)g: Fg — F be the
natural embedding. Since Tz = 0 if py(z) = 0 (by the boundedness of T'(V)),
the operator T' can be written in the form 7" = ¢Bofo Jv» where T: EV — Fp
is a continuous linear operator. If we can choose V' and B in such a way that the
operator T between the indicated Banach spaces becomes nuclear, then 7T is called
nuclear. This yields at once that any nuclear operator is compact also in the case
of locally convex spaces (see § 3.10). For normed spaces this gives the previous
concept.

One can verify that nuclear mappings are characterized in the following way
(see Schaefer [436, Theorem 7.1]).

2.9.1. Theorem. An operator T € L(E, F) is nuclear precisely when it has
the form

Ty = Z Al (Z)Yn,
n=1

where Y7 | [A\n| <oc, {l,,} is an equicontinuous sequence in E' and {y,} C F is
a sequence contained in some Banach disc.
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2.9.2. Definition. 4 locally convex space E is called nuclear if it possesses
a basis V of absolutely convex neighborhoods of zero with the property that for
every neighborhood V €V the canonical mapping j,,: E — Ey is nuclear:

The previous theorem implies that the canonical mappings j,, must have the

form
jvx - ZA l y’rL7

where >0 | |\,| <oo, {l,} is an equicontinuous sequence in £’ and {y,}CV.

It is readily verified that a locally convex space is nuclear precisely when its
completion is nuclear.

As an example of an infinite-dimensional nuclear space one can take an infi-
nite power IR” of IR; for a basis of neighborhoods of zero we can take the sets
V= {z: |2(t;)| <ei=1,...,n},s0p;, (0) = {z: z(t;) = 0,i =1,...,n},
hence the quotient IR™ /py,*(0) is finite-dimensional.

2.9.3. Theorem. The following properties of a locally convex space F are
equivalent:

(1) E is nuclear;

(ii) for every Banach space X, every operator T € L(E, X) is nuclear,

(iii) every absolutely convex neighborhood of zero V' in the space E contains
an absolutely convex neighborhood of zero U such that the associated operator
Ty " EU — EV is nuclear.

PROOF. If FE is nuclear and X is a Banach space with the open unit ball U,
then V = T~ (U) is a neighborhood of zero in E, so the mapping j,, : E — Ey is
nuclear. Hence it has the form > >, A\, 0, (2)y,, where {l,} is an equicontinuous
sequence in E', {\,} € I}, {y,} is contained in a Banach disc in Ey. We observe
that Tz = > 7 | Al (2)Tyy, where {T'y,,} is contained in a Banach disc in X.

It is clear that (iii) implies (i). Let (i) hold and let V' be an absolutely
convex neighborhood of zero in E. Then the operator j,: E — EV has the form
indicated above. By the equicontinuity of {I,,} there exists an absolutely convex
neighborhood of zero W for which |I,,(w)| < 1 for all w € W, n > 1. Let us take

U=WnV.Itis stralghtforward to verify that the operator Tyu is nuclear, since
it has the form 7, , z = > 7, 1 (2)yn, where the functional I,, € E}; generated
by the functional [,, (the estimate |l,,(w)| < 1 on W means that the norm of [,

does not exceed 1) and the sequence {y,, } is bounded in Ey . O

Property (iii) and the compactness of nuclear operators yield the following
important fact.

2.9.4. Corollary. Every bounded set in any nuclear space is precompact.

It is obvious from Property (ii) that a normed space is nuclear only when it is
finite-dimensional. Nevertheless, as we shall now see, nuclear spaces are closely
connected with Hilbert spaces.
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2.9.5. Theorem. Let U be a neighborhood of zero in a nuclear space E.
Then there exist an absolutely convex neighborhood of zero V-.C U, W C V such
that the Banach spaces Ey and Ey, are linearly isometric to 1> or R" and the
operator m, Ew — Ey is nuclear. Hence the topology of E is generated by
a family of seminorms defined by nonnegative definite Hermite forms.

PROOF. We shall show that there exists an operator A € £(E,[?) such that

V = A~1(B) CU, where B is the open unit ball in [2. We can assume that U
is absolutely convex. Then j,: E — Ey has the form j, o = 270;1 Al (2)Yn,
where A, >0, > % A\, =1, |lyn|| = 1 in Ey and {l,,} is equicontinuous in E’.

Set Az = {\/Aul,(x)}. The equicontinuity of {I,,} yields that A(U) is bounded
in [2. We have

. o) e} 1/2
pu(er) <3 Malla(@)] < (32 Aalta(@)2) " = 1 Aae.
n=1 n=1

Thus, V := A~Y(B) C U. Finally, the quotient F/p;,'(0) with norm py is
linearly isometric to the Euclidean space A(FE), which gives a linear isometry
between EV and the closure of A(V) in /2. It remains to apply the previous
theorem. O

Note that in place of the Hilbert space /2 in this theorem one can take any
space [P, 1 < p < +o00. A justification is similar.

Let A be a set that has the cardinality equal to the minimal possible cardinality
of a base of neighborhoods of zero in the space F.

2.9.6. Corollary. If E is nuclear and {H)} xen is a family of infinite-dimen-
sional Hilbert spaces, then there exist linear mappings T\: E — Hy such that
the topology of E is the weakest one in which all T, are continuous.

2.9.7. Corollary. If a nuclear space E is complete, then it is isomorphic to a
projective limit of a family of cardinality A of Hilbert spaces.

A Fréchet space is nuclear precisely when it can be represented in the form
of the projective limit E = @Hn of a sequence of separable Hilbert spaces H,,

with nuclear mappings Py Hpy — Hy, for m < n. In this case it is separable.

PROOF. The first assertion follows from what we have proved above. Let now
FE be a nuclear Fréchet space. We already know that E has a base of absolutely
convex neighborhoods of zero V,, for which the spaces H,, = Evn are Hilbert. We
can assume that V,, 1 CV,, and that all canonical mappings 1y, 541 : Evn o Evn
are nuclear. This gives the required representation. Conversely, let E' have the
indicated form. Then E is the subspace in [] -, H,, determined by the conditions
VmnTm = Tp, m < n, and its base of neighborhoods of zero is formed by the

products V = [[\", B; x H;?O:m 41 Hj, where B is a ball centered at the origin

in H;. Hence the canonical mapping £ — FEy, can be identified with the projection
of E to [[;~, H,. This projection has the form p = (p1, ..., pm), where p; is the
projection of F to H;. Since p; = ¥;,op,, for n > m, the mapping p is nuclear. [
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2.9.8. Theorem. (i) Any vector subspace and any Hausdorff quotient space
of a nuclear space are nuclear.

