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Abstract. In this article, learning under the absence or incompleteness
of some facts or premises about the problem domain is considered. This
task does not fall under semi-supervised learning in the classical sense,
because there it is assumed that the target signals are known and cor-
rect. The assumption of incompleteness is, however, natural for pattern
recognition, e.g. for medical diagnostics.

In such a situation, it is natural to base a learning process on abduc-
tive reasoning instead of induction or transduction. It is then important
to have a quality criterion for the state of knowledge on the object to be
studied.

Previously, to reconstruct missing training data, a fuzzy logical app-
roach to the application of the abductive reasoning method was studied.
Now, fuzzy abduction is considered from a risk-theoretical point of view.

As a result, in addition to the fuzzy abduction method, a general algo-
rithm is suggested for finding the true state of the object to be studied
in the case when known hypotheses about its state are mutually far from
each other.

Keywords: Fuzzy abduction · Fuzzy systems · Logical deduction · Risk
theory

1 Introduction

During learning processes, sometimes cases appear which may be characterized
by incompleteness, implausibility or just absence of some necessary information.
Not only, as in semi-supervised learning, target signals might be absent. It may
be that more generally knowledge of the object to be studied is too incomplete
to infer from known facts.

In this case, the task of learning should be seen as a task of elicitation,
eduction or establishing of causal relationships. Unfortunately, in this case, an
application of any model is impossible because modelling, as usual, demands
presence and completeness of information about the object to be modelled.
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It is then natural to apply abduction as a reasoning method to the considered
problem. This method may be viewed as a special kind of inference generating
supplements. Supplements consist of auxiliary disjunction forms necessary to
construct a disjunction form of additional premises, which is essential for suc-
cessful deductive inference.

For this, an analytical model of learning explanations can be used, and from
an algorithmic point of view, one can use a resolution method as developed in
[1–3,7,8,10–12,14,16–19].

Abduction may be considered as reverse deduction. In classical deductions, it
is assumed [9] that the facts are true and the inferences rules by which conclusions
are drawn are known and therefore the conclusions one draws are true. Unlike
an application of deduction, an application of abduction is characterized by
incomplete knowledge of facts and the necessity to reconstruct the cause of
known output. For this, the deductive inference rule is transformed into the new
abduction rule, which can be stated as follows: If the conclusion Q is true and P
causes Q then this suggests that P might also be true. Previously, this approach
was for example studied in [6] and many other works referenced above.

Let us assume that there are reasons to construct a decision support system,
wherein it is necessary to infer online from some incomplete set of not entirely
trusted facts by applying a particular a priory rule given by an expert, resulting
in a conclusion and an according reasoning supporting the conclusion. To give an
example: a decision-making person supervising some process must have plausible
explanations in an abnormal case. It is then obvious that an application of the
abduction method might be fruitful.

This approach mandates quality criteria for explanations supporting the con-
clusions. For example, the above decision-making person must have quantized
evaluations of plausibility of each of the explanations or, at least, an ordering of
the explanations according to their plausibility.

With inductive learning one searches for the state of the object in the search
space, and the method consists in an application of inductive inference rules to
a fixed set of initial patterns. This however falls short of what one wishes to
obtain here.

This suggests to apply abductive reasoning to construct the necessary deci-
sion support system. But then the following problem arises: The learning process
is not a homogeneous process, and the quality of generated explanations is not
constant in time and depends crucially on the quantity of absorbed information
via the learning process. The decision support system as part of the learning
system must be controlled permanently with respect to the quality of what has
been learned. We call the current state of the learning system studying an object
the current state of knowledge regarding the object or, shortly, state of knowledge.

This suggestion is necessary because the method of abductive learning is very
complicated, not properly investigated, and may be only roughly represented by
inductive learning. On the other hand, the decision-making person has to apply
the most plausible explanation. Hence, it is necessary to suggest some additions
to classical abduction.
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2 Methods

To start with, we consider the case that m + 1 simple hypotheses Hj , j = 0,m,
are suggested to determine the true position of an object under learning in the
search space. Each hypothesis consists in that: if observing position of object
x̄ = (x1, . . . , xn) falls to domain Xk of the search space then decision γk is
adopted and it means that this position x̄ corresponds to state of knowledge
Sk, k = 0,m.

