
2 Heat transfer
2.1 Introduction
In this chapter, we will look more closely at mechanisms that facilitate heat trans-
fer. Heat can be transferred by three basic mechanisms, which are

1. conduction,

2. convection and

3. radiation.

In short time periods, the amount of transferred heat is practically always propor-
tional to time. Heat transferred in 1min will be 60 times larger than heat trans-
ferred in 1 s. It is therefore convenient to de�ne the heat �ow rate with the unit
watt Φ W as a ratio of transferred heat to time:

Φ dQ
dt
. (2.1)

�e watt therefore equals J s. For a stationary situation, that is, a time-
independent heat �ow, a nondi�erential form can be used:

Φ Q
t
. (2.2)

In most practical situations, the heat �ow rate is proportional to the area, so it is
also convenient to de�ne the density of heat �ow rate q W m2 as

Info box
�e transfer of heat is best de-
scribed by the density of heat
�ow rate.

Φ Aq. (2.3)

2.2 Conduction
Heat conduction is a mechanism of heat transfer facilitated by microscopic par-
ticles without bulk movement of particles. �is mechanism is typical for solids
(see Section 1.1) because most particles are moving only around a �xed equilib-
rium position (oscillation), although some (electrons) may also move randomly
through the material (di�usion). Heat transfer is a consequence of collisions be-
tween particles and particle di�usion. Note that in terms of energy, the process is
di�usive, so conduction can be also called heat di�usion.

Info box
Conduction is facilitated by sta-
tionary particles, so it primarily
occurs in the solid state.
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Figure 2.1:Heat transfer (conduction) through a solid slab whose opposite faces are at
di�erent temperatures, Th Tl. �e slab’s cross-sectional area is A, and the
thickness is d.

2.2.1 Fourier’s law
We start our study of conduction with steady heat transfer. Steady implies that we
allow for temperature variations in space but no variations in time.

Info box
Equilibrium stands for tempera-
tures independent of space and
time. Steady heat transfer stands
for the space-dependent and
time-independent temperatures.
Steady heat transfer is studied
due to its simplicity.

Let’s observe heat transfer through a solid slab whose opposite faces are at dif-
ferent temperatures; that is, the hotter face is at higher temperature Th, and the
colder face is at lower temperature Tl (Fig. 2.1).�e slab’s cross-sectional area is A,
and the thickness is d.

It can be shown experimentally that the heat �ow rate is always

• proportional to cross-sectional area A,

• inversely proportional to thickness d and

• proportional to temperature di�erence ∆T Th Tl.

We can join these statements into the expression

Φ λA∆T
d
. (2.4)

Info box
If there is a spatial di�erence in
temperature, the conduction—
heat di�usion—from the region
with the higher temperature to
the region with the lower tem-
perature sets in.

�is statement is called Fourier’s law or the law of thermal conduction. �e coef-
�cient of proportionality λ W mK is called thermal conductivity.

�ermal conduction also depends on the slab substance.�ermal conductivity is
thus material dependent and has to be determined experimentally. Values for a
few typical building materials are presented in Table A.3.

�ermal insulators are materials that hinder heat transfer (Fig. 2.2). Note that
good thermal insulators have low thermal conductivity.

Info box
�ermal insulators, that is, ma-
terials that hinder heat transfer,
have low thermal conductivity.

Because the temperature di�erence is the same for both temperature scales (1.2),
and degrees Celsius is used more commonly in engineering, we will rewrite
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Figure 2.2:�ermal insulators: extruded polystyrene (le�) andmineral wool (right).�e
primary ingredient of insulators is air (see Section 2.3).

Fourier’s law as

Φ λA∆θ
d
. (2.5)

In terms of density of heat �ow rate (2.3), Fourier’s law is transformed to

q λ∆θ
d
. (2.6)

Usually, the layer in the building component is characterised by thermal resistance
R m2K W , that is, the ratio of thickness to thermal conductivity

R d
λ
, (2.7)

or, alternatively, though rarely, by the inverse of thermal resistance, that is, the
coe�cient of heat transfer k W m2K as

k 1
R

λ
d
. (2.8)

In terms of thermal resistance, Fourier’s law is therefore

Φ A∆θ
R
, (2.9)

q ∆θ
R
. (2.10)

2.2.2 �ermal resistance of multiple layers
We will now attend to the problem of heat transfer through multiple layers in
building components when they are in parallel or serial positions (Fig. 2.3).
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Figure 2.3: Conduction through multiple layers in building components when they are
positioned in parallel (le�) or serial (right). Equivalent electrical circuits are
drawn above.

For parallel layers (Fig. 2.3, le�), both layers have temperature θh at the le� face
and temperature θl at the right face. Taking this into consideration, we can
write

Φ1
A1 θh θl

R1
, Φ2

A2 θh θl
R2

.

�e e�ective heat �ow rate from the le� side to the right side is simply a sum of
the heat �ow rates through the individual layers:

Φ Φ1 Φ2
A1
R1

A2
R2

θh θl
Aeq
Req

θh θl

Aeq
Req

A1
R1

A2
R2
.

We can generalise this result for an arbitrary number n of layers as

Aeq
Req

n

i 1

Ai
Ri
. (2.11)

For serial layers (Fig. 2.3, right), both layers have the same cross-sectional area
A1 A2 A.�ere is also another temperature involved, that is, the temperature
at the boundary of two layers θ , which is usually called the interface temperature.
Taking this into account, we can write

Φ1
A θh θ

R1
, Φ2

A θ θl
R2

.

What is the relationship between the heat �ow rates in both layers? If the �rst
heat �ow rate is larger than the second, Φ1 Φ2, then more heat will enter the
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boundary of the two layers than will leave it; therefore, temperature θ will in-
crease. On the other hand, if the �rst heat �ow rate is smaller than the second,
Φ1 Φ2, then less heat will enter the boundary of the two layers than will leave it;
therefore, temperature θ will decrease. We conclude that in order to have steady
heat transfer, that is, constant temperature θ , both �ow rates must be equal as
in

Φ1 Φ2.

Using that, we can readily calculate

θ θlR1 θhR2
R1 R2

.

Putting θ in the equation for Φ1 or Φ2, we obtain

Φ Φ1 Φ2
A

R1 R2
θh θl

Aeq
Req

θh θl

Req R1 R2.

Here we took into account that Aeq A.

For an arbitrary number n of layers

Φ A
θh θ1
R1

A
θ1 θ2
R2

A
θ2 θ3
R3

A
θn 1 θl
Rn

, (2.12)

we similarly get

Φ A θh θl
R1 R2 R3 Rn

,

which leads to the generalised form of

Req
n

i 1
Ri . (2.13)

It is always instructive to point to the similarity between heat conduction and
electrical current conduction for electrical circuits, which was shown in Fig. 2.3
above. In the parallel case, heat splits and �ows partially through the upper layer
and partially through the lower layer. In the serial case, heat �ows through both
layers. Similarly, in the parallel case, electrical current splits and �ows partially
through the upper and partially through the lower resistor; in the serial case, elec-
trical current �ows through both resistors.
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Figure 2.4:Nonperpendicular heat �ow through a surface of area A.�e density of heat
�ow rate is de�ned in terms of the surface perpendicular to heat �ow of area
A , so angle of �ow incidence θ has to be taken into account.

2.2.3 Multidimensional conduction
If heat does not �ow perpendicularly to the surface, angle of incidence θ has to
be taken into account (Fig. 2.4). Equation (2.3) is de�ned in terms of the surface
perpendicular to heat �ow of area A , so heat �ow in the slanted case amounts
to

Φ A q Acos θ q. (2.14)

We see that the heat �ow rate can di�er for the same density of heat �ow rate and
the same surface area but a di�erent angle of �ow incidence. In Section 2.4, we
will use that fact to explain di�erent temperatures on the Earth’s surface.

