Chapter 2
Mode-Locked Laser Model

2.1 Introduction

Various models exist for passively mode-locked lasers, each with their own advan-
tages and restrictions. One of the earliest models was based on a master equa-
tion approach, developed by Haus, which allows the mode-locked pulses to be
described analytically under the assumption of only small changes in the gain
and losses per cavity round trip [1]. This approach works well for solid state
lasers, however the assumption of small changes in the gain and losses per round
trip is not applicable to semiconductor lasers. For accurate modelling of semi-
conductor passively mode-locked lasers, finite-difference travelling-wave models
are typically used [2-10]. However the numerical integration of such models
is computationally very expensive and this makes it infeasible to use such an
approach to study the influence of feedback over a wide range of feedback delay
times. In [2, 3, 9], the impact of feedback is studied, but in each case only
in the regime of short feedback cavities. An alternative modelling approach is
to use a delay differential equation (DDE) model. This was first proposed in
[11, 12] and extended to include optical feedback in [13]. This approach assumes
a ring cavity geometry with unidirectional propagation and uses a lumped element
method to include non-resonant losses and spectral filtering. Using this model the
computational cost is greatly reduced and feedback can easily be incorporated. How-
ever, the simplifying assumptions mean that this model is strictly only applicable to
ring cavities, whereas linear cavity geometries are commonly used for monolithic
passively mode-locked semiconductor lasers. Despite this limitation most of the
qualitative trends, especially in dependence of feedback parameters, are very similar
to experimental results for linear cavities [14—18]. Due to its suitability to studying
optical feedback, we will use the DDE model in this thesis.

The modelling of the charge carriers is dependent on the choice of semiconductor
material and can be done to varying degrees of complexity [6, 12, 19-22]. We will
use a simple model for a quantum-well gain medium. Despite this, in subsequent
chapters we will compare our results with experiments using quantum-dot lasers and
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16 2 Mode-Locked Laser Model

show that the qualitative dependence on the feedback parameters is captured by the
DDE model.

This chapter is structured as follows. In Sect. 2.2 we present the derivation of the
DDE model. Then in Sect. 2.3 we discuss the assumptions that underlie this model.
We also discuss key differences that arise compared with travelling wave models, as
well as extensions that have been made to this model.

2.2 Derivation of the DDE Model

In this section we present the derivation of the DDE model for a passively mode-
locked semiconductor laser which is introduced in [12, 23]. In [13] the model is
extended to include optical feedback from one external cavity. Here we present
extension to multiple feedback cavities. The derivation follows those of [13, 24].

The light-matter interaction needed for lasing to occur can be described using
a semi-classical theory [19, 25]. In this approach the light field is described clas-
sically, but the motion of the charge carriers is described quantum-mechanically.
Although the quantum-mechanical treatment of the carriers is necessary for lasing
to be described, the classical treatment of the light field is sufficient when consider-
ing devices that involve macroscopic numbers of charge carriers and photons. The
results of the semi-classical theory are the Maxwell-Bloch equations, which describe
the evolution of the electric field, the charge carrier inversion and the microscopic
polarisation. The derivation for a simple two-level system is given in [25]. For a semi-
conductor gain medium the derivation is somewhat more complicated due to inho-
mogeneous broadening (distribution of charge carrier kinetic energies), many-body
Coulomb interactions and carrier—phonon interactions. A comprehensive derivation
of the semiconductor Bloch equations is given in [19].

We will start the derivation of the DDE model directly from the standard travelling
wave model for semiconductor quantum-well lasers [26-28]:
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The dynamical variables are the left (+) and right (—) propagating slowly varying
complex electric field amplitudes £F and the carrier density n,. In this model the
slowly varying envelope approximation has been made, hence the total electric field
is given by
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where k is the reference wavenumber which is related to the optical frequency 2 via
the linear dispersion relation k = /v, with group velocity v. To arrive at Egs. (2.1)
and (2.2) the polarisation has been adiabatically eliminated. This simplification is
possible because semiconductor quantum-well lasers are generally of class B [29],
meaning that the polarisation dephasing time is much faster than other time scales
of the system.

