
Chapter 2
Spherical Surface

As it follows from the preceding segments in this volume, the lion share of our
work will be devoted to a specific class of applied problems that have never been
touched upon before in standard texts on differential equations. Boundary value prob-
lems will be analyzed as setup for second-order elliptic partial differential equations
that simulate potential fields induced in thin-wall structures. The construction and
implementation of Green’s functions for such problems will be in our focus. While
investigating this topic, one of the primary objectives will be to meet the needs
of practitioners who might be potentially interested in the employment of Green’s
functions in their numerical work.

Chapter1 was devoted to Green’s functions for ordinary differential equations.
The intention was to maintain a basis for a productive work with partial differential
equations later on. The objective in the current chapter is to describe a workable algo-
rithm developed in [31, 32] for the construction of computer friendly representations
of Green’s functions for problems formulated in regions that represent fragments of
a spherical surface.

The presentation is organized, herein, in such a way that each section deals with
a problem set up for a specific fragment of a spherical surface. The idea behind of
this kind of organization is that different regions on a sphere reveal different peculiar
features of our algorithm. Section2.1 overviews the algorithm, while each of the
following sections focuses on region’s shape specificities which require individual
considerations. Namely, it is important to know, for example, whether or not the
poles of the sphere represent parts of the region’s boundary. It is also an issue if
the solution of the encountered problem is periodic with respect to one or both the
independent variables.
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52 2 Spherical Surface

2.1 Basics of the Resolving Algorithm

In order to make our presentation as explicit and self-explained as possible, this
section introduces the reader to the basics of the above-mentioned algorithm. The
latter is intended for the efficient construction of Green’s functions for boundary
value problems that simulate potential fields induced in thin shells.

Regions of different shape will be encountered later in the upcoming sections.
In this section however, we do not plan to be maximally specific as to the region’s
shape, but some specificity is nevertheless required. Let

� = {ϑ,ϕ| ϑ0 ≤ ϑ ≤ ϑ1, 0 ≤ ϕ ≤ ϕ1}

be the region on a spherical surface of radius a as depicted in Fig. 2.1.
The shape of � will be referred to as the spherical quadrilateral. It represents a

simply connected regionbounded, in spherical coordinates,with twoparallelsϑ = ϑ0

and ϑ = ϑ1, as well as with two meridians ϕ = 0 and ϕ = ϕ1. This obviously makes
� of a “rectangular” shape justifying the use of the introduced term quadrilateral.

Let a point belonging to� have coordinates x, y and z in the rectangular Cartesian
coordinate system whose origin is located at the center of the encountered spherical
surface. This makes the coordinates x, y and z expressed in a parametric form in
terms of the variables ϑ and ϕ as

x = a sin ϑ cosϕ, y = a sin ϑ sinϕ and z = a cosϑ

If� represents the middle surface of a thin-shell element made of a homogeneous
conductivematerial, then a potential field u = u (ϑ,ϕ) induced in� can be simulated
by a boundary value problem where the nonhomogeneous Poisson type equation

Fig. 2.1 The spherical
quadrilateral region
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1

a2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂u

∂ϑ

)
+ 1

a2 sin2 ϑ

∂2u

∂ϕ2
= − f (ϑ,ϕ) in � (2.1)

is subject to the set of boundary conditions

B1 [u (ϑ, 0)] = 0 and B2 [u (ϑ,ϕ1)] = 0, (2.2)

and
B3 [u (ϑ0,ϕ)] = 0 and B4 [u (ϑ1,ϕ)] = 0, (2.3)

where Bi , i = 1, 4, represent boundary condition operators of either one of the three
standard types (Dirichlet, Neumann, and Robin).

It is evident that, in physical terms, the above formulation pretends that the face
surfaces of the considered shell element are insulated, restricting a loss of energy
through.

Before we proceed any further, let us assume that the problem in (2.1)–(2.3) is
well posed allowing a unique solution. This implies [5, 10, 11, 16, 17, 27, 38–
40] that there exists a unique Green’s function for the corresponding to (2.1)–(2.3)
homogeneous (with f (ϑ,ϕ) ≡ 0) problem.

It is well known (see, for example, [2, 10, 12, 16, 37]) that if G (ϑ,ϕ; τ ,ψ)

represents the Green’s function that we have just referred to, then the solution to the
problem in (2.1)-(2.3) itself can be expressed in a form of the domain integral

u (ϑ,ϕ) =
∫∫
�

G (ϑ,ϕ; τ ,ψ) f (τ ,ψ) dτ ,ψ�, (2.4)

where the element of area dτ ,ψ� reads in spherical coordinates as a2 sin τdτdψ.
This prompts a strategy of obtaining the Green’s function G (ϑ,ϕ; τ ,ψ) for the

homogeneous problem corresponding to (2.1)–(2.3). Namely, whenever the Green’s
function is required, one needs to simply solve the problem in (2.1)–(2.3) itself. But
proceeding with this, the resolving routine should be developed in such a way that the
solution is eventually expressed in the form of (2.4) delivering the desired Green’s
function.

Return now to the problem setting in (2.1)–(2.3) and sketch an algorithm of its
solution which follows the foregoing type of strategy. Assume that the boundary
conditions in (2.2) allow analytic separation of variables, implying that B1 and B2

represent either Dirichlet or Neumann operators. If so, then the solution u (ϑ,ϕ)

of the original problem and the right-hand side function f (ϑ,ϕ) of the governing
equation can be expressed in the Fourier sine series form

u (ϑ,ϕ) =
∞∑
n=1

un (ϑ) sin νϕ (2.5)
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and

f (ϑ,ϕ) =
∞∑
n=1

fn (ϑ) sin νϕ, (2.6)

where the factor ν is supposed to be directly proportional to the summation index
n in the above series. The coefficient of proportionality depends upon specific com-
bination of B1 and B2. As an example, if both B1 and B2 are Dirichlet condition
operators, then ν = nπ/ϕ1.

Upon substituting the trigonometric series representations of (2.5) and (2.6) into
the governing equation of the boundary value problem in (2.1)–(2.3), we arrive at
the set of linear nonhomogeneous ordinary differential equations

d

dϑ

(
sin ϑ

dun(ϑ)

dϑ

)
− ν2un(ϑ)

sin ϑ
= − f̃n (ϑ) , n = 1, 2, 3, . . . (2.7)

in the coefficients un = un(ϑ) of the series in (2.5), where f̃n (ϑ) = a2 sin ϑ fn(ϑ).
These equations are subject to the boundary conditions

B3 [un (ϑ0)] = 0 and B4 [un (ϑ1)] = 0 (2.8)

With the above problem formulation, the reader arrives at the familiar territory
of Chap.1, which has provided us with a necessary experience, and equips with a
workable instrument for dealing with ordinary differential equations. Our next move
will be to properly implement the gained experience while analyzing the problem in
(2.7)–(2.8).

In order to solve the problem in (2.7)–(2.8), we recall the method of variation of
parameters which just represents one of the potential options for that. As the reader
has learned from Chap.1, this method requires a fundamental set of solutions to the
homogeneous equation corresponding to (2.7). But it is not quite trivial to find two
linearly independent particular solutions representing that set. The variable coeffi-
cients of (2.7) are evidently an issue. However, upon introducing a new independent
variable

ω = ln

(
tan

ϑ

2

)
,

the governing differential equation in (2.7) reduces to a trivial form, converting the
whole problem in (2.7)–(2.8) to

d2un (ω)

dω2
− ν2un (ω) = − f̃n(ω) (2.9)

B̃3 [un (ω1)] = 0 and B̃4 [un (ω2)] = 0. (2.10)
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Components of a fundamental set of solutions to the homogeneous equation cor-
responding to (2.9) can evidently be chosen as

eνω and e−νω.