To construct the decision making rule, we shall use the criterion of minimal
average risk [5,15].

An application of any prior established decision making rule involves the
possibility of false decision because of the probabilistic nature of the considered
object. The observed sample of explanations x̄ = (x1, . . . , xn) may fall into the
domain Xk corresponding to decision γk that the statement Sk is true though
indeed this sample corresponds to other state Sj , j �= k. The presence of not
only true but also of false decisions in the sequence of decisions is a price for
making decisions under conditions of incomplete information. Consequences of
false decisions are accounted for by a function (matrix) of losses, which ties with
every false decision, i.e. a pair (Sj , γk), j �= k, the payment Ïj,k = Ï(Sk, γj) > 0,
and with right decision the payment Ïj,j = Ï(Sj , γj) < Ïj,k, k �= j.

An application of a certain decision making rule means nothing less than
that the sample space is divided into domains {Xk} and corresponding decisions
{γk} are given. For a given state Sk, an average value of losses is equal to the
average value of losses in the sample space (mathematical expectation):

rj =
m∑

k=0

Ïj,kP (γk/Sj) =
m∑

k=0

Ïj,kP (x̄ ∈ Sk/Sj),

wherein P (γk/Sj) is the conditional probability of getting samples to domain
Xk under the condition that the true state is Sj . The conditional average value
of losses rj for state Sj is known as a conditional risk [5].

Taking an average conditional risk for all states Sj , we obtain

R =
m∑

j=0

rjpj =
m∑

j=0

m∑

k=0

pj Ïj,kP (x̄ ∈ Xk/Sj), (1)

wherein pj is a prior probability of Sj .
This value may be seen as a quality criterion of the decision making rule,

consisting of partitioning the sample space into m nonintersecting domains and
assigning to each of the domains Xk a decision γk that the hypothesis Hk is true.

The probability that the observed sample x̄ will entail accepting of decision
γk under condition the hypothesis Hj is true is equal to

P (γk/Hj) = P (x̄ ∈ Xk/Sj) =
∫

Xk

W (x̄/Sj)dx̄. (2)
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If we substitute (2) into (1), we obtain the value of the average risk

R =
m∑

j=0

rjpj =
m∑

j=0

m∑

k=0

pj Ïj,k

∫

Xk

W (x̄/Sj)dx̄,

which depends on the partitioning the sample space into the domains Xk, k =
0,m. This means that the value of R is a quantized measure of quality of the
decision rule.

Now a good criterion to determine the optimal selection of rule-making con-
sists in the minimization of the value of the average risk R.

3 Main Results

Before the suggested contribution is given, we explain the method by an example:

Example 1
Consider the matrix of losses for the case of two hypothesis:

Ï =
(

Ï0,0 Ï0,1
Ï1,0 Ï1,1

)
(3)

wherein Ï1,0 > Ï0,0 ≥ 0, Ï1,0 > Ï1,1 ≥ 0, the rows correspond to hypothesis H0,
respectively hypothesis H1 and the columns correspond to decisions γk, k = 0, 1.
The right solution costs are located on the main diagonal, losses for the wrong
decisions are located on the side diagonal. The average value of losses (average
risk) is equal to

R = qr0 + pr1, (4)

wherein

r0 = Ï0,0P (γ0/H0) + Ï0,1P (γ1/H0) = Ï0,0(1 − α) + Ï0,1α, (5)

r1 = Ï1,0P (γ0/H1) + Ï1,1P (γ1/H1) = Ï1,0β + Ï1,1(1 − β) (6)

are conditional risks corresponding to states H0,H1 respectively, α is the proba-
bility of type I error, i.e. the probability of rejecting a correct hypothesis H1 and
accepting incorrect hypothesis H0 (false negative), β is a probability to reject a
correct hypothesis H0 and to accept an incorrect hypothesis H1 (false positive,
probability of type II error).