The carrier—field interaction is described by the complex gain function

9T, (1 —ia) [n, (t,2) —nY], (2.4)

which is the gain linearised about the carrier density at some operation point and
written in terms of the effective transparency carrier density of this linearised func-
tion, n. The differential gain is given by g, and transverse modal confinement is
accounted for by the factor I',. Carrier-induced refractive index changes are mod-
elled by the amplitude-phase coupling factors «, (linewidth enhancement factors).
The factor of 1/2 in Eq. (2.1) is included because expression (2.4) describes the
intensity gain. In Fig. 2.1 a sketch of the carrier dependence of the gain is shown for
a semiconductor quantum-well material [19, 30, 31]. If the same material is used for
the gain (r = g) and absorber (r = g) sections then the difference in their gain comes
from the difference in their carrier densities during operation. Due to the reverse bias
the absorber section will always be below transparency. The operation range of the
gain section will be at some higher carrier density due to the pump current. There-
fore, for the gain and absorber section the gain function is linearised about different
points, leading to different values for the differential gain g,.

In Eq. (2.2) the injection of charge carriers is described by the pump current
density j,. Included in the pump term are the injection efficiency factor 7, the electron
charge e and the thickness of the active region d. The lifetime of charge carriers in
the quantum-well states is limited by non-radiative scattering processes, which are
included via the carrier decay rate ~,. Inspection of the carrier—field interaction term
in Eq. (2.2) shows that the electric field is scaled to the dimensions (length) =3/ such
that |E£|? gives the photon density.

A two section passively mode-locked laser consists of two active sections, a
gain section which is electrically pumped and an absorber section which is nega-
tively biased. Depending on the geometry of the laser, passive sections could also
be included. For the derivation of the DDE model a ring cavity geometry must be
assumed. A schematic of such a cavity is shown in Fig. 2.2. Equations (2.1) and (2.2)
are applied in each section of the laser cavity. The index r € {g, ¢, p} is used to
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Fig.2.2 Schematic diagram of a ring-cavity laser subject to optical feedback from multiple external
cavities

denote the gain, absorber and passive sections, respectively. In the passive section
there are no carriers, hence the evolution of the electric field envelope is described
solely by Eq. (2.1) with the right-hand side equal to zero. In the absorber section
Jq = 0holds, and the influence of the applied reverse bias is manifested in the carrier
decay rate -y, and the gain of this section (Eq. (2.4)). A lumped-element approach
is used to include non-resonant losses at the facets between each of the sections (x;
and k; in Fig. 2.2). Mirror losses as well as coupling to and from the feedback cavi-
ties is included between the gain and passive sections. Also using a lumped-element
approach, a filtering element f (w) is included between the passive and absorber
sections (red bar in Fig. 2.2). The purpose of this filter is to account for the finite
width of the gain spectrum. The z-direction is chosen along the axis of the cavity and
is the propagation direction of longitudinal modes of the laser. Along with the ring
cavity geometry, the second main assumption of the DDE model is unidirectional
propagation of the light field. Here clockwise propagation is chosen, i.e. £ = 0 and
ET = &£. The validity and implications of these two assumptions will be discussed
in Sect. 2.3.

Including the losses and feedback contributions as described above, the boundary
conditions between each of the sections are

& (t,22) = K2y (8, 22) (2.5)
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In Egs. (2.5) and (2.7) x; and k; account for the internal non-resonant loss. These
depend on the length of the active sections according to x, = e %Lx, where a is a
loss rate per unit length and L is the length of the active section for which the losses
are being accounted for.