We can de�ne heat �ow rate as a vector

q qx i qy j qzk (2.15)

and mathematically describe the surface in terms of a vector A perpendicular to
the surface with the length corresponding to the surface area. In this case, the
heat �ow rate can be rewritten in terms of a scalar product between those two
vectors

Φ A q. (2.16)

In one dimension, for thin layers, the thickness and temperature di�erence
in (2.6) tend to zero, d dx , ∆θ dθ, leading to the di�erential version

q λdθ
dx
, (2.17)

where we have taken into account that when temperature increases in the x di-
rection, heat �ows in the opposite x direction and vice versa.

In more complex situations, however, temperature is a function of all three coor-
dinates, θ x , y, z , and heat transfers in all three directions. We must therefore
write Fourier’s law for each of the dimensions

qx λ ∂θ
∂x
, qy λ ∂θ

∂y
, qz λ ∂θ

∂z
,
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where the symbol ∂ denotes a partial derivative. Using the density of heat �ow
rate vector (2.15) and nabla operator

∂
∂x
i ∂

∂y
j ∂

∂z
k, (2.18)

we can transform the Fourier’s law to a three-dimensional form of

q λ ∂θ
∂x
i ∂θ

∂y
j ∂θ

∂z
k ,

q λ θ . (2.19)

�e density of heat �ow rate is therefore a product of the thermal conductivity
and negative gradient of temperature.

�e gradient operator is the generalisation of the derivative operator in multi-
ple dimensions. If the value of a certain scalar quantity is speci�ed by three-
dimensional function f x , y, z , the gradient at an arbitrary position returns the
vector with two properties:

1. �e vector is directed along the increase of the function.

2. �e vector length is proportional to the slope of the increase.

Figure 2.5 presents an example of a gradient for a two-dimensional function.

�e scalar quantity of interest in our case is temperature, whereas the vector is
the density of the heat �ow rate. Because the heat �ow rate is directed along the
decrease of temperature, whereas the gradient is directed along the increase of the
temperature, the minus sign in (2.19) is required in order to reverse the direction
of the gradient vector.

For any multidimensional function, it is also possible to de�ne contour lines,
which are curves that connect points in space with the same value. �e gradi-
ent vector has two properties:

Figure 2.5: An illustrative two-dimensional function f x , y cos x cos y.�e gradi-
ent (vector) is directed towards the increase of the function, and its length is
proportional to the slope of the function.
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Figure 2.6: Contour lines of an illustrative two-dimensional function f x , y cos x
cos y.�e gradient vector is perpendicular to the contour lines, and its length
is proportional to the density of the contour lines.

1. �e vector is perpendicular to the contour lines.

2. �e vector length is proportional to the density of the contour lines.

Figure 2.6 presents an example of contour lines and gradient for a two-
dimensional function. Here we are interested in the isothermal lines, which
are curves that connect points with the same temperature. �e density of heat
�ow rate vector is therefore always perpendicular to the isothermal lines.

A practical example of two-dimensional conduction, temperatures and contours
for a simple geometric thermal bridge is shown later in Fig. 3.13 on page 75.

2.2.4 Dynamic conduction
Until now, we have studied steady heat transfer (conduction), that is, situations
with time-independent temperatures that disregard the accumulation of energy in
building components. Because the temperature and internal energy of the build-
ing component are constants, the heat �ow rate entering the building component
on one side equals the heat �ow rate leaving the component on the other side
(Fig. 2.7, le�).

Now we will take a closer look at dynamic heat transfer (conduction). Because
the heat �ow rate entering the building component on one side di�ers from the

Φin Φout

θ const.

Φin Φout

θ incr.

Φin Φout

θ decr.

Figure 2.7:Di�erence between steady conduction (le�) and dynamic conduction (mid-
dle, right). When heat �ow rate entering building component di�ers from the
one leaving, temperature of building component changes.
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Figure 2.8: A small fragment of the building component with dimensions ∆x ∆y ∆z.
In a dynamic situation, the heat �ow rate that enters the fragment is di�erent
from the heat �ow rate that leaves it, which leads to the temperature change.

heat �ow rate leaving the component on the other side, the building component’s
internal energy and temperature must change (Fig. 2.7, middle and right).

Info box
Dynamic heat transfer condi-
tions occur for time-dependent
temperatures and are used
for studying more complex
processes.

In order to describe temperature change, we observe a small fragment of the
building component with dimensions ∆x ∆y ∆z (Fig. 2.8). In a dynamic situ-
ation, the heat �ow rate that enters fragment, Φin, is di�erent from the heat �ow
rate that leaves it, Φout. �e di�erence of heat �ow rates corresponds to the net
heat transferred to/from the fragment in a given time period (2.1):

Φnet Φin Φout
dQ
dt
.

Because the heat �ow is not necessarily directed along one of the coordinate axes,
we have to decompose it into components

Φ Φx i Φy j Φzk.

As shown in Fig. 2.8, x, y and z components of heat �ow rateΦx ,Φy andΦz enter
and leave the fragment along x, y and z axes, respectively. For simplicity, we will
assume that Φin Φout and consequently conclude that the net heat �ow rate to
the fragment increases its temperature (1.20):

Φx x Φy y Φz z Φx x ∆x Φy y ∆y Φz z ∆z mc ∂θ
∂t
.

�e mass of the fragment can be written in terms of its density and volume as

m ρV ρ ∆x∆y∆z.

Because the heat �ow rate is a smooth function, the exiting heat �ow rate com-
ponents can be related to the entering heat �ow rate components using Taylor
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series

Φx x ∆x Φx x
∆x
1!
∂Φx
∂x

∆x2

2!
∂2Φx
∂x2

Φx x ∆x ∂Φx
∂x
,

Φy y ∆y Φy y
∆y
1!
∂Φy
∂y

∆y2

2!
∂2Φy
∂y2

Φy y ∆y
∂Φy
∂y
,

Φz z ∆z Φz z
∆z
1!
∂Φz
∂z

∆z2

2!
∂2Φz
∂z2

Φz z ∆z ∂Φz
∂z
,

where we have neglected the higher order contributions. By using the preceding
equations, we obtain

∆x ∂Φx
∂x

∆y
∂Φy
∂y

∆z ∂Φz
∂z

ρc ∆x∆y∆z ∂θ
∂t
.

�e density of heat �ow rate is the heat �ow rate divided by the appropriate cross-
sectional area

qx
Φx
∆y∆z

, qy
Φy
∆x∆z

, qz
Φz
∆x∆y

,

leading to
∂qx
∂x

∂qy
∂y

∂qz
∂z

ρc ∂θ
∂t
,

q ρc ∂θ
∂t
. (2.20)

Here we used the de�nition of the heat �ow rate as a vector (2.15) and nabla oper-
ator (2.18).�is is the heat continuity equation in absence of heat sources, which
states that the divergence of the density of heat �ow rate is the product of the vol-
umetric heat capacity (1.21) and temperature change. Note that materials with
larger volumetric heat capacities will have smaller temperature changes for the
same heat �ow rate; therefore, they will damp the temporal temperature varia-
tions more intensely.

Info box
Materials that damp temporal
temperature variations more in-
tensely have larger volumetric
heat capacities.

�e divergence operator is somewhat similar to a gradient. It probes the values
of vectors in the vicinity of the arbitrary position. If vectors pointing out of the
in�nitesimal environment are ‘larger’ than vectors pointing towards the in�nites-
imal environment, divergence is positive, and vice versa.

Joining the heat continuity equation (2.20) and the three-dimensional Fourier’s
law (2.19), we obtain the following heat di�usion equation:

λ θ ρc ∂θ
∂t
. (2.21)

�e heat di�usion equation is a partial di�erential equation of the second order
that describes the spatial and temporal variations of temperature θ. It is also used
to study heat conduction, where the equation is �rst solved to determine temper-
atures, a�er which the density of heat �ow rate is obtained using (2.19). Finally,
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the heat �ow rate can be obtained by integrating the density of heat �ow rate over
surface A using the di�erential version of the expression (2.16):

Φ ∫
A

q dA.

