Chapter 2
Coordinate Transformations

2.1 Introduction

Partial differential equations in the physical domain X" can be solved on a numerical
grid obtained by mapping a reference grid in the logical region &" into X" with a
coordinate transformation x(§) : " — X". The mapping approach also gives an
alternative way to obtain a numerical solution to a partial differential equation, by
solving the transformed equation with respect to the new independent variables ¢/ on
the reference grid in the logical domain Z”. Some notions and relations concerning
the coordinate transformations yielding grids are discussed in this chapter. These
notions and relations are used to represent some conservation-law equations in the
new logical coordinates in a convenient form. The relations presented will be used
in Chap. 3 to formulate various grid properties.

Conservation-law equations in curvilinear coordinates are typically deduced from
the equations in Cartesian coordinates through the classical formulas of tensor cal-
culus, through procedures which include the substitution of tensor derivatives for
ordinary derivatives. The formulation and evaluation of the tensor derivatives is
rather difficult, and they retain some elements of mystery. However, these deriva-
tives are based on specific transformations of tensors, modeling in the equations some
dependent variables, e.g. the components of a fluid velocity vector, which after the
transformation have a clear interpretation in terms of the contravariant components
of the vector. With this concept, the conservation-law equations are readily written
out in this chapter without application to the tensor derivatives, but utilizing instead
only some specific transformations of the dependent variables, ordinary derivatives,
and one basic identity of coordinate transformations derived from the formula for
differentiation of the Jacobian.

For generality, the transformations of the coordinates are mainly considered for
arbitrary n-dimensional domains, though in practical applications, the dimension n
equals 1, 2, 3, or 4 for time-dependent transformations of three-dimensional domains.
We also apply chiefly a standard vector notation for the coordinates, as variables
with indices. Sometimes, however, particularly in figures, the ordinary designation
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48 2 Coordinate Transformations

for three-dimensional coordinates, namely x, y, z for the physical coordinates and
&, m, ¢ for the logical ones, is used to simplify the presentation.

2.2 General Notions and Relations

This section presents some basic relations between Cartesian and curvilinear coor-
dinates.

2.2.1 Jacobi Matrix

Let

x(§): 8" = X", E=( ..., x=' 1", (2.1)

be a smooth invertible coordinate transformation of the physical region X" C R"
from the parametric domain &" C R". If £" is a standard logical domain, then,
in accordance with Chap. 1, this coordinate transformation can be used to generate

a structured grid in X”. Here and later, R" presents the Euclidean space with the

Cartesian basis e, . . ., e,, which represents an orthogonal system of vectors, i.e.
1 if i=j,
e -e; = . . .
: 0 if i#j.

Thus, we have
x=xle,+---+x"e,,
E=¢leit o+,

The values x!, (§i ),i =1,...,n, are called the Cartesian coordinates of the vector
x, (&) in X". Analogously, the values fi,i = 1,...,n, are called the Cartesian
coordinates of the vector £ in Z”. The coordinate transformation (2.1) defines, in the
domain X", new coordinates £ L &", which are called the curvilinear coordinates.

The matrix )
[8x’} i
=11, i,j=1,...,n,
7= 156 J

is referred to as the Jacobi matrix, and its Jacobian is designated by J:

a i
x}, ij=1,...,n. 2.2)

J =det{a—£j
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The inverse transformation to the coordinate mapping x (§) is denoted by
Ex): X" —> "

This transformation can be considered analogously as a mapping introducing a curvi-
linear coordinate system x', ..., x" in the domain E" C R". It is obvious that the
inverse to the matrix j is

ﬂ:{%}, iji=1,...,n,

and consequently
o¢! 1 ..
det{ﬁ}—j, l,]—],...,n. (23)

In the case of two-dimensional space, the elements of the matrices (9x'/9¢7) and
(O€7/Ox7) are connected by

gl L Ox3T

= — (=)

OxJ =1 03 /]’

ox' it g3 .

ger = DTG =12, 24

with fixed indices i and j. Similar relations between the elements of the correspond-
ing three-dimensional matrices have the form

¢! 1 (OxIH OxI+2 Ox/*! Oxi+?
oxi T (8€i+l ogitr  pgit2 afi-ﬁ-l) ’
Ox' QLI 9git geit ogit?

agi (8xi+1 Axit2  Qxi+? 8xi+1) '

ij=1,23, (25

where i and j are fixed indices and for each superscript or subscript index, say [,
[ + 3 is equivalent to /. With this condition, the sequence of indices (/,/ + 1,1 + 2)
is the result of a cyclic permutation of (1, 2, 3) and vice versa; the indices of a cyclic
sequence (i, j, k) satisfy the relation j =i + 1,k =i + 2.

2.2.2 Tangential Vectors

The value of the function x(¢) = [x'(£),...,x"(€)] in the Cartesian basis
(e1,...,e,) ,1e.

x(€) =x" (e +---+x" (e, ,
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is a position vector for every & € &". This vector-valued function x (§) generates the
nodes, edges, faces, etc. of the cells of the coordinate grid in the domain X". Each
edge of the cell corresponds to a coordinate line ¢’ for some i and is defined by the
vector

Aix = x(§+he') —x(£) .

where £ is the step size of the uniform grid in the &' direction in the logical domain

E". We have
Aix =hxg +t,

s Ox"
xfl— agi,...,afi

is the vector tangential to the coordinate curve & i and t is a residual vector whose
length does not exceed the following quantity:

where

1 2
7 max |xgigi|h” .

Thus, the cells in the domain X" whose edges are formed by the vectors hxgi,i =
1,...,n, are approximately the same as those obtained by mapping the uniform
coordinate cells in the computational domain &" with the transformation x (§). Con-
sequently, the uniformly contracted n-dimensional parallelepiped spanned by the
tangential vectors x¢,i = 1,...,n, represents, to a high order of accuracy with
respect to &, the cell of the coordinate grid at the corresponding point in X" (see
Fig.2.1 for n = 2). In particular, for the length /; of the ith grid edge, we have

Fig. 2.1 Grid cell and
contracted parallelogram
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li = hlxa|+ O(h?) .

The volume V), (area in two dimensions) of the cell is expressed as follows:
Vi, =h"V + 0"y,

where V is the volume of the n-dimensional parallelepiped determined by the tan-

gential vectors x¢i, i =1,...,n.
The tangential vectors x¢i,i = 1, ..., n, are called the base covariant vectors since
they comprise a vector basis. The sequence x¢1, ..., x¢ of the tangential vectors has

a right-handed orientation if the Jacobian of the transformation x (&) is positive.
Otherwise, the base vectors x have a left-handed orientation.

The operation of the dot product on these vectors produces elements of the covari-
ant metric tensor. These elements generate the coefficients that appear in the trans-
formed governing equations that model the conservation-law equations of mechanics.
Besides this, the metric elements play a primary role in studying and formulating
various geometric characteristics of the coordinate grid cells.

2.2.3 Normal Vectors

For a fixed i, the vector

o¢! o€

oxt” 7T oxn )
which is the gradient of £ (x) with respect to the Cartesian coordinates xt X,
is denoted by Vfi. The set of the vectors Vfi, i =1,...,n,iscalled the set of base

contravariant vectors.
Similarly, as the tangential vectors relate to the coordinate curves, the contravariant

vectors Vﬁi , i =1,...,n, are connected with their respective (n — 1)-dimensional
coordinate surfaces (curves in two dimensions). A coordinate surface is defined by
the equation §' = &; i.e. along the surface, all of the coordinates £ Lo, &" except

& are allowed to vary. For all of the tangent vectors X, to the coordinate lines on
the surface &' = ¢, we have the obvious identity

xg - VE =0, i#j,
and thus the vector V&' is normal to the coordinate surface &' = ). Therefore, the
vectors V&', i =1, ..., n, are also called the normal base vectors.
Since

xg - VE =1
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X \ ll

Fig. 2.2 Disposition of the base tangential and normal vectors in two dimensions

foreachfixedi =1, ..., n, the vectors x and V¢ intersect each other at an angle 6
which is less than /2. Now, taking into account the orthogonality of the vector V¢
to the surface &' = &, we find that these two vectors x¢ and V&' are directed to the
same side of the (n — 1)-dimensional coordinate surface (curve in two dimensions).
An illustration of this fact in two dimensions is given in Fig.2.2.