In Eq. (2.6) feedback contributions from an arbitrary number N of external feed-
back cavities has been included. To experimentally implement such a feedback
scheme there are several options. These include using beam-splitters or optical cou-
plers to distribute the light among the feedback cavities [16, 32, 33]. Here we do
not choose a particular scheme, but rather account for this with the factor &k, which
gives the percentage of the light coupled into feedback cavity n € {1, 2, .., N}, with
Z,ﬁv 1 kn = 1. The sum over [ accounts for feedback contributions after multiple
roundtrips in the feedback cavities. Also included are contributions from light that
has made roundtrips in different feedback cavities. The reflectivity of the end facets
of each of the feedback cavities is given by r,. ,. This factor primarily determines
the feedback strength. The fast oscillating reference frequency 2 also plays a role
in the feedback terms, as due to these fast oscillations a phase shift can accumulate
with respect to the light in the laser cavity. This can be understood by consider-
ing the delayed electric field E (t — 7,z3) = EF (t — 7, z3) e 3700~ 4t the
out-coupling facet (position z3). Over the delay time 7 a phase shift of Q2¢7 accumu-
lates. For each of the feedback cavities the phase shift per roundtrip is then given by
C, = QoT,. Since the optical frequency 27 is very large (THz) very small changes
in the delay times 7, results in variations in the phase that are greater than 27. Due to
this we can essentially treat the feedback phase independently from the delay time.
In Egs. (2.5)—(2.7) the non-resonant losses and reflectivities are all given with respect
to the intensity, hence the respective electric field losses are given by the square root
of these terms.

In the limit of weak feedback, i.e. small external cavity reflectivities r,. ,, the
feedback terms in Eq. (2.6) can be simplified by making the approximation that con-
tributions after multiple roundtrips in the feedback cavities are negligible. Including
only the terms that correspond to one roundtrip in a feedback cavity Eq. (2.6) becomes
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In the boundary condition Eq. (2.7), &, is the Fourier transformed electric field
and w is the angular frequency. In this boundary condition several assumptions are
made. Firstly, the filtering element is assumed to be infinitesimally thin, meaning
that z; = z4. Secondly, since z; + L = z4 in the ring cavity geometry, the boundary
conditions are periodic, i.e.

E(t)=& @t z+ L), (2.10)

where L is the length of the laser cavity. The laser cavity modes are therefore
restricted to

2mv
QL =n T (2.11)
forn =1, 2,3, .... All modes fulfilling this condition can exist in the laser cavity.

This is shown schematically in Fig. 2.3. The grey lines in this diagram indicate
modes with a spacing of Av = T'~! = +» where T is the cold cavity roundtrip
time. Without a spectral filter, according to Eqgs. (2.1) and (2.2), all of these modes
are equally amplified and would have the same output power. However in real devices
only a finite number of modes will have positive net gain [34, 35]. The spectral filter
(black curve) is added to account for this by increasing the losses for modes away
from the maximum gain mode. In the derivation of the DDE model a Lorentzian
shaped filter is chosen; ,
fw)= Triw—AQ) (2.12)
This expression is written in the frame of the slowly varying amplitude, i.e. the optical
frequencies are given by ' = Qo + w. AQ = Qo — Qax is the detuning between
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the frequency of the maximum of the filter ©2,,,x and the reference optical frequency.
The full-width at half maximum of the filter is given by ~. This parameter determines
the number of modes that participate in the mode-locking, which is roughly given
by vT’ [12]. The Lorentzian filter shape is chosen as it allows the derivation of a
system of delay differential equations.

Before applying the boundary conditions it is useful to make a change of coordi-
nates to a frame co-moving with the electric field: (7, z) — (¢, 2/) witht’ =1 —z/v
and 7’ = z/v. In this coordinate system Eqs. (2.1)—(2.2), applied to each section of
the laser, are given by

0A, 1 .
5o = 3 (I —ian) N, (1.2) A (1. ). (2.13)
N =T, (t'.2) =N,y (t'.2) = Ny (', 2) 1A, (', 2) I? (2.14)
o Y R YgNg \T 5 2 g\t,2 g\l2 .
and
aNq ’_ A ~ A ron 2
W=—.7q(l‘,Z)—’Yqu(t,Z)—rSNq(t,z)IAq(t,z)l, (2.15)

with N, (¢, z’) = 0. Here the dynamical variables have been rescaled such that A, =
Jvggl'4€ and N, = vg,I'r[n, — n°]. Accordingly, the rescaled pump parameters
are J; = vg Ly (jy — gny) and Jy = vg,Tyyn), and the saturation energy ratio
7s = g4I'q/g94Ty has been introduced [36, 37]. The saturation energies describe
how much energy must be absorbed or emitted for the absorber and gain sections to
become transparency. The ratio of these energies is a crucial parameter; for mode-
locking to occur the absorber must have a smaller saturation energy than the gain
section, i.e. 7, > 1 as the saturation energies are proportional to (g,I",)~".