(i1) The product of any family of nuclear spaces and a locally convex direct
sum of a countable collection of nuclear spaces are nuclear.

(iii) The projective limits of arbitrary families of nuclear spaces and the in-
ductive limits of countable collections of nuclear spaces are nuclear.

(iv) The projective tensor product of two nuclear spaces is nuclear.

For a proof, see Schaefer [436, Chapter III, Theorem 7.4 and Theorem 7.5,
p. 103, 105]. In terms of projective topologies the following characterization is
known (see [436, p. 172, 184]).

2.9.9. Theorem. A locally convex space E is nuclear precisely when we have
E® F = EQJF for every locally convex space F. Moreover, it suffices to have
this equality for all Banach spaces F'.

Let us consider some examples of nuclear spaces.

2.9.10. Example. The following spaces are nuclear.

(i) Any vector subspace in any product IR” with the induced topology, in
particular, any locally convex space with the weak topology.

(i1) The space X of rapidly decreasing sequences (Example 1.3.19).

(iil) The space C§°(U) of smooth functions vanishing outside of a ball U with
the topology of uniform convergence of all derivatives.

(iv) The spaces D(IR") and S(IR™).

(v) The space C>°(IR") of smooth functions on IR" with the topology of
uniform convergence of all derivatives on compact sets. The space C*°(U) is also
nuclear for any open set U.

(vi) The space H(U) of functions holomorphic in an open set U C C with
the topology of uniform convergence on compact sets in U.

PROOF. Assertion (i) follows from what has been said above. The nuclear-
ity of X is seen from the fact that the same topology is generated by Euclidean
norms g (see Example 1.3.19) for which the corresponding operators between
Hilbert spaces are nuclear. In (iii) we consider for simplicity the case n = 1.
For norms on C§°[0, 1] we take the L?-norms of the even order derivatives. It is
straightforward to verify that the corresponding operators are nuclear. It would be
also possible to employ an isomorphism with > (Theorem 1.12.15). The nuclear-
ity of D(IR™) follows from the previous theorem and (iii). The space S(IR") is
nuclear, since is isomorphic to the space 3 (Theorem 1.12.15). Finally, H(U) is a
closed subspace in the complex space C°(U). O

Let us mentioned some other classical results on nuclear spaces. Their proofs
can be found, e.g., in Jarchow [237], where additional information is given.
The following important fact was established by B.S. Mityagin [350].

2.9.11. Theorem. The spaces C*°(IR"™) and ¥>° are isomorphic.

The indicated spaces are universal in the following sense.
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2.9.12. Theorem. (Komura, Komura [287]) A locally convex space is nuclear
precisely when it is isomorphic to a vector subspace with the induced topology in
the space $* for some set A.

A Fréchet space is nuclear precisely when it is isomorphic to a subspace of
the space ¥*° (and also to a subspace of the space C°°(IR1)).

B.S. Mityagin [350] obtained a criterion of nuclearity of a Fréchet space in
terms of the e-entropy of compact sets in it.

2.9.13. Theorem. A Fréchet space E is nuclear precisely when for every
compact set and every neighborhood of zero in it one has the equality

1
lim sup loglog N(K,eU)/log — = 0,
€

e—0
where N(K,eU) = mf{N: KcUY (z+eU), z; € E}

There is also an interesting criterion of nuclearity of a Fréchet space in terms
of unconditionally convergent series, i.e., series converging for all permutations of
its elements, and absolutely convergent series, i.e., series with a general term x,,
such that °° | p(x,,) < oo for every continuous seminorm

n=1 P(Zn ry p-

2.9.14. Theorem. A Fréchet space is nuclear precisely when every uncondi-
tionally series in it is absolutely converging.

The next result is known as the Dvoretzky—Rogers theorem.

2.9.15. Corollary. A Banach space in which every unconditionally series
converges absolutely is finite-dimensional.

The next so-called Schwartz kernel theorem gives a characterization of nuclear
spaces in terms of bilinear forms.

2.9.16. Theorem. A locally convex space E is nuclear precisely when for
every locally convex space F' every continuous bilinear function B on the space
E X F' is nuclear, i.e., admits a representation

n=1
where l,, € E', f, € F' and there exist absolutely convex neighborhoods of zero
UCEFEandV C F suchthaty,~ p,o(ln)pyo (fn) < 00.

There is another “kernel theorem” also due to Laurent Schwartz for the con-
crete space D(IR"); see Hormander [227, Theorem 5.2.1] for a proof.

2.9.17. Theorem. A bilinear form B on D(IR") is separately continuous if
and only if it admits the representation

B(p, ) = Flp® 1)
with F € D' (IR*™), where (p® 1) (z,y) = @(z)h(y).

In § 3.7 we present some other facts related to the nuclearity of dual spaces.
For connections with measure theory, see § 5.10.
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2.10. Complements and exercises

(i) Properties of the spaces D and D’ (139). (ii) Absolutely summing operators (143). (iii) Local
completeness (145). Exercises (147).

2.10(i). Properties of the spaces D and D’

Here we discuss a number of rather exotic properties of the spaces D and D’.
At the beginning of the 1950s it was even unknown whether there exist spaces with
such properties at all, then an impressive ingenuity was recruited for constructing
some artificial examples, and, finally, it was realized that the classical spaces D
and D’ serve as examples. Though, a verification of this turns out highly non-
trivial.

One of the first questions arising at a closer look at the topology of the space D
is this: why do not we introduce in D the topology 7., in which closed sets are
exactly the sets having closed intersections with all D,,? This topology (of the
inductive topological limit) is not weaker than the one we introduced. However, it
is different: the indicated stronger topology makes continuous all those functions
whose restrictions to all D,, are continuous. The standard topology of D has no
this property: the quadratic form

F(p) = e(n)ep™(0)
n=1

is discontinuous in this topology (Exercise 2.10.49), but is obviously continuous
on all subspaces D,,. Though, both topologies have equal supplies of continuous
linear functions. However, a decisive drawback of the topology 7., is that it does
not make D a topological vector space: the addition operation is discontinuous.
Otherwise it would follow by Remark 2.3.2(ii) that 7y, coincides with the standard
topology (since the base of zero mentioned in that remark for countable collections
of spaces with bases of absolutely convex sets consists of convex sets). The proofs
of the results stated below can be found in Smolyanov [480], [484], [486], [492],
[493], [494].