The length of any normal base vector V& is linked to the distance d; between
the corresponding opposite boundary segments (joined by the vector x¢) of the
n-dimensional parallelepiped formed by the base tangential vectors, namely,

di =1/Iv¢], V¢ | =V Ve - Ve,

To prove this relation, we recall that the vector V&' is normal to all of the vectors
X¢i, j # i, and therefore to the boundary segments formed by these n — 1 vectors.
Hence, the unit normal vector n; to these segments is expressed by

n; = VE/|VE .

Now, taking into account that
di =x¢-n;,

we readily obtain ) . )
di =xa - VE/IVE| = 1/|VE .

Let /; denote the distance between a grid point on the coordinate surface & = ¢
and the nearest point on the neighboring coordinate surface {' = ¢ + h; then,

Iy = hd; + O(h*) = h/|VE | + O(h?) .
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This equation shows that the inverse length of the normal vector V& multiplied by
h represents with high accuracy the distance between the corresponding faces of the
coordinate cells in the domain X".

Note that the volume of the parallelepiped spanned by the tangential vectors
equals J, so we find from (2.3) that the volume of the n-dimensional parallelepiped
defined by the normal vectors V& ii=1,...,n,is equal to 1/J. Thus, both the base
normal vectors V&' and the base tangential vectors x ¢ have the same right-handed
or left-handed orientation.

If the coordinate system & L &" is orthogonal, i.e.
xei - Xe = P(x)8 Px)>0, i, j=1,....n,
then for each fixedi = 1, ..., n the vector Vﬁi is parallel to x .. Here and later, 6;

is the Kronecker symbol, i.e.

=0 if i#j, =1 if i=j.

2.2.4 Representation of Vectors Through the Base Vectors

If there are n independent base vectors ay, . . . , a, of the Euclidean space R", then any
vector b with components b', ..., b" inthe Cartesian basis e1, . . ., e, is represented
through the vectors a’,i =1, ..., n, by

b=ad"(b-a;a;, ij=1,....n, (2.6)

where '/ are the elements of the matrix (a’/) which is the inverse of the tensor
(aij),aij =a;-a;,i,j=1,...,n. Itis assumed in (2.6) and later that a summation
is carried out over repeated indices unless otherwise noted.

The components of the vector b in the natural basis of the tangential vectors

x¢, i =1,...,n,are called contravariant. Let them be denoted by El, i=1,...,n.
Thus,

bZEIX£l ~|—--~—|—Enx5n .

Assuming in (2.5) a; = xg,i =1, ..., n, we obtain
—i : OxF\ Ox!
b=am (Y i ikm=1,... 0, @2.7)
oci ) oer
where b!, ..., b" are the components of the vector b in the Cartesian basis ey, . . ., e,.
Since
Oxk Oxk

aij=a—€ia—£j,
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we have o¢i oei
ff:@-ia—i, k=1,...,n.
Therefore, from (2.7),
E"zb-f%, ij=1,....n, (2.8)
or, using the dot product notation,
B =b-Ve, i=1,..,n. (2.9)
Thus, in this case, (2.6) has the form
b= -V&)xgu , i=1,...,n. (2.10)
For example, the normal base vector V&' is expanded through the base tangential
vectors x¢j, j =1,...,n, by the following formula:
Vg":a—gi.aik.xg, i, jk,=1,...,n. (2.11)
OxJ OxJ
Analogously, a component I_J,- of the vector b in the basis V§i,i =1,...,n,is

expressed by the formula

':bjﬁ_fi b-xg, i=1,...,n, (2.12)

and consequently
b=0bVE =(b-xa)VE, i=1,...,n. (2.13)
These components l_)i, i = 1,...,n, of the vector b are called covariant. In par-

ticular, the base tangential vector x is expressed through the base normal vectors
V&, j=1,...,n,as follows:

Ox1 OxJ vk

xﬁi:a_gi@_fk ; i,j.k=1,...,n. (2.14)
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2.2.5 Metric Tensors

Many grid generation algorithms, in particular those based on the calculus of varia-
tions, are typically formulated in terms of fundamental features of coordinate trans-
formations and the corresponding mesh cells. These features are compactly described
with the use of the metric notation, which is discussed in this subsection.

Covariant Metric Tensor
The matrix

{gij}a i,j:l,...,n,

whose elements g;; are the dot products of the pairs of the basic tangential vectors
Xei,

Ox* Oxk o
gij=x£i~x5j=a—§i@, l,j,k:l,...,n, (215)
is called a covariant metric tensor of the domain X" in the coordinates & Lo, &,

Geometrically, each diagonal element g;; of the matrix {g;;} is the length of the
tangent vector x squared:

2 .
gii = |xal”, i=1,...,n.

Also,
Gij = |x¢illxei|cost = /gii/gjj cos b, (2.16)

where 0 is the angle between the tangent vectors x¢ and x¢;. In these expressions,
for g;; and g;;, the subscripts ii and jj are fixed, i.e. here, the summation over the
repeated indices is not carried out.

The matrix {g;;} is called the metric tensor because it defines distance measure-
ments with respect to the coordinates ¢!, ..., £ :

ds = /g;;dgidE/, iLhj=1,...,n.

Thus, the length s of the curve in X" prescribed by the parametrization

x[E®)] : [a,b] — X"

b dei dei
= [ \gj———dt
g /a Y4

is computed by the formula
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We designate by g the Jacobian of the covariant matrix {g;;}. It is evident that
oy =u",

and hence
J? = qg.

The covariant metric tensor is a symmetric matrix, i.e. g;; = g;;. If a coordinate
system at a point § is orthogonal, then the tensor {g;;} has a simple diagonal form at
this point. Note that these advantageous properties are in general not possessed by
the Jacobi matrix {Ox’/0¢/} from which the covariant metric tensor {g; ;) is defined.

Contravariant Metric Tensor

The contravariant metric tensor of the domain X” in the coordinates & L & s
the matrix

(g}, ij=1,....n,
inverse to {g;;}, i.e.
gijg’* = of | i, jk=1,...,n. (2.17)

Therefore,
i, 1
det{g"} = - .
g

It is easily shown that (2.16) is satisfied if and only if

ij i ,_og ¢ .
gfzvg.vffzww, i,jk=1,...,n. (2.18)

Thus, each diagonal element g’/ (where i is fixed) of the matrix {g"/} is the square of
the length of the vector V& ) 4
g" =1V, (2.19)

Geometric Interpretation

Now we discuss the geometric meaning of a fixed diagonal element ¢/, say g'!,
of the matrix {g”}. Let us consider a three-dimensional coordinate transformation
x(€) : 8% — X°3. Its tangential vectors x¢1, X2, X3 represent geometrically the
edges of the parallelepiped formed by these vectors. For the distance d; between the
opposite faces of the parallelepiped which are defined by the vectors x> and x ¢, we
have

d 1 =X¢g -nyp,
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where n; is the unit normal to the plane spanned by the vectors x¢2 and xs. It is
clear that
V51~xg/=0, j=2a3a

and hence the unit normal n; is parallel to the normal base vector V1. Thus, we
obtain

n; = V§1/|V§1| = Vgl/\/gll .