Note that, in general, heat conductivity depends on spatial coordinates, as
well as temperature and mass concentration of water w (see Section 4.4), λ
f x , y, z, θ ,w ; therefore, solving di�erential equations for real problems can be
extremely complicated. Usually, the solution is found by the splitting building
component into parts with constant heat conductivity, in which case, (2.21) is sim-
pli�ed into the form

∂θ
∂t

α ∂2θ
∂x2

∂2θ
∂y2

∂2θ
∂z2

,

∂θ
∂t

α 2θ , (2.22)

where thermal di�usivity α m2 s is the ratio of heat conductivity and volumetric
heat capacity (1.21):

α λ
ρc
. (2.23)

Values for a few typical building materials are presented in Table 2.1 on page 35.
Operator

2 ∂2

∂x2
∂2

∂y2
∂2

∂z2
, (2.24)

is called the Laplace operator. For a proximity of an arbitrary position, the Laplace
operator of the function presents the rate at which the average value of the func-
tion deviates from the central value as the distance increases.

Because di�erential equations (2.21) and (2.22) include a time derivative, we also
need the following to get the solution:

• Boundary conditions, value of the temperature or density of heat �ow rate
at the boundary of the observed system.

• Initial conditions, value of the temperature within the observed system at
the initial moment.

Practically all real problems are so complex that the solutions to (2.21) and (2.22)
must be found numerically. However, there are a few idealised theoretical models
that have analytical solutions and are instructive enough to be presented here.
Because this is beyond the scope of this book, the mathematical procedure for
solving di�erential equations will be skipped, and only the solution to the model
will be revealed. All models of interest are one-dimensional, so we will drop the
x and y dependence and look for θ z, t as the solution of

∂θ
∂t

α ∂
2θ
∂z2
. (2.25)



32 Building Physics

θ
∆θ

T

t

θ 0

Figure 2.9: Boundary condition: harmonic variation of the temperature at the surface of
the material.

2.2.5 Half-space material with the harmonic
change of temperature

In the �rst theoretical model, we assume that the half-space (z 0) is occupied
by a material of known heat conductivity λ, density ρ and speci�c heat capac-
ity c. We also assume that the boundary condition is a harmonic variation of the
temperature at the surface, z 0, as shown in Fig. 2.9,

θ 0, t θ ∆θ sin 2π
T
t ,

where θ is the average temperature, ∆θ is the temperature amplitude and T is the
period of temperature change (time required for the temperature to make one
cycle).

�e solution of equation (2.25) is

θ z, t θ ∆θ e z d sin 2π
T
t t0 , (2.26)

where

d Tα
π

is the damping depth, and

t0
T
4πα

z

is the time delay. �e validity of the solution can be checked by inserting (2.26)
into (2.25).

�e temporal component of the solution is displayed in Fig. 2.10. With increas-
ing depth, the temperature oscillation amplitude decreases, and the time delay
increases.

�e spatial component of the solution is displayed in Fig. 2.11. On the le� side, we
can see how the temperature oscillation ‘travels’ into the interior of the material
with decreasing amplitude and increasing time delay. Note that the second dot is
always delayed for T 4 against the �rst dot, and the third point for T 2 against
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the �rst dot. �is means that for a material that is deep enough, there exists a
depth at which the temperature will be lowest for the highest temperature on the
surface, and vice versa.

On the right side of Fig. 2.11, we can observe how smaller thermal di�usivity (or
period) corresponds to a stronger reduction of amplitude and a larger time delay
at the same depth z.

�ere are two practical applications of this theoretical model:

1. Heat transfer dynamics within the building component.�e most important
temperature cycle of interest is the daily temperature cycle, whose period
is T 24h (Fig. 2.12). �e building component absorbs part of the en-
tering heat during the day when the outside temperature is high, and then
releases that heat during the night when the outside temperature is low.
�is damps the e�ect of the external temperature oscillation in the internal
environment.

�e largest e�ect is obtained for small thermal di�usivity, that is, for small
heat conductivity λ and large volumetric heat capacity ρc (2.23). Namely,
as pointed out before, materials with small heat conductivity hinder heat
transfer, whereas materials with large volumetric heat capacity damp tem-
perature change. However, materials possess either high heat conductiv-

Info box
Materials with small thermal dif-
fusivity damp spatial and tempo-
ral temperature variations more
intensely.

ity and volumetric heat capacity or small heat conductivity and volumetric
heat capacity, so heat di�usivity variation is rather small (Table 2.1).

�e thermal di�usivity is smallest for timber, so timber is a perfect mate-
rial for building components that are composed of a single material. �is
is demonstrated in Table 2.1 where damping depths and time delays for the
most commonbuildingmaterials are presented. Usually, the e�ect of ‘small’
heat di�usivity for nontimber building components is achieved by combin-
ing two di�erent materials, for example, an insulating part that provides
small heat conductivity and a massive part (concrete, brick) that provides
large volumetric heat capacity.

2. Temperature of the ground. �e most important temperature cycle of in-
terest is the yearly temperature cycle, whose period is T 365.24 days

T
2

T

θ

t

θ z
z 0
z 1

2 πd
z πd

Figure 2.10: Temporal variation of the temperature for the half-spacematerial with a har-
monic change of temperature at the surface.�ree depths, corresponding to
the three dots shown in Fig. 2.11, are presented.
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Figure 2.11: Spatial variation of the temperature for the half-space material with a har-
monic change of temperature. On the le� side, the temperature time evolu-
tion is shown. On the right side, the αT dependence of the spatial distribu-
tion at the initial moment is displayed.

6 12 18 24
4

4

8

12

∆θ

θ

θ 2.9 C
∆θ 6.9 C

t h

θ C

Figure 2.12: Actual temperature pro�le for a cloudy winter day in continental climate
(open dots) and approximated harmonic function.

(Fig. 2.13).�is situation is important for studying heat losses in the build-
ing due to contact with the ground.

Furthermore, (2.26) and Fig. 2.11 indicate that for large depths, the temper-
ature equals the average yearly temperature. If the average yearly temper-
ature exceeds 0 C, there is a certain depth below which the ground never
freezes.

�is theoretical model has limited value for building components because it does
not take into account that they are not in�nitely deep, they consist of several dif-
ferent layers and that on the other side, there are also other sources of heat that
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Table 2.1:Di�usive properties of most common building-related materials. �e period
of temperature variation is taken to be 24 h for building materials and 365.24 d
for soils.

T 24h
Material α 10 6 m2

s b W s½
m2 K d cm t0

x
h
cm

expanded polystyrene 0.80 39 14.9 0.26
mineral wool 0.34 60 9.7 0.40
timber 0.16 320 6.7 0.57
brick, solid † 0.44 1200 11.1 0.35
brick, perforated † 0.32 390 9.4 0.40
gypsum plasterboard 0.30 380 9.1 0.42
concrete, medium density 0.75 1910 14.4 0.27
soda lime glass 0.53 1370 12.1 0.32
ceramic, porcelain 0.67 1580 13.6 0.28
steel 14.25 13 250 62.6 0.06
stone, crystalline 1.25 3130 18.5 0.21
stone, sedimentary 0.88 2450 15.6 0.24

T 365.24 d
Material α 10 6 m2

s b W s½
m2 K d m t0

x
d
m

soil, sand/gravel 0.98 2020 3.1 17
soil, clay/silt 0.48 2170 2.2 24

in�uence dynamic heat transfer. To get exact results for real problems, it is nec-
essary to solve the heat di�usion equation (2.21) numerically.

2.2.6 Contact of two materials at di�erent
temperatures

In the second theoretical model, we assume that the half-space (z 0) is occu-
pied by one material of known heat conductivity λ1, density ρ1 and speci�c heat
capacity c1 at initial temperature θ1, and the other half-space (z 0) is occupied
by another material of known heat conductivity λ2, density ρ2 and speci�c heat
capacity c2 at initial temperature θ2. At the initial moment, we put thosematerials
into contact, which leads to a heat �ow from the material at the higher tempera-

60 120 180 240 300 360
10

10

20

30

∆θ
θ

θ 10.5 C
∆θ 11.3 C

t d

θ C

Figure 2.13:�e actual temperature pro�le for a year in a continental climate (open dots)
and the approximated harmonic function.
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ture to the material at the lower temperature. �e obvious boundary conditions
are that the temperatures of the both materials on the common border must be
equal as

θ1 z 0 θ2 z 0 ,

and the density of heat �ow rate leaving one material must equal the density of
heat �ow rate entering the other (2.17):

λ1
dθ1
dz z 0

λ2
dθ2
dz z 0

.