A set is called sequentially closed if it contains the limits of all its convergent
sequences. A Fréchet-Uryson space is a space in which for every set A every
point in its closure is the limit of a sequence of points in A (not necessarily dis-
tinct). Such spaces belong to the broader class of sequential spaces in which the
sequential closedness is equivalent to the usual closedness (see Engelking [154]).
Let [A] denote the closure of A (denoted in other places by A, but here another
notation will be more convenient), let [A], denote the sequential closure (the small-
est sequentially closed set containing A), and let [A],, denote the set of all limits
of countable sequences of elements in A. For example, every metric space is a
Fréchet-Uryson space, but the product of a continuum of real lines is not. As an
example of a nonmetrizable Fréchet-Uryson space take any weakly compact set in
a Banach space that is not metrizable in the weak topology, e.g., the closed ball in
a non-separable Hilbert space (Theorem 3.4.11 and Exercise 3.12.50). Any regular
inductive limit (see §2.7) is a nonmetrizable sequential locally convex space, but
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this limit is not a Fréchet-Uryson space. A subset .S of a locally convex space F
will be called a standard countable sequentially closed non-closed set if

()0 ¢ S,0€[S];

(i1) 0 is a unique non-isolated limit point of S’ (so that, in particular, all points
of S are islolated);

(iii) every convergent sequence of elements of the set S is stationary (this
yields the sequential closedness of 5).

2.10.1. Proposition. Let
Sy ={k~ ™)+ W (. —n): k,ne N} cD.

Then S is a standard countable sequentially closed non-closed subset of the space
D’ with the topology of uniform convergence on bounded sets in D, i.e., 3(D', D).

PROOF. It is clear that 0 ¢ S;. Let V be a neighborhood of zero in D’. This
means that there exist a bounded subset B in D and ¢ > 0 such that

VoVi={geD: [{g,9) <eVpe B}

Since B is bounded, there exists o > 0 such that the interval [—c, a] contains
the supports of all functions in B. Let n € IN, n > « and let £ € IN be such
that k=16("") € V; (such k exists because V; is a neighborhood of zero). Then for
every ¢ € B we have

(k716 0) + (6 (- +n),0) = (k716M, p) <,

so that k=10 (-) + ) (- —n) € V; C V, ie., 0 € [S]. We now verify that 0 is
a unique limit point of the set Sy. Let g € [S1], g ¢ S1, g # 0. Then

oo 7(n)

Q—Z(X(SJ)+ZZBT7L ~—TL,

n=1r=1

since the support of the limit point of the set S; must belong to the union of
supports of the elements of this set. If 5,.,, # 0 for some r, n, then by the inclusion
g € [S1] we have (3., = 1 and f3;; = 0 for every pair (¢, j) that differs from the
pair (r,n); it follows (again by the inclusion g € [S7]) that a,, = 1/r and a;; = 0
if j # n. Thus, g € S7, which contradictions our assumption. For completing the
proof of property (ii) it remains to observe that all points of the set .S, are isolated.
Let us now prove property (iii). Suppose that for some j we have the equality

aj; = kj—l(;("j) + 6% (- —ny),

and suppose that the sequence {a;} converges in D’. Then we have sup, n; < oo,
therefore, sup; k; < co. Hence the set of different elements in the sequence {an,}
is finite. Since this sequence converges, there exists n € IN such that a;, = aj,
whenever ji, jo > n, i.e., the sequence {a;} is stationary. O

Similarly one can show that also the set

Sy = {716 () + kd(- —n): k,n e IN}
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possesses the properties analogous to those of S;. Moreover, both the convex hull
of the set S7 and the convex hull of S;/ are sequentially closed, but not closed.

Note also (this will be used below) that the set S; (hence its convex span)
is contained in a subspace of the space D’ isomorphic to the product of IR™
(the countable power of IR') and the topological direct sum IR of a countable
family of real lines. Since the space IR is metrizable and R s sequential, we
see that the product of two locally convex spaces, one of which is a Fréchet space
and the other one is sequential, need not be a sequential space.

2.10.2. Proposition. Let ay,(t) = g(t)(k + 1)~ " sin(kt), where k,n € N,
g€Di_11,9#0, and bl (t) =k~ 'p(t—n), where p € D and suppp C [1,00).
Then the set So = {ag,+ b,llk : n,k € IN} is a standard sequentially closed closed
subset of the space D.

2.10.3. Proposition. Let G be the closed vector subspace of the space D’
consisting of all generalized functions concentrated at zero, let E = D|_y 1), and
let k,n € IN, b2, = k=16(") e G, ap, € E be the same as in the previous
proposition. Then the set Sz = {ayn + b2,.: n,k € IN} is a standard sequentially
closed non-closed subset in the topological direct sum E®G.

2.10.4. Remark. The topological direct sum of a countable collection of real
lines is not a space Fréchet-Uryson space, i.e., it contains sets some limit points
of which are not limits of convergent sequences of its elements. Among such sets
there exist even countable sets.

Indeed, let us realize such topological direct sum as the space GG from the
previous proposition. Set

Sy={n"t6+ k16" n ke N}
Then 0 ¢ Sy, 0 € [Sy], but there is no sequence of elements in the set Sy converg-
ing to zero. Certainly, S4 is not sequentially closed, since [S4] # S4. Hence G is
not sequential. Note also that [S4]ss # [S4]s = [S4]. Similarly one can show that

the infinite-dimensional Hilbert space with the weak topology is not sequential.
Indeed, let {e,,} be a countable orthonormal family in this space and let

A={k"e, +kenpy1: k,n € N}

Then 0 € [A], 0 ¢ A (verify this!), but no sequence of elements of the set A
converges to zero. This example goes back to von Neumann.

Below for a subset A of a locally convex space the symbol M (A) denotes the
affine variety generated by A and the symbol L(A) denotes the vector subspace
generated by A.

2.10.5. Proposition. For k,n,m € IN set
By = (k+1)" ™=k, af, =W (- —n),
Cp={a), +02.: keIN,n=1,2,...,m}yCD,
M= | M(Cp).

m=1
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Then0 ¢ M,0 € [M],[M] = MU{0} and [M]s = M, so that M is a sequentially
closed non-closed affine subvariety in the space D’. Moreover, the vector subspace
L(M) of the space D' is closed and the linear functional f: L(M) — IR defined
by the equality f(M) = 1 is sequentially continuous, but not continuous in the
induced topology.