Therefore,

di=Ve-Vea/Vg = 1//g".

and consequently
g =1/’

Analogous relations are valid for g>? and ¢, i.e. in three dimensions, the diagonal
element ¢’ for a fixed i means the inverse square of the distance d; between those
faces of the parallelepiped which are connected by the vector x ¢ . In two-dimensional
space, the element ¢g'* (where i is fixed) is the inverse square of the distance between
the edges of the parallelogram defined by the tangential vectors x¢1 and x¢.
The same interpretation of g'' is valid for general multidimensional coordinate
transformations:
g =1/(d)?, i=1,....,n, (2.20)

where the index i is fixed, and d; is the distance between those faces of the n-
dimensional parallelepiped which are linked by the tangential vector x:.

Relations Between Covariant and Contravariant Elements

Now, in analogy with (2.4) and (2.5), we write out very convenient formulas for
natural relations between the contravariant elements ¢g"/ and the covariant ones g;;
in two and three dimensions.

Forn =2,

g,‘j _ (_1),‘+j 93—i 3—j
g

gij = (=D)Tgg™ 3 i j=1,2, 221

where the indices 7, j on the right-hand side of the relations (2.21) are fixed, i.e.
summation over the repeated indices is not carried out here. For n = 3, we have

g7 = E(gi—&-l j41 Giv2 42 — Gitl j+2 Gi42 j+1) »
UL G2 2 il 2 2 Ly =123, (2.22)

gij = 9(g g

with the convention that any index, say /, is identified with [ & 3, so, for instance,
945 = g12-
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We also note that, in accordance with the expressions (2.15) and (2.18) for g;; and
g/, respectively, the relations (2.11) and (2.14) between the basic vectors x ¢ and
V¢/ can be written in the form

xg = g VE,
Ve = g*xa ik=1,...,n. (2.23)

So, the first derivatives dx’/9¢/ and ¥ /9x™ of the transformations x (€) and
&(x), respectively, are connected through the metric elements:

Ox' _ '85’"

oe1 ~ 9" ot

88 miaxj ..

%zg @, l,],m:l,...,n. (224)

2.2.6 Cross Product

In addition to the dot product, there is another important operation on three-
dimensional vectors. This is the cross product, x, which for any two vectors

a=(a',a* a®), b= (b',b?, b®) is expressed as the determinant of a matrix:
€| e €3
axb=det]a a’a’} , (2.25)
bl b2 b3

where (e, e,, e3) is the Cartesian vector basis of the Euclidean space R3. Thus,
axb=(a*—a’b? a’b' —a'b?, a'b?* —a*b)

or, with the previously mentioned convention in three dimensions of the identification
of any index j with j £ 3,

axb= (@ bt — g t2pithe, | i=1,2,3. (2.26)

We will now state some facts connected with the cross product operation.
Geometric Meaning

We can readily see that @ x b = 0 if the vectors a and b are parallel. Also, from
(2.26), we find that @ - (a x b) = O and b - (a x b) = 0, i.c. the vector a x b is
orthogonal to each of the vectors a and b. Thus, if these vectors are not parallel, then

axb=calaxbn, (2.27)
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where & = 1 or « = —1 and n is a unit normal vector to the plane determined by
the vectors a and b.

Now we show that the length of the vector a x b equals the area of the parallelogram
formed by the vectors a and b, i.e.

la x b| = |a||b|sin @ , (2.28)

where 6 is the angle between the two vectors a and b. To prove (2.28), we first note
that
la|?|b|? sin? 0 = |a|*|b|*(1 — cos® 0) = |a|*|b|* — (a - b)* .

We have, furthermore,

3 3 3 2
lal?|b*> — |a - b|> = (Za"af) > biv | - (Z akbk)
i=1 j=1 k=1
3
— Z[(al)Z(bm)Z + (am)Z(bl)Z . 2alblambm]
k=1

3
= Z(albm —a"bhH?,
k=1

where (k, [, m) are cyclic, i.e. ] = k + 1, m = k + 2 with the convention that j 4 3
is equivalent to j for any index j. According to (2.26), the quantity a'b™ — a™b' for
the cyclic sequence (k, [, m) is the kth component of the vector @ x b, so we find
that

la||b|sin? 0 = |a|*|b]> — |a - b|* = |a x b|*, (2.29)

which proves (2.28). Thus, we obtain the result that if the vectors @ and b are not
parallel, then the vector a x b is orthogonal to the parallelogram formed by these
vectors and its length equals the area of the parallelogram. Therefore, the three
vectors @, b and a x b are independent in this case and represent a base vector
system in the three-dimensional space R3. Moreover, the vectors a, b and a x b
form a right-handed triad, since @ x b # 0, and consequently the Jacobian of the
matrix determined by a, b, and a x b, is positive; it equals

axb-axb=(axb)’.

Relation to Volumes

Let ¢ = (¢!, ¢?, ¢*) be one more vector. The volume V of the parallelepiped whose
edges are the vectors a, b and ¢ equals the area of the parallelogram formed by the
vectors a and b multiplied by the modulas of the dot product of the vector ¢ and the
unit normal n to the parallelogram. Thus,
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V =|a x b||n - c|

and from (2.27), we obtain
V=Iaxb)c|. (2.30)

Taking into account (2.26), we obtain
(@xb)-c=c'@® —a’b? + @b —a'b®) + A@@'v? — a*b") .

The right-hand side of this equation is the Jacobian of the matrix whose rows are
formed by the vectors a, b, and ¢, i.e.
a' a® a®
(@axb)-c=det] b b2 b ¢ . (2.31)

c e

From this equation, we readily obtain
(@axb)-c=a-(bxc)=(cxa)-b.

Thus, the volume of the parallelepiped determined by the vectors a, b, and ¢ equals
the Jacobian of the matrix formed by the components of these vectors. In particular,
we obtain from (2.2) that the Jacobian of a three-dimensional coordinate transfor-
mation x (&) is expressed as follows:

J=xa (xg xxp). (2.32)

Relation to Base Vectors

Applying the operation of the cross product to two base tangential vectors x¢ and
x¢n, we find that the vector xg x x¢n is normal to the coordinate surface ' = &
with (i, [, m) cyclic. The base normal vector V&' is also orthogonal to the surface,
and therefore it is a scalar multiple of xg x x¢n, i.e.

Ve = c(xg X Xen) .
Multiplying this equation for a fixed i by x, using the operation of the dot product,
we obtain, using (2.32),

l=cJ,

and therefore :
Vfi = 7(X£I X Xgr') . (233)
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Thus, the elements of the three-dimensional contravariant metric tensor {g'/} are
computed through the tangential vectors x¢ by the formula

|
Y = —(Xgn X Xgit2) - (Xgin1 X Xgin2) i,j=1,2,3.
g

Analogously, every base vector x¢i, i = 1, 2, 3,is expressed by the tensor product
of the vectors V&/, j=1,2,3:

xo = J(VE x VEh), i=1,2,3, (2.34)

where!/ = i+1, k = i+2,and m is equivalent to m 43 for any index m. Accordingly,
we have

gij = g(VET x VER) (VI x Vgt i j=1,2,3.

Using the relations (2.33) and (2.34) in (2.32), we also obtain
1 1 2 3
5= VE - VE X VE (2.35)

Thus, the volume of the parallelepiped formed by the base normal vectors V&', V&2,
and V&3 is the modulus of the inverse of the Jacobian J of the transformation x (£).

2.3 Relations Concerning Second Derivatives

The elements of the covariant and contravariant metric tensors are defined by the
dot products of the base tangential and normal vectors, respectively. These elements
are suitable for describing the internal features of the cells such as the lengths of the
edges, the areas of the faces, their volumes, and the angles between the edges and
the faces. However, as they are derived from the first derivatives of the coordinate
transformation x (§), the direct use of the metric elements is not sufficient for the
description of the dynamic features of the grid (e.g. curvature), which reflect changes
between adjacent cells. This is because the formulation of these grid features relies not
only on the first derivatives but also on the second derivatives of x (§). Therefore, there
is a need to study relations connected with the second derivatives of the coordinate
parametrizations.