�e solution of equation (2.25) is in the form

θ1 z, t θ0 θ1 θ0 erf
z

2 α1t
,

θ2 z, t θ0 θ2 θ0 erf
z

2 α2t
,

where

erf z 2
π

z

∫
0

e t
2
dt

is the error function.�e contact temperature (temperature at the border of two
materials) equals

θ0
b1θ1 b2θ2
b1 b2

, (2.27)

where
b λρc (2.28)

is thermal e�usivity b Ws½ m2K . Note that the contact temperature is closer
to the temperature of the material with the larger e�usivity.

Info box
�e contact temperature is closer
to the temperature of the mate-
rial with the larger e�usivity.

In Fig. 2.14, spatial distribution of temperature is presented a�er two materials
with di�erent temperatures come into contact. Constant contact temperature θ0
is immediately established, whereas the temperature of the bulk of the material
gradually dri�s towards the contact temperature.

A practical application of this theoretical model is experienced when a bare foot
comes into contact with a room �oor.�e temperature of the foot is about 36 C,
whereas, in general, the temperature of the �oor equals the temperature of the
room, regardless of the material. However, ceramic tiles have a much larger ther-
mal e�usivity than timber parquet (Table 2.1), which means that the contact tem-
perature in the former case is much higher than in the latter case (2.27). �is is
the reason why tiles are perceived as ‘colder’ compared to timber parquet, despite
the fact they both have the same temperature.
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2.3 Convection
Heat convection is a mechanism of heat transfer facilitated by microscopic parti-
cles, including bulk movement of particles (advection).�is mechanism appears
only in �uids (see Section 1.1), that is, liquids and gases, because in order to have
bulk movement of particles, they must be able to move freely. Besides particle
advection, heat transfer is also caused by collisions between particles and particle
di�usion; therefore, in principle, convection includes conduction.

Info box
Convection is facilitated by trav-
elling particles; therefore, it oc-
curs in liquid and gaseous states.

Convection can be classi�ed into two groups:

1. Natural convection appears when the bulk movement of particles is facili-
tated by some natural process, for example, buoyancy.

2. Forced convection appears when the bulk movement of particles is facili-
tated by a device, for example, a fan for gases or a pump for liquids.

A practical example of convection is the central heating system in a building
(Fig. 2.15).�e circulation of water in the pipes system corresponds to forced con-
vection. Water is heated in the boiler and then forced by pump to the radiators,
where it is cooled down and than returned to the boiler. �e circulation of the
air in the room corresponds to natural convection. First, air is warmed near the
radiator. Because warmer air has lower density, it rises due to buoyancy. Moving
through the room, the air eventually cools down, drops to the �oor and returns
back to the radiator.�e circulation of air is entirely due to natural processes—no
device is required.

An illustration of the importance of the convection regards thermal insula-
tors. �e primary ingredient of the most common insulating materials, ex-
panded polystyrene (EPS), extruded polystyrene (XPS), stone and glass wool, is
air (Fig. 2.2 on page 23).�is is not surprising because still air is a good thermal
insulator (see Table A.3). However, as shown in the case of air in the room, cir-
culating air can transfer considerably larger quantities of heat, so it is essential to
prevent its movement.�is is done either by closing the air o� within small pock-
ets of polystyrene bubbles (EPS and XPS) or by hindering the movement of air by

θ2

θ1

θ0

t 0

t
t

z

θ

Figure 2.14: Spatial distribution of temperature for the contact of two materials at dif-
ferent temperatures. Initially, both materials have constant temperatures θ1
and θ2. Subsequently, the temperatures of the materials near the contact
gradually change towards the contact temperature θ0.
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Figure 2.15: Central heating system. Forced convection is represented by the movement
of water (shades of black) and natural convection bymovement of air (shades
of blue).

dense �bres (stone and glass wool). Note that due to the polystyrene/�bre pres-
ence, the thermal conductivity of insulatingmaterials is somewhat larger than the
thermal conductivity of the air itself.

2.3.1 Newton’s law of cooling
When a radiator is opened in a cold room, air starts circulating between the warm
radiator and the cold objects in the room, as shown in Fig. 2.15.�is corresponds
to dynamic heat transfer because the temperature of the objects and the air in the
room is increasing. Eventually, the heat entering the room by the radiator equals
the heat leaving the room through external building elements.�is corresponds
to steady heat transfer as the temperature of the objects in the room becomes time
independent. In this case we can assume that all objects in the room, including
the air, except the radiator and external building elements, have the same tem-
perature. �erefore, the temperature gradients, that is, the temperature spatial
variations, appear only in the thin air layer next to surfaces of the radiator and
next to the external building elements.

Generally, in the steady heat transfer situation, the temperature gradients appear
only in the thin layer of the �uid next to the solid surface. Because heat transfer is
possible only in the presence of temperature gradients, convection is then the heat
transfer between the solid surface and the �uid bulk.

Info box
In the steady heat transfer sit-
uation, convection is the heat
transfer between the solid sur-
face and the �uid bulk.

We will take a closer look at the microscopic picture of the convection. For sim-
plicity, however, we will consider only the case in which the temperature of the
surface is higher than the temperature of the �uid, as shown in Fig. 2.16.

�e le� side of Fig. 2.16 presents the microscopic picture of the forced convec-
tion. �e �uid bulk velocity is v0, and the �uid bulk temperature is θ0. On the
other hand, the solid surface temperature, as well as the �uid temperature next
to the surface, is θs θ0. Due to the friction, the velocity of the �uid next to the

(color online)

radiator

boiler
pump
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Figure 2.16:Microscopic picture of forced convection (le�) and natural convection
(right). In the boundary layer, the temperature and velocity of particles are
gradually changing.

surface equals zero. Furthermore, because of the viscosity (friction between parti-
cles of �uid), velocity of �uid gradually changes from 0 to v0, creating a boundary
layer. In an approximately equally thick boundary layer, the temperature gradu-
ally changes from θs to θ0.

�e right side of Fig. 2.16 presents the microscopic picture of the natural convec-
tion. Because there is no external coercion, the �uid bulk velocity is zero, and
the �uid bulk temperature is θ0. On the other hand, the solid surface tempera-
ture, as well as the �uid temperature next to the surface, is θs θ0. Due to the
higher temperature, the �uid next to the surface is thinner, and buoyancy forces it
up. Nevertheless, due to the friction, the velocity of �uid next to the surface also
equals zero. Due to the viscosity (friction between particles of �uid), the velocity
of the �uid gradually changes from 0 to v0 and back to 0, creating a boundary
layer. In an approximately equally thick boundary layer, the temperature gradu-
ally changes from θs to θ0.

In the case of central heating, forced convection corresponds to the heat transfer
from the pipe to the water in the boiler (surface is hotter than �uid) and from
the water to the radiator (surface is colder than �uid). On the other hand, natural
convection corresponds to the heat transfer from the radiator to the air (surface is
hotter than �uid) and from the air to the external wall during the winter (surface
is colder than �uid).