In viewof the recent change of the independent variable, the backward substitution
reveals the set of functions

tanν ϑ

2
and tan−ν ϑ

2

that represent a fundamental set of solutions to the homogeneous equation corre-
sponding to (2.7). Using the above set of functions and following the standard vari-
ation of parameters procedure, we look for the general solution to the problem in
(2.7) and (2.8) in the form

un(ϑ) = C1(ϑ) tanν ϑ

2
+ C2(ϑ) tan−ν ϑ

2
. (2.11)

In compliance with the method routine, the form (2.11) yields the well-posed
system of linear algebraic equations

⎛
⎝ tanν ϑ

2 tan−ν ϑ
2

ν tanν ϑ
2 −ν tan−ν ϑ

2

⎞
⎠

⎛
⎝C ′

1(ϑ)

C ′
2(ϑ)

⎞
⎠ =

⎛
⎝ 0

− f̃n(ϑ)

⎞
⎠

in the derivatives of the functions C1(ϑ) and C2(ϑ) from (2.11). The solution for this
system appears as

C ′
1(ϑ) = − 1

2ν
tan−ν ϑ

2
f̃n(ϑ) and C ′

2(ϑ) = 1

2ν
tanν ϑ

2
f̃n(ϑ)

Upon integrating the above, the functions C1(ϑ) and C2(ϑ) themselves are found
as

C1(ϑ) = − 1

2ν

∫ ϑ

ϑ0

tan−ν τ

2
f̃n(τ )dτ + D1

and

C2(ϑ) = 1

2ν

∫ ϑ

ϑ0

tanν τ

2
f̃n(τ )dτ + D2

Substituting the found expressions for C1(ϑ) and C2(ϑ) into (2.11), we come up
with the integral-containing form

un (ϑ) = 1

2ν

∫ ϑ

ϑ0

tan2ν (τ/2) − tan2ν (ϑ/2)

tanν (ϑ/2) tanν (τ/2)
f̃n (τ ) dτ
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+ D1 tan
ν ϑ

2
+ D2 tan

−ν ϑ

2
(2.12)

for the general solution to the equation in (2.7). The constants of integration D1

and D2 can be found upon satisfying the boundary conditions of (2.8). As it follows
from the standard variation of parameters procedure, these constants are expressed
as definite integrals from ϑ0 to ϑ1 of a product of two functions one of which is
f̃n (τ ) = a2 sin τ fn(τ ). This allows us to transform the expression for un (ϑ) from
(2.12) onto the integral-only representation

un (ϑ) =
∫ ϑ1

ϑ0

gn (ϑ, τ ) a2 sin τ fn (τ ) dτ , (2.13)

where the kernel function gn (ϑ, τ ) represents the Green’s function to the homoge-
neous ODE boundary value problem corresponding to (2.7) and (2.8). It is expressed
in two pieces whose explicit expressions depend on specifics flowing out from the
boundary conditions operators of (2.8). While considering particular problems later
on, we will discuss this issue in more detail, which at this moment look unnecessary.

Note that the functions fn (τ ) in (2.13) represent Fourier coefficients of the series
in (2.6). At this point in our development, they ought to be expressed in terms of the
right-hand side function f (ϑ,ϕ) of the governing equation (2.1). Applying hence,
the Fourier–Euler formula to fn (τ )

fn (τ ) = 2

ϕ1

∫ ϕ1

0
f (τ ,ψ) sin νψdψ, n = 1, 2, 3, . . .

we substitute the above expression for fn (τ ) into (2.13). This yields

un (ϑ) = 2

ϕ1

∫ ϕ1

0

∫ ϑ1

ϑ0

gn (ϑ, τ ) sin νψ f (ϑ,ψ) a2 sin τdτdψ, n = 1, 2, 3, . . .

Substituting now the above form of un (ϑ) into (2.5), the solution u (ϑ,ϕ) to the
problem of (2.1)–(2.3) is ultimately found as

u (ϑ,ϕ) =
∫ ϕ1

0

∫ ϑ1

ϑ0

2

ϕ1

∞∑
n=1

gn (ϑ, τ ) sin νϕ sin νψ f (τ ,ψ) a2 sin τdτdψ

At this point, it is not hard to realize that the integral form we just came up with
in an extended version of (2.4), and its kernel function

G (ϑ,ϕ; τ ,ψ) = 2

ϕ1

∞∑
n=1

gn (ϑ, τ ) sin νϕ sin νψ. (2.14)
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represents, subsequently, the Green’s function to the homogeneous boundary value
problem corresponding to (2.1)–(2.3).

Thus, we have completed a sketch of the algorithm that appears efficient for
the construction of series representations of Green’s functions for boundary value
problems of the type in (2.1)–(2.3) set up on a spherical surface.

It is important to remind the reader that Green’s functions of elliptic boundary
value problems in two dimensions,which are targeted in the present study, possess the
logarithmic singularity [12, 16, 27, 42]. That is why their series representations (like
the one in (2.14), for example) cannot converge uniformly, significantly cutting down
their practicality. To fix this unfortunate circumstance, the convergence rate of series
representing Green’s functions ought to be controlled enhancing their practicality.
This is what we are going to especially pay attention to in the coming sections, where
particular problems are encountered.

2.2 Triangular Shaped Region

We proceed now with the implementation of our algorithm (which was sketched in
the preceding section) for the construction of Green’s functions to boundary value
problems that simulate potential fields induced in various fragments of a thin spherical
shell. In doing so, we consider the simply connected region

� = {ϑ,ϕ | 0 ≤ ϑ ≤ ϑ1; 0 ≤ ϕ ≤ ϕ1}

representing a fragment of a spherical surface of radius a (see Fig. 2.2).
The region � is bounded with two meridians ϕ = 0 and ϕ = ϕ1, and a single

parallel ϑ = ϑ1, where 0 < ϑ1 < π and 0 < ϕ1 < 2π. In what follows, we will refer
to � as the spherical triangle. The shape of the latter makes the north pole ϑ = 0

Fig. 2.2 The triangular
region on a sphere
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a part of the “boundary” for �. It will be seen soon that this specific circumstance
notably affects the algorithm.

In the described spherical triangle, we consider a boundary value problem, where
the governing equation

1

a2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂u

∂ϑ

)
+ 1

a2 sin2 ϑ

∂2u

∂ϕ2
= − f (ϑ,ϕ) in � (2.15)

is subject to the boundary conditions

u (ϑ, 0) = 0 and u (ϑ,ϕ1) = 0, (2.16)

and

lim
ϑ→0

|u (ϑ,ϕ)| < ∞ and
∂u (ϑ1,ϕ)

∂ϑ
= 0. (2.17)

Note that there is a reason behind expressing the first condition of (2.17) in its
current nontrivial form. The thing is that any standard boundary condition is mean-
ingless at ϑ = 0. This is so because ϑ = 0 represents a point of singularity to the
governing equation in (2.15).

Taking into account the boundary conditions of (2.16), we express the solution
function u (ϑ,ϕ) and the right-hand side function f (ϑ,ϕ) of the governing equation
in the Fourier sine series form

u (ϑ,ϕ) =
∞∑
n=1

un (ϑ) sin
nπϕ

ϕ1
(2.18)

and

f (ϑ,ϕ) =
∞∑
n=1

fn (ϑ) sin
nπϕ

ϕ1
(2.19)

Implementing the above series representations, one arrives at a boundary value
problem, in the Fourier coefficients un(ϑ) of (2.18), for the linear ordinary differential
equations

d

dϑ

(
sin ϑ

dun(ϑ)

dϑ

)
− ν2un(ϑ)

sin ϑ
= − f̃n (ϑ) in (0,ϑ1), (2.20)

where f̃n (ϑ) = a2 sin ϑ fn(ϑ), and n = 1, 2, 3, . . ., subject to the boundary condi-
tions

lim
ϑ→0

|un (ϑ)| < ∞ and
dun (ϑ1)

dϑ
= 0, (2.21)

where the parameter ν is defined as nπ/ϕ1.
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Clearly, the first condition in (2.21) symbolizes the boundness of un (ϑ) at the
point of singularity ϑ = 0 of the governing equation.

Following in the footsteps of the procedure described in Sect. 2.1, the general
solution to the equation in (2.20) appears as

un (ϑ) = 1

2ν

∫ ϑ

0

tan2ν(τ/2) − tan2ν(ϑ/2)

tanν (ϑ/2) tanν (τ/2)
f̃n (τ ) dτ

+ D1 tan
ν ϑ

2
+ D2 tan

−ν ϑ

2
, (2.22)

The uniqueness conditions from (2.21) allow us to specify the constants of integra-
tion D1 and D2. Observing the above form, one realizes that the function tan−ν (ϑ/2)
is undefined at ϑ = 0. Thus, the only way to satisfy the first boundary condition in
(2.21), which requires for the solution un (ϑ) to be bounded atϑ = 0, is to let D2 = 0.

Upon applying the second condition of (2.21), the constant D1 can also be found.
Omitting a quite trivial algebra, we present just its ultimate expression

D1 = 1

2ν

∫ ϑ1

0

�2n(ϑ1) + �2n (τ )

�n (τ )�2n(ϑ1)
f̃n (τ ) dτ

in which the function �(x) is introduced as

�(x) = tanπ/ϕ1
x

2
.

