
Preface

Problems concerned with the structure and existence of various kinds of
matrices with elements from 0,1,-1, for example, Hadamard matrices and their
generalization to weighing matrices, have long been of interest to workers in
combinatorics and also applied statisticians, coding theorists, signal processors
and other applied mathematicians. A first volume, “Orthogonal Designs:
quadratic forms and Hadamard matrices” (Ed 1), was written jointly by
Anthony V. Geramita and Jennifer Seberry and published by Marcel Dekker
in 1979, but never reprinted. This 1979 volume, devoted to a ground-breaking
approach, illuminated the connections between these various kinds of matrices
and exposed new connections with several other areas of mathematics. The
current volume, “Orthogonal Designs: Hadamard matrices, quadratic forms
and algebras”, is the revision and update of the initial volume created using
research theses and papers written in the intervening years. This more recent
research has led to new ideas for many areas of mathematics, signal processing
and non-deterministic computer programming in computational mathematics.
These approaches are through the investigation of orthogonal designs: roughly
speaking, special matrices with indeterminate entries.

Originally this subject had been discussed in our research papers and those
of our colleagues and students. The discovery of the intimate relationship
between orthogonal designs and rational quadratic forms had not appeared
in print before 1973. The finding of numerous constructions and interesting
objects that appeared fundamental to the study of Hadamard matrices (and
their generalizations) finally prompted Geramita and Seberry to look afresh
at the work that had already appeared. They recast their work and their
collaborators and students in the light of their new discoveries. This present
updated and new work continues the previous book and introduces more
recent material by collaborators, colleagues and students. It leads to new
algebras, techniques and existence results.

As will be clear in the text, orthogonal designs is a heavy “borrower” of
mathematics. The reader will find us using results from, for example, algebraic
number theory, quadratic forms, difference sets, representation theory, coding
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theory, finite geometry, elementary number theory, cyclotomy, the theory of
computation and signal processing. The reader is not expected to be conversant
with all these areas; the material is presented in such a way that even the
novice to these areas will understand why and how we intend to use the
results stated, even if the proofs in some cases remain a mystery. In those
cases where detailed explanation would take too long, references are given so
the interested reader can fill out their background. Thus the original volume
and this volume can be profitably read both by experts and by people new to
this area of discrete mathematics and combinatorics.

To dispel any notion that this book closes the area for further research,
many problems are highlighted, all unsolved, and directions in which further
research is possible are suggested. These problems vary in depth: some are
seemingly very simple, others are major.

Some comments on how this volume is organized: the organization is,
in part, directed by the Janus-like features of the study. In the first three
chapters, which largely remain untouched and are heavily underpinned by the
farsighted work of Anthony V. Geramita, the nature of the problem at hand is
described, and some remarks made on the ingredients of a solution. After some
preliminaries, a rather deep foray is made into the algebra side of the question.
In broad terms, the algebra there described allows us to identify the first set
of non-trivial necessary conditions on the problem of existence of orthogonal
designs. Chapter 4 concentrates, and with the necessary conditions as a guide,
on attempts to satisfy these conditions. Many different methods of construction
are described and analysed. Chapter 5 focusses on one of these construction
methods and analyses it in detail, both algebraically and combinatorially.
Here again, the interplay between classical algebra and combinatorics is shown
to have striking consequences. Chapter 6 deeply studies two construction
methods introduced but not analysed in the original book. The result is new
algebras which have been developed to encompass these combinatorial concepts.
Chapter 7 deviates to give some of the theory and existence results for areas of
number theory and discrete applied mathematics which have proved, over the
past forty to fifty years, to have been somewhat forgotten by those not studying
orthogonal designs. In Chapter 8 a very strong non-existence theorem for
orthogonal designs is proved. The “Asymptotic Hadamard Existence Theorem”
and related wonderful asymptotic consequences and questions, which are
central to Chapter 9, are due to a number of authors. Chapter 10 reminds
us that we have not finished with number theoretic consequences and other
combinatorial features of orthogonal designs by commencing the study of
non-real fields. Finally, in the Appendices, we tabulate numerous calculations
we have made in specific orders.
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