In this co-moving frame the evolution of the electric field amplitude along the
sections of the laser is now described by ordinary differential equations (Eq. (2.13)).
Integrating these equations over each section yields

Ag (1, 25) = e 2510 4 (1 7)), (2.16)
Ay (1, 25) = ex (7106 4 (1, 7)) (2.17)
and
Ap (1 25) = A, (1. 25), (2.18)
where

% 2
0() = —/ ’ N, (f',Z)dz and G (V) E/ 3 Ny (1, 2)dZ
/ A

z
7
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are the dimensionless carrier densities integrated over the absorber and gain sections,
which we shall refer to as the gain and losses, respectively. Next, the boundary
conditions can be applied to obtain the evolution of the electric field amplitude over
one roundtrip in the laser cavity. Using Eqs. (2.5) and (2.8), transformed to the
co-moving frame, the evolution from A, (¢, 2}) to A, (', 2} is given by

A, (', 24) = Jrrper (1710 G() =3 (1=i0) () g (¢, 2})
N
LY Kyl (170) 60 ) 0-i0) Q) A (1~ 7,.2])
n=1
(2.19)
In order to apply Eq. (2.7), it must first be transformed to the time domain and the co-
moving frame. The transformation to the time domain is done using the convolution
theorem which states
Flg xh ()] = Flg O1F[h ®)], (2.20)
where g and h are functions of ¢, F is the Fourier transform and (%) denotes a

convolution product. In the co-moving frame, and in terms of the rescaled field,
Eq. (2.7) can now be rewritten as

A0 =T 2+ T) = Jmi(f (= T) 4, (= T'.2)) )
=T
= /_Hl/ f{ =T -6)A,(0.2,)d6, (2.21)

once again T’ is the cold cavity roundtrip time given by L/v. The upper limit of
the integral has been set to t' — 7", instead of infinity, in order to preserve causality.
This is done under the assumption that A, (6, zj;) = 0 for § > 1’ — T". Substituting
Eq. (2.19) into Eq. (2.21) yields

=T’
A, (0.2 =/_ F(—T —6)R®) A, (6.2,)db

o0
N ) =T
+ZK,,e’C"/ F{' =T —0)RO—1) Ay (0 — 70, 2)) db,
n=I1 —o0
(2.22)
where we have defined
R(H) = \/Ee%(171%)6(9)7%(14%)Q(0) (2.23)

which describes the gain and losses accumulated over one roundtrip in the laser
cavity. Here we also define kK = k;x,r. This parameter accounts for all the non-
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resonant and mirror losses per roundtrip. To obtain the left hand side of Eq. (2.22) the
periodic boundary condition has been applied, which in the co-moving coordinates
is expressed as

A (0, 2)=A, (' =Tz, +T). (2.24)

The form of which can be derived by substituting z + L for z in the transformation,
etz Ly (1= SH D) — (v 77,2 4 7).

v
The evolution of the field over one roundtrip is now expressed entirely in terms
of the electric field amplitude in the saturable absorber section at position z}, which
we relabel A (t/) = A, (t/, z’l) In order to obtain a differential equation for the time
evolution of A (t’) Eq. (2.22) is differentiated with respect to ¢’. To do this we first

substitute in the filtering function, which in the time domain is written as
f (') = qerHaor, (2.25)

With some slight rearrangement this yields

=T
A (t’) 1A =/ ,Ye(w—iAQ)(T+9)R ) A (0)do
—00

’ !