It is also possible to have a combination of forced and natural convection. When
water is forced through a vertical pipe, forced convection due to the water pump
is combined with natural convection due to buoyancy. On the other hand, when
a fan is put near the radiator in the room, natural convection due to buoyancy
is combined with forced convection due to the fan. In either of these cases, the
mechanism of heat transfer is extremely complex and beyond the scope of this
book.
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Regardless of the convection type, the heat transfer rate is proportional to the
area of the surface A and the temperature di�erence between the surface and �uid
bulk θs θ0. �is statement is called Newton’s law of cooling and can be written
as

Φ A hc θs θ0 , (2.29)

where constant hc W m2K is called the convective surface coe�cient. �is

Info box
Convection heat �ow is propor-
tional to the temperature di�er-
ence between the solid surface
and the �uid bulk.

statement also can be written in terms of the density of heat �ow rate (2.3):

q hc θs θ0 . (2.30)

Typical values of the convective surface coe�cient are listed in Table 2.2. Note
that the coe�cient for gases is considerably smaller than the one for liquids, and
the same is true for natural convection as compared to forced convection.

Convection is the principal physical mechanism behind heat exchangers, that is,
devices that transfer heat between two or more �uids. In civil engineering it is
common to encounter two types of heat exchangers:

• Radiators transfers heat from liquid water to air through two convective
processes: �rst from water to an internal metal surface and then from an
external metal surface to the air.�e most obvious way to increase its e�-
ciency, that is, transferred heat, is by increasing the contact area (2.29).�is
is especially important for metal-to-air heat transfer because the metal-to-
air convective surface coe�cient is much smaller than the metal-to-water
coe�cient (Table 2.2). �e contact area is increased by a large �at design,
by introducing sections and columns, and by adding convector �ns, that is,
the zigzagging metal strips welded to the pipes that transport liquid water
(Fig. 2.17). Heat transfer can be further increased by changing from natural
to forced air convection, so fans are o�en used to bolster the e�ciency of
building convector heaters and vehicle radiators.

• Recuperators recover energy by transferring heat between the exhaust air
leaving the building and the fresh air coming into it. �is way the tem-
perature of the fresh air is brought closer to the internal temperature and
less energy is being lost. We will elaborate on recuperator application in
Section 3.4.

�e convective surface coe�cient for civil engineering cases are speci�ed in
ISO 6946 [20]. Its values for internal surfaces, or external surfaces adjacent to

Table 2.2: Typical values of the convective surface coe�cient depending on the �uid
type [1].

hc W
m2 K

Type of Convection
Natural Forced

gas 2–25 25–250
liquid 50–1000 100–20 000
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Figure 2.17:Details of a domestic radiator. In order to increase the heat �ow rate, the
metal-to-air contact area is increased by the �at design, introducing sections
and columns, and adding convector �ns.

Table 2.3: Convective surface coe�cients in civil engineering [20].

hc W
m2 K

Direction of Heat Flow
Upward Horizontal Downward

internal, hci 5.0 2.5 0.7
external, hce 4 4 v 4 4 v 4 4 v

a well-ventilated air layer, are shown in Table 2.3. At external surfaces, the coe�-
cient can be calculated using the expression

hce 4 4 v ,

where v m s is the wind speed adjacent to the surface.

Note that in the winter, perception of coldness is increased with wind speed.�is
is due to the fact that wind increases convection heat �ow from human skin to
the air and increases the cooling of exposed body parts.

2.4 Radiation
Radiation is a mechanism of heat transfer that does not require matter and can
occur even in a vacuum (absence of matter). Radiation in general implies many
forms of energy transmission, but with heat transfer, it applies exclusively to
electromagnetic waves. Because electromagnetic waves are emitted by all bodies
(whose temperature is above absolute zero), they represent an important contri-
bution to heat transfer.

Info box
Radiation is facilitated by elec-
tromagnetic waves; therefore it
primarily occurs in gases and
vacuums.

A typical example of heat transfer by radiation occurs between the Sun and the
Earth. Because these two objects are separated by a vacuum, no othermechanism
of heat transfer can occur.

Bodies emit electromagnetic waves in a broad spectrum (wide range of wave-
lengths), and the density of heat �ow rate is dependent on the body temperature.
We will �rst address the radiation of black bodies, which are idealised physical
objects that absorb all incident electromagnetic radiation. For a black body at
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Figure 2.18:�e spectral density of heat �ow rate for three prominent temperatures, most
notably Sun temperature and room temperature. Only very hot objects can
radiate in the visual spectrum.

temperature T , the emitted density of heat �ow rate per wavelength λ or spectral
density of heat �ow rate dq dλ W m is described by Planck’s law

dq
dλ

λ, T
2πhc20

λ5 exp hc0
λkT 1

,

where c0 2.998 108m s is the speed of light in a vacuum, h 6.626 10 34 J s
is Planck’s constant and k 1.381 10 23 J K is Boltzmann’s constant.

�e spectral density of heat �ow rate for three temperatures, most notably the
temperature of the Sun T 5800K and room temperature T 300K, is shown
in Fig. 2.18. Note that at higher temperatures, the total emission is larger, while
the spectrum is moved to shorter wavelengths.

Info box
Objects at the higher tempera-
ture radiate shorter wavelengths.

Bodies at temperatures similar to the temperature of the Sun emit radiation with
a maximum in the visual spectrum, 4 µm λ 7.5 µm. Incandescent light bulbs
mimic the Sun in that a �lament wire within the bulb is heated by electric current
to temperature T 2700K (Fig. 2.19). At even lower temperatures, the typical
centre of the �re and steel forging temperature is T 1200K, and only the red
part of the visual spectrum is emitted. Ordinary objects at room temperatures
primarily emit infrared radiation and hardly any visible light, which is why we
cannot see them without the presence of light sources.

Usually, the most important physical quantity of interest is the total density of
heat �ow rate. We can get its value for the black body by integrating Planck’s law
for all wavelengths

q T ∫
0

dq
dλ

λ, T dλ

q T σ T4. (2.31)

�e obtained expression is called the Stefan-Boltzmann law, and constant σ
5.670 10 8W m2K4 is called the Stefan-Boltzmann constant.

Info box
Objects at higher temperatures
radiate more intensely.
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Example 2.1: Solar constant.

Calculate the total heat �ow rate of the Sun, assuming that the temperature
of Sun’s surface is TSun 5780K and Sun’s radius is rSun 6.96 105 km.
Calculate the value of the solar constant—density of heat �ow rate at the
outer edge of the Earth’s atmosphere—if the distance from the Sun is about
r 1.50 108 km. Assume that the Sun is a perfect black body.

�e density of heat �ow rate of the Sun is (2.31)

qSun σ T4Sun,

whereas the total �ow rate is (2.3)

ΦSun ASun qSun 4πr2Sun σ T4Sun 3.85 1026W.

We assume that radiation is spreading uniformly through the space, so
the heat �ow rate through any element of an imaginary spherical surface
centred at the Sunmust be the same. To get the heat �ow rate on distance r
from the Sun, we must therefore divide the total heat �ow of the Sun with
the area of the spherical surface of the same radius (2.3):

q ΦSun
A

ΦSun
4πr2

1360
W
m2
.

Note that the heat �ow rate is considerably smaller at the surface of the
Earth because the atmosphere absorbs and re�ects a part of the incident
radiation.

�e whole Earth is in principle irradiated by the same density of heat �ow
rate; however, some parts of the Earth are considerably colder than others. �e
warmest parts are those where the Sun is close to the zenith, that is, for the angle
of incidence 0°. For parts of the Earth north and south of this position, the angle
of incidence increases, so the same area of the Earth’s surface gets a smaller heat

Figure 2.19: An incandescent light bulb emits visual, short wavelength radiation due to
the high temperature of the �lament, which is heated by an electric current.
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Figure 2.20: Radiation processes for nontransparent (le�) and transparent (right) ob-
jects. Part of the incident radiation (Φ) is re�ected (Φρ), part is absorbed
(Φα) and part is transmitted (Φτ).

�ow rate (2.14). Further, the width of the atmosphere that has to be penetrated is
larger there.�is principle also explains the seasonal variation in temperatures.

Radiation also explains whymornings a�er clear sky nights are colder thanmorn-
ings a�er cloudy nights. During the night, the Earth’s surface radiation is much
more intensive than the incoming radiation from stars. When radiation is not
obstructed by the clouds, lost energy is much larger.