After substituting into (2.22) the expressions for D1 and D2 just found, the
solution to the boundary value problem in (2.20) and (2.21) appears in the form

un(ϑ) = 1

2ν

[∫ ϑ

0

�n (τ )
(
�2n(ϑ1) + �2n (ϑ)

)
�n (ϑ)�2n(ϑ1)

f̃n (τ ) dτ

+
∫ ϑ1

ϑ

�n (ϑ)
(
�2n(ϑ1) + �2n (τ )

)
�n (τ ) �2n(ϑ1)

f̃n (τ ) dτ

]
,

which can be written in a single-integral form as

un (ϑ) =
∫ ϑ1

0
gn (ϑ, τ ) f̃n (τ ) dτ , (2.23)

whose kernel function gn (ϑ, τ ), representing, by the way, the Green’s function to
the homogeneous ODE boundary value problem corresponding to (2.20) and (2.21),
is found in two pieces
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gn (ϑ, τ ) =
⎧⎨
⎩

g−
n (ϑ, τ ) , 0 ≤ τ ≤ ϑ

g+
n (ϑ, τ ) , ϑ ≤ τ ≤ ϑ1

(2.24)

The piece g−
n (ϑ, τ ) of gn (ϑ, τ ) is valid for 0 ≤ τ ≤ ϑ, and reads as

g−
n (ϑ, τ ) = 1

2ν

�n (τ )
(
�2n(ϑ1) + �2n (ϑ)

)
�n (ϑ)�2n(ϑ1)

,

The piece g+
n (ϑ, τ ) , valid for ϑ ≤ τ ≤ ϑ1, appears in the form

g+
n (ϑ, τ ) = 1

2ν

�n (ϑ)
(
�2n(ϑ1) + �2n (τ )

)
�n (τ ) �2n(ϑ1)

.

Turning back to the expression for un (ϑ) in (2.23), notice that the functions
fn (τ ) , as factors of f̃n (τ ) , represent Fourier coefficients of the series in (2.19).
Expressing them in terms of the right-hand side function f (ϑ,ϕ) of the governing
equation in (2.15), we have

fn (τ ) = 2

ϕ1

∫ ϕ1

0
f (τ ,ψ) sin νψdψ

This subsequently yields

un (ϑ) = 2

ϕ1

∫ ϕ1

0

∫ ϑ1

0
gn (ϑ, τ ) sin νψ f (τ ,ψ) a2 sin τdτdψ, n = 1, 2, 3, . . .

Substituting the above into (2.18), one arrives at an ultimate representation for
the solution to the problem of (2.15)–(2.17), which reads as

u (ϑ,ϕ) =
∫∫
�

G (ϑ,ϕ; τ ,ψ) f (τ ,ψ) dτ ,ψ�,

where the kernel function G (ϑ,ϕ; τ ,ψ) written as

G (ϑ,ϕ; τ ,ψ) = 2

ϕ1

∞∑
n=1

gn (ϑ, τ ) sin νϕ sin νψ (2.25)

is recognized, in light of (2.4), as the sought-after Green’s function to the homoge-
neous boundary value problem of (2.15)–(2.17).

This leads to that very point in the development at which the focus should be
placed on the convergence of the series representation in (2.25). As we emphasized
in the last paragraph of Sect. 2.1, its convergence ought to be improved (if possible



2.2 Triangular Shaped Region 61

at all) to make the representation in (2.25) practical and, as a result, more attractive
to potential users.

Inwhat follows,wewill show that the series representation of theGreen’s function
to the problem in (2.15)–(2.17) which is presented in (2.25) appears completely
summable. It reduces to a computer friendly series-free form expressed in terms of
elementary functions. This summability ensures high potential of our algorithm and
plays an important role in attracting possible Green’s functions users.

To begin with the summation procedure, we refer the reader to the standard
[1, 19] summation formula

∞∑
n=1

pn

n
cos nx = − 1

2
ln

(
1 − 2p cos x + p2

)
, (2.26)

which is valid for p2 < 1 and 0 ≤ x < 2π. It isworth noting that this series expansion
will play a substantial role in the development that follows.

Proceeding with the summation itself, let us convert the expansion for the Green’s
function from (2.25) to the equivalent form

G (ϑ,ϕ; τ ,ψ) = 1

ϕ1

∞∑
n=1

gn (ϑ, τ ) [cos ν(ϕ − ψ) − cos ν(ϕ + ψ)] (2.27)

Note that the expression for gn (ϑ, τ ) presented in (2.24) is given in two pieces.
Note also that each of the pieces (either g−

n (ϑ, τ ) or g+
n (ϑ, τ )) is equivalently feasible

for employment in the coming summation procedure. We take g−
n (ϑ, τ ), but before

going any further, transform it to the equivalent form

g−
n (ϑ, τ ) = 1

2ν

[(
�(τ )

� (ϑ)

)n

+
(

�(τ ) � (ϑ)

�2 (ϑ1)

)n ]

Upon substituting the above into (2.27), the latter reads as

G (ϑ,ϕ; τ ,ψ) = 1

2π

∞∑
n=1

1

n

[(
�(τ )

� (ϑ)

)n

+
(

�(τ ) � (ϑ)

�2 (ϑ1)

)n ]
cos nα

− 1

2π

∞∑
n=1

1

n

[(
�(τ )

� (ϑ)

)n

+
(

�(τ ) � (ϑ)

�2 (ϑ1)

)n ]
cos nβ, (2.28)

where

α = π(ϕ − ψ)

ϕ1
and β = π(ϕ + ψ)

ϕ1
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The single-variable function�(x) = tanπ/ϕ1(x/2), just recently introduced in this
section, is increasing in its domain, and the two-variable function g−

n (ϑ, τ ) is defined
for τ ≤ ϑ. With this in mind, one realizes that the expansion in (2.28) represents the
sum of four similar summable series of the type in (2.26). The summation, hence,
yields the following closed form

G (ϑ,ϕ; τ ,ψ) = 1

2π

⎧⎨
⎩ln

√
1 − 2

�(τ )

� (ϑ)
cosβ +

(
�(τ )

� (ϑ)

)2

+ ln

√
1 − 2

�(τ )� (ϑ)

�2 (ϑ1)
cosβ +

(
�(τ ) � (ϑ)

�2 (ϑ1)

)2

− ln

√
1 − 2

�(τ )

� (ϑ)
cosα +

(
�(τ )

� (ϑ)

)2

− ln

√
1 − 2

�(τ ) � (ϑ)

�2 (ϑ1)
cosα +

(
�(τ )� (ϑ)

�2 (ϑ1)

)2
⎫⎬
⎭

for the expansion that appeared in (2.28). After an elementary transformation, it can
be rewritten in a more compact form as

G (ϑ,ϕ; τ ,ψ) = 1

2π

⎧⎨
⎩ln

√
�2 (ϑ) − 2�(ϑ)� (τ ) cosβ + �2 (τ )

�2 (ϑ) − 2�(ϑ)� (τ ) cosα + �2 (τ )

+ ln

√
�4 (ϑ1) − 2�2 (ϑ1)� (ϑ)� (τ ) cosβ + �2 (τ ) �2 (ϑ)

�4 (ϑ1) − 2�2 (ϑ1)� (ϑ)� (τ ) cosα + �2 (τ ) �2 (ϑ)

⎫⎬
⎭ (2.29)

representing the Green’s function to the homogeneous boundary value problem cor-
responding to (2.15)–(2.17). The appearance of the form in (2.29) speaks for itself.
It is compact and closed in the conventional sense, implying that it is expressed in
terms of elementary functions. That is why we can call this form computer friendly.

While observing the above expression, the reader is advised to turn back to that
point in our recent development at which we had chosen the piece g−

n (ϑ, τ ) of
the two-piece-defined function gn (ϑ, τ ). We claimed over there that each piece of
gn (ϑ, τ ) is equivalently eligible for use. Indeed, in view of the symmetry of (2.29),
the interchange of ϑ with τ does not affect it at all. If so then it becomes absolutely
clear that giving preference to the piece g+

n (ϑ, τ ) instead, would never affect the
ultimate form of (2.29).
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Fig. 2.3 The field induced by three point sources

The workability of the expression for G (ϑ,ϕ; τ ,ψ) in (2.29) could be justified
by Fig. 2.3. The triangular shape of � is defined by ϑ1 = π/2 and ϕ1 = π/2, which
makes a spherical octant. A potential field is depicted as generated in a thin-shell ele-
ment for which � is the middle surface. The field is induced by three point sources
of intensities K1 = 1, K2 = 10, and K3 = 100 released at the points (τ1,ψ1) =
(0.425π, 0.15π), (τ2,ψ2) = (0.375π, 0.425π), and (τ3,ψ3) = (0.15π, 0.25π),
respectively. The superposition

3∑
j=1

K jG
(
ϑ,ϕ; τ j ,ψ j

)

of three profiles of the Green’s function shown in (2.29) represents the field.
Appendix segment of this volume provides the reader with an extensive list of

computer friendly representations of Green’s functions constructed for a number of
boundary value problems that simulate potential fields induced in elements of thin
shells. Among of many others, Green’s functions for some different of (2.15)–(2.17)
problems posed in the spherical triangle are also available over there.