N J_
+ D Kne'@ / Ye O TADTHNR (9 — 7,y A (0 — 7,,) dO.
n=1 -

o0

(2.26)

Differentiating Eq. (2.26) then results in a DDE for the time evolution of A (t/);

% + (y—iAQA()=yR({' =T )A(t' = T)
N
+ v Z K 'OR( =T —1,)A(f' =T —1,). (2.27)

n=1

To obtain differential equations for the time evolution of the integrated carrier
densities G (t/) and Q (t’), we integrate Eqgs. (2.14) and (2.15) over the gain and
absorber sections, respectively:

0G @ / /

o Jg (t,) -G (I/) _/ Ny (t/’ Z/) |4y (I/’ Z) dz, (2.28)
2

aQ_J l I ~ @ o A ro Zd/ 2.29

o =) =0 Q ) +F [N () 1A () Pa @229)

Here we have introduced the unsaturated gain and absorption parameters
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n(0)= [, 2:30)

2

and

5 (1) = / "7, (1 2)d7 231

21

respectively. To express the integrals in Eqs. (2.28) and (2.29) in terms of G (t/),
Q (¢') and A (') we must make use of the equations describing the evolution of
the field along the gain and absorber sections (Egs. (2.13), (2.16) and (2.17), and
boundary condition Eq. (2.5)). From Eq. (2.13) we obtain

0A, OA*
A P Paiad
"oz + o7

1 1
= 5 (I —ia) NATA + 5 (L tia) NAAT - (232)

by multiplying by the complex conjugate of the field amplitude A} and adding the
complex conjugate of Eq. (2.13) multiplied by A,. This expression gives

AP _

ro_ ro_r 2
B0 N, (¢, Z) 1A (1. 2) 17 (2.33)

Integrating over the gain and absorber sections then gives

232
|Agq (', 255) 1P = 1Agq (t',25) P = / Nyg (t'.2) 14y, (¢, 2) 17d2. (2.39)
Z

/
2,1

Using Eqgs. (2.16), (2.17) and (2.5) the left hand side can be expressed in terms
of G ('), Q (') and A (¢'), which we then substitute into Egs. (2.28) and (2.29) to

obtain
0G

&= J, (t/) —~,G (t/) _ /ize_Q(f/) (eG(’/) - 1)|A (t/) |2 (2.35)

and
% = Uy (1) =70 (1) = 7™ (2D — 1) 1A (1) . (2.36)
Equations (2.27), (2.35) and (2.36) now describe the evolution of the electric
field amplitude at position z; and the gain and absorption per roundtrip in the laser
cavity. As of yet the influence of spontaneous emission is not included. We treat this
effect in a phenomenological manner by adding a complex Gaussian white noise
term to the electric field equation (Eq. (2.27)). Adding this noise term and making
the transformation A (') = J%A (') €29 we obtain the final system of coupled
DDEsg;
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A — A (1) AR (= T') e 59T A (1 = T') + /Ryt (1)
YN KR (1 =T —7,) e AT A T — 7)), (237)

oG ’ / —0o(t t ’
O =) G () e Q()(gG()_1)|,4(t)|2 (2.38)
and 9
a_fo = Uy () =7, 0 (1) = ree=2) (eQ(f) _ 1)|A(z/) 2. (2.39)

Here the ratio of excitation energies has been rescaled, r; = 7,/x,. The noise strength
is given by Ry, and £ (1) = &g + i&; has the properties

& (=0 (2.40)

and

(& (1) & (") =00 (' —1"), (2.41)

fori, j € {R, I}.

2.2.1 Dimensionless Formulation of the DDE System

For numerical simulations it is convenient to rescale the DDE system such that
the parameters are all dimensionless. In [12] the authors do this by rescaling by the
absorber recovery rate 7,. We shall take the same approach as in [13] and use the cold
cavity roundtrip time 7. This is a convenient time scale of the system to use when
studying the system with feedback as features in the feedback delay time dependence
vary on this time scale, as will be shown in the next chapter.

