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Abstract. In this paper we present an overview about new results for
bin packing and related scheduling problems. During the last years we
have worked on the design of efficient exact and approximation algo-
rithms for packing and scheduling problems. In order to obtain faster
algorithms we studied integer linear programming (ILP) formulations
for these problems and proved structural results for optimum solutions
of the corresponding ILPs.

1 Introduction

In the first part of the paper we focus on the running times of approximation
schemes for scheduling problems. A problem admits a polynomial-time approxi-
mation scheme (PTAS) for a minimization problem, if there is a family of algo-
rithms {Aε | ε > 0} such that for any ε > 0 and any instance I, Aε produces
a (1 + ε)-approximate solution in time polynomial in the size of the input. Two
important restricted classes of approximation schemes were defined to distinguish
the running times. An efficient polynomial-time approximation scheme (EPTAS)
is a PTAS with running time of the form f(1/ε) · poly(|I|), while a fully time
polynomial time approximation scheme (FPTAS) runs in time poly(|I|, 1/ε).

In the second part we consider the classical bin packing problem and focus
on the design of fixed parameter tractable (FPT) algorithms where the running
time of the algorithm on an instance I is at most f(k(I)) · poly(|I|). Here f is
a computable function and k the parameterization. A natural parameter k for
bin packing is e.g. the optimum number OPT (I) of bins used or the number d
of different bin sizes.

2 Scheduling Problems

Minimum makespan scheduling is one of the fundamental problems in the lit-
erature on approximation algorithms [7,8]. In the identical machine setting the
problem asks for an assignment of a set of n jobs J to a set of m identical
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machines M. Each job j ∈ J is characterized by a non-negative processing time
pj ∈ Z>0. The load of a machine is the total processing time of jobs assigned to
it, and our objective is to minimize the makespan, that is, the maximum machine
load. This problem is usually denoted P ||Cmax.

For the setting with uniform machines the problem Q||Cmax is defined as
follows. Suppose that we are given a set J of n independent jobs Jj with
processing time pj and a set M of m non-identical machines Mi that run at
different speeds si. If job Jj is executed on machine Mi, the machine needs
pj/si time units to complete the job. The problem is to find an assignment
a : J → M for the jobs to the machines that minimizes the total execution time
maxi=1,...,m

∑
Jj :a(Jj)=Pi

pj/si. This is the minimum time needed to complete
the execution of all jobs on the processors.

2.1 Known Results

It is well known that P ||Cmax admits a polynomial time approximation scheme
(PTAS) [10], and there has been many subsequent works improving the running
time or deriving PTAS’s for more general settings. The first PTAS was found
by Hochbaum and Shmoys [10] and had a running time of (n/ε)O((1/ε)2) =
nO((1/ε)2 log(1/ε)). This was improved to nO((1/ε) log2(1/ε)) by Leung [17]. Subse-
quent articles improved further the running time. In particular Hochbaum and
Shmoys (see [12]) and Alon et al. [1,2] obtained an efficient PTAS (EPTAS)
with running time 2(1/ε)poly(1/ε)

+ O(n log n); doubly exponentional in 1/ε.
The fastest previous known PTAS for P ||Cmax achieved a running time of
2O(1/ε2) log3(1/ε)) + O(n log n) for (1 + ε)-approximate solutions [13].

For uniform processors, the decision problem for the scheduling problem with
makespan at most T can be interpreted as a bin packing problem with different
bin sizes. Using an ε-relaxed version of this bin packing problem, Hochbaum
and Shmoys [11] were able to obtain a PTAS for scheduling jobs on uniform
processors Q||Cmax with running time (n/ε)O(1/ε2). The existence of an EPTAS
for uniform processors was mentioned as an open problem by Epstein and Sgall
[5]. Some years ago we found an EPTAS [13] with an improved running time
for Q||Cmax based on an MILP formulation with a constant number of integral
variables. For any ε > 0 our algorithm Aε produces a schedule for the jobs of
length Aε(I) ≤ (1 + ε)OPT (I). The running time of Aε is 2O(1/ε2 log(1/ε)3) +
poly(n).

Very recently, Chen et al. [3] showed that, assuming the exponential time
hypothesis (ETH), there is no PTAS that yields (1 + ε)-approximate solutions
for ε > 0 with running time 2(1/ε)1−δ

+ poly(n) for any δ > 0 [3].

2.2 New Results

We describe in this section the main new ideas for the identical machines set-
ting; for the uniform setting we refer to [14]. Given a guess T ∈ N on the
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optimal makespan, which can be found with binary search, the problem reduces
to deciding the existence of a packing of the jobs to m machines (or bins) of
capacity T . If we aim for a (1 + ε)-approximate solution, for some ε > 0, we
can assume that all processing times are integral and T is a constant number,
namely T ∈ O(1/ε2). This can be achieved with well known rounding and scaling
techniques [1,2,12]. Let π1 < π2 < . . . < πd be the job sizes appearing in the
instance after rounding, and let bk denote the number of jobs of size πk. The
mentioned rounding procedure implies that the number of different job sizes is
d = O((1/ε) log(1/ε)). Hence, for large n we obtain a highly symmetric problem
where several jobs will have the same processing time. Consider the knapsack
polytope P = {c ∈ R

d
≥0 : π · c ≤ T}. A packing on one machine can be expressed

as a vector c ∈ Q = Z
d ∩ P, where ck denotes the number of jobs of size πk

assigned to the machine. Elements in Q = Z
d ∩ P are called configurations.

Considering a variable xc ∈ Z≥0 that decides the multiplicity of configuration
c in the solution, our problem reduces to solving the following linear integer
program (ILP):

[conf − ILP]
∑

c∈Q

c · xc = b, (1)

∑

c∈Q

xc = m, (2)

xc ∈ Z≥0 for all c ∈ Q. (3)

In this paper we derive new insights on this ILP that help us to design faster
algorithms for P ||Cmax. We prove the following result.