2.4.1 Grey bodies
So far we have been concerned with the idealised black body. In reality, most
objects are grey bodies because part of the incident radiation is absorbed, part
is transmitted and part is re�ected (Fig. 2.20). If we denote the heat �ow rates
for incident radiation Φ, for re�ected radiation Φρ, for absorbed radiation Φα
and for translated radiation Φτ , we can de�ne re�ectance ρ, absorptance α and
transmittance τ as

ρ λ
Φρ λ
Φ λ

, (2.32)

α λ Φα λ
Φ λ

, (2.33)

τ λ Φτ λ
Φ λ

. (2.34)

Here we took into account that all three physical quantities depend on the radia-
tion wavelength. Note that their value range is 0 ρ λ , α λ , τ λ 1.

Because energy is conserved in the process, the sum of the heat �ow rates for the
re�ected, absorbed and translated radiation should equal the density of heat �ow
rate for incident radiation

Φρ λ Φα λ Φτ λ Φ λ .

Together with the de�nition of re�ectance, absorptance and transmittance, this
leads to

ρ λ α λ τ λ 1. (2.35)
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Figure 2.21:�e same scene recorded by an optical camera (le�) and an infrared camera
(right). Because the glass transmits short wavelength (visual) radiation but
does not transmit longwavelength (infrared) radiation, the infrared emitting
objects are screened by the glass. Infrared thermography will be elaborated
on in Section 2.4.4.
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Figure 2.22: Spectral transmittance, absorptance and re�ectance for common window
glass [49]. Most short wavelength electromagnetic radiation (including vis-
ible light) emitted by the Sun is transmitted. Most long wavelength electro-
magnetic radiation is absorbed.

For an ideal black body, α λ 1, ρ λ τ λ 0 for all wavelengths.

A common material with unique and prominent radiation properties is glass. Its
transmittance for short wavelength (visual) radiation is rather large, τ 0.85,
whereas transmittance for longwavelength (infrared) radiation is small, τ 0. We
can demonstrate these features by photographing scenes behind glass using opti-
cal and infrared cameras, as shown in Fig. 2.21. For the infrared camera, infrared-
emitting objects are screened by the glass.

�e radiant properties of glass (Fig. 2.22) also explain the greenhouse e�ect.�e
Sun radiates mostly within the short wavelength spectrum, λ 3 µm, and this
radiation is transmitted through the window glass from the exterior to the inte-
rior of the building (Fig. 2.23). �e Sun’s radiation is absorbed by objects in the
building, increasing their temperature. Because the objects are at a much lower
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Figure 2.23:Quintessential greenhouse with walls of glass [50]. Temperatures within the
greenhouse are elevated due to the greenhouse e�ect of the glass.

Φrs Φrl

5800K

300K

Figure 2.24: Greenhouse e�ect. Short wavelength radiation emitted by the Sun can en-
ter essentially unobstructed, whereas long wavelength radiation emitted by
room objects can escape the interior of the building only indirectly and
partially.

temperature, they radiate mostly within the long wavelength spectrum, λ 3 µm,
which is not transmitted but instead absorbed by the window glass.�e absorbed
radiation is then partially emitted back to the interior and partly to the exterior
of the building. �erefore, by means of radiation, heat can enter essentially un-
obstructed, but it leaves the interior of the building only indirectly and partially
(Fig. 2.24).

A similar e�ect can be observed in the Earth’s atmosphere, where greenhouse
gases (H2O, CO2, CH4) act as a window glass.

Finally, an important property of grey bodies is that they emit less radiation than
black bodies at the same temperature. To account for that phenomenon, we also
de�ne emittance ε as the ratio of heat �ow rates, one emitted by grey body Φ to
one emitted by black body Φ0 at the same temperature T :

ε λ Φ λ, T
Φ0 λ, T

. (2.36)
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Figure 2.25:Di�erences between conduction, convection and radiation among two bod-
ies, where Ti Tj . In conduction and convection, heat is transferred only
from higher to lower temperatures; in radiation heat, is transferred in both
directions.

2.4.2 Net radiation exchange between
surfaces

We have thus far only discussed radiation emitted by a single body. Now we will
pay more attention to the problem of radiative exchanges between two or more
bodies.

In conduction and convection, heat is transferred only from higher to lower tem-
peratures. However, because all bodies radiate, radiation heat is always trans-
ferred in both directions—from the bodywith the higher temperature to the body
with the lower temperature and vice versa (Fig. 2.25). Our concern is the net ra-
diation Φnet as the di�erence between radiation that goes from the i-th body to
the j-th body and the radiation that goes from the j-th body to the i-th body:

Info box
For radiative heat exchange be-
tween two bodies, energy travels
bothways, sowe are interested in
net value.

Φnet Φij Φ ji .

Net radiation is always directed from the body with the higher temperature to the
body with the lower temperature. As we pointed out in Section 1.2, if both bodies
possess the same temperature and are in thermal equilibrium, the heat �ow rates
in both directions are equal, and the net radiation heat �ow rate is zero.

View factor

In order to address that problem properly, we will study the exchange between
body surfaces instead of the exchange between bodies.�e reason for this is quite
intuitive. Energy is transferred by radiation only in an empty space, for example,
in a vacuum and in gases, which means only bodies that share a well-de�ned en-
closure can exchange heat by this mechanism. However, only those parts of sur-
faces that con�ne the enclosure, not the whole surface of the bodies, participate
in the exchange, as shown in Fig. 2.26.

Net radiation depends on temperatures and radiative properties of both surfaces.
However, it is also important to take into account that only part of the radiation
that one surface emits is intercepted by another surface, which means that the
net radiation also depends on the surface geometries and orientations.�e phys-
ical quantity that takes into consideration surface geometries and orientations is
called view factor F. It is de�ned as the ratio of the heat �ow rate transferred from
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surface i to surface j Φij to heat �ow rate that is emitted from surface i Φi , that
is,

Φij FijΦi . (2.37)

Obviously, 1 Fij 0. Because radiation propagates in straight lines, no radiation
that leaves a convex surface can strike back (see Example 2.2). Hence, for convex
surfaces, Fii 0. On the other hand, for concave surfaces, Fii 0.

All radiation emitted by surface i must be received by other surfaces that con�ne
the same enclose, hence

Φi
j
Φij

j
FijΦi .

Cancelling out Φi on both sides, we obtain the summation rule stating

j
Fij 1. (2.38)

�e net radiation exchange between two black surfaces at the same temperature
should be zero (Section 1.2):

Φnet Φij Φ ji FijΦi F jiΦ j FijAiqi F jiA jq j 0.

It follows from the Stefan-Boltzmann law (2.31) that in case of the same temper-
ature, Ti Tj, the densities of heat �ow rates should also be the same, qi q j,
leading to the reciprocity rule of

FijAi F jiA j . (2.39)

�e net radiation exchange between two black surfaces with di�erent tempera-
tures is therefore

Φnet FijAiσ T4i T4j . (2.40)

1

2

3

enclosure

Φ12

Φ13

Φ23

Figure 2.26: Bodies 1, 2 and 3 share a common enclosure and can therefore exchange
heat by radiation. Note that only the darker shaded parts of the surfaces
that con�ne the enclosure, not the whole surfaces of the bodies, participate
in the exchange.
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Example 2.2: Radiation between two spherical surfaces.

Calculate the view factors for a two-surface enclosure limited by two con-
centric spherical surfaces of areas A1 and A2.

1

2

Because radiation always follows straight lines, all radiation leaving the
internal surface 1 must strike the external surface 2, so

F11 0, F12 1,
F11 F12 1,

where the latter equation is simply con�rmation of (2.38).
On the other hand, part of the radiation leaving the external surface 2
comes back to surface 2, hence

F22 0, F21 1.

Using (2.39), we get

F12A1 F21A2 F21
A1
A2
.

Finally, from (2.38), we get

F21 F22 1 F22 1
A1
A2
.

We will derive the exact expression for calculating view factors in Section 8.3.4.