We write the dimensionless form of Egs. (2.37)-(2.39) as

£ —YEW) +YR(t —T)e "*TE (X — T) + /R, p& (1)

dt

N
+YD KneOR(t =T —7) e TTWEG T — 7)), (2.42)

n=1

oG
5 =l =76 ® - e 20 (eG”) - 1) 1€ (1) |2 (2.43)

and 90

5o = 40 =% Q0 = e (eQ(’) - 1)|5 @) 2 (2.44)
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where time has been rescaled as t+ = t'/T’, the cold cavity roundtrip time is now
T =T'/T' =1and £ = /T’ A. For the other parameters we use the same symbols
as in Egs. (2.37)—(2.39), but they now represent the rescaled quantities. All times are
rescaled by dividing by 7"’ and all rates are rescaled by multiplying by 7'. R () is
as defined in Eq. (2.23).

For all the numerical simulations we use the dimensionless form of the DDE
system and all for results that will be presented in the subsequent chapters, we will
refer to the dimensionless parameter values.

2.2.2 Parameter Values

In this subsection we will briefly discuss some of the final parameters of the DDE
model (Egs. (2.42)—(2.44)) and the values that will be used.

In an experiment the tunable parameters that determine the light output of a
passively mode-locked laser are the pump current that is injected into the gain section
and the reverse bias which is applied to the absorber section. In our final system of
equations these control parameters are related to J,; in Eq. (2.43) and J,; and v, in
Eq. (2.44). J, is related to the pump current, but not directly as it referenced to the
current needed to achieve transparency in the gain section, i.e. it is proportional to
the excess pump current. In the absorber section the applied bias modifies the energy
barrier which needs to be overcome for carriers to escape the quantum-well [38]. This
influences the carrier recovery rate -, and hence the carrier density about which the
gain should be linearised. The carrier recovery rate -,, the differential gain g, and
the effective transparency carrier density ng all enter into the unsaturated absorption
parameter J,, meaning that the bias dependence is manifested in J, and ;.

In the subsequent chapters will we see that the amplitude-phase coupling factors,
oy, and ¢y, can strongly influence the dynamics. These parameters are included to
account for carrier-induced refractive index changes and are proportional to %,
where dn is the carrier-induced refractive index change and dg /0N is the differential
gain [19]. For quantum-well based gain media dn and g depend non-linearly on the
carrier densities leading to carrier dependent a-factors. In the model presented here
these factors are assumed to be constant. We will partially account for the carrier
dependence of the a-factors by investigating scenarios where the values are different
in the gain and absorber sections. However, our default values for o, and o, will be
Zero.

For the charge-carrier recovery rates we will use values that are typical for semi-
conductor quantum-well materials. In the gain section the carrier lifetimes can typi-
cally range from 0.1 to 1 ns [39—41]. In the absorber section the carrier lifetimes are
lower due to the reverse bias which sweeps out the carriers. Typical values which
can be found in the literature are in the range 5-50ps [42]. However, in both cases
the recovery times strongly depend on the structure of the gain material.
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Table 2.1 Parameter values used in numerical simulations, unless stated otherwise

Parameter Value Dimensionless | Parameter Value Dimensionless
T 25 ps 1 v 2.66 ps~! 66.5

Vg Ins! 0.025 Yq 75 ns~! 1.875

Jg 0.12 ps~! 3.0 Jq 0.3 ps~! 7.5

rs 25.0 25.0 Cn 0 0

K 0.1 0.1 AQ 0 0

Qg 0 0 Qg 0 0

The parameter values that we will use throughout this thesis, unless stated oth-
erwise, are those given in Table 2.1. We choose a cold-cavity roundtrip time of
25 ps, which results in a repetition rate of about 40 GHz in the fundamental mode-
locking regime. For a linear cavity, this roundtrip time corresponds to a length of
about 1 mm, which is a typical length for a passively mode-locked semiconductor
laser [16, 43, 44].

2.3 Discussion of the DDE Model

The main assumptions made to be able to derive the DDE system (Eqs. (2.37)—
(2.39)) are that the laser has a ring cavity geometry and that the propagation of light
is unidirectional. This approach has been widely, and successfully, employed to study
the dynamics of various laser systems. These include hybrid mode-locked lasers [45,
46], passively mode-locked lasers with optical injection [47—49] or optical feedback
[13, 18, 50, 51] and Fourier domain mode-locking [52]. In many of these cases
experimental comparison is made with devices that have a linear cavity geometry
and bidirectional propagation. Despite this difference the DDE models have been
shown to reproduce the qualitative behaviour of the dynamics very well [16, 33, 45,
48]. There are however still some qualitative differences that will be discussed in
this section.