2.3 Belt-Shaped Region

The work is continued in this section on the construction of Green’s functions for
problems stated in regions belonging to a spherical surface. Another practically
important shape of a spherical region is brought to the reader’s attention. That is the
double-connected region
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Fig. 2.4 Spherical belt

� = {ϑ,ϕ| ϑ0 ≤ ϑ ≤ ϑ1, 0 ≤ ϕ < 2π}

belonging to a spherical surface of radius a and depicted in Fig. 2.4. The region
is bounded with two parallels ϑ = ϑ0 and ϑ = ϑ1, and will be referred to as the
spherical belt.

An important feature of any boundary value problem posed in� is that its solution
has to be 2π-periodic with respect to the longitudinal coordinate ϕ. This brings
new nuances to our approach, which must, of course, be somewhat different of that
developed in Sect. 2.2.

For an illustrative example, let the equation

1

a2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂u

∂ϑ

)
+ 1

a2 sin2 ϑ

∂2u

∂ϕ2
= − f (ϑ,ϕ) in �, (2.30)

with an integrable in� right-hand side function f (ϑ,ϕ), be subject to the Neumann
and the Dirichlet conditions

∂u (ϑ0,ϕ)

∂ϑ
= 0 and u (ϑ1,ϕ) = 0 (2.31)

imposed on the boundary fragments ϑ = ϑ0 and ϑ = ϑ1 of �, respectively. The
conditions

u (ϑ, 0) − u (ϑ, 2π) = 0 (2.32)

and
∂u (ϑ, 0)

∂ϕ
− ∂u (ϑ, 2π)

∂ϕ
= 0 (2.33)

have also to be imposed to reflect the 2π-periodicity of the solution we are looking
for.
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Our target is the Green’s function to the homogeneous problem corresponding to
the well-posed setting in (2.30)–(2.33).

It is evident that the 2π-periodicity of the above problem requires complete Fourier
series expansions for the solution function u (ϑ,ϕ) and the right-hand side f (ϑ,ϕ)

of (2.30). That is

u (ϑ,ϕ) = 1

2
u0 (ϑ) +

∞∑
n=1

u(c)
n (ϑ) cos nϕ +

∞∑
n=1

u(s)
n (ϑ) sin nϕ (2.34)

and

f (ϑ,ϕ) = 1

2
f0 (ϑ) +

∞∑
n=1

f (c)
n (ϑ) cos nϕ +

∞∑
n=1

f (s)
n (ϑ) sin nϕ. (2.35)

Evidently, the expansion in (2.34) complies with the conditions in (2.32) and
(2.33). Substituting now the above expansions into (2.30) and (2.31), one arrives at
the ODE boundary value problem

d

dϑ

(
sin ϑ

dun (ϑ)

dϑ

)
− n2un (ϑ)

sin ϑ
= − f̃n (ϑ) , n = 0, 1, 2, . . . (2.36)

dun (ϑ0)

dϑ
= 0 and un (ϑ1) = 0 (2.37)

in the coefficients un (ϑ) of the series in (2.34). The reader, who delves into every
detail, notices perhaps that the functions un (ϑ) and fn (ϑ) in (2.36) and (2.37) are
not decorated with the superscripts (c) and (s). This is so because for both the cosine
and sine coefficients of the Fourier series of (2.34) and (2.35), we arrive at the same
problem in un (ϑ), making actually needless the use of these subscripts.

Before we proceed to the solution of the problem in (2.36) and (2.37), it is worth
noting that its treatment for the cases of n = 0 and of n ≤ 1 ought to be different.
Why so? To answer this question, the reader is advised to recall that the standard
method of variation of parameters is in use at this very stage of our procedure (see
Sects. 2.1 and 2.2). And a substantial element of this method is a fundamental set
of solutions to the homogeneous equation corresponding to (2.36). But fundamental
sets of solutions for the cases of n = 0 and n ≤ 1 are obviously different.

Let us focus on the case of n = 0 first. The setting in (2.36) and (2.37) reduces,
in this case, to

d

dϑ

(
sin ϑ

du0 (ϑ)

dϑ

)
= − f̃0 (ϑ) (2.38)

du0 (ϑ0)

dϑ
= 0 and u0 (ϑ1) = 0 (2.39)
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Components of a fundamental set of solutions to the homogeneous equation cor-
responding to (2.38) can be chosen [24] as

1 and ln

(
tan

ϑ

2

)

and in compliance with the method of variation of parameters, we thus arrive at the
general solution to (2.38) in the form

u0 (ϑ) =
∫ ϑ

ϑ0

ln
�0 (τ )

�0 (ϑ)
f̃0 (τ ) dτ + D1 ln�0 (ϑ) + D2,

where �0 (x) = tan(x/2) and f̃0 (τ ) = a2 sin τ f0 (τ ).
The constants of integration D1 and D2 are found via the boundary conditions in

(2.39) and appear as

D1 = 0 and D2 = −
∫ ϑ1

ϑ0

ln

(
�0 (τ )

�0 (ϑ1)

)
f̃0 (τ ) dτ .

With these at hand, the solution to (2.38) reads as

u0 (ϑ) =
∫ ϑ

ϑ0

ln
�0 (ϑ1)

�0 (ϑ)
f̃0 (τ ) dτ +

∫ ϑ1

ϑ

ln
�0 (ϑ1)

�0 (τ )
f̃0 (τ ) dτ .

Expressing the above in a single-integral form, we have

u0 (ϑ) =
∫ ϑ1

ϑ0

g0 (ϑ, τ ) f̃0 (τ ) dτ , (2.40)

where

g0 (ϑ, τ ) =

⎧⎪⎨
⎪⎩

ln �0(ϑ1)

�0(τ )
, if ϑ ≤ τ

ln �0(ϑ1)

�0(ϑ)
, if τ ≤ ϑ

(2.41)

represents the Green’s function to the homogeneous ODE boundary value problem
corresponding to (2.36) and (2.37) in the case of n = 0.

The case of n ≥ 1 turns us back to the problem in (2.36) and (2.37) in its current
form, with n representing an integer parameter. Analogously to the case of n = 0 just
completed, the solution un (ϑ) of the setting in (2.36) and (2.37) can also be obtained
with the aid of the method of variation of parameters whose procedure was already
explained for this type of problems in our preceding sections. That is why we omit
a lengthy but very straightforward routine and present just the ultimate form
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un (ϑ) =
∫ ϑ1

ϑ0

gn (ϑ, τ ) f̃n (τ ) dτ (2.42)

for un (ϑ) expressed in terms of the Green’s function gn (ϑ, τ ) of the homogeneous
ODE problem corresponding to (2.36) and (2.37). It is customarily found in two
pieces. Its expression valid for ϑ0 ≤ τ ≤ ϑ ≤ ϑ1 reads as

gn (ϑ, τ ) = �n
0 (ϑ0)�n

0 (ϑ1)

2n
(
�2n

0 (ϑ0) + �2n
0 (ϑ1)

)

×
(

�n
0 (τ )

�n
0 (ϑ0)

+ �n
0 (ϑ0)

�n
0 (τ )

)(
�n

0 (ϑ1)

�n
0 (ϑ)

− �n
0 (ϑ)

�n
0 (ϑ1)

)
, (2.43)

while the expression for ϑ0 ≤ ϑ ≤ τ ≤ ϑ1 can be obtained from (2.43) by inter-
changing ϑ with τ .

In view of the expansions from (2.34) and (2.35), one arrives ultimately at the
integral form

u (ϑ,ϕ) =
∫∫
�

G (ϑ,ϕ; τ ,ψ) f (τ ,ψ) dτ ,ψ�,

of the solution to the boundary value problem in (2.30)–(2.33), providing us with
an explicit expression for the sought-after Green’s function G (ϑ,ϕ; τ ,ψ) to the
corresponding homogeneous problem. It is found in terms of g0 (ϑ, τ ) and gn (ϑ, τ )

just presented in (2.41) and (2.43), and reads as

G (ϑ,ϕ; τ ,ψ) = 1

2
g0 (ϑ, τ ) +

∞∑
n=1

gn (ϑ, τ ) cos nϕ cos nψ

+
∞∑
n=1

gn (ϑ, τ ) sin nϕ sin nψ

= 1

2
g0 (ϑ, τ ) +

∞∑
n=1

gn (ϑ, τ ) cos n (ϕ − ψ) (2.44)

So, at this stage in our procedure, similarly to the situation in Sect. 2.2, the Green’s
function that we are looking for is obtained in a series form. Note that both the
series in (2.28) and (2.44) are nonuniformly convergent in � and both have the
same convergence rate. But in contrast to the form in (2.28), which was completely
summed up in Sect. 2.2, the form in (2.44) does not allow a complete summation. A
significant increase of its convergence rate is nevertheless possible notably enhancing
its computational potential.