2.10.6. Proposition. For k,n € IN set
by, = (k+ 1)1 (- — k™) € Di_y
and take elements a},, of the space D(_1,1) defined by
A (1) = (k+1) 7 sin(lent) £(2),
where [ € Di_1y f#0 Ik, € IN, and li n, = lgyn, precisely when ki = ko
and ny = no. For every m € IN let
Cp = {a}, +bb: keN, n=1,2,...,m}
and My = {J;°_[M(Cy,)]. Then 0 ¢ My, 0 € [M], [My] = My U {0},
[M1])s = My. Therefore, My is a sequentially closed non-closed affine subvariety
in the space Di_y 1] X Df—l,l] and the linear functional f on L(M,) defined by
the equality (M) = 1 is discontinuous, but sequentially continuous.

2.10.7. Proposition. Let a,, be the elements of D defined by the equality from
the previous proposition and let b2, € D be defined by b2, (t) = 2(_2k)g(2’“ (t—
n)), where g € D, suppg € [1,00),g # 0. For every m € IN let
Cl ={ap, +b,: ke Nyn=1,2,...,m}.
Then My = |J,°_,[M(CL,)] is a sequentially closed non-closed affine variety in
D and the linear functional f on L(Ms) such that f(Msy) = 1 is discontinuous,
but sequentially continuous.

It follows from this proposition that the subspace L(My) is not the inductive
limit of the intersections L(M3) N D,,.

2.10.8. Proposition. Let {r;} be the sequence of all rational numbers, let
(p, j,s) — n(p,j,s) be a one-to-one mapping of IN® onto (2,3, ...), and let Fp.
be the subvariety in the space D' generated by the set

{70 = ry) + B7160IN( = 1) 60D (-~ n(p,js)): pik,jos € N,

Then the subspace Fp. is sequentially closed and dense in D', but is not closed
(one has 0 € [Fp/],0 ¢ Fp), so that Fpr — a, where a € Fp, is a sequentially
closed non-closed everywhere dense vector subspace in D'.

2.10.9. Proposition. Let (k,n) — l(k,n) and (j,8) — n(j,s) be two bijec-
tions of IN? onto N and let {f;} be a sequence of elements of D such that

(1) if ming n(j, s) = a(j) and ming s 1(k,n(j, s)) = b(j), then fj(a(j))(a:) =0
Sor x € (0,27/b(j));

(2) supp f; € (—o0,a(j)): 3) [{f;}] =D.
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The existence of such a sequence follows from the relations a(j) — 00,b(j) — oo.
For each triple k, j, s € IN consider the function

Prpe(0) = S50+ FOk+1)"0 sin(1(k,n(.9))t) +27 g (2 (t=n(5.9)) ).

where g € D, suppg C [1,00), f € D, supp f C (—o0,1], f(t) = 1 for all points
t € (0,1/2). Then the sequentially closed affine subvariety Fp of the space D
generated by the set {¢y, ; s: k,j,s € IN} is not closed and is everywhere dense,
so that Fp — a, where a € Fp, is a non-closed everywhere dense sequentially
closed vector subspace in D.

2.10.10. Remark. A similar method can be applied for constructing a sequen-
tially closed non-closed everywhere dense vector subspace in D|_; 1) & Df_l 1-

2.10(ii). Absolutely summing operators

A series >~ | x,, in a Hausdorff locally convex space X is called uncon-
ditionally convergent if it converges for all permutations of indices. For a scalar
series this is equivalent to absolute convergence; thus, the sum does not depend
on a permutation. Hence if s is the sum of this series, then for every continuous
seminorm g on X and every € > 0 there exists N such that for every finite set of
indices M containing {1,..., N} we have q(s — >, ), @) <&

More generally, a family of vectors ., € X indexed by some set I is called
summable to a vector s € X if, for every continuous seminorm ¢ on X and every
e > 0, there exists a finite subfamily T'g C I such that g(s — > o, ©) < & for
every finite family I'; containing I'y.

If 3 7erq(z,) < oo for every continuous seminorm g, then the family
{2~ }~er is called absolutely summable. For I' = IN we say of an absolutely
convergent series.

In the finite-dimensional space unconditional convergence of a series is equiv-
alent to its absolute convergence. For example, the sign alternating series with a
general term (—1)"n~! converges, but not unconditionally. In the Hilbert space [?
the series of vectors z,, = n~'e,,, where {e,} is the standard basis, does not con-
verges absolutely, but converges unconditionally, since whenever ki, ..., &k, > n
we have |lzg, + -+ xp, |2 < >, k2

Let p € [1,4+00). A family of vectors {z }cr is called weakly p-summable
if > er ll(zy)[P < ooforalll € X'

If>° cra(zy)P < oo for every continuous seminorm ¢ on X, then {z },er
is called absolutely p-summable.

2.10.11. Lemma. Suppose that a sequence {x,} in a normed space X is
weakly p-summable. Then there exists C > 0 such that

oo

sup [1(x,)|P < C.
lex’, Hl\léln;
PROOF. Let us consider the linear mapping S: X' —IP, Sl = (l(xn)):ozl.

We have to show its boundedness. Since X’ and [P are Banach spaces, it suffices
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to verify that the graph of S is closed (see §3.9). Let I; — [ in X" and Sl; — v
in [P, where v = (v,,). Then l;(z,,) — I(z,,) for every fixed n. On the other hand,
we have [;(z,,) — vy, whence l(z,,) = v, i.e., v = S, as required. O

2.10.12. Definition. Let X and Y be two locally convex spaces. An operator
TeL(X,Y) is called absolutely p-summing if it takes weakly p-summing families
to absolutely p-summing families.

An operator T is called absolutely summing if it takes summing families to
absolutely summing families.

It is readily seen that in these definitions it suffices to consider countable
collections of vectors.

If X and Y are normed spaces, then T € £(X,Y) is absolutely p-summing if
the condition Y7 ; [I(2y)[? <oo for all [ € X’ implies that Y~ | || T'(xy)||?. <oo.
In this case there is a number C' > 0 such that

> T2 < C sup Z (x| (2.10.1)
n=1 i<t n=1

for every sequence {z,} C X. Indeed, otherwise for every m we could find a

finite set &y, 1, ..., Tm,k for which

k
sup Z [l(zm)|P <27 and Z |T2m |2 > 1
<152 =1
which leads to a contradlctlon. The smallest possible C' is denoted by 7,(T').

These classes are stable under left and right compositions with bounded
operators. By the Dvoretzky—Rogers theorem (Corollary 2.9.15) each infinite-
dimensional Banach space X contains an unconditionally, but not absolutely con-
verging series. If X has no subspaces isomorphic to ¢y (and only in this case),
then unconditional convergence of the series of x,, is equivalent to the weak
1-summability of {z,} (see Kadec, Kadec [244, Chapters 3, 4]). If X and Y
are two Hilbert spaces, then the class of absolutely summing operators coincides
with the class of absolutely 2-summing operators and with the class of Hilbert—
Schmidt operators, i.e., operators T € L(X,Y) such that }__ || Te.||} < oo for
some (and then every) orthonormal basis {e,} in X, see Bogachev, Smolyanov
[72, Proposition 7.10.26] or Pietsch [388, §2.5].

