Chapter 2
Direct Estimates for Approximation by Linear
Combinations

2.1 Direct Estimates in L,-Norm

The aim of this chapter is to collect the known results for the error of approximation
by linear combinations L, ., measured in different norms L,(B) and usually in
terms of Ditzian-Totik moduli of smoothness wy(f,7),, or the ordinary moduli of
continuity o’ (f,t),. We will see the importance of the information about central
moments of the p.l.o. (respectively of L, ,).

We recall some well-known definitions from the book of Ditzian—Totik. The
classical modulus of continuity of order r is defined by

o"(f, 1), = OSl;lgtHA;fHL,,(B), (2.1.1)
<h<

where Ajf(x) = Y1 () (=D (x + i.h).
The Ditzian—-Totik modulus of smoothness of order r is defined by: (see [50,
Chapter 1])

w,(f. 1)y = sup [|AfllL,m) (2.1.2)

0O<h<t

where 1 < p < oo, D will be given below for some concrete p.l.o. and ¢(x) denotes
the corresponding weight function. For example, if

* L, = B,,B,, ¢*(x) = x(1—x), D = C[0, 1] for B,f and D = L,[0, 1] for L, = B,;

e L, = S,,,:S‘\n,wz(x) = x,D = ([0, oo) for S,f and D = L,[0, oo) for L, =§,,;

© Ly = Vo,V 92(x) = x(1 +x),D = C[0,00) for V,f and D = L,[0, 00) for
L, = /Vn;
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16 2 Direct Estimates for Approximation by Linear Combinations

The first direct theorem is the following:

Theorem 2.1 Let 1 < p < oo. For L, one of the operators mentioned above
with the correspondent domain D and weight function ¢ the following Jackson-type
estimate (direct estimate) holds true

L of = fllp < M (@3 (0™ + 711l (2.13)

Proof The full proof of the statement is given in the Ditzian—Totik book [50,
Theorem 9.3.2]. For the sake of completeness we give only the sketch of the proof.
We use the technique of K-functional. For » > 0, r € N, the K-functional is defined
by

Kro(f. 1)y = igf{llf —glly + 719’8l - 8" € ACuoc} (2.1.4)

where g7~V € A.C.,, means that g is » — 1 times differentiable and g" ! is
absolutely continuous in every finite interval [a,b] C D. It is known that for
f € L,(D)and 1 < p < oo the moduli wy(f, 1), and K-functional K, ,(f, "), are
equivalent, i.e.

M~ @) (F. 1) < Kry(f. 1)y < M) (f.1),,0 < 1 <o (2.1.5)

for some constants M > 0 and ty. The proof relies on the following three estimates:

||Ln.):f||D f M“f“Dv (216)
[l L*f||p < Mn"||f||p (Bernstein type inequality), (2.1.7)
Lnof —Fllp < M [[le®F 15 + |IflIn] (2.1.8)

for f(zr_l) € A.C.pe. The first estimate (2.1.6) follows from the definition of
L, -(f, x), the property of the coefficients «;(rn) and the boundedness of the operator
L,. The Bernstein type inequality (2.1.7) is proved in Ditzian—-Totik book [50,
Section 9.4] and the last estimate (2.1.8) is proved in [50, Section 9.5] with E,
instead of D and after this the domain is enlarged from E, to D as it was shown in
the proof in [50, Theorem 9.3.2]. Having at hand the three estimates (2.1.6)—(2.1.8)
we proceed as follows: We write

f Zf_gn + 8n;s g’(12r—1) € A-C-loc

and then

Ln.f —fllp < 1Lnr(f — gn) — (f — &lp + [|Lnr&n — &ullp (2.1.9)
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The estimate (2.1.6) implies

||Ln,r(f_gn)_(f_gn)||0SCHf_gnHD (2110)

The estimate (2.1.8) [the proof of which relies on (2.1.7)] implies

Lnrgn — gallp < C.n [l 827 Ip + [Igalln] (2.1.11)

and consequently

l1gnllp = [Ifllp + [If = &allp-

Now we sum up the both estimates (2.1.10) and (2.1.11) and take the infimum over
all g,,. Using the equivalence (2.1.4) we end the proof. |

The most difficult part of the proof of Theorem 2.1 is the inequality (2.1.8). The
idea of the proof is the following: we apply L, .(f, x) on the Taylor expansions with
integral remainder

2r—1

=3 U 10) 1 Ry
where
Ry (f,t,x) = ﬁ/x (t— u)zr_lf(zr)(u)du.