Convergence of series representing Green’s functions for partial differential equa-
tions was always an issue for researchers (see, for example, [21, 29]). In [32, 34],
we proposed a special technique aimed at the convergence improvement for series of
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the type in (2.44). We are not going to describe this technique in full detail in relation
to the current situation, but its brief sketch would, in our opinion, help the reader.

To figure out a feature which makes the series in (2.44) hard to sum up, let us take
a close look at both (2.28) and (2.44), and compare. The form in (2.28) contains four
series of the type

∞∑
n=1

1

n

(
P1
P2

)n

cos nx,

where ||P1|| < ||P2|| and 0 ≤ x < 2π. This makes the series in (2.28) completely
summable with the aid of the standard summation formula of (2.26) which was
already implemented in Sect. 2.2. The series in (2.44) is, however, different. Its type
can be expressed as

∞∑
n=1

1

n

Pn
1 P

n
2

P2n
2 + P2n

1

cos nx, (2.45)

where ||P1|| < ||P2|| and 0 ≤ x < 2π. It is evident that the formula in (2.26) appears
useless in the case of (2.45). But upon transforming it in the way shown below

∞∑
n=1

1

n

Pn
1 P

n
2

P2n
2 + P2n

1

cos nx

=
∞∑
n=1

1

n

(
Pn
1 P

n
2

P2n
2 + P2n

1

− Pn
1

Pn
2

+ Pn
1

Pn
2

)
cos nx

=
∞∑
n=1

1

n

(
Pn
1 P

n
2

P2n
2 + P2n

1

− Pn
1

Pn
2

)
cos nx +

∞∑
n=1

1

n

(
P1
P2

)n

cos nx

= −
∞∑
n=1

1

n

P3n
1

Pn
2

(
P2n
2 + P2n

1

) cos nx +
∞∑
n=1

1

n

(
P1
P2

)n

cos nx , (2.46)

we managed to decompose the series in (2.45) onto two other series, one of which is
of the familiar type allowing the complete summation, whereas the convergence rate
of the other series in (2.46) is evidently higher then that of (2.45) making it uniformly
convergent in �.

Applying the technique, a brief sketch of which was just presented, to the series
in (2.44), after a tedious but quite straightforward algebra, we obtain the ultimate
form

G (ϑ,ϕ; τ ,ψ) = 1

2π

{ ∞∑
n=1

Rn (ϑ, τ ) cos n (ϕ − ψ)
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+ ln

√
�2

0(ϑ)�4
0(ϑ0) − 2�2

0(ϑ0)�
2
0(ϑ1)�0(ϑ)�0(τ ) cos(ϕ − ψ) + �2

0(τ )�4
0(ϑ1)

�4
0(ϑ1)

[
�2

0(ϑ) − 2�0(ϑ)�0(τ ) cos(ϕ − ψ) + �2
0(τ )

]

+ ln

√
�2

0(ϑ)�2
0(τ ) − 2�2

0(ϑ1)�0(ϑ)�0(τ ) cos(ϕ − ψ) + �4
0(ϑ1)

�2
0(ϑ)�2

0(τ ) − 2�2
0(ϑ0)�0(ϑ)�0(τ ) cos(ϕ − ψ) + �4

0(ϑ0)

}
(2.47)

of the Green’s function to the boundary value problem in (2.30)–(2.33). The coeffi-
cient Rn (ϑ, τ ) of the series component in (2.47) is defined in two pieces. The piece
valid for ϑ0 ≤ τ ≤ ϑ ≤ ϑ1 reads as

Rn (ϑ, τ ) = �2n
0 (ϑ0)

[
�2n

0 (ϑ) − �2n
0 (ϑ1)

] [
�2n

0 (τ ) + �2n
0 (ϑ0)

]
n �2n

0 (ϑ1)�n
0 (ϑ) �n

0 (τ )
[
�2n

0 (ϑ0) + �2n
0 (ϑ1)

]

while the expression for Rn (ϑ, τ ) valid for ϑ0 ≤ ϑ ≤ τ ≤ ϑ1 can be obtained from
the above by interchanging ϑ and τ in its numerator. The denominator is evidently
indifferent to this interchange.

Observing the form in (2.47), one might get an impression that it is too heavy
loaded for computer implementations, but we can refute such an impression. One of
the arguments for this is that the logarithmic components, looking a sort of heavy
loaded, are expressed in fact in terms of elementary functions, making them easy
to compute. As to the series component, we have already highlighted its uniform
convergence in �.

Hence, the form in (2.47) is indeed computer friendly, allowing direct implemen-
tations in a numerical work.

Illustrating the computability of (2.47), we present, in Fig. 2.5, a potential field
induced by a single unit point source in a thin-shell element whose middle surface

Fig. 2.5 The field induced by a point source in the spherical belt
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is a spherical belt. Its shape is defined by ϑ0 = 0.2π and ϑ1 = 0.5π, and the source
is positioned at (0.35π, 0.55π).

2.4 Quadrilateral-Shaped Region

Another significant peculiarity of our algorithm will be highlighted and clarified in
this section. It is associated with the shape of a region hosting a boundary value
problem, and boundary conditions imposed on its boundary. To be specific, we take
a look at the quadrilateral

� = {ϑ,ϕ | ϑ0 ≤ ϑ ≤ ϑ1; 0 ≤ ϕ ≤ ϕ1}

on a sphere of radius a, where ranges of the shape defining parameters ϑ0, ϑ1, and
ϕ1 are given as: 0 < ϑ0 < ϑ1 < π and 0 < ϕ1 < 2π.

Consider in � the boundary value problem

1

a2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂u

∂ϑ

)
+ 1

a2 sin2 ϑ

∂2u

∂ϕ2
= − f (ϑ,ϕ) , (ϑ,ϕ) ∈ �, (2.48)

u (ϑ, 0) = 0,
∂u (ϑ,ϕ1)

∂ϕ
= 0, (2.49)

and

u (ϑ0,ϕ) = 0,
∂u (ϑ1,ϕ)

∂ϑ
= 0. (2.50)

Aiming at a separation of variables for the above problem and taking into account
theDirichlet–Neumann combination of boundary conditions in (2.49), we expand the
solution function u (ϑ,ϕ) and the right-hand side f (ϑ,ϕ) of the governing equation
in the Fourier sine series form

u (ϑ,ϕ) =
∞∑
n=1

un (ϑ) sin νϕ (2.51)

and

f (ϑ,ϕ) =
∞∑
n=1

fn (ϑ) sin νϕ, (2.52)

where the factor ν of the argument of the sine function is specifically defined in terms
of the summation index n of the above series as

ν = (2n − 1) π/(2ϕ1)
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This makes u (ϑ,ϕ) in (2.51) complying with the conditions in (2.49) and yields
the boundary value problem

d

dϑ

(
sin ϑ

dun (ϑ)

dϑ

)
− ν2un (ϑ)

sin ϑ
= − f̃n (ϑ) in (ϑ0,ϑ1)

un (ϑ0) = 0 and
dun (ϑ1)

dϑ
= 0

in the coefficients un (ϑ) of (2.51).
The above problem has already been encountered in Sect. 2.3, where its solution

was found in the form

un (ϑ) =
∫ ϑ1

ϑ0

gn (ϑ, τ ) f̃n (τ ) dτ , (2.53)

where f̃n (τ ) = a2 sin τ f (τ ) and the expression for gn (ϑ, τ ) , valid for ϑ0 ≤ τ ≤
ϑ ≤ ϑ1, reads as

gn (ϑ, τ ) = �n (ϑ0)�n (ϑ1)

2n
(
�2n (ϑ0) + �2n (ϑ1)

)

×
(

�n (τ )

�n (ϑ0)
− �n (ϑ0)

�n (τ )

)(
�n (ϑ1)

�n (ϑ)
+ �n (ϑ)

�n (ϑ1)

)
, (2.54)

where �(x) = tanπ/ϕ1(x/2).
Note once again that the expression for gn (ϑ, τ ) valid for ϑ0 ≤ ϑ ≤ τ ≤ ϑ1 can

be obtained from (2.54) by interchanging ϑ with τ .
This yields the solution to the boundary value problem in (2.48)–(2.50) as

expressed in the integral form

u (ϑ,ϕ) =
∫∫
�

G (ϑ,ϕ; τ ,ψ) f (τ ,ψ) dτ ,ψ�

which reveals the nonuniformly converging in � series representation

G (ϑ,ϕ; τ ,ψ) = 1

ϕ1

∞∑
n=1

gn (ϑ, τ ) [cos ν(ϕ − ψ) − cos ν(ϕ + ψ)] (2.55)

for the sought-after Green’s function of the homogeneous boundary value problem
corresponding to (2.48)–(2.50).