Kirchho� ’s law

By considering a simple radiation transfer between black and grey surfaces, we
can derive the relation between emittance and absorptance. We consider an en-
closure surrounded by two convex surfaces: one black surface and one nontrans-
parent grey (α ρ 1) surface in thermal equilibrium, that is, at the same tem-
perature T . Because surfaces are convex, all emitted radiation from the black
surface strikes the grey surface and vice versa (Fig. 2.27), that is, F12 F21 1
and F11 F22 0.�e black surface emits heat �ow rate Φ0, of which αΦ0 is ab-
sorbed by the grey surface, and 1 α Φ0 is re�ected back and fully absorbed by
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the black surface.�e grey surface emits heat �ow rate Φ, which is fully absorbed
by the black surface. Because both bodies are in thermal equilibrium, absorbed
and emitted energy should be equal

Φ αΦ0, grey surface,
Φ0 Φ 1 α Φ0, black surface,

ε Φ
Φ0

α.

We see that emittance and absorptance are always equal:

ε λ α λ . (2.41)

�at statement is called Kirchho� ’s law.

Exchange between two grey surfaces

Although we have already calculated the net radiation exchange between two ar-
bitrary black surfaces (2.40), the exchange between two grey surfaces would be
much more useful. �e general solution is extremely complex and not very in-
structive, so we will limit the discussion to a special case that meets two condi-
tions:

1. �e enclosure is surrounded by only two surfaces, F11 F12 F21 F22 1.

2. Both surfaces are nontransparent, α1 ρ1 α2 ρ2 1.

�e schematic of the net radiation exchange between two nontransparent grey
surfaces is presented in Fig. 2.28, where we assumed that the net heat transfer
goes from body 1 to body 2. Note that because we have only two bodies, net heat
transfer Φnet is the same in the enclosure and within both surfaces. We denote
qb1 and qb2 as the black body density of heat �ow rate, qe1 and qe2 the net emitted
density of heat �ow rate and qi1 and qi2 the net incident density of heat �ow rate
for the �rst and second body, respectively. �e net radiative exchange between
the two bodies written in the enclosure is

Φnet Φ12 Φ21 A1F12qe1 A2F21qe2 A1F12 qe1 qe2 . (2.42)

gr
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bo
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dyΦ0

αΦ0

Φ0
Φ

Figure 2.27: Transfer between two convex surfaces, one black and one grey, surrounding
the same enclosure.�e black surface emits heat �ow rateΦ0, of which αΦ0
is absorbed by the grey surface, and 1 α Φ0 is re�ected back and re-
absorbed by the black surface.�e grey surface emits heat �ow rateΦ, which
is completely absorbed by the black surface.

1 α
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Wewant to express qe1 and qe2 in terms of body characteristics, ε1, ε2, qb1 and qb2.
As shown in Fig. 2.28, the emission consists of black body emitted radiation, mul-
tiplied by emittance, and the re�ected part of the incident radiation:

qe1 ε1qb1 ρ1qi1 ε1qb1 1 ε1 qi1,
qe2 ε2qb2 ρ2qi2 ε2qb2 1 ε2 qi2.

In order to eliminate qi1 and qi2, we will write the net radiative exchange in both
surfaces as

Φnet A1 ε1qb1 α1qi1 A1ε1 qb1
qe1 ε1qb1
1 ε1

ε1
1 ε1

A1 qb1 qe1 ,

Φnet A2 α2qi2 ε2qb2 A2ε2
qe2 ε2qb2
1 ε2

qb2
ε2
1 ε2

A2 qe2 qb2 .

We can therefore rewrite the preceding expressions as

Φnet
qb1 qe1
1 ε1
A1ε1

qe1 qe2
1

A1F12

qe2 qb2
1 ε2
A2ε2

.

Note the similarity of this equation to (2.12).�e solution is

Φnet
qb1 qb2

1 ε1
A1ε1

1
A1F12

1 ε2
A2ε2

,

Φnet
σ T41 T42

1 ε1
A1ε1

1
A1F12

1 ε2
A2ε2

. (2.43)

A1qe1 F12A1qe1

F11A1qe1
A2qe2

F21A2qe2

F22A2qe2
A2qi2

α2A2qi2

ρ2A2qi2

ε2A2qb2
A1qi1

α1A1qi1

ρ1A1qi1

ε1A1qb1

Φnet

bo
dy
1

surface 1 enclosure surface 2

bo
dy
2

Figure 2.28:Net radiation exchange between two nontransparent grey surfaces.
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Figure 2.29: Radiative transfer between the wall surface and the environment. All radi-
ation emitted by the wall surface must be intercepted by the room environ-
ment surfaces, hence, Fs0 1.

2.4.3 Radiative transfer between the wall
surface and the environment

Expression (2.43) can be substantially simpli�ed for most typical civil engineer-
ing problems. �e most important problem is the net radiation between the ex-
ternal wall of the building and its environment. For the wall external surface, the
environment is the building vicinity, whereas for the wall internal surface, the
environment is the rest of the room (Fig. 2.29).

We have already discussed in Section 2.3.1 that for steady heat transfer, we can
assume that all objects in the room, including the air, except the radiator and ex-
ternal building elements, have the same temperature. Because the temperature
of all objects in the environment is the same, the net exchange of radiation for
each pair of objects is zero, and the only nonzero net exchange of radiation hap-
pens between the wall surface and the environment. �us, we can consider the
environment as a single surface of area A0, average temperature T0 and average
emittance ε0. On the other hand, the wall is a convex surface of area As, tem-
perature Ts and emittance εs. All the radiation that leaves the surface of the wall
is intercepted by the environment surface, so the view factor is Fs0 1. Because
A0 As, from (2.43), we get

Info box
In civil engineering, we are inter-
ested in radiation exchange be-
tween the wall surface and its ad-
jacent environment.

Φnet Asσεs T4s T40 .

On the Kelvin scale, temperatures of the wall and environment surfaces do not
di�er signi�cantly. We can linearise the di�erence in temperature to the fourth
power by de�ning average temperature T and temperature di�erence ∆T , where
∆T T :

T T0 Ts
2

∆T T0 Ts

Ts T ∆T
2

T0 T ∆T
2 .

Using these expressions, we can write

T4s T4 4T3 ∆T2 6T2 ∆T
2
2 4T ∆T

2
3 ∆T

2
4 T4 4T3 ∆T2

T40 T4 4T3 ∆T2 6T2 ∆T
2
2 4T ∆T

2
3 ∆T

2
4 T4 4T3 ∆T2

T4s T40 8T3 ∆T2 4T3 Ts T0 .
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Taking this into account, we get

Φnet Ashr Ts T0 ,

where

hr 4σεsT3 (2.44)

is radiative surface coe�cient hr W m2K . Because the temperature di�er-
ences on the Kelvin and Celsius temperature scales are the same, we �nally write

Info box
�e radiation heat exchange is
proportional to the temperature
di�erence between the wall sur-
face and the adjacent environ-
ment.

Φ A hr θs θ0 . (2.45)

Note the similarity of this law to Newton’s law of cooling (2.29). �is statement
also can be written in terms of the density of heat �ow rate (2.3) as

q hr θs θ0 . (2.46)

�e obtained expression for the radiative surface coe�cient is used by standard
ISO 6946 [20]. Typical values of the radiative surface coe�cient in building
physics are 3W m2K to 5W m2K .

Example 2.3: Vacuum �ask.