Let us describe one important special absolutely 2-summing embedding (see
[72, Theorem 7.10.27] or Pietsch [389, § 17.3]).

2.10.13. Theorem. Let p be a probability measure. Then the identical em-
bedding L>° (1) — L*(p) is absolutely 2-summing. In particular, if u is a Radon
measure on a topological space, then the embedding Cy,(2) — L?(u) is absolutely
2-summing.

It is worth noting (see Pietsch [388, Lemma 3.3.4]) that every absolutely sum-
ming mapping 7: X — Y between Banach spaces can be written as a composi-
tion T' = TyojoTy, where j: C(Q) — L?(p) is the identical embedding for some
Radon measure 4 on a compact space 2, T € L(X,C(Q)), T> € L(L*(n),Y).
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As the following theorem due to Pietsch shows, in the case of general Ba-
nach spaces absolutely 2-summing operators are also connected with the space L?
(about measures, see Chapter 5).

2.10.14. Theorem. Let X and Y be two Banach spaces, let B’ be the closed
unit ball in the space X' equipped with the topology o(X', X) (making it com-
pact), and let O’(C (B’ )) be the o-algebra generated by continuous functions on the
compact space B'. An operator T € L(X,Y) is absolutely 2-summing precisely
when there exists a bounded nonnegative measure (1 on U(C’ (B’ )) such that

Tl < [l uide).

Any nuclear operator between normed spaces is absolutely summing. Indeed,
let {z;} be a weakly absolutely summing sequence and let Tz = >0 | A\l (2)yn
be a nuclear operator, where A, > 0, >~ | A, < 00, [[l,]| < 1, [|yn]l < 1. As we
have shown in the lemma above, there exists C' > 0 such that

Supz [ ()] < C.
=1

Therefore,

STzl < S0 S Al gl < €S2 A
i=1 n=1

i=1 n=1 =
In Pietsch [388, Chapter 3] one can find the proof of the following theorem due to
Grothendieck.

2.10.15. Theorem. The composition of two absolutely summing operators
between normed spaces is nuclear.

With the aid of absolutely summing operators one can characterize nuclear
spaces. For example, according to Theorem 2.9.14, a Fréchet space is nuclear
precisely when all unconditionally converging series in it converge absolutely, i.e.,
the identity operator is absolutely summing.

2.10(iii). Local completeness

In relation to Grothdieck’s construction discussed in § 2.5 the following useful
property of completeness emerged. For simplicity of terminology, we shall use
here the term a disc to denote a bounded absolutely convex set in a topological
vector space.

2.10.16. Definition. 4 Hausdorff locally convex space is called locally com-
plete if every closed disc in it is a Banach disc.

It follows from the results in § 2.5 that the sequential completeness yields the
local completeness, but the converse is false. For example, the space ¢y of all
sequences converging to zero equipped with the weak topology o(co,!!) is not
sequentially complete, but it is locally complete, since it is Banach with respect to
its standard norm and weakly bounded sets are norm bounded.
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2.10.17. Definition. We shall say that a sequence {x,} in a locally convex
space E converges to x in the sense of Mackey, or is Mackey convergent, if there
is a disc B C E such that pg(x — x,) — 0. Similarly, a sequence is called
Mackey fundamental if for some disc B it is fundamental in Ep.

2.10.18. Lemma. A4 sequence {x,} in a locally convex space E Mackey
converges to zero precisely when there exists an increasing sequence of positive
numbers A\, — +oo for which \,x, — 0in E.

PROOF. If {x,} is Mackey converging to zero, then such numbers obviously
exist: whenever pp(z,) > 0 we can take \,, = pp(z,)~ /2. Conversely, if such
a sequence {\, } exists, then the closed absolutely convex hull B of the sequence
{A\nz,} is a closed disc and pp(z,) = At — 0. O

It follows from this lemma that in any metrizable locally convex space con-
vergence of a sequence is equivalent to its Mackey convergence.

2.10.19. Proposition. The following conditions for a Hausdorff locally convex
space E are equivalent:

(i) the space E is locally complete;

(1) every Mackey fundamental sequence in E is Mackey convergent;

(iii) every bounded set in E is contained in some Banach disc.

PROOF. The implications (i)=-(ii)=>(iii) are trivial. In order to prove (iii)=>(i),
given a closed disc D we find a Banach disc B containing it. Then the closure of
D in Eg will be a Banach disc. We observe that D coincides with this closure,
since every limit point for D in E'p will be a limit point in E, but D is closed. [

2.10.20. Corollary. Any locally complete space E will remain locally com-
plete in all locally convex topologies on E for which the dual space remains E'.

The description of such topologies that agree with the given duality will be
obtained in § 3.2.

2.10.21. Theorem. The following conditions for a Hausdorff locally convex
space E are equivalent:

(i) the space E is locally complete;

(i1) every sequence in E that is Mackey converging to zero has a compact
closed absolutely convex span;

(iii) every sequence converging to zero in o(E,E’) has a o(E, E')-compact
closed absolutely convex span;

(iv) every sequence converging to zero in E has a compact closed absolutely
convex span.

PROOF. We verify the implication (i)=-(iii). Let z,, — 0 in o(E, E’) and
let B be the closed absolutely convex hull of {x,} in the topology o(E, E’).
Then B is bounded and closed in the original topology, hence is a Banach disc.
Proposition 2.5.14 gives the compactness of B in the topology o(E, E’).

The implication (iii)=>(iv) is clear from the fact that the closed absolutely
convex hull of any sequence {z,} converging to zero in E is weakly compact
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by condition (iii), and since it is precompact, by Corollary 1.8.12 we obtain its
compactness in the original topology.

The implication (iv)=-(ii) is trivial. Let us deduce (i) from (ii). Let B be a
closed disc in E and let a sequence {x,,} be Cauchy in F5. We show that it has a
limit in E'5. Passing to a subsequence, we can assume that pg (2,41 —2,) < 2—2n,
ie, Tni1 — 2y € 272"B. Set y, = 2"(2,11 — ¥,). Then pp(y,) < 27" By
condition (ii) the absolutely convex hull K of the sequence {y, } is compact in E.
The sequence z; 11 —x1 = Zﬁzl 27 ™y, 1s contained in K, hence has a limit point
in K. Hence {z,, } has a limit point z € K. We observe that then pp(z, —x) — 0.
Indeed, let € > 0. For all n,k > m, where 2™ < ¢, we have z,, — ) € eB.
Since B is closed and « is a limit point of {z}}, we obtain z,, — x € B for all
indices n > m, i.e., pp(x, — x) < ¢, as required. O

2.10.22. Example. For metrizable locally convex spaces the local complete-
ness is equivalent to completeness. Indeed, if a sequence {z,} is Cauchy in a
locally complete metrizable space F, then it converges in the completion of F.
Hence in the completion it is Mackey convergent, hence is Mackey fundamental,
which yields that it is Mackey fundamental in F, then it is Mackey converging
in E.