Thus, analogously to the situation that took place in Sect. 2.3 with the series of
(2.44), we are once again at the familiar point in the development where the Green’s
function of our interest is expressed in the form of a nonuniformly convergent series.
A certain effort is required therefore towards an improvement of its convergence.
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In doing so, we will focus on a partial summation of the series in (2.55). It looks
like it might potentially be accomplished in the way proposed earlier in Sect. 2.3.
Indeed, the transformation sketched over there (see (2.46)) appears also workable
for the series in (2.55) splitting it onto two other series. One of them converges
uniformly and can therefore be considered as computer friendly. But, as to the second
of those series, the summation formula from (2.26) is not unfortunately immediately
applicable.

With all the foregoing comments in mind, we recall another standard summation
formula [1, 19]

∞∑
n=1

p2n−1

2n − 1
cos(2n − 1)x = 1

4
ln

1 + 2p cos x + p2

1 − 2p cos x + p2
, (2.56)

which presumes that its parameters p and x satisfy the conditions: p2 < 1 and 0 ≤
x < 2π. It perfectly fits the situation with the second of the two series resulting from
the just mentioned splitting of the expansion in (2.55).

Omitting a tedious algebra which resembles, in most details, the work done on
the series from (2.44) in Sect. 2.3, we reveal just an ultimate representation for the
Green’s function to the problem in (2.48)–(2.50). It was found in the form

G (ϑ,ϕ; τ ,ψ) = 1

2π

{ ∞∑
n=1

Rn(ϑ, τ ) sin νϕ sin νψ

+ ln

(
H

(√
�(ϑ)�(τ )

�(ϑ1)
,
α

2
,
β

2

)
H

(√
�(ϑ)

�(τ )
,
α

2
,
β

2

))

− ln

(
H

(
�(ϑ0)√

�(ϑ)�(τ )
,
α

2
,
β

2

)
H

(
�(ϑ0)

�(ϑ1)

√
�(ϑ)

�(τ )
,
α

2
,
β

2

))}
, (2.57)

where the three-variable function H(x, ξ, η), in terms of which the arguments of the
logarithmic functions are expressed, is defined as

H(x, ξ, η) = (1 + 2x cos ξ + x2)(1 − 2x cos η + x2)

(1 − 2x cos ξ + x2)(1 + 2x cos η + x2)
.

The parameters α and β in the function H(x, ξ, η) of (2.57) are expressed, in
terms of the variables ϕ and ψ, as

α = π

ϕ1
(ϕ − ψ) and β = π

ϕ1
(ϕ + ψ).

The coefficient Rn (ϑ, τ ) of the series component in (2.57) is found, for ϑ ≤ τ , as



2.4 Quadrilateral-Shaped Region 73

Fig. 2.6 A profile of the Green’s function shown in (2.57)

Rn (ϑ, τ ) = �n (ϑ0) [�n (ϑ) + �n (ϑ1)] [�n (τ ) − �n (ϑ0)]

ν�n (ϑ1)
√

�n (ϑ)�n (τ ) [�n (ϑ0) + �n (ϑ1)]
,

while its expression valid for τ ≤ ϑ can customarily be obtained by the interchange
of the variables ϑ and τ .

In Fig. 2.6, the reader finds a profile of the just obtainedGreen’s function,where the
parameters defining the region� are given as:ϑ0 = 0.2π,ϑ1 = 0.5π, andϕ1 = 0.5π,
with a unit source released at the point (0.35π, 0.35π).

2.5 Robin Problem for Spherical Cap

Note that the boundary condition operators are of either Dirichlet or Neumann kind
in all the problems encountered so far in this chapter. But, as we have asserted earlier
in Sect. 2.1, the technique, we propose for the construction of Green’s functions, is
potentially applicable to problems with Robin condition imposed as well. And it is
about right time to confirm this assertion. For illustration, we consider a problem
stated in the region

� = {ϑ,ϕ | 0 < ϑ ≤ ϑ1; 0 ≤ ϕ < 2π}

on a sphere of radius a, where 0 < ϑ1 < π. The region is simply connected and
boundedwith the parallelϑ = ϑ1 in spherical coordinates. This shapewill be referred
to as the spherical cap.

The shape of � combines two specific features each of which has been touched
upon earlier in this chapter. Namely, analogously to the spherical belt considered in
Sect. 2.3, the spherical cap is closed in the longitudinal direction, and as well as in
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the case of a spherical triangle (see Sect. 2.2), the north pole ϑ = 0 represents a part
of the “boundary” for �.

Our objective is theGreen’s function to the homogeneous boundary value problem
corresponding to the well-posed setting

1

a2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂u

∂ϑ

)
+ 1

a2 sin2 ϑ

∂2u

∂ϕ2
= − f (ϑ,ϕ) , (ϑ,ϕ) ∈ � (2.58)

lim
ϑ→0

|u (ϑ,ϕ) | < ∞ and u (ϑ1,ϕ) + λ
∂u (ϑ1,ϕ)

∂ϑ
= 0 (2.59)

and

u (ϑ, 0) = u (ϑ, 2π) and
∂u (ϑ, 0)

∂ϕ
= ∂u (ϑ, 2π)

∂ϕ
, (2.60)

where λ in the Robin condition represents a positive parameter.
In view of the 2π-periodicity of the above problem, the complete Fourier series

expansions

u (ϑ,ϕ) = 1

2
u0 (ϑ) +

∞∑
n=1

u(c)
n (ϑ) cos nϕ +

∞∑
n=1

u(s)
n (ϑ) sin nϕ (2.61)

and

f (ϑ,ϕ) = 1

2
f0 (ϑ) +

∞∑
n=1

f (c)
n (ϑ) cos nϕ +

∞∑
n=1

f (s)
n (ϑ) sin nϕ (2.62)

are required, in this case, for the solution function u (ϑ,ϕ) and the right-hand side
f (ϑ,ϕ) of (2.58).
This yields the ODE boundary value problem

d

dϑ

(
sin ϑ

dun (ϑ)

dϑ

)
− n2un (ϑ)

sin ϑ
= − f̃n (ϑ) , n = 0, 1, 2, . . . (2.63)

lim
ϑ→0

|un (ϑ) | < ∞ and un (ϑ1) + λ
dun (ϑ1)

dϑ
= 0 (2.64)

in the coefficients un (ϑ) of the series in (2.61).
In compliance with our approach, whose details relevant to the current situation

can be found in Sect. 2.3, the Green’s function G (ϑ,ϕ; τ ,ψ) of the homogeneous
problem corresponding to (2.58)–(2.60) appears in the series form

G (ϑ,ϕ; τ ,ψ) = 1

2
g0 (ϑ, τ ) +

∞∑
n=1

gn (ϑ, τ ) cos n (ϕ − ψ) , (2.65)
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where g0 (ϑ, τ ) and gn (ϑ, τ ) represent Green’s functions to the homogeneous prob-
lem settings corresponding to (2.63) and (2.64), for the cases n = 0 and n ≥ 1,
respectively.

Constructing the Green’s function gn (ϑ, τ ) to the actual setting in (2.63) and
(2.64) by the method variation of parameters, we customarily obtain the general
solution to (2.63) as

un (ϑ) = 1

2n

∫ ϑ

0

�2n
0 (τ ) − �2n

0 (ϑ)

�n
0(τ )�n

0(ϑ)
f̃n (τ ) dτ + D1�

n
0(ϑ) + D2�

−n
0 (ϑ), (2.66)

where �0 (x) = tan(x/2) and f̃n (τ ) = a2 sin τ fn (τ ).
To determine the constants of integration, we use the boundary conditions of

(2.64). It is evident that the boundness condition at ϑ = 0 requires D2 = 0, while
the Robin condition in (2.64) allows to obtain

D1 = 1

2n�n
0(ϑ1)

∫ ϑ1

0

[(
sin ϑ1 − nλ

sin ϑ1 + nλ

)
�n

0(τ )

�n
0(ϑ1)

− �n
0(ϑ1)

�n
0(τ )

]
f̃n (τ ) dτ

Upon substituting the just presented values of the constants of integration D1 and
D2 into (2.66), the latter reduces to

un (ϑ) = 1

2n

∫ ϑ

0

[(
sin ϑ1 − nλ

sin ϑ1 + nλ

)
�n

0(ϑ)�n
0(τ )

�2n
0 (ϑ1)

− �n
0(τ )

�n
0(ϑ)

]
f̃n (τ ) dτ

+ 1

2n

∫ ϑ1

ϑ

[(
sin ϑ1 − nλ

sin ϑ1 + nλ

)
�n

0(ϑ)�n
0(τ )

�2n
0 (ϑ1)

− �n
0(ϑ)

�n
0(τ )

]
f̃n (τ ) dτ (2.67)

This reveals the Green’s function gn (ϑ, τ ) to the homogeneous ODE problem
corresponding to (2.63) and (2.64). Its representation valid for ϑ ≤ τ appears as

gn (ϑ, τ ) = 1

2n

[(
sin ϑ1 − nλ

sin ϑ1 + nλ

)
�n

0(ϑ)�n
0(τ )

�2n
0 (ϑ1)

− �n
0(ϑ)

�n
0(τ )

]
, (2.68)

whereas the expression of gn (ϑ, τ ) valid for τ ≤ ϑ can be obtained from the above
by interchanging ϑ with τ .