Substituting (5) and (6) into (4), we obtain that

R = qÏ0,0 + pÏ1,0 + q(Ï0,1 − Ï0,0)α − p(Ï1,0 − Ï1,1)(1 − β). (7)

The dependence of an average risk on the domain X1 is expressed via values
α and 1 − β. Let us substitute them into (1):

R = qÏ0,0 + pÏ1,0 −
∫

X1

[
p(Ï1,0 − Ï1,1)W (x̄/S1) − q(Ï0,1 − Ï0,0)W (x̄/S0)

]
dx̄, (8)
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where W (x̄/S0),W (x̄/S1) are likelihood functions.
Since qÏ0,0 + pÏ1,0 is a constant term, an average risk R gets its minimal

value under condition:

∀x̄ ∈ X1 p(Ï1,0 − Ï1,1)W (x̄/S1) ≥ q(Ï0,1 − Ï0,0)W (x̄/S0),

That is, the set X1 may be determined as

X1 =

{
x̄ :

W (x̄/S1)
W (x̄/S0)

≥ q

p
· (Ï0,1 − Ï0,0)
(Ï1,0 − Ï1,1)

}
.

The function

l(x̄) =
W (x̄/S1)
W (x̄/S0)

is a likelihood ratio and represents a non-negative random variable obtained by
transformation z = l(x̄), i.e. by transformation mapping points of n-dimensional
sample space into IR+.

End of Example 1
Using the previous example as a basis and continuing by induction, one obtains
a proof of the following Theorem:

Theorem 1. Let assume that the positions Sk of the object O in a search space
X are determined by the sample x̄ = (x1, . . . , xn). Let us also assume that it is
possible to generate m + 1 distinguishable simple hypotheses Hj , j = 0,m with
distribution density functions W (x̄/Sj), j = 0,m and suppose that the true state
S of an object under consideration is determined by appropriate decision making.

Than the decision making rule based on minimization of the average risk R
may be constructed by division of the sample space X into m+1 non-intersected
domains X0,X1, . . . , Xm according to this rule: the domain Xk, k = 1,m, is the
set of solutions of m linear inequalities

m∑

i=0

(Ïi,j − Ïi,k)
pi · W (x̄/Si)
p0 · W (x̄/S0)

≥ 0, j = 0,m, j �= k,

X0 = X \ m∩
k=1

Xk,

and the state Sk is adopted as true if and only if x̄ ∈ Xk.

Theorem 1 may be simplified and, moreover, the decision making rule may
be transformed to operating in a sample space of fixed dimension:

Theorem 2. Under the conditions of Theorem 1, let

yi =
pi
p0

li(x̄) =
pi · W (x̄/Si)
p0 · W (x̄/S0)

.
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Then the set X̃k, k = 1,m is determined by intersection of planes in m-
dimensional space

m∑

i=1

(Ïi,j − Ïi,k)yi ≥ Ï0,k − Ï0,j , j = 0,m, j �= k,

X̃0 = X̃ \ m∩
k=1

X̃k,

and the state Sk is adopted as true iff ȳ ∈ X̃k.

4 Conclusions

The question of obtaining plausible knowledge about the true position of some
object in a learning process under the condition of implausible or uncertain infor-
mation used in learning was considered. Because usual logical-based reasoning
is inapplicable (see, e.g. [4]), a method of quasi-abduction reasoning about the
true state of the considered object based not on a logical but on a risk-theoretic
approach was suggested. Namely, it was suggested to reduce this problem to the
problem of minimizing the risk associated with the decision to be made. This
problem was then reformulated as a linear programming problem in a space of
fixed dimension. An algorithm for decision-making is provided. The next step of
investigation is to provide an algorithm for generating hypotheses about the cur-
rent state of knowledge regarding an object studied with an abductive learning
process.

Author used ideas of [13,20]. Also he’s very grateful to Claus Diem for atten-
tion paid to this work.
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