The Mackey convergence and its desription by Lemma 2.10.18 will be used
in §4.3. See Pérez Carreras, Bonet [385, Chapter 5] for additional information.

Exercises

2.10.23. Construct an example of an incomplete direct spectre lim E, of complete
spaces (Ea, Ta).

2.10.24. (i) There exists an incomplete separated inductive limit of an increasing se-
quence of separable Banach spaces B,, with continuous embeddings B,, C By +1.

(ii) There exists a separated inductive limit of an increasing sequence of separable
Banach spaces B,, with continuous embeddings B, C B,+1 in which there is a bounded
set contained entirely in no B,,.

(iii) There exists a separated inductive limit of an increasing sequence of separable
Banach spaces B;,, with continuous embeddings B, C B,+1 in which there is a bounded
set contained in B which is unbounded in each B,,.

(iv) There exists an inductive limit of strictly increasing sequence of separable Banach
spaces B,, with continuous embeddings B,, C By+1 in which there is no neighborhood of
zero distinct from the whole space.

HINT: in (i), (ii) consider the following example (see Makarov [331], [332]). Let B,
be the space of double sequences © = (z;,;) with a finite limit Jlin;o xi,; for all i > n

such that one has lim =;;/(1 + j) = 0 for i < n, set [|z||, = sup, ; |Ti]/cijn
j—oo )

Cijm=1+jifi < n, cijn=1ifi> n; consider the countable set A of elements a*™,

where o™ = (aﬁ’j"), aﬁ’j" =—-1ifj=2m, m< k,i<n, afy’j" = 1 in other cases;
verify that A is bounded in Bi, but the closure of A contains {y"}, where y;'; = —1 if

j=2m, i< n,y;; =1 in other cases, and y" € B, \B,_1; verify that the sequence of
partial sums of the series of n~'y™ is fundamental, but does not converge. For examples
in (iii), (iv), see [332].
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2.10.25. Generalize the example (ii) as follows. Suppose that for every k£ € IN we
have a sequence of numbers a® >0 with a¥ < a**!. Denote by E} the Banach space
of sequences & = (z,) for which x,/a® — 0 as n — oo, equipped with the norm
||lz||x = sup,, |zn/ak|. Let E = indg Ex. In place of an index n we now use a pair (1m,7)
and define afm,n) as follows: afmyn) =nifm <k, al(“mm = 1 in other cases. Let vectors
v* be such that v(lm’n) = 0 for all m, n, vfm’n) =k tifm=k-1, vf"m’n) = 0 in other
cases. Show that v* ¢ Ey, Pt ¢ Ej and v* — 0in E. Thus, we obtain a sequence
converging in indg Fy, but contained in no Ej.

2.10.26. On the product X = J],., X: of nonempty topological spaces the box
topology is generated by a base consisting of the products of the form [T, .. U:, where
U, is a nonempty open subset of 1" (not necessarily equal to X for all ¢ except for a finite
number as in Tychonoff’s topology). (i) Investigate whether an infinite power of a compact
interval is compact in the box topology. (ii) Let E:, where ¢t € T', be an infinite family of
separated nonzero topological vector spaces over IR or C. Let us equip their product with
the box topology. Show that this topology does not agree with the vector structure. Does it
agree with the structure of an additive group?

HINT: (i) observe that the box topology is stronger than Tychonoff’s topology; (ii) if
z(tn) > 0 for infinitely many ¢, € T, then take a box neighborhood of zero W such that
Az ¢ W forall A € (0,1).

2.10.27. Let E be a locally convex space in which there is a closed linear subspace Ey
such that Ey and E/Ey are metrizable. Prove that E is metrizable as well. Show that if
Eo and E/Ey are Fréchet spaces, then E is a Fréchet space as well.

HINT: see Pérez Carreras, Bonet [385, p. 51].

2.10.28. Prove Corollary 2.7.10.

2.10.29. Let A be a bounded complete subset of a separated locally convex space E.
Show that there exists a closed absolutely convex set D such that A is complete in Ep.

HINT: let D be the closed absolutely convex hull of A and let B be the closure of
D in the completion of E; observe that A is closed in the Banach space F'g and Ep is a
linear subspace in E'g with the same norm.

2.10.30. Let V' be a complete bounded convex set in a Hausdorff locally convex
space F. Show that its absolutely convex hull is a Banach disc.
HINT: see Pérez Carreras, Bonet [385, p. 88].

2.10.31. Let mo(Q2) be the space of all functions with finitely many values on a
nonempty set 2 equipped with the norm ||z|| = sup,, |z(w)|. Show that every Banach disc
in mo(Q?) is finite-dimensional. Prove that in any infinite-dimensional separable Banach
space there exists a hypersubspace F' not containing infinite-dimensional Banach discs.

HINT: see Pérez Carreras, Bonet [385, p. 90].

2.10.32. Let D be a closed disc in a locally convex space E and let A C D be an
absolutely convex and precompact set in Ep. Prove that the closures of A in F and Ep
coincide.

HINT: see Pérez Carreras, Bonet [385, p. 169].

2.10.33. A set A in a locally convex space E will be called hyperprecompact if there
exists a closed disc D such that A is precompact in Ep. (i) Prove that the closed absolutely
convex hull of any hyperprecompact set is hyperprecompact. (ii) Prove that if a sequence
{xn} converges to zero in Ep for some disc D, then its closed absolutely convex hull
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in E is hyperprecompact. (iii) Prove that every hyperprecompact set is contained in the
closed absolutely convex hull of some sequence which, for some disc D, tends to zero
in Ep. (iv) Prove that for every hyperprecompact set A there is a closed absolutely convex
hyperprecompact set C' such that A is precompact in Fc.

HINT: see Pérez Carreras, Bonet [385, Proposition 6.1.13].

2.10.34. Let a normed space B be continuously embedded into a sequentially complete
locally convex space X such that the closed unit ball of B is closed in X. Prove that B is
complete.

HINT: apply Theorem 2.5.1.