Hence

2r—1

Lus(f.) — ) = Z];“Lnr((z—x)l 0+ LRy (/6.2 2.112)

Lemma 1.4 shows that for L, = By, S,, V, the first sum in (2 1.12) reduces to the

sum ler ri_l Lemma 1.5 implies in the case of L, = B,,, Sn, V that the first sum

reduces to ' . Further we apply the estimate (1.2.12) from Lemma 1.4 and

(1.2.17) from Lemma 1.5 for the central moments of L, ,. Lastly we apply some
upper bounds for the weighted norms of intermediate derivatives of f given in the
proof of [50, Theorem 9.5.3]. The upper bound for the remainder L, (R, (f, t, x), x)
is given in [50, Lemma 9.5.2]. We point out that the direct estimate in Theorem 2.1
for L, = B, S, or V, is not fulfilled when D is replaced by Loo[0, 1] or Lo [0, 00),
respectively, for S, and V,. Similar is the situation for the Durrmeyer modifications
B, S, V.
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2.2 Direct Results for Linear Combinations

2.2.1 Post-Widder Operators

Following Widder [194] an integral representation of the Post—Widder operators for
fixed integer p was proposed by R. K. S. Rathore and O. P. Singh in [164] as

(n/x)n+p+l

P = (n+ p)!

/00 e Y P E(w)du, x € (0, 00) (2.2.1)
0

where f denotes the Laplace transform of a function f. Rathore and Singh in [164]

considered the mth linear combinations of the operators (2.2.1) denoted by PE’Q]_‘ and

defined as

Pozgn.}f 1/050 I/Ol(z) - ]/0[81_1

Poqn.x]? 1/051 I/Ol% 1/0{6"_1
S U At S
" A, ’

Popinaf /ey 1/a2_ ... 1/am"]

where ¢;’s are fixed positive real numbers and A,, is the determinant, which can be
obtained by replacing first column by the entries 1. For the above linear combina-
tions Rathore and Singh [164] established the following pointwise convergence and
error estimation in simultaneous approximation:

Theorem 2.2 Let f be such that f and f*+>™ exist for some x € RY, then
PO — O (x) = o(n™"),n — o0

and
pOIME _ #®O(x) = O(n™),n — oo

where Pi,]?c[m]f are the linear combinations of Pf,k))f Further, if f&2m exists in
(a,b) C R and is continuous at each point x € |[a,b], then the above results
hold uniformly in [a, b].

Theorem 2.3 Let k € N, m being a non-negative integer and 0 < p' < 2m + 2.
If f is such that f exists for some point in positive real-axis and f W'+0) exists and
is continuous on {(a,b) C R, then for all x € [a,b] and n sufficiently large there
holds

- Ck ’ _ —m—
|POImIE _ £ 0 ()| < max{mw(f@ ;=12 1}
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where ¢ = ci(m) and ¢, = c;(m; f) are certain constants.
Also in [164] inverse and saturation results were proved for such linear combina-
tions.

Obviously the Post—Widder operators constitute real inversion formula for the
Laplace transform, Li and Wang in [131] considered the following form of Post—
Widder operators

_ (/"

Plf-0 = G

[oo ey (w)du, x € (0, 00) (2.2.2)
0

For the linear combinations mentioned in Section 1.1, Ditzian and Totik in the book
[50] established direct and converse results for the operators (2.2.2) in L,-norm.
Their main results show for f € L,[0,00),1 < p < oo (with C[0, c0) for p = oo
and ¢(x) = x, that

IPur(f. %) = fll, = O(n™®) & & (f.1), = O(P*)(O0 < < 1)
where

w;r(fs Ny = OSUP ||A/%r(pf||L,,[o,oo),

<h<t

and AYVf(x) = 21.2;0 (21’) (=1)f(x + (r — i).h) for x > rh and zero otherwise (see
[50, (9.3.2)]).