This section presents some notations and formulas which are concerned with
the second derivatives of the components of the coordinate transformations. These
notations and relations will be used to describe the curvature and eccentricity of the
coordinate lines and to formulate some equations of mechanics in new independent
variables.



62 2 Coordinate Transformations

2.3.1 Christoffel Symbols

The edge of a grid cell in the ¢ direction can be represented with high accuracy by
the base vector x¢ contracted by the factor /4, which represents the step size of a
uniform grid in Z”. Therefore, the local change of the edge in the &’ direction is
characterized by the derivative of x¢ with respect to § Jie. by x gigi-

Since the second derivatives may be used to formulate quantitative measures of the
grid, we describe these vectors xi¢; through the base tangential and normal vectors
using certain three-index quantities known as Christoffel symbols, The Christoffel
symbols are commonly used in formulating measures of the mutual interaction of
the cells and in formulas for differential equations.

Letus denote by le; the kth contravariant component of the vector x¢i¢; in the base
tangential vectors x¢, k = 1, ..., n. The superscript k in this designation relates
to the base vector x ¢ and the subscript ij corresponds to the mixed derivative with
respect to & and &/, Thus,

Xgigi =F/j- Xk L jk=1...,n, (2.36)
and consequently
O*xP , OxP ]
W:FM@’ ],k,m,pzl,...,n. (237)
In accordance with (2.8), we have
i 9*x! ag: ..
kawﬁ, i, j,k,i=1,...,n, (2.38)
or in vector form, _ _
Fk’j =xgg - VE . (2.39)

Equation (2.38) is also obtained by multiplying (2.37) by 9¢'/0x” and summing
over p.

The quantities Fk’j are called the space Christoffel symbols of the second kind
and the expression (2.36) is a form of the Gauss relation representing the second
derivatives of the position vector x (§) through the tangential vectors xi.

Analogously, the components of the second derivatives of the position vector x (§)
expanded in the base normal vectors VEi, i =1,...,n,arereferred to as the space
Christoffel symbols of the first kind. The mth component of the vector x¢¢j in the
base vectors V&', i =1, ..., n, is denoted by [kj, m]. Thus, according to (2.12),

*xb ox!

[k.]a m] =xfk£j 'x&‘m = W% ,

JokiIm=1,...,n, (2.40)



2.3 Relations Concerning Second Derivatives 63

and consequently
Xeei = [kj, mIVE™ . (2.41)

So, in analogy with (2.37), we obtain

621 am
agj;€k=[kj,m]%, i km=1,...,n. (2.42)

Multiplying (2.40) by ¢"" and summing over m, we find that the space Christoffel
symbols of the first and second kind are connected by the following relation:

i =g"kj,ml, i jokom=1,...,n. (2.43)
Conversely, from (2.38),

(kj.ml= gD, jklm=1,.n. (2.44)
The space Christoffel symbols of the first kind [kj, m] can be expressed through

the first derivatives of the covariant elements g;; of the metric tensor (g;;) by the
following readily verified formula:

1 (39/‘m i OGim 6ij

kjsml =2\ Bec T i~ aen

), i, jokkm=1,...,n. (2.45)

Thus, taking into account (2.43), we see that the space Christoffel symbols of the
second kind I'; can be written in terms of metric elements and their first derivatives.

In particular, in the case of an orthogonal coordinate system §i, we obtain, from

(2.43) and (2.45),
L (L 22

i =g (=2 . :
b= 29 \ogr T agi o

Here, the index i is fixed, i.e. the summation over i is not carried out.

2.3.2 Differentiation of the Jacobian

Of critical importance in obtaining compact conservation-law equations with coef-

ficients derived from the metric elements in new curvilinear coordinates ¢!, .. ., &"
is the formula for differentiation of the Jacobian

oJ Pxl g 0 (Ox' . Ox

—=J ——=J—— ) =Jdiv,—,

¢k OEkIE™ Ox' Oxt \ D¢k ock

i,k,km=1,...,n. (2.46)
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In accordance with (2.38), this identity can also be expressed through the space
Christoffel symbols of the second kind I; by

Ay k=1
get = /T ik=1,...,n,
with the summation convention over the repeated index i.

In order to prove the identity (2.46), we note that in the case of an arbitrary matrix
{a;;}, the first derivative of its Jacobian with respect to &F is obtained through the
process of differentiating the first row (the others are left unchanged), then performing
the same operation on the second row, and so on with all of the rows of the matrix.
The summation of the Jacobians of the matrices derived in such a manner gives the
first derivative of the Jacobian of the original matrix {g;;}. Thus,

O getiar ) = 2m Gim i km=1,...,n (2.47)
7 ijy = A s L ], K, =1...,n, .
ek = ek J

where G is the cofactor of the element a;,,. For the Jacobi matrix {Ox’/0¢’} of the
coordinate transformation x (&), we have

_ %

Gim =J=,
ox!

ih,j=1,...,n.

Therefore, applying (2.47) to the Jacobi matrix, we obtain (2.46).

2.3.3 Basic Identity

The identity (2.46) implies the extremely important relation

0 g/
—(155)=0.  ij=1...n, 2.48
23 ( Oox! b " (2.48)
which leads to specific forms of new dependent variables for conservation-law equa-
tions. To prove (2.48), we first note that
0%¢r Ox! _ 0*xt oem ogp
Oxkoxi 9gp — OEPOEM dxk OxT

ikLm,p=1,....n.

Multiplying this equation by 9¢'/ 8xl‘ and summing over /, we obtain a formula
representing the second derivative 0°¢' /9x*9x™ of the functions & (x) through the
second derivatives 9*x™ /D& OEP of the functions x(§), m =1, ..., n:
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e Pxr 0 o oE
Gxkoxm ~ 0gi08 oaF oxm o LB = Tl GA9)

Now, using this relation and the formula (2.46) for differentiation of the Jacobian in
the identity

0 (00 _o0log oY oxt
o6l \"oxi ] 0¢ oxi Oxioxk 9gi’

we obtain

(Jagf) Ot ogr g ok 0 o¢ og) oxt
o¢i

OEPOEI Oxk Ox! OELOEm Oxt Oxk OxP OEJ
Oxt ogrogl  oPxr 08 0g"
0EPOET Oxk Oxi oEloEm oxp Oxi

dxi Oxi Oxk Oxp DT

i, j.ok,lm,p=1,....n,

i.e. (2.48) has been proved.
The identity (2.48) is obvious when n = 1 or n = 2. For example, for n = 2, we
have, from (2.4),

J 3—i
Jai =(— l)lﬂa

al 53]7 iaj=1529

with fixed indices i and j, and therefore

3—i 3—i
(Ja§ ) (— 1)i+1(i8x - iax—) =0, ij=12.
851 Ox! o0&l pg? o€z 9¢!

An inference from (2.48) for n = 3 follows from the differentiation of the cross
product of the base tangential vectors r¢, i = 1, 2, 3. Taking into account (2.26),
we readily obtain the following formula for the differentiation of the cross product
of two three-dimensional vector-valued functions a and b:

8_8(‘”(1’) %axb—{—ax%b, i=1,2,3.