2.10.35. Construct an example of a Banach space X and an incomplete normed
space E continuously embedded into X by means of an injective operator 1" for which
the extension of 7" by continuity to the completion of E is not injective.

2.10.36. Let E be the inductive limit of an increasing sequence of Hausdorff locally
convex spaces F,, such that in each FE,, there is an absolutely convex neighborhood of zero
with weakly compact closure in E,,41. Show that if a set A is such that A N E,, is weakly
closed in F,, for all n, then A is closed in E (if A is convex, then it suffices to have the
closedness of A N E,, in E, in the original topology of E,). Hence if E,, are reflexive
Banach spaces and Z is a closed subspace in E, then all sequentially continuous linear
functions on Z are continuous.

HINT: see Pérez Carreras, Bonet [385, Proposition 8.5.28].

2.10.37. Let E be the inductive limit of an increasing sequence of Hausdorff locally
convex spaces F,, such that every bounded set in E is contained and bounded in some F,,.
Prove that for every continuous linear operator 1" from a metrizable locally convex space
F to E there exists n such that T'(F') C E, and the mapping T': F' — E, is continuous.

HINT: see Pérez Carreras, Bonet [385, Proposition 8.5.38].

2.10.38. Let E be a Hausdorff inductive limit of an increasing sequence of Haus-
dorff locally convex spaces E, such that there exist absolutely convex neighborhoods of
zero U,, C E,, with U,, C Up+1. Prove that if a set A is bounded in E, then there exists n
such that A C nU,, where the closure is taken in E.

HINT: see Pérez Carreras, Bonet [385, Proposition 8.5.20].

2.10.39. (i) Let E be a topological vector space and let () be a sequentially closed
convex set in E which for some 3 > 0 contains all sets a@ with |a| < 3. Prove that
if @ absorbs every point of some absolutely convex sequentially complete set A, then @
absorbs A.

(i1) Deduce from (i) that if ' is sequentially complete and @) is an absolutely convex
sequentially closed absorbent set, then it absorbs every bounded absolutely convex set.

HINT: see Edwards [150, Proposition 7.4.1, Corollary 7.4.2].

2.10.40. (i) Suppose that E' is a nuclear locally convex space and V' C E is an
absolutely convex neighborhood of zero. Show that the space Ev is separable. (ii) Show
that if E’ is metrizable in the strong topology, then E is separable.

2.10.41. Let E and F be two vector spaces in duality, let £ be equipped with the
topology o(E, F), let V be a barrel in E, and let Evy be the completion of the normed
space (Ev,pv), where pyv is the Minkowski functional of the set V. Prove that the
canonical mapping jv: E — Evy has a closed graph and V = j;l (jV(V)).

HINT: if pv(za) — 0 and o — x, where & V/n, then x and V/n are separated
by a hyperplane.
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2.10.42. Let I be a Fréchet space. Prove that F' is linearly homeomorphic to a closed
subspace in a countable product of Banach spaces.

HINT: let the topology of F' be defined by seminorms p,, and let X, be the completion
of X/p;, " (0) with respect to the norm generated by p,,; the embedding of F into [[2 , X,
is defined by the formula z — (z,z,...).

2.10.43. Let X be an infinite-dimensional Banach space. Prove that for every separa-
ble Banach space F there exists an injective continuous linear operator A: F — X. Prove
also that such an operator exists from {*° to X.

HINT: construct a continuous linear operator T': 12 — X with an infinite-dimensional
range and restrict it to the orthogonal complement of the kernel; construct explicitly an
injective operator from [°° to I?; verify that every separable Banach space can be injectively
embedded into [*°.

2.10.44. Show that the vector sum of two Banach discs is again a Banach disc, the
intersection of any family of Banach discs is a Banach disc, and the image of a Banach disc
under a continuous linear operator to a Hausdorff locally convex space is a Banach disc.

2.10.45° Prove that the topology of the spaces S(IR™), H(U) and C*°(U) from
Example 2.9.10 (see also § 1.3) cannot be defined by a norm.

2.10.46. Justify the examples from the propositions in § 2.10(i).

2.10.47° Let E be a sequentially complete locally convex space and let a sequence
{z} converge to zero in the topology o(F, E’). Show that its closed absolutely convex
hull coincides with the set {3°°7 | An@n: Do [An| < 1},

2.10.48. Let F; € D'(RY), j € IN and F; () — O for every ¢ € D(IR'). Prove that
there exist a seminorm p of the form indicated in Example 1.3.21 and numbers ¢; — 0 for
which |F}; ()| < g;p(yp) for all j.

HINT: show first that this is true for each space Dy in place of D(IR), since by
the Banach—Steinhaus theorem there exist » € IN and C' > 0 such that |F;(¢)| does not
exceed C'max;c(_y ¢ (t)| for all j. By the compactness of the natural embedding
Cyt [~k k] — C§[—k, k] one has sup; |Fj(¢)| — 0 uniformly on the set of functions
¢ € D with maxe[_g 4 [ (¢)] < 1. Find functions (x € C§°(k — 2/3,k + 2/3),
k € Z, with 0 < (, < 1 and Ezo:ﬂx Cx = 1. Use numbers €x,; — 0 and r, € IN
for which |F;(¢)| < ek,; max;e[— k) |8 (t)| for all ¢ € Dy, and all j to construct the
desired numbers ¢;. To this end, estimate |F'(¢)| by the series of | F/(Cr¢)|-

2.10.497 (i) Justify the assertions in §2.10(i) by proving that the topology T on the
space D(IR') introduced there is strictly weaker than the topology Teop on D(IR') in
which open sets are by definition those sets that give open intersections with all D,,. To
this end show that the quadratic function F() = 3.°° | ¢(n)p(™(0) is discontinuous in
the topology 7, but is continuous in the topology Ttop.

(ii) Prove that the topology 7 is strictly stronger than the topology 72 on D(IR')
generated by the norms py (¢) = sup |[p(z) ™ (z)|, where we take arbitrary nonnegative
integer numbers m and positive locally bounded functions 1. To this end, verify that the
linear function F(p) = S°°° | (™ (n) is continuous in the topology 7, but is discontinuous
in the topology 7o.

Therefore, the topologies on D used in Kirillov, Gvishiani [271] and Kolmogorov,
Fomin [284] differ from the standard one and are distinct.
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2.10.50. Let L be a linear subspace in D(IR') of finite codimension such that all
intersections L N D,, are closed. Prove that L is closed.

