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1. Leta, b, c € C. Find limsup |a@" + b" + M,

n—oQ
2. A function f € C([1, +00)) is such that for every x > 1 there exists a limit
Ax

lim fw)du =: p(x),
A—o0 A

¢(2) = 1, and moreover the function ¢ is continuous at point x = 1. Find ¢(x).

3. A function f € C([0, 400)) is such that

f(X)/ Fru)du — 1, asx — +o0.
0
Prove that
1\!3
Sx) ~ (—) ,asx — +o0.
3x

4. Find
n—1

Z(xk+1 — xk) sin 27‘[xk
k=0

n—1

PCATEEA

k=0

sup

where the supremum is taken over all possible partitions of [0, 1] of the form A =
O=xo<x1<...<xp_1<x,=1}, n>1.
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5. Find general form of a function f(z), which is analytic on the upper half-plane
except the point z = 7, and satisfies the following conditions:

¢ the point z =i is a simple pole of f(z);

¢ the function f(z) is continuous and real-valued on the real axis;

o lim f(:) = A(A€R).

Imz>0

6. Let Z be a bounded connected domain with boundary 02, and f(z), F(z) be

functions analytic on 2 .1tisknown that F(z) # 0and Im% # Oforeveryz € 9.

Prove that the functions F(z) and F(z) + f(z) have equal number of zeros in Z.

7. A linear operator A on a finite-dimensional space satisfies
A%+ AP 119961 = 0.

Prove that A has an eigenbasis. Here [ is the unit operator.

8. Let Ay, A,, ..., A,+1 be n x n matrices. Prove that there exist numbers a;, ay,
..., ay+1 (not all of them equal 0) such that a matrix

aAy+ .+ An

is singular.

9. The trace of a matrix A equals 0. Prove that A can be decomposed into a finite
sum of matrices, such that the square of each of them equals to zero matrix.
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