We turn now to the component g0 (ϑ, τ ) of the series expansion in (2.65). It
represents the Green’s function to the homogeneous boundary value problem corre-
sponding to

d

dϑ

(
sin ϑ

du0 (ϑ)

dϑ

)
= − f̃0 (ϑ) (2.69)

lim
ϑ→0

|u0 (ϑ) | < ∞ and u0 (ϑ1) + λ
du0 (ϑ1)

dϑ
= 0 (2.70)
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The above problem is what the setting in (2.63) and (2.64) reduces to in the case of
n = 0. Via themethod of variation of parameters, the general solution of the equation
in (2.69) appears as

u0 (ϑ) =
∫ ϑ

0
ln

�0(τ )

�0(ϑ)
f̃0 (τ ) dτ + D1,0 ln�0(ϑ) + D2,0

The boundness condition in (2.70) implies D1,0 = 0, while the Robin condition
at ϑ = ϑ1 leads to

D2,0 =
∫ ϑ1

0

(
ln

�0(ϑ1)

�0(τ )
+ λ

sin ϑ1

)
f̃0 (τ ) dτ

resulting in

u0 (ϑ) =
∫ ϑ

0

(
ln

�0(ϑ1)

�0(ϑ)
+ λ

sin ϑ1

)
f̃0 (τ ) dτ

+
∫ ϑ1

0

(
ln

�0(ϑ1)

�0(τ )
+ λ

sin ϑ1

)
f̃0 (τ ) dτ

This reveals the following two-piece-defined expression

g0 (ϑ, τ ) =

⎧⎪⎨
⎪⎩

ln �0(ϑ1)

�0(ϑ)
+ λ

sin ϑ1
, if τ ≤ ϑ

ln �0(ϑ1)

�0(τ )
+ λ

sin ϑ1
, if ϑ ≤ τ

(2.71)

for the Green’s function to the homogeneous ODE problem corresponding to (2.69)
and (2.70) in the case of n = 0.

So, with both g0 (ϑ, τ ) and gn (ϑ, τ ) at hand, the form in (2.65) gives us an
explicit nonuniformly convergent series representation for the Green’s function
G (ϑ,ϕ; τ ,ψ) to the homogeneous problem corresponding to (2.58)–(2.60). To
enhance the computational potential of the series in (2.65), we transform the expres-
sion from (2.68) for gn (ϑ, τ ), valid for ϑ ≤ τ , to the equivalent one

gn (ϑ, τ ) = 1

2n

[(
1 − 2nλ

sin ϑ1 + nλ

)
�n

0(ϑ)�n
0(τ )

�2n
0 (ϑ1)

− �n
0(ϑ)

�n
0(τ )

]

This yields

G (ϑ,ϕ; τ ,ψ) = 1

2

(
ln

�0(ϑ1)

�0(τ )
+ λ

sin ϑ1

)

+ 1

2π

∞∑
n=1

1

n

(
�n

0(ϑ)�n
0(τ )

�2n
0 (ϑ1)

− �n
0(ϑ)

�n
0(τ )

)
cos n (ϕ − ψ)
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− λ

2π

∞∑
n=1

�n
0(ϑ)�n

0(τ )

(sin ϑ1 + nλ)�2n
0 (ϑ1)

cos n (ϕ − ψ) ,

where the first of the two series is completely summable, while the second is uni-
formly convergent for any mutual location of the observation and the source points
inside of �. The partial summation ultimately yields

G (ϑ,ϕ; τ ,ψ) = λ

sin ϑ1
+ λ

2π

∞∑
n=1

�n
0(ϑ)�n

0(τ )

(sin ϑ1 + nλ)�2n
0 (ϑ1)

cos n (ϕ − ψ)

+ 1

2π
ln

√
�4

0(ϑ1) − 2�2
0(ϑ1)�0(ϑ)�0(τ ) cos (ϕ − ψ) + �2

0(ϑ)�2
0(τ )

�2
0(ϑ1)

[
�2

0(τ ) − 2�0(ϑ)�0(τ ) cos (ϕ − ψ) + �2
0(ϑ)

] (2.72)

which is indeed ready for an immediate computer implementation.
Interestingly enough, the above representation reduces to the closed form

1

2π
ln

√
�4

0(ϑ1) − 2�2
0(ϑ1)�0(ϑ)�0(τ ) cos (ϕ − ψ) + �2

0(ϑ)�2
0(τ )

�2
0(ϑ1)

[
�2

0(τ ) − 2�0(ϑ)�0(τ ) cos (ϕ − ψ) + �2
0(ϑ)

]

of the Green’s function for the Dirichlet problem

lim
ϑ→0

|u (ϑ,ϕ) | < ∞ and u (ϑ1,ϕ) = 0

u (ϑ, 0) = u (ϑ, 2π) and
∂u (ϑ, 0)

∂ϕ
= ∂u (ϑ, 2π)

∂ϕ

which the statement in (2.58)–(2.60) reduces to, if λ = 0.
On the other hand, the form in (2.72) is undefined, if λ is taken to infinity. This

reflects the evident fact that the Neumann problem

lim
ϑ→0

|u (ϑ,ϕ) | < ∞ and
∂u (ϑ1,ϕ)

∂ϑ
= 0

u (ϑ, 0) = u (ϑ, 2π) and
∂u (ϑ, 0)

∂ϕ
= ∂u (ϑ, 2π)

∂ϕ

which the statement in (2.58)–(2.60) reduces to in this case, is ill-posed, and its
classical Green’s function does not therefore exist.
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2.6 Spherical Sector

The term spherical sector will be used in this section in reference to the simply
connected region

� = {ϑ,ϕ | 0 < ϑ ≤ π; 0 ≤ ϕ < ϕ1}

on a spherical surface of radius a. It is bounded with two meridians ϕ = 0 and
ϕ = ϕ1. The term spherical sector (which the reader might be skeptical about) is
chosen on account of the way the shape of � is formed, analogously to the way the
circular sector is obtained from a circle on a plane.

Note that both poles of the spherical surface are parts of the region’s “boundary”.
This notably affects our algorithm for the construction of the Green’s function of a
problem stated in �.

Since the poles represent points of singularity for the governing equation

1

a2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂u

∂ϑ

)
+ 1

a2 sin2 ϑ

∂2u

∂ϕ2
= − f (ϑ,ϕ) , (ϑ,ϕ) ∈ � (2.73)

the solution function u = u(ϑ,ϕ) ought to be subject to the boundness conditions

lim
ϑ→0

|u (ϑ,ϕ) | < ∞ and lim
ϑ→π

|u (ϑ,ϕ) | < ∞ (2.74)

To complete statement of a well-posed problem in �, the Dirichlet conditions

u(ϑ, 0) = 0 and u(ϑ,ϕ1) = 0 (2.75)

are imposed on the meridians ϕ = 0 and ϕ = ϕ1.
The Fourier sine series expansions

u (ϑ,ϕ) =
∞∑
n=1

un (ϑ) sin
nπϕ

ϕ1
(2.76)

and

f (ϑ,ϕ) =
∞∑
n=1

fn (ϑ) sin
nπϕ

ϕ1

yield the following ODE boundary value problem

d

dϑ

(
sin ϑ

dun(ϑ)

dϑ

)
− ν2un(ϑ)

sin ϑ
= − f̃n (ϑ) in (0,π) (2.77)

lim
ϑ→0

|un (ϑ) | < ∞ and lim
ϑ→π

|un (ϑ) | < ∞ (2.78)
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in the coefficients un(ϑ) of the series in (2.76), where ν = nπ/ϕ1.
Within the scope of our approach, the Green’s function G (ϑ,ϕ; τ ,ψ) to the

homogeneous problem corresponding to (2.73)–(2.75) appears as

G (ϑ,ϕ; τ ,ψ) =
∞∑
n=1

gn (ϑ, τ ) sin νϕ sin νψ, (2.79)

where gn (ϑ, τ ) represents the Green’s functions to the homogeneous problem set-
tings corresponding to (2.77) and (2.78).