Theorem 1 [14]. The scheduling problem on identical machines admits an effi-
cient polynomial time approximation scheme (EPTAS) with running time

2O((1/ε) log4(1/ε)) + O(n).

Hence, our algorithm is best possible up to polylogarithmic factors in the
exponent assuming the ETH [3].

The support supp(x) of a solution vector x = (xc) is defined as the set of
non-negative components xc > 0. Eisenbrand and Shmonin [4] proved that there
always exists an optimum solution x of the configuration ILP with |supp(x)| ≤
2(d + 1) log(4(d + 1)T ).

Our main technical contribution is a new structural result on the configura-
tion ILP. More precisely, we show the existence of a highly symmetric and sparse
optimal solution, in which all but a constant number of machines are assigned
a configuration with small support. We say that a configuration c is simple if
its support (or number of non-negative components ck > 0) is of size at most
log(T + 1), otherwise it is complex. Then we can prove the following structural
result:
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Theorem 2 [14] . Suppose that the [conf-ILP] is feasible. Then there exists a
feasible solution x to [conf-ILP] such that

(1) if xc > 1 then the configuration c is simple,
(2) the support of x satisfies |supp(x)| ≤ 4(d + 1) log(4(d + 1)T ), and
(3)

∑
c∈Qc

xc ≤ 2(d + 1) log(4(d + 1)T ), where Qc denotes the set of complex
configurations.

This structure can then be exploited by integer programming techniques
[16,18] and dynamic programming. Interestingly, the result can be gener-
alized also to the uniform machine setting with the same running time
2O((1/ε) log4(1/ε)) + O(n) using an MILP formulation and the same structural
result. We believe that our structural result is of independent interest and should
find applications to other settings.

3 Bin Packing

We consider the classical bin packing problem with d different item sizes
s1, . . . , sd and build upon the results by Goemans and Rothvoß [6] to obtain
a new polynomial time algorithm for the bin packing problem when d is con-
stant [15]. Therefore, we present new techniques on how solutions of an instance
can be modified and we give a new structural theorem that relies on the set of
vertices of the underlying integer polytope.

3.1 Known Results

Given a polytope P = {x ∈ R
d | Ax ≤ c} for some matrix A ∈ Z

m×d and a
vector c ∈ Z

d. We consider the integer cone

int.cone(P ∩ Z
d) = {

∑

p∈P∩Zd

λpp | λ ∈ Z
P∩Z

d

≥0 }

of integral points inside the polytope P. When we choose P to be the knapsack
polytope, i.e. P = {x ∈ Z

d
≥0 | sT x ≤ 1}, then each integral point of the polytope

represents one possibility of packing a single bin with items from s1, . . . , sd.
Hence a vector λ ∈ Z

P∩Z
d

≥0 of int.cone(P ∩ Z
d) represents a packing of the bin

packing problem.
A long standing open question was, whether the bin packing problem can be

solved in polynomial time when the number of different item sizes d is constant.
This problem was recently solved by Goemans and Rothvoß [6] using structural
properties of the integer cone. Essentially, they proved the existence of a dis-
tinguished set X ⊆ P ∩ Z

d of bounded size |X| ≤ mddO(d)(log Δ)d such that
for every vector b ∈ int.cone(P ∩ Z

d) there exists an integral vector λ ∈ Z
P∩Z

d

≥0

where most of the weight lies in X.

3.2 New Results

In this section we show that a similar structural theorem holds for a rather
natural choice of the distinguished set X. Therefore, we consider the so called
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integer polytope PI . It is defined by the convex hull of all integer points inside
P, i.e. PI = Conv(P ∩ Z

d). Let VI be the vertices of the integer polytope PI

i.e. PI = Conv(VI). Based on the set VI , we can show the following structural
result for solutions λ of int.cone(P ∩ Z

d):

Theorem 3 [15]. Let P = {x ∈ R
d | Ax ≤ c} be a polytope with A ∈ Z

m×d, c ∈
Z

d
≥0 and let supp(λ) be the set of non-zero components of λ. Then for any vector

b ∈ int.cone(P ∩ Z
d), there exists an integral vector λ ∈ Z

P∩Z
d

≥0 such that b =∑
p∈P∩Zd λpp and

(1) λp ≤ 22
O(d) ∀p ∈ (P ∩ Z

d) \ VI ,
(2) |supp(λ) ∩ VI | ≤ d · 2d,
(3) |supp(λ) \ VI | ≤ 22d.

As a consequence of our structural result, we obtain an algorithm for the
bin packing problem with a running time of |VI |2O(d) · log(Δ)O(1), where Δ is
the maximum over all multiplicities b and denominators in s. Since |VI | ≥ d + 1
this is an FPT-algorithm parameterized by the number of vertices of the integer
knapsack polytope VI .

Theorem 4 [15]. The bin packing problem can be solved in time |VI |2O(d) ·
(log Δ)O(1) and hence in FPT-time, parameterized by the number of vertices VI .

This algorithmic result shows that the bin packing problem can be solved
efficiently when the underlying knapsack polytope has an easy structure, i.e. has
not too many vertices. However, since the total number of vertices is bounded
by O(log Δ)d (see also [9]) the algorithm has a worst case running time of
(log Δ)2

O(d)
, which is identical to the running time of the algorithm by Goemans

and Rothvoß [6].
Furthermore, we were able to complement this result by giving a matching

lower bound. We prove that the double exponential bound of the structure the-
orem is actually tight, even in the mentioned special case of bin packing, when
all items sizes s1, . . . , sd are of the form si = 1

ai
for some ai ∈ Z≥1.
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