Li and Wang in [131] proved direct and converse results on weighted simulta-
neous approximation by linear combinations of (2.2.2) in L,,1 < p < oo. The
following two direct estimates were established in [131]:

Theorem 2.4 Let f,f0,¢'fO € L,[0,00),1 < p < oo (with C[0,00), for p =
o0),l € Ng,r € N. Then

10 P 5) = Y11y = €0 (0171, + 171100

where a);’(f(l), Dglp = SUPy_p<; ||(plA%;f(l)||Lp[o,oo) is the weighted Ditzian—Totik
modulus of smoothness.
The above modulus of smoothness is equivalent to the weighted K-functional:

K002, = inf{ o' = 9l + > 1le"™* g,

0'g, ") € L,]0,00),1 < p < oo},

for details see [50, Chapter 6].
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Theorem 2.5 Let f,f0,¢'fO € L,[0,00),1 < p < oo (with C[0,00), for p =
00),l € Ng,r € N, t > 0. Then

K3 (Y. )y < 119! Py (F.20) = NVl + M) K (PO 7)1,

2.2.2 Durrmeyer Type Operators: E,,, E,,, V,,

In the year 1983, B. Wood [195] considered Bernstein—Durrmeyer operators and
obtained a direct result in the space L,[0, 1], p > 1 of pth power Lebesgue integrable
functions on the interval [0, 1] by means of the linear combinations due to Rathore
[163] and May [145] defined in Section 1.1 and obtained the following result:

Theorem 2.6 Iff € L,[0,1],1 < p < oo, then for n sufficiently large

||§n(f, k, ) —f||p < Cp.k [n_(k+1)|lf||p + w2k+2(f,l7, n—l/z)] ,

where the constant Cy depends on k and p but is independent of f and n.

In the year 1989, Agrawal and Gupta [13] considered such combinations of
Bernstein—-Durrmeyer operators, in simultaneous approximation. By Lg[0, 1], we
mean the class of bounded and Lebesgue integrable functions on [0, 1]. In [13] the
following direct results were obtained:

Theorem 2.7 Let 1 < p < 2k + 2.f € Lg(0,1] and n > 0 is arbitrary. If f¢*7
exists and is continuous on (a — n, b + n) C [0, 1] having the modulus of continuity
o(fPT7) . 8) on (a —n,b + 1), then for n sufficiently large

BV (. k, ) — fO)| < max{Cin P20+ n=112), Cun= D}

where Cy = Cy(k,p,r),Co = Co(k,p, r,f) and norm ||.|| is the sup-norm on [a, b].

Let us denote by I = [0,1] for ¢ = —1 (correspondent to the Durrmeyer—
Bernstein operators B,) and I = [0, 00) for ¢ = 0 and ¢ = 1 (correspondent to
the Durrmeyer modifications S, and V,, respectively). The following direct estimate
was proved by M. Heilmann in her paper [115, Satz 6.12]:

Theorem 2.8 Letf € L,(I),1 < p < 00, p(x) = /x(1 + cx) and n € N. Then, we
have

a);’(f, n_l/z)p, for c=0,c=1

I,,,f —fll, <Cy %, -
’ r a)é (f,n l/2),,—i—n [fllp, for ¢ =—1.

(2.2.3)

We point out that the statement in Theorem 2.8 holds true only for p < oo, because
the proof relies on the use of Hardy inequality. The proof is similar to the proof of
Theorem 2.1 and is based on these inequalities similar to (2.1.6), (2.1.7) and (2.1.8).
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For the case of Szdsz—Mirakjan—Durrmeyer operators the last theorem can
be generalized for simultaneous approximation of smooth functions f, such that
P*f(2s) € L,[0,00), 1 <p < 00,9 = /x,5 € Ny.