A vacuum �ask in the shape of a cylinder consists of two polished steel
vessels, the internal of height h1 30.0 cm and radius r1 4.0 cm and the
external of height h2 32.0 cm and radius r2 5.0 cm. �e gap between
the vessels is evacuated of air, and the emittance of the vessel walls is ε1
ε2 0.07. Ice of mass m 300 g at temperature θi 0 C is inserted into
vacuum �ask. Calculate the ice melting time if the external temperature
is θe 25 C by using an exact and linearised expression. Neglect losses
through the �ask neck.�e speci�c heat of fusion for ice is qf 336 kJ kg.

internal surface
vacuum
external surface

�e vacuum �ask principle of operation is based on the vacuum in the gap
between the two vessels. Without material particles, conduction and con-
vection are disabled. �e heat �ow rate is greatly reduced because heat is
transferred only by radiation. A smaller heat �ow rate means that contents
of the vacuum �ask are cooled or warmed (depending on the contents)
much slower than in other vessels.
�e areas of two vessels amount to

A1 2πr1h 2 πr21 0.116m2,
A2 2πr2h 2 πr22 0.085m2.
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�e enclosure between the two vessels is surrounded only by two surfaces,
so we can use expression (2.43). �e internal surface 1 is at temperature
θ1 θi 273K, the external surface 2 is at temperature θ2 θe 298K
and because internal surface is convex, F12 1 (see Example 2.2). Taking
all this into account, we get

Φ σ T4i T4e
1 ε1
A1ε1

1
A1

1 ε2
A2ε2

0.470W.

�e linearised form of this expression is

Φ 4σT3 Ti Te
1 ε1
A1ε1

1
A1

1 ε2
A2ε2

0.469W.

�e value of the heat �ow rate is negative because the internal surface
receives more heat than it emits. �e heat required to melt the ice
equals (1.27, 2.2)

Q m qf Φ t t m qf
Φ

59.6 h, (exact)
59.7 h. (linearised)

As pointed out before, the di�erence between the results for exact and lin-
earised expressions is negligible.

2.4.4 Infrared thermography
�e fact that the quantity of emitted radiation depends on the temperature of the
surface can be used for noncontact temperature measurement. In civil engineer-
ing (as well as inmany other �elds), we are primarily concerned with temperature
ranges close to room temperatures and with spatial distribution of the temper-
atures. �is interest led to the development of a special infrared thermography
discipline.

Objects close to room temperatures emit most of the radiation in the infrared
range. �us, thermographic instruments detect radiation in the infrared range
(commonly from 8 µm to 14 µm) and produce images of that radiation.

�e study of the infrared thermal camera operation involves surfaces of three dis-
tinct entities, the object of interest at temperature Tobj, the instrument at tem-
perature Tins and the ambient at temperature Tamb. �e situation is much more
complicated than the case of radiative exchange between two surfaces, studied in
Section 2.4.2, so we will take a simpli�ed approach.

�e object emitted density of the radiative heat �ow rate is composed of thermal
radiation due to the object and ambient radiation re�ected from the object

qin ε σT4obj 1 ε σ T4amb.
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Here we have assumed that the object is nontransparent, ρ 1 ε, and that am-
bient is the perfect black body. �e total thermal exchange between instrument
and object is

Φnet Φin Φout Fobj-ins Aobj qin qout ,

where Fobj-ins is the view factor between the object and instrument, and Aobj is
the area of the object. Assuming that the instrument is a perfect black body, the
equation is transformed to

Φnet Fobj-ins Aobj σ ε T4obj 1 ε T4amb T4ins .

We can calculate the view factor by taking into account the reciprocity rule (2.39)
and the view factor expression (8.31)

Aobj Fobj-ins Ains Fins-obj
Ωins-obj cos θins

π
Ains,

where Ains is the sensor (or aperture) area of the thermographic camera, and θins
is the angle of incidence at the instrument.�is leads to

Φnet
Ωins-obj cos θins

π
Ains σ ε T4obj 1 ε T4amb T4ins .

Finally, the instrument signal U is proportional to the total thermal exchange

U C Φnet

C
Ωins-obj cos θins

π
Ains σ ε T4obj 1 ε T4amb T4ins . (2.47)

�erefore, to determine its temperature, we do not have to know either the dis-
tance or the area of themeasured surface, but only its solid angle and its direction,
both easily obtainable from the perspective of the instrument.

Info box
�ermographical determination
of the object’s temperature re-
quires knowledge of the object’s
emittance and the ambient and
instrument temperatures.

�ermographic cameras measure the total thermal exchange in the speci�ed in-
frared range without distinguishing between di�erent wavelengths.�e obtained
numerical result can be represented as a monochromatic image. However, more
o�en results are displayed in false colour, where changes in colour rather than
changes in intensity are used to represent the result. Usually, but not necessarily,
the parts of the image with the highest temperatures appear white, intermediate
temperatures appear in reds and yellows, and lowest temperatures appear black
(Fig. 2.30). �e false colours in the image are therefore completely unrelated to
what we usually perceive as a colour in the visual spectrum and merely represent
the temperatures.

�e thermographic image is very helpful in building physics in order to iden-
tify the temperatures of the internal and external building surfaces. As shown in
Fig. 2.30, the building on a winter day with a thicker thermal insulation has lower
surface temperatures. From equations (2.29) and (2.45), we see that lower surface
temperatures and a smaller temperature di�erences imply smaller heat �ow rate.
Parts of the façade with higher temperatures reveal the weak spots in the thermal
protection of the building. We will discuss this in more detail in Section 3.2.2.
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low high

Figure 2.30:�ermographic camera image of the building on a winter day.�e le� side
images present part of the building with a thin thermal insulation, and the
right side images present part of the building with additional thermal insu-
lation.�icker and better implemented thermal insulation reduces the heat
�ow rate and lowers surface temperatures.

In most practical situations, the most crucial quantity in (2.47), apart from the
temperature of the object, is the emittance of the surface.�e exact value of this
quantity is usually unknown and also di�ers for the surfaces captured in the same
image. Fortunately, the emittance of most building components is close to one.
One notable exception are all metals, which possess high re�ectivity in both the
visual and infrared range. On the right side, the thermographic image of Fig. 2.30,
the metal roof drain pipe’s apparent temperature is lower than the ambient tem-
perature. Because of low emittance the emitted heat �ow rate of the pipe is signif-
icantly smaller than the one surrounding the items despite being at similar tem-
peratures.

Problems
2.1 A freezer of height 150 cm, width 60 cm and depth 60 cm has walls of
50mm thick expanded polystyrene of heat conductivity 0.040W mK . �e
freezer maintains an internal temperature of 18 C, and the external tempera-
ture is 30 C. Calculate the electrical power of the freezer if the e�ciency of the
heat pump is 300%. (55W)

2.2 A cuboid vessel, which edges measure 30 cm, 35 cm and 45 cm, has walls of
20mm thick expanded polystyrene of heat conductivity 0.040W mK .�e ves-
sel contains 2.0 kg of ice at 0 C, and the external temperature is 30 C. Calculate
the melting time of the ice. We want to prolong melting time to 7.0 h. Calculate
the thickness of the additional layer of extruded polystyrene of heat conductiv-
ity 0.035W mK . Take the speci�c heat of the fusion of water to be 336 kJ kg.
(3.9 h, 14mm)
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2.3 A wall has two layers.�e outer layer of heat conductivity 0.038W mK
is 8.0 cm thick, and inner layer of heat conductivity 0.16W mK is 15.0 cm thick.
What is the interface temperature (temperature at the boundary of the two layers)
if the temperature on the external surface of the wall is 3.0 C and the temper-
ature on the internal surface of the wall is 17.0 C? Calculate the distance be-
tween the external surface of the wall and the wall interior at temperature 0.0 C.
(10.8 C, 1.7 cm)

2.4 What temperature would gain the �at black surface on the Earth’s surface,
neglecting radiation and convectionwith the environment, if (a) the black surface
is perpendicular to the sunbeams, (b) the angle between the black surface and
sunbeams is 60°? For the Sun at zenith, the solar density of heat �ow rate at the
surface of the Earth is approximately 1000W m2. What temperature would gain
the �at grey surface, whose emittance is independent ofwavelength? (91 C, 78 C;
the same)

2.5 What temperature would gain the �at black surface on the Earth’s surface,
if the black surface is perpendicular to the sunbeams?�e environment temper-
ature is 25 C, for the Sun at zenith the density of heat �ow rate at the surface of
the Earth is approximately 1000W m2, and the average wind velocity is 2.0m s.
What temperature would gain the �at grey surface of emittance 0.1 independent
of wavelength for the same conditions? (76 C, 33 C)
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