HINT: assuming for simplicity that L is of codimension 1, find £ such that L N Dy,
is of codimension 1, i.e., has the form Dy N f; '(0) for some f, € D’. Next, there is
fr+1 € D' with LN Dgy1 = DDgpyq N fkjrll(O). Hence fr+1 and fi are proportional
on Dy, and fi11 can be taken such that fi 1 = fx on Dj. Continuing inductively we find
functionals f, € D', n > k, such that f,1 = f, on D, and LN D, = D, N £, (0).
This yields a functional f € D’ such that L is its kernel.

2.10.51. Show that every complete Hausdorff locally convex space is linearly homeo-
morphic to a closed linear subspace in some product of Banach spaces.

2.10.52. (i) Let £ be a Hausdorff locally convex space and let C C E be a closed
convex balanced set. Show that if the restriction of a linear function f to C' is continuous
in the original topology, then it is continuous in the topology o (E, E').

(i) Construct an example showing that even for a Banach space E' the restriction of f
to the linear space generated by C need not be continuous.

HINT: (i) use Theorem 1.11.17; (ii) consider the space E = I' with the standard
norm and C' = {(xn) € I': |zn| < 47™}. Let Ec be the linear span of C and define
[ by f(z) =307 2", if ¢ € Ec. Extend f by linearity to all of E. Then f is not
continuous on E¢ in the topology of E, since f(27"e,) = 1, where {e,} is the standard
basis in {1, but 2 "e,, — 0 in {*. However, f is continuous on C. Indeed, let 2 € C.
Then, whenever y € C and ||z — y|| < 4%, one has | f(y) — f(z)| < 3-27".

2.10.53° Let E and F' be Hausdorff locally convex spaces and let S: £ — F be a
sequentially continuous linear mapping. Prove that S takes Cauchy sequences to Cauchy
sequences.

2.10.54. Give an example of an absolutely convex precompact set V' in [ with the
closure V' such that V' is not dense in V' with respect to the norm py-.
HINT: take the set V of vectors z = (x,) with finitely many nonzero coordinates

such that |z,| < n~! for all n; observe that ps-(x) = sup,, |nz,| and v = (n™') € V
does not belong to the closure of V' in the norm py-.

2.10.55. Show that in any locally convex space any sequentially closed convex set
with a nonempty interior is closed. Show that this is false without the assumption about
interior points.

HINT: assuming that O is in the interior of the given set V, verify that V = {pv < 1};
consider the topological dual to I? in the algebraic dual.

2.10.56° Show that a linear functional on a topological vector space bounded on pre-
compact sets is bounded. Verify also that if in two vector topologies precompact sets are
the same, then also bounded sets are the same.

2.10.572 A sequence in a locally convex space converges weakly to zero precisely
when zero is contained in the closed convex hull of every subsequence in this sequence.

2.10.58. (Gorin, Mityagin [198]) Let F' be a Fréchet space whose topology is defined
by norms p,, with p,, < pn+1 compatible in the following sense: any sequence Cauchy
in p,, and converging to zero in p,4+1 also converges to zero in p,. Suppose that bounded
sets in F' are precompact. Then one can find two collections of norm {¢,} and {r,}
defining the original topology and possessing the following property: for every f € F' we
have nILH;o Ifllqz =0, nan;o||f||T: > 0 if f # 0, where ||f|lqx and || f||-= denote the

norms of f on (F,gn) and (F,75).
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2.10.59. (Banaszczyk [41], [43]) Let F' be a Fréchet space. Suppose that the series
of vectors ¢, € F converges to so € F, G is the subspace in F’ consisting of all
functionals f with > 77 | | f(¢n)| < 00, and &({pn}) is the set of all sums of convergent
rearrangements of the series of the vectors ¢,. Then the nuclearity of F' is equivalent to
the equality S({pn}) = so + G% for all series of ¢,, converging in F.

2.10.60. (i) (Drewnowski [136]) Let £ be a Hausdorff locally convex space and let
A be its subset that is separable and metrizable in the induced topology. Then on the linear
span of A there is a metrizable locally convex topology that is majorized by the original
topology and the restriction of which to A coincides with the original topology.

(ii) (Larman, Rogers [310]) If, in addition, A is locally bounded (for every a € A there
is a neighborhood of zero U such that (a + U) N A is bounded), then on the linear span
of A there is a norm generating on A the original topology (but the topology generated by
this norm is not always majorized by the original topology on the linear span of A).

2.10.61. Let C be a convex closed set in a normed space with a closed unit ball U
and let gU C C + U for some ¢ > 1. Show that C has a nonempty interior.

HINT: let 7 € U. By condition there exist vectors y1 € C,x2 € U for which
gr1 = y1 + x2,i.e., z1 = (y1 + x2) = ¢. By induction construct z,, € U and y, € C
with ¢z, = Yn + @ny1. Then z1 = y1/q + Y2 /q@® + -+ Yn/q" + Tuyr/q" . Set
zn = y1/q+y2/a + - +yn/q" +11/(¢" (¢ — 1)). Then z, € C/(q — 1) since C' is
convex and the sum of the coefficients at the elements y; € C'is 1/(¢ — 1). The sequence
{zn} converges to z1 by the estimate

Y1 Tpt1 [yl 1
(q—-1) ¢ H Y TCES R T
Since C'is closed, z1 € C/(q — 1). It follows that U C C/(q — 1), hence C has inner
points.

Z—n—mH:‘

2.10.62. A locally convex space £ is locally complete precisely when, for every
sequence z, converging to zero in E and every absolutely convergent series of num-
bers \,, the series Y >, Anxn converges in E. This is also equivalent to convergence of
such series for all bounded sequences {x, }. One more equivalent description: convergence
of the series 3°°° | Ay, for all {\,} € {* and all {z,} € E such that {p(z,)} € {* for
all continuous seminorms p.

HINT: see Qiu [401], Saxon, Sanchez Ruiz [433].

2.10.63. (Stowikowski [470]) The space D(IR') possesses a closed linear subspace Z
on which there is a discontinuous sequentially continuous linear function (hence it cannot
be extended to a sequentially continuous linear function on all of D(IR')). Therefore, Z is
not the inductive limit of Z N D,,. Cf. Exercise 2.10.36.

2.10.64. Let F(y) = min@f:l Vo)™ (0), max; |¢(t)\), ¢ € D(IR). Then

0 < F(p) < maxy [p(t)|, F(ty) = |t|F(p) and F is sequentially continuous. Show that
F' is not continuous.

HINT: take o € D(IR) with |¢po] < 1, ¢0(0) = 1, ¢o(n) = @g")(o) = 0 for all
n € IN. Observe that every neighborhood of o in D(IR) contains a function ¢ such
that F'(¢) > 1/2.
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