With this formula, we obtain

3 3

3
— 0
Z o8 (Xgi X Xgr) = fojf' X Xek + ZX§j X Xekgi (2.50)

i=1 i=1
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where the indices (i, j, k) are cyclic,i.e. j =i + 1, k =i + 2, m is equivalent to
m + 3. For the last summation of the above formula, we obtain

3 3
ngj X X£k§: = ngk X x5i5j .
i=1 i=1
Therefore, from (2.50),

i - )=0.
oy x X X¢gk) =
g ogi & S
since
xSi X x5/5k = —ngk X Xg

and (2.33) implies (2.48) for n = 3.
The identity (2.48) can help one to obtain conservative or compact forms of some

differential expressions and equations in the curvilinear coordinates ¢!, ..., £". For
example, for the first derivative of a function f(x) with respect to x', we obtain,
using (2.48),

af 1 g )

— = j=1,...,n. 2.51

oxi ] 35/ ( Oxi o’ / " 2.51)

For the Laplacian

2 of

Vif = —
f OxJ OxJ°

i=1,....n (2.52)

we have, substituting the quantity 0 f/9x’ for f in (2.51),

210 (0T 0fN 10 (080" Of
v f_ J 0¢J (Jax Oxi ) T og (J(?xi Oox! 85’”)
1 0 af ..
:78—51.(19 agm)’ i jm=1,....n. (2.53)

Therefore, the Poisson equation
Vif=P (2.54)

has the form
1 0 mi OF
56 (19" 5ex)

=P jm=1,... 2.
7 og oem ; jm=1....n, (2.55)

with respect to the independent variables &', ..., £".
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2.4 Conservation Laws

This section utilizes the relations described in Sects.2.2 and 2.3, in particular the
identity (2.48), in order to describe some conservation-law equations of mechanics
in divergent or compact form in new independent curvilinear coordinates &', . .., £".
For this purpose, the dependent physical variables are also transformed to new depen-
dent variables using some specific formulas. The essential advantage of the equations
described here is that their coefficients are derived from the elements of the covariant
metric tensor {g;;}.

2.4.1 Scalar Conservation Laws

Let A be an n-dimensional vector with components Al i =1,...,n,inthe Cartesian
coordinates x!, ..., x". The operator
. OA!

div,A = — i=1,...,n, (2.56)
Oxi

is commonly used in mechanics for the representation of scalar conservation laws,
commonly in the form

div,A=F.
Using (2.48), we easily obtain
1 0 —j
div,A=—-——JA)=F, j=1,...,n, 2.57
Vi = S5 A j (2:57)
where A’ is the jth contravariant component of the vector A in the coordinates
§i, i=1,...,n,ie.in accordance with (2.8):
— L O€d
A’:A'i, ij=1,....n. (2.58)
ox!

Therefore, a divergent form of the conservation-law equation represented by (2.56)
is obtained in the new coordinates when the dependent variables A’ are replaced

by new dependent variables A’ defined by the rule (2.58). Some examples of scalar
conservation-law equations are given below.

Mass Conservation Law

As an example of the application of (2.57), we consider the equation of conservation
of mass for steady gas flow
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o i
0, i=1,...n, (2.59)
ox!
where p is the gas density, and u' is the ith component of the flow velocity vector
u in the Cartesian coordinates x!, ..., x". With the substitution A’ = pui, (2.58)
is transformed into the following divergent form with respect to the new dependent
variables p and %' in the coordinates &', ..., &":
9 (Jpu')=0, | =1 (2.60)
—(Jpu') = i=1,...,n. .
gei P

Here, ' is the ith contravariant component of the flow velocity vector u in the basis
xa,i=1,...,n,ie.

65’

, i,j=1,...,n. 2.61
o J (2.61)
Convection-Diffusion Equation

Another example is the conservation equation for the steady convection—diffusion
of a transport variable ¢, which can be expressed as

d¢ o
_ax’(8x1)+_(p¢u)_s i=1,...,n, (2.62)

where p and e denote the density and diffusion coefficient of the fluid, respectively.
Taking
9¢

oxt’

'—p(bu—e i=1,...,n.

we obtain, in accordance with the relation (2.58),

A’ —p¢u’—ea¢

85"9 jk=1,...,n
Therefore, using (2.57), the convection—diffusion equation (2.62) in the curvilinear
coordinates ¢!, ..., " is expressed by the divergent form
0] ; - 0¢
— 7 — e ) | = P —
5 [J(pqsu eq agk)]_JS, jk=1,....n. (2.63)
Laplace Equation

Analogously, the Laplace equation

0 of _

v? =
f= OxJ OxJ ’

j=1....n, (2.64)
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has the form (2.56) if we take

- 0
Al :—8;(; s l—l, , n
Using (2.58), we obtain
i )
AJ:g”a—é, i=1,....n.

Therefore, the Laplace equation (2.64) results in

10, .0
szzja—fi(Jg”%.)zo, iji=1,....n, (2.65)

since (2.57) applies.

2.4.2 Vector Conservation Laws

Many physical problems are also modeled as a system of conservation-law equations
in the vector form

0AY _ i =1 (2.66)
— = s iL,j=1,...,n. .
OxJ J
For the representation of the system (2.66) in new coordinates ¢, ..., ¢ in a form

which includes only coefficients derived from the elements of the metric tensor, it
is necessary to make a transition from the original expression for A" to a new one

A” . One convenient formula for such a transition from the dependent variables A"/
toA”, i, j=1,...,n,is
gt agl

_ Akm T _
=A wax—m, l,],k,m—l,...,n. (267)

A

This relation between A and ka is, in fact, composed of transitions of the kind
(2.58) for the rows and columns of the tensor A’/ In tensor analysis, the quantity
A" means the (i, j) component of the second-rank contravariant tensor (A%) in the
coordinates ¢!, ..., €.

Multiplying (2.67) by (9x? /9€')(9x' /0¢/) and summing over i and j, we also
obtain a formula for the transition from the new dependent variables A to the
original ones A%:

—km Oxt OxJ

AY = A 8_51‘@’ i,j,k,m:l,...,n. (268)
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Therefore, we can obtain a system of equations for the new dependent variables a7
by replacing the dependent quantities A” in (2.66) with their expressions (2.68). As
a result, we obtain

OAY 0 (ka Ox' 8xj)

oxi  Oxi ek ogm
_ oA oxi L O%x! LA oxt 0 (8x-i) o
= en ok DekoEm ¢k oxi \gen) =1

i, jykkm=1,...,n.

The use of the formula (2.46) for differentiation of the Jacobian in the summation in
the equation above yields

—km

DAY DA a_)ci_'_zkm %! +l—km3_)ci3_J_ i
oxi — ogm ok ogkgem g ogkgem T

L, jk,iiim=1,...,n.

Multiplying this system by 9¢” /Ox' and summing over i, we obtain, after simple
manipulations,

%%(JZ"’)JF a?;;;f %Zkf —F .  ijki=1,....n, (269
where ;
F' Ff% ij=1,...,n,
is the ith contravariant component of the vector F = (F I ..., F™ in the basis

X¢i, ..., Xe. The quantities (0% /8£k 0&7)(0€1 /0x') in (2.69) are the space Christof-
fel symbols of the second kind I5;. Thus, the system (2.69) has, using the notation
r ;k, the form

19
7ol

i

VAN + LAY =F . ijk=1...n. (2.70)

We see that all coefficients of (2.70) are derived from the metric tensor {g;;}.

Equations of the form (2.70), in contrast to (2.66), do not have a conservative
form. The conservative form of (2.66) in new dependent variables is obtained, in
analogy with (2.57), from the system

1 0 —J i ..
7@(.]141-):17 , ih,j=1,...,n, 2.71)
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where Z{ is the jth component of the vector A; = (A'',..., A”") in the basis
xe, j=1,...,n,ie.
o
J ik Lo
Ai—Alw, l,],k—l,...,n. (272)

In fact, (2.71) is the result of the application of (2.57) to the ith line of (2.66).
Therefore, in the relations (2.66, 2.71, 2.72), we can assume an arbitrary range
for the index i, i.e. the matrix A” in (2.66) can be a nonsquare matrix with i =
L....m, j=1,...,n.