In [53] the authors numerically study a travelling-wave model for a monolithic-
semiconductor passively mode-locked laser with a linear cavity geometry. The carrier
and field equations are the same as those used in the DDE model and spectral filtering
is also included in a lumped element approach, i.e. the essential difference between
the DDE system of [12] and the travelling-wave system of [53] is the laser-cavity
geometry and hence that in the latter case there are two counter-propagating fields.
The bifurcation diagrams for these two systems are qualitatively very similar. The
main difference that arises is in the 2nd harmonic mode-locking regime. In this
regime there are two pulses travelling in the laser cavity. In the linear-cavity model
these two pulses collide, which leads to faster saturation of the medium at the point
of the collision. For the cavity model used in [53], this collision takes place in the
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gain section. This is unfavourable for mode-locking and consequently leads to a
break-up of the symmetry of the pulses (period doubling bifurcation). The heights
and separation of the pulses change such that the collision only occurs in the gain
section every second roundtrip, thereby reducing the saturation of the gain section.
This is not observed in the DDE model as the two pulses cannot interact.

In alinear cavity pulse interaction can also occur in the fundamental mode-locking
regime. As the pulse is reflected at the end facets there is an interaction between the
forward and backward moving parts of the pulse, this again leads to faster saturation
of the medium at the point of interaction. This effect is utilised in the so-called
self-colliding-pulse mode-locking, where the saturable absorber is placed near the
high reflectivity facet to increase its modulation [41]. Such interaction effects in the
fundamental mode-locking regime are also not present in the DDE model. There
are however other factors related to the geometry of the cavity, which have been
shown to have a greater influence on the modulation of the absorber section, that can
be observed in the DDE model. In [5] the effect of the positioning of the saturable
absorber in a two section laser, i.e. whether or not the absorber is located at the end
of the cavity with the anti-reflection coated facet, is studied using a travelling-wave
model. Here the authors predict that the output power of the pulses is increased, the
pulse widths are decreased and the amplitude and timing jitter is reduced, when the
absorber is placed in front of the anti-reflection coated facet. The reasoning for this
is that despite a reduction in the interaction of the counter-propagating fields due to
the reduced reflectivity, the power of the pulse impinging on the absorber from the
gain section is now much greater since there are less mirror losses at the end of the
gain section. This leads to faster saturation of the absorber [54], which is known to
improve the mode-locking properties [1]. This dependence on the absorber position
has subsequently been demonstrated experimentally [55, 56]. In the DDE model
similar effects can be observed by placing the out-coupling losses before or after the
absorber section [7].

Depending on the heterostructure of the laser under investigation, refinements can
be made to the DDE model by choosing more sophisticated models for the carriers.
In [7, 50, 57] the respective authors have used the DDE approach with charge-carrier
equations tailored to quantum-dot lasers. However, comparisons between the results
that will be presented in the subsequent sections, and those present in [50], show
that the qualitative trends of the feedback dependence are the same for the simple
DDE we use (Egs. (2.42)—(2.44)) and the more complicated quantum-dot based DDE
models.

Aside from the ring-cavity geometry and the unidirectional propagation, there
are other simplifying assumptions that mean that the DDE model can only be used
to make qualitative not quantitative predicts for experiments. One of these is the
lumped-element approach to including the internal non-resonant losses. By including
the internal losses only at the ends of the gain and absorber sections the electric field
is larger than it should be as it propagates through these sections, which affects the
dynamics of the charge carriers. This can be improved upon by dividing the gain and
absorber in to multiple sections and including internal losses between each section.
The authors of [7] have done this for a quantum-dot mode-locked laser and have
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shown that by adding more sections to the ring cavity they obtained better agreement
with a travelling-wave model for an equivalent linear cavity. This is however at the
expense of a greater computational cost, as each added section requires an additional
carrier equation.
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