Our customary routine, based on the method of variation of parameters, provides
us with the general solution to (2.77) in the form

un (ϑ) = 1

2ν

∫ ϑ

0

�2n(τ ) − �2n(ϑ)

�n(τ )�n(ϑ)
f̃n (τ ) dτ + D1�

n(ϑ) + D2�
−n(ϑ),

where �(x) = tanπ/ϕ1(x/2) and f̃n (τ ) = a2 sin τ fn (τ ).
As to the boundness conditions in (2.78), the current case is slightly different of

all considered so far in this volume. The first relation in (2.78), of course, requires
that D2 = 0, while the condition at ϑ = π reads

lim
ϑ→π

∣∣∣∣ 1

2ν

∫ ϑ

0

(
�n(τ )

�n(ϑ)
− �n(ϑ)

�n(τ )

)
f̃n (τ ) dτ + D1�

n(ϑ)

∣∣∣∣ < ∞

which implies

lim
ϑ→π

∣∣∣∣− 1

2ν

∫ ϑ

0

�n(ϑ)

�n(τ )
f̃n (τ ) dτ + D1�

n(ϑ)

∣∣∣∣ < ∞

And rewriting the above as

lim
ϑ→π

∣∣∣∣
(
D1 − 1

2ν

∫ ϑ

0

1

�n(τ )
f̃n (τ ) dτ

)
�n(ϑ)

∣∣∣∣ < ∞

we have

D1 = 1

2ν

∫ π

0

1

�n(τ )
f̃n (τ ) dτ

This ultimately transforms the solution of the problem in (2.77) and (2.78) to the
integral form

un (ϑ) = 1

2ν

∫ ϑ

0

�n(τ )

�n(ϑ)
f̃n (τ ) dτ + 1

2ν

∫ π

ϑ

�n(ϑ)

�n(τ )
f̃n (τ ) dτ
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revealing the Green’s function gn (ϑ, τ ), to the corresponding homogeneous ODE
problem, as defined in two pieces

gn (ϑ, τ ) = 1

2ν

⎧⎪⎨
⎪⎩

�n(ϑ)

�n(τ )
, if 0 ≤ ϑ ≤ τ

�n(τ )

�n(ϑ)
, if τ ≤ ϑ ≤ π

So, substituting the above into (2.79), one arrives at the series representation of
the Green’s function G (ϑ,ϕ; τ ,ψ) to the homogeneous boundary value problem
corresponding to (2.73)–(2.75), which appears summable. The summation can read-
ily be accomplished with the aid of the standard summation formula (2.26) which
was presented earlier in Sect. 2.2 and has repeatedly been used in this chapter. The
summation yields

G (ϑ,ϕ; τ ,ψ) = 1

2π
ln

√
�2(ϑ) − 2�(ϑ)�(τ ) cosβ + �2(τ )

�2(ϑ) − 2�(ϑ)�(τ ) cosα + �2(τ )
, (2.80)

where
α = π

ϕ1
(ϕ − ψ) and β = π

ϕ1
(ϕ + ψ) .

It is interesting to note that the development of this section appears workable for
another boundary value problem stated in �. Namely, it works smoothly if in (2.75)
the condition on the meridian ϕ = 0 stays unchanged, but instead of the Dirichlet
condition on the meridian ϕ = ϕ1, the Neumann condition

u(ϑ, 0) = 0 and
∂u(ϑ,ϕ1)

∂ϕ
= 0 (2.81)

is imposed.
Omitting details, we present just the ultimate closed form

G (ϑ,ϕ; τ ,ψ) = 1

2π
ln

√
�(ϑ) + 2

√
�(ϑ)�(τ ) cos (α/2) + �(τ )

�(ϑ) − 2
√

�(ϑ)�(τ ) cos (α/2) + �(τ )

− 1

2π
ln

√
�(ϑ) + 2

√
�(ϑ)�(τ ) cos (β/2) + �(τ )

�(ϑ) − 2
√

�(ϑ)�(τ ) cos (β/2) + �(τ )
(2.82)

of the Green’s function to the homogeneous boundary value problem corresponding
to (2.73), (2.74) and (2.81).

The standard summation formula of (2.56), used in Sect. 2.4, is required in this
case to transform a series representation of G (ϑ,ϕ; τ ,ψ) to the closed form of
(2.82).
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To better comprehend peculiarities of our technique developed in this chapter,
the reader is recommended to solve a few of the proposed below problems whose
answers are available in the Appendix.

2.7 Chapter Exercises

For the homogeneous equation corresponding to (2.1), construct the Green’s func-
tions to the boundary value problem stated in the indicated region:

Exercise 2.1
u (ϑ, 0) = 0 and u (ϑ,ϕ1) = 0

lim
ϑ→0

|u (ϑ,ϕ) | < ∞ and u (ϑ1,ϕ) = 0

in the spherical triangle

� = {0 ≤ ϑ < ϑ1, 0 ≤ ϕ ≤ ϕ1} .

Exercise 2.2

u (ϑ, 0) = 0 and
∂u (ϑ,ϕ1)

∂ϕ
= 0

lim
ϑ→0

|u (ϑ,ϕ) | < ∞ and
∂u (ϑ1,ϕ)

∂ϑ
= 0

in the spherical triangle

� = {0 ≤ ϑ < ϑ1, 0 ≤ ϕ ≤ ϕ1} .

Exercise 2.3
u (ϑ, 0) = 0 and u (ϑ,ϕ1) = 0

lim
ϑ→0

|u (ϑ,ϕ) | < ∞ and
∂u (ϑ1,ϕ)

∂ϑ
+ βu(ϑ1,ϕ) = 0

in the spherical triangle

� = {0 ≤ ϑ < ϑ1, 0 ≤ ϕ ≤ ϕ1} .

Exercise 2.4

u (ϑ, 0) = u (ϑ, 2π) and
∂u (ϑ, 0)

∂ϕ
= ∂u (ϑ, 2π)

∂ϕ
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u (ϑ0,ϕ) = 0 and u (ϑ1,ϕ) = 0

in the spherical belt
� = {ϑ0 ≤ ϑ < ϑ1, 0 ≤ ϕ < 2π}.

Exercise 2.5

u (ϑ, 0) = u (ϑ, 2π) and
∂u (ϑ, 0)

∂ϕ
= ∂u (ϑ, 2π)

∂ϕ

u (ϑ0, 0) = 0 and u (ϑ1,ϕ) + β
∂u (ϑ1,ϕ)

∂ϑ
= 0

in the spherical belt
� = {ϑ0 ≤ ϑ < ϑ1, 0 ≤ ϕ < 2π} .

Exercise 2.6
u (ϑ, 0) = 0 and u (ϑ,ϕ1) = 0

u (ϑ0,ϕ) = 0 and
∂u (ϑ1,ϕ)

∂ϑ
= 0

in the spherical quadrilateral

� = {ϑ0 ≤ ϑ < ϑ1, 0 ≤ ϕ ≤ ϕ1} .

Exercise 2.7
u (ϑ, 0) = 0 and u (ϑ,ϕ1) = 0

u (ϑ0,ϕ) + β
∂u (ϑ0,ϕ)

∂ϑ
= 0 and

∂u (ϑ1,ϕ)

∂ϑ
= 0

in the spherical quadrilateral

� = {ϑ0 ≤ ϑ < ϑ1, 0 ≤ ϕ ≤ ϕ1} .

Exercise 2.8
u (ϑ, 0) = 0 and u (ϑ,ϕ1) = 0

u (ϑ0,ϕ) + β
∂u (ϑ0,ϕ)

∂ϑ
= 0 and u (ϑ1,ϕ) = 0

in the spherical quadrilateral

� = {ϑ0 ≤ ϑ < ϑ1, 0 ≤ ϕ ≤ ϕ1} .
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Exercise 2.9

u (ϑ, 0) = 0 and
∂u (ϑ,ϕ1)

∂ϕ
= 0

u (ϑ0,ϕ) + β
∂u (ϑ0,ϕ)

∂ϑ
= 0 and u (ϑ1,ϕ) = 0

in the spherical quadrilateral

� = {ϑ0 ≤ ϑ < ϑ1, 0 ≤ ϕ ≤ ϕ1}.

Exercise 2.10

u (ϑ, 0) = 0 and
u (ϑ,ϕ1)

∂ϕ
= 0

u (ϑ, 0) = u (ϑ, 2π) and
∂u (ϑ, 0)

∂ϕ
= ∂u (ϑ, 2π)

∂ϕ

in the spherical sector

� = {0 < ϑ < π, 0 ≤ ϕ ≤ ϕ1} .
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