Though the system (2.71) is conservative and more compact than (2.70), it has
its drawbacks. In particular, mathematical simulations of fluid flows are generally
formulated in the form (2.66) with the tensor A" represented as

AU:BU_Fpulu], i,j:l,...,n,

where u’, i = 1,...,n, are the Cartesian components of the flow velocity. The
transformation of the tensor pu'u’ by the rule (2.72),

Y .
k _ i—j .. _
u'u*—— = pu'u’ , i, j,k=1,...,n,
P Ok P J
results in equations with an increased number of dependent variables, namely ' and
u’ . The substitution of u' for #/ or vice versa leads to equations whose coefficients
are derived from the elements Ox’ /O¢/ of the Jacobi matrix and not from the elements
of the metric tensor {g;;}.

Example

As an example of (2.66), we consider the stationary equation of a compressible gas
flow

0 . op o  ou ;
L] - — = Fl ] =1 2
g (pu'u’) + o  anihag = PF i, J S (2.73)

where u' is the ith Cartesian component of the vector of the fluid velocity u, p is the
density, p is the pressure and p is the viscosity. The tensor form of (2.66) is given by

. o . ou'’
ij i i P
AY = pu'u +5jp ,uaxj, i,j=1,...,n.
From (2.67), we obtain, in this case,
oul O¢' o€/

A7 = pa'al + ¢ p — k=10, (274

H ok ox! Ok



72 2 Coordinate Transformations

where %' is the ith component of u in the basis Xg, ie. u' is computed from the
formula (2.61). It is obvious that

Ox!
I _ —j : —
u_u—afj, J,l=1...,n. (2.75)
Therefore,

1 m
Oou! _ 0 (ﬂl’ Ox )85
Oxk — ggm ocr ) Oxk

B ou? ox' o™ _ 0%x! ogm

u?

T 06m 9Er Oxk EPOEm xk

k,l,m,p=1,...,n.

Using this equation, we obtain, for the last term of (2.74),

ou' o&" 0¢7 o ou
I = pg™ (
Oxk Ox! Ox*

A L) i jmp =1,
since (2.38) applies. Thus, (2.74) has the form

i —j—j ij mj ou' i — -

A" =pu'n’ +g"p — g 1(@—1—1}%#) , i jmp=1,...,n, (2.76)
and, applying (2.70), we obtain the following system of stationary equations (2.73)
with respect to the new dependent variables p,u', and p and the independent
variables &'

19 AP ot :
{s]d@ + g7 p = ng" (5 + Tt |}

Jo¢i agm
+ I o + g4 p — pg™ 8—ﬂk+1"‘ @) |=pF

G| P+ g p =g (e + Do) | = PF
i,j,kkm,p=1,...,n. 2.77)

The application of (2.71)—(2.73) yields the following system of stationary equa-
tions:

1 0 . 0¢l ou' . )

P il 25 5 2 gk | = i

Jagf[J(””” T ox P T Hoa? IR

_ ¢l .

u’:uka—ik, i,j,k=1,...,n. (2.78)

Now, as an example of the utilization of the Christoffel symbols of the second

kind 1",5, we write out the expression for the transformed elements of the tensor
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. ou'  Ou’
V=pl—+—), ,j=1...,n, 2.79
o M(aijrax,) i, ] n (2.79)
in the coordinates & L &", obtained in accordance with the rule (2.67). This tensor

is very common and is important in applications simulating deformation in the theory
of elasticity and deformation rate in fluid mechanics. Using the notations described
above, the tensor 7/ can be expressed in the coordinates &', ..., &" through the
metric elements and the Christoffel symbols of the second kind. For the component
7/, we have

i = Umka_gaij

Oxm axk
Jout L ou o
i lp=1,....n. (2.80)

This formula is obtained rather easily. For this purpose, one can use the relation
(2.75) for the inverse transition from the contravariant components i’ to the Cartesian
components u/ of the vectoru = (', ..., u")and the formula (2.38). By substituting
(2.75)in(2.79), carrying out differentiation by the chain rule, and using the expression
(2.38), we obtain (2.80).

2.5 Time-Dependent Transformations

The numerical solution of time-dependent equations requires the application of mov-
ing grids and the corresponding coordinate transformations, which are dependent on
time. Commonly, such coordinate transformations are determined in the form of a
vector-valued time-dependent function

x(t,:E8"— X/, Eel", tel0,1], (2.81)

where the variable ¢ represents the time and X} is an n-dimensional domain whose
boundary points change smoothly with respect to ¢. It is assumed that x (¢, £) is
sufficiently smooth with respect to & and t and, in addition, that it is invertible for
all ¢ € [0, 1]. Therefore, there is also the time-dependent inverse transformation

Et,x): X7 - 5" (2.82)
for every ¢ € [0, 1]. The introduction of these time-dependent coordinate transfor-

mations enables one to compute an unsteady solution on a fixed uniform grid in &"
by the numerical solution of the transformed equations.
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2.5.1 Reformulation of Time-Dependent Transformations

Many physical problems are modeled in the form of nonstationary conservation-law
equations which include the time derivative. The formulas of Sects.2.3 and 2.4 can
be used directly, by transforming the equations at every value of time ¢. However,
such utilization of the formulas does not influence the temporal derivative, which is
transformed simply to the form

o 0¢ o
—+ ==, =1,...,n,

ot 0t O¢

so that it does not maintain the property of divergency and its coefficients are not
derived from the elements of the metric tensor.

Instead, the formulas of Sects.2.3 and 2.4 can be more successfully applied to
time-dependent conservation-law equations if the set of the functions x(z, §) is
expanded to an (n + 1)-dimensional coordinate transformation in which the tem-
poral parameter ¢ is considered in the same manner as the spatial variables.

To carry out this process, we expand the n-dimensional computational and phys-
ical domains in (2.81) to (n + 1)-dimensional ones, assuming

n+l1

o

=1x&", X" =uU,(t x X .

Let the points of these domains be designated by &, = (¢°, ¢!, ..., ¢") and xo =
(x% x', ..., x"), respectively. The expanded coordinate transformation is defined as

xo(&y) : " — X (2.83)

where x°(&y) = ¢° and x'(§;), i = 1,...,n, which coincides with (2.81) with
£ =1.

The variables x° and ¢° in (2.83) represent, in fact, the temporal variable ¢. For
convenience and in order to avoid ambiguity, we shall also designate the variable £°
in £"*! by 7 and the variable x° in X"*! by r. Thus, x((&,) is the (n+ 1)-dimensional
coordinate transformation which is identical to x (7, £) at every section £° = 7.

The inverted coordinate transformation

&o(xg) : X" — gt (2.84)

satisfies _ '
Ex)=x", @y =8&wx), i=1,....n,

where t = x°, x = (x', ..., x"), and & (¢, x) is defined by (2.82). Thus, (2.84) is
identical to (2.82) at each section X,.
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2.5.2 Basic Relations

This subsection discusses some relations and, in particular, identities of the kind
(2.46) and (2.48) for the time-dependent coordinate transformations (2.81), using for
this purpose the (n + 1)-dimensional vector functions (2.83) and (2.84) introduced
above.

Velocity of Grid Movement

The first derivative x,, x = (x',x2,...,x"), of the transformation x (&, 7) has
a clear physical interpretation as the velocity vector of grid point movement. Let
the vector x,, in analogy with the flow velocity vector u, be designated by w =

(w',...,w"),ie. w’ = x!. The ith component w’ of the vector w' in the tangential
bases x¢i, i =1,...,n,is expressed by (2.7) as
. L O& OxJ o€
"= ]_~ - 5 _ A ] = 17 s n
OxJ or OxJ
Therefore, ‘
w=wxs, i=1....n, (2.85)
i.e. ) )
;L ox' - Ox!

i =w ij=1,....n.