Theorem 2.9 Iff satisfies the conditions mentioned above, then we have
||(pzs(§n,rf _f)(z‘v)”p = Cw;r(f(lv)’ n_1/2)<p2~‘,p’ (224)

where the last moduli are the weighted Ditzian—Totik moduli of smoothness of order
2r (see [50, Definition 6.1.6]) and given for f € L,(I), p*f € L,(I),1 < p < oo by

—r
@Oy (f g 1= SUP 9> Aj o111, 00) + sup > A fllL .12
<n<t

<h<r*

with t* = r*t® and Z;w is the forward difference.

Li Bingzheng in [31] also considered the linear combinations of generalized
Durrmeyer operators containing all the three operators B, S,, V, as special cases
and gave a characterization in terms of the classical modulus of smoothness by
means of the pointwise simultaneous approximation. In [31], C[I]() Leo[l] be the
set of continuous and bounded functions on I. The norm ||.||c denotes the sup-

norm and the rth modulus of smoothness in C[I] () Loo[f] is defined by

o (f.1) = sup [[Ajf]loo.

0<h<t

where Asf(x) = Y j_o(=1)"*()f (x + (k—r/2)h), if x £ (r/2)h € I; Ajf (x) = 0,
otherwise. Also the K-functional considered in [31] by K.(f,f") = infeep, {||f —
glloo + ?'llgl|p,}, Where the Sobolov space D, and its norm are defined by D, =
{g€C): 8"V €A.Cupe. 87 € Loo(D}. lgllIn, = 1Iglloo + 118”00 Obviously
My'w (f, 1) < K, (f.1") < Myw,(f. 1), with the constant M, independent of f and
t > 0. The following direct estimate was established in [31].

Theorem 2.10 Let f©) € C(I) () Loo[l], s € Ny, 7 € N, then
M, (f.x) =] < Mo, (f9, (9*x).n™" + 1722,

where M is a constant independent of f,n € N,x € I and ¢(x) = /x(1 + cx).

2.2.3 Phillips Operators

In the recent paper by M. Heilmann and G. Tachev [119], the following two direct
estimates for approximation by S, , in L,[0, co)-norm, 1 < p < oo were discussed:
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Theorem 2.11 (See [119, Theorem 5.6]) Let ¢(x) = /x,1 < p < oof € L,
[0, 00), where L, [0, 00) = {f € L,[0, 00), lim,— o0 f(x) = fo < 00}. Then

[Suif —£llp < Co20HV(F.n712),, (2.2.5)

where C is an absolute constant independent of n.

Theorem 2.12 (See [119, Theorem 5.8]) Letf € L,([0,00),1 <p <oo,m €N,
such that ®"f@m € L,[0, 00). Then

" S ="y < COZTTVEE™ n=2), . (2.2.6)

where C is an absolute constant independent of n.

Remark 2.1 'We point out that the proofs of both Theorems 2.11 and 2.12, similar
to Theorems 2.8 and 2.9 are valid only for p < oo which follows from the use of
Hardy’s inequality. The case p = oo for L,[0, 00) and approximation of bounded
continuous functions f € Cg[0, 00) by 3",” was considered very recently by Tachev
in [183]:

Theorem 2.13 For ¢(x) = /x,x € [0, 00) fixed, we have
[Snr(Fo ) = f@)] < CLo2 V(™) + 17TV If cyp0.000 - (2.2.7)

where C > 0 depends only on r.

2.2.4 Szdasz—Mirakjan—-Baskakov Operators

In a recent joint paper Gupta and Tachev [105] (see also [98]) obtained the following
direct theorem for approximation of f € Cp[0, co) by linear combinations D,,, of
Szasz—Mirakjan—Baskakov operators:

Theorem 2.14 Let f € Cp[0, 00). Then for every x € [0, 00) and for C > 0,n > r,
we have

|(Dyr(f. %) —f()| < C- 0! (f, %) , (2.2.8)

The following Voronovskaja-type estimate for linear combinations was estab-
lished in [105], using the moments (1.3.6):
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Theorem 2.15 Letf.f', ..., "2 & Cy[0, 00). Then, if r = 2k+1,k = 0,1,2,...

for x € [0, 00) it follows

lim 7"t Dyt (F. %) — F(0)] = Posga (x) - f &2 (x),

n—>o0

where

Poya(x) = lim (Dnok 1 (W2 F2(0), x)n*H1)
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