W =—=Ww —,
or 0&J
Differentiation with respect to £° of the composition of xo(&,) and &, (xo) yields

o ox°  O¢ ox/

—_— _— = . ‘,.:1,..., .
230 980 T DT DE0 b 4
Therefore, we obtain the result
o€ Ox’ O€ ,
— = = -, i, j=1,...,n. 2.86
o1 or oxi " hJ " (2:86)

Derivatives of the Jacobian

It is apparent that the Jacobians of the coordinate transformations x (7, £) and x (&)
coincide, i.e.
Ox' Oxk ..
det{a—gj}zdet{a_gl}zj, l,J:O,l,...,n, k,l:l,...,ﬂ.
In the notation introduced above, the formula (2.46) for differentiation of the Jacobian

of the transformation
xO(E()) . En+l N Xﬂ+l
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is expressed by the relation

1 0 Oxk ogm

78_51 :WW’ i,k,m:O,l,...,n, (287)

differing from (2.46) only by the range of the indices. As a result, we obtain from
(2.87) fori =0,

10 0 (0xk\ O™ ox
——J=—|— )= =div,— , kkm=0,1,...,n, 2.88
Jor agm(ar)axk Mor " " (2.88)
and, taking into account (2.85),
10 0 - Oxk\ o¢m
Yy Y (i S
7o = fen (w agf)axk
_ ow™ . 82xk 8§m

Jokkm=1,...,n.

= 9en T agigen axk

Now, taking advantage of the formula for differentiation of the Jacobian (2.46), in
the last sum of this equation, we have

10 ow™ 1_,0J

_—y = — — -, ., =1’~--a )
Jorl "o T e " "
and consequently
10 1 0 ;
——J=——Uw), j=1,...,n. 2.89
7o’ = Tea v " 259

Basic Identity

Analogously, the system of identities (2.48) has the following form:

0 Jafj =0 i, j=0,1 (2.90)
ae7 ) =Y i,j=0,1,...,n. .

Therefore, for i = 0, we obtain

0 0 o¢l
— — (/=) = i=1,... 2.91
8T(J)+851(J8t) 0, j=1....n, (2.91)
and, taking into account (2.86),
3J—i(m/‘)zo, j=1,...,n, (2.92)

or &l
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which corresponds to (2.89). Fori > 0, the identity (2.90) coincides with (2.48), i.e.

0 3.3 .
8—51(.]%)—0, l,]—l,...,n.

As aresult of (2.91), we obtain, in analogy with (2.51),

of _10 (08 N_1(0 .0 0
E‘Jagf(Jatf)_J(aT(Jf) askuwf))’

j=0.1,...,n, k=1,...,n. (2.93)

2.5.3 Equations in the Form of Scalar Conservation Laws

Many time-dependent equations can be expressed in the form of a scalar conservation
law in the Cartesian coordinates 7, x!, ..., x":
0AY DA
— 4+ —=——=F, i=1,...,n. (2.94)
ot Ox!

Using (2.90), in analogy with (2.57), this equation is transformed in the coordinates

.6, ..., Q=110

1,0 —i
7(@(JA(’)))=F, j=0,1,...,n, (2.95)

where by Zé we denote the jth contravariant component of the (n + 1)-dimensional

vector Ag = (A%, A', ..., A") in the basis Ox¢/0¢", i =0,1,...,n,ie.
_ L O&7
Ay = A=, ,j=0,1,....,n. 2.96
0 O i, ] n (2.96)
We can express each component Zé, j = 1,...,n, of the vector A, through
the components A" and w*, i,k = 1,...,n, of the n-dimensional spatial vectors
A= (A",..., A and w = (w', ..., w") in the coordinates 5’, [l =1,...,n,
where A is a vector obtained by projecting the vector Ay into the space R”", i.e.
P(A%, Al ... A" = (A, ..., A"). Namely,
iy o¢l ol - .
J 40 v 0— ..
AO_AE+Al§_A —ij, l,/—l,...,l’l,

using (2.86). Furthermore, we have
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-0 _ kafo __ 40 _
AO W_A N k—O,l,...,n.
Therefore, (2.95) implies a conservation law in the variables 7, &', ..., £ in the
conservative form
1
— (=A% + ——[J@ - A% i=1,...,n. 2.97
J( ( >+a£j[( )1) y n.o (297)

Examples of Scalar Conservation-Law Equations

As an illustration of the formula (2.97), we write out some time-dependent scalar
conservation-law equations presented first in the form (2.94).

Parabolic Equation
For the parabolic equation

af 9 of

81‘_%$’ jzl,...,l’l, (298)

we obtain from (2.97), with A° = fand A" = 0f/0x', i =1,...n,

O O [s(e" 2L

ar o¢i ek +fw])] , jk=1,...n. (2.99)

Mass Conservation Law

The scalar mass conservation law for unsteady compressible gas flow

Op  Opu!
E—i_ oxi

=F, i=1,2,3, (2.100)

is expressed in the new coordinates as

AJp N oJ p! —w’)

. =JF, i=1,2,3. 2.101
o 9€i J ( )

Convection—Diffusion Equation

The unsteady convection—diffusion conservation equation

9
—(p¢)+—(p¢ ’)——( 8—j)=s, i=1,...,n, (2.102)

has the form in the coordinates 7, &', ..., &"
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Jod@ —wh) — g2l

o+ 76)

9] .
85}( —JS, jk=1,....n.(2.103)
Energy Conservation Law

Analogously, the energy conservation law

2p(e+u2/2)+i.puf(e+u2/2+ﬁ/p):pFw, j=1,2,3, (2.104)
ot OxJ I

where
Ou;

e=elp.p). pP=p-755. i=L23,
X

3

2 2

u IZ(W) ,
i—1

is transformed in accordance with (2.97) to

(,%[Jp(e + %gmkﬁ 7 )] + %[Jp(e + ;gmku"’uk)(ﬂj — ) + Jﬁj]

= Jpgm [ U0, jomk=1,2,3, (2.105)
where, taking into account (2.57),

— vy o .
=p———Ju'), =1,2,3.
P=p Jagl(”) i

Linear Wave Equation

The linear wave equation
uy = c*Viu (2.106)

arises in many areas such as fluid dynamics, elasticity, acoustics, and magnetohy-
drodynamics. If the coefficient c is constant, then (2.106) has a divergent form (2.94)
with

ou

AOZMI, Ai——C%, i=1,...,l’l,
or, in the coordinates 7, £!, ..., &",
0u . 5‘u agk
=y, —w P= — i,k=1,...,n
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Therefore, the divergent form (2.95) of (2.106) in the coordinates 7, ¢!, ..., ¢" has
the form
0 Ou 0 ) )
— | Ju, — | J w0 20 —_ i =—1)|=0.
87[ (- ae)}*a@[ (“”’ ey )85)}
(2.107)

Another representation of the linear wave equation (2.106) in the coordinates
T, & L &" comes from the formula (2.65) for the Laplace operator and the descrip-
tion of the temporal derivative (2.93). Taking advantage of (2.93), we obtain

d s 0 0 (. _,0
%[g—f(fa—?) aagk(J k{ff;;] ;
u u .
75[](”7 85’)] Jaé_kl:-] k(MT_w a_é_l)il lakzla--~vn-

This equation and (2.65) allow one to derive the following form of (2.106) in the
coordinates T, £, ..., &

577 (= 5] = gl (- 5]
du

c (%k(lg aE7

Uyt

+ ),LLk:L“wn, (2.108)

which coincides with (2.107) if ¢? is a constant.
Lagrangian Coordinates

One of the most popular systems of coordinates in fluid dynamics is the Lagrangian
system. A coordinate ¢ is Lagrangian if the both the ith component of the flow
velocity vector u and the grid velocity w in the tangent basis x¢;, j = 1,...,m,
coincide, i.e.

w-w=0. (2.109)

The examples of gas-dynamics equations described above, which include the terms
w', allow one to obtain the equations in Lagrange coordinates by substituting '
for w' in the written-out equations in accordance with the relation (2.109). In such a
manner, we obtain the equation of mass conservation, for example, in the Lagrangian
coordinates &', ..., £", as

aJp

=JF 2.11
or / (2.110)

from (2.101). Analogously, the convection—diffusion equation (2.103) and the energy
conservation law (2.105) have the forms in Lagrangian coordinates &'

0 . 09
o)+ o (19 5er

5 ):Js, jok=1,....n,
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and

0 1 0 . o
E[Jp(e+Egmkﬁmﬁk)]_‘_a_é_](‘lﬁj) =Jpgmkf ﬁka j9m9k= 152737
respectively.

In the same manner, the equations can be written in the Euler—Lagrange form.
where some coordinates are Lagrangian while the rest are Cartesian coordinates.

2.5.4 Equations in the Form of Vector Conservation Laws

Now we consider a formula for a vector conservation law with time-dependent phys-
ical magnitudes A"

o .. .
T A i s
8fo =F", i,j=0,1,...,n, (2.111)
where the independent variable x° represents the time variable 7, i.e. x* = ¢. Let
the new independent variables fo, 13 L, &" be obtained by means of (2.83). Along
with (2.70), which expresses the vector conservation law (2.66) in the coordinates
& Lo &", we find that the transformation (2.111) has”the form of the following
system of equations for the new dependent quantities Kg, i,j=0,1,...,n, with
respect to the independent variables 50, & L &, 50 =T
O JAN+T. 79~ F i, j=0,1 2.112
78_51( 0)+ ko — 0> tL,J=9Y1,...,.n, ( )
where el oel
o i J
A:)j :A’”"—5 ¢ ,i,j,m,n=0,1,...,n,
a/xm a),C"
7= 2 08 k=01
kj—aé-kag]ﬁ’ L L,kLE=U1,...,n,
i . 0¢!
F, = F — | ,Jj=0,1,...,
0 ox/ L] n

As in the case of the scalar conservation law, we represent all of the terms of (2.112)
through A% and the spatial components:
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7 = g 08 ¢

= axkax—m, i,jymn=1,...,n,
. 2 og .
kJ:W@’ l,],k,lzl,...,n,
. o¢
ZFJ_., .7.217--~7 k]
ax} ' l] n
. ogt  ox) ogh 1
w == -, ]J=1,...,n.
or ~ or oxi "
For Zgj, we obtain
—00
Ay =A%, .
i o' o¢' i ;
A =A008—€+A0’”8—§=ZO A% i=1,....n,
. ) X
Ay = A" — A | i=1....n,
Al — A%Giw — AV w — A w + A, i j=1,....n.

Analogously, for Fz ; we obtain

Ty =0, ko j=0,1,....n,
=1 8wl —l—m i :
1‘00=7+ w'ly,, iLlm=1,...,n,
— . 8@' — i P
Fjozrolj:@-}-U)F;l,l,‘],l:l,...,n,
Ty=Ti. i jk=1,....n,
andforff),
Fy=F°,
Fo=F —A%%', i=1,...,n.

Using these expression in (2.112), we obtain a system of equations for the vector
conservation law in the coordinates 7, £ L &" with an explicit expression for the
components of the speed of the grid movement:

0 0 —0i .
—(JAYY + —[J@A" — A% =JF°,
5 A+ 5 )
d  —io 00— i 0 . —ij 00—i—i —=0j_i —i0_;
—JA —ATw)+ —JA" +ATw'w —A"w — A W)
or o&J
ow' ow' .
00 — —I—j i
+JA (E+wa—£l+ww1ﬂj)

—j0  —0j O .
Y Ay 2A°°w/)(@ +w1rjfl)
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+JA + A% - A - 2w

—JF —F%), ijl=1,....n. (2.113)

Another representation of (2.111) in new coordinates can be derived in the form
of (2.97) by applying (2.97) to each line of the system (2.111). As a result, we obtain

110 A 3] L O€] 0

e AzO . Alk_ _ A’O J =F j =1,... .

7 8T(J )+8§f |:J( P w)“ . J.k RN
2.114)

Recall that this approach is not restricted to a square form of the system (2.111), i.e.
the ranges for the indices i and j can be different.

As anillustration of these equations for a vector conservation law in the curvilinear
coordinates 7, & o, &", we write out a joint system for the conservation of mass
and momentum, which in the coordinates ¢, x', x2, x3 has the following form:

dp o

. - l:O, .:1’2’3’

3t+8x’pu !

Opu' 0 o . ,

- L] =Sy i P
ot +axj(p”” +P5) =pf", i,j=12,3, (2.115)
where

— ou' ; o i o
PZP—’YW, §;=0 if i#j and ;=1 if i=j.

This system is represented in the form (2.111) with

=y
A% = A0 = pyi, i=1,2,3,
Al = puiud + 8T p, i j=123,

ie.
p pu pu? pu?
ij pu' pulu' +p  pu'u® pu'u’
(AY) = 2,1 2,2 | = 2,3 )
pu puu puu-+p  puu
o’ pudu! oudu? ot +7p
i,j=0,1,2,3 (2.116)
and
F'=0,
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For the coordinate system 7, £!, ..., ", we obtain
"=,
A=A =@ —w), =123,

Zij _ p(ﬁi —wi)(ﬁj _wj) +ﬁgij’ i,j=1,2,3.

Substituting these expressions in (2.113), we obtain a system of equations for the

mass and momentum conservation laws in the coordinates 7, & L &
—(JP)+8—§][JP(MJ—U)])] , i=12,3,
(7o 4 @ — ) + JBa
—[Jp' — )]+—[Jp(u —w)@ —w!) + Jpg’]
or &/
ow' . oW’ . <
ety Ay AP i 1 5l
+Jp o + JpQu! —w )8£f + J(pu'u’ +pg’)I;
—Jpf ., i jl=1203. 2.117)
If the coordinates gf are the Lagrangian ones, i.e. w = W', then we obtain, from
(2.117),
0
—(J p) =0,
pa—_l + -2 upgh+ qu’a— + I + Py =TT
PR o€ li ’
i,j,l=1,2,3. (2.118)

Note that the first equation of the system (2.117) coincides with (2.101) if F = 0;
this was obtained as the scalar mass conservation law.

In the same manner, we can obtain an expression for the general Navier—Stokes
equations of mass and momentum conservation by inserting the tensor {o/ } described
by (2.79) in the system (2.115) and the tensor {7/ } represented by (2.80) in the system
(2.117).

A divergent form of (2.115) in arbitrary coordinates 7, ¢!, ..., £ is obtained by
applying (2.114). With this, we obtain the system

L0+ @ W= 0,

51
9 oty + 2| u"(ﬁf—w-f)Jr—afj = JF
ar P T e |\ Poxi )| =7
_. o od
k ..
w =u Pk i,j,k=1,2,3, (2.119)
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and, in the Lagrangian coordinates,

0
E(JP)—O,

0 ) 0 o€’ :
Gy + LAY = gF i i=1,273. 2.120
aT(qu)+8€J (Jpax,) JF', i J ( )

2.6 Comments

Many of the basic formulations of vector calculus and tensor analysis may be found
in the books by Kochin (1951), Sokolnikoff (1964) and Gurtin (1981).

The formulation of general metric and tensor concepts specifically aimed at grid
generation was originally performed by Eiseman (1980) and Warsi (1981).

Very important applications of the most general tensor relations to the formulation
of unsteady equations in curvilinear coordinates in a strong conservative form were
presented by Vinokur (1974). A strong conservation-law form of unsteady Euler
equations was also described by Viviand (1974).

A derivation of various forms of the Navier—Stokes equations in general moving
coordinates was described by Ogawa and Ishiguto (1987).
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