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Abstract We give a short introduction to Beyond Endoscopy, a proposal by
Langlands for attacking the general principle of functoriality. We shall try to
motivate the proposal by emphasizing its structural similarities with the actual
theory of endoscopy. We shall then discuss a few of the many problems that will
need to be solved, some of which are suggested by the recent work of A. Altuğ.
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1 Introduction

This expository paper represents a short (and partial) introduction to Beyond
Endoscopy, a proposal by Langlands for attacking the general principle of func-
toriality. The strategy is quite specific. It entails a direct application of the stable
trace formula to automorphic L-functions.

The difficulties are enormous. They will require completely new methods from
both analytic and algebraic number theory, as well as applications of the trace
formula that go well beyond anything so far attempted. However, there has been
considerable elaboration [L6, FLN, L7, L8, Al1], and [Al2, Al3, Al4] of the proposal
in the years since Langlands first put it forward. There have also been various other
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ideas proposed ([BK, V, Laf, Sak, N2, BNS, H, GH], and [G]) which relate to
Beyond Endoscopy (and to each other). We are now faced with a number of new
directions to explore, including some that seem to be reasonably accessible.

In this paper, we shall describe Beyond Endoscopy from the point of view of the
theory of endoscopy itself. More precisely, we shall describe Langlands’ proposal
as a direct analogue of the stabilization of the invariant trace formula, and its
twisted analogue. This is a slightly different way of organizing some of the ideas
of Langlands. It is implicit in his paper, but it is also related to the appendix of [A6].

We shall also describe a few concrete problems, some of which are suggested
by recent work [Al2, Al3, Al4] of A. Altuğ. Altuğ treats a very special case of
Beyond Endoscopy. His main results, which first appeared in his thesis [Al1],
were established by other means some time ago. However, the thesis contains
new analytic methods, which support the premises of the program. The thesis also
presents some new phenomena for the special case it treats. The problems we
describe include generalizations of these phenomena.

2 Endoscopy

Endoscopy amounts to a series of precise conjectures, also by Langlands, on the
general structure of automorphic representations. The local part of the conjectures
classifies irreducible representations of a local group into finite local L-packets. The
global part consists of a formula for the multiplicity in the automorphic discrete
spectrum of any representation in an associated global packet. I later supplemented
these conjectures by introducing larger local packets, with a corresponding global
multiplicity formula that accounts for the full automorphic discrete spectrum.

There has been recent progress in the conjectural theory of endoscopy. It has led
to the conjectured local and global classification of representations of quasisplit
classical groups, which is to say, quasisplit orthogonal, symplectic and unitary
groups [A9, M]. The methods are largely global. They rest on a comparison of
global trace formulas. More precisely, the classifications ultimately follow from the
stabilization of the invariant trace formula for classical groups, and the stabilization
of the twisted trace formula for general linear groups.1 We shall recall these
endoscopic stabilizations, as motivation for the speculative relationships among
stable trace formulas that would be at the centre of the theory Beyond Endoscopy.

Suppose that G is a connected, reductive algebraic group over a number field F.
The trace formula for G depends on a test function f in the global Hecke algebra
H.G/ D H.G.A// on the adelic group G.A/. This algebra is a topological direct
limit

1One also has to make limited use of the twisted trace formula for the quasisplit, special orthogonal
groups SO.2n/.
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H.G/ D lim
�!

V

H.GV/

over finite sets

valram.F/ � V � val.F/

of valuations of F that contain the places at which G is ramified (a set that by
agreement includes the set S1 of archimedean valuations). By definition, the algebra

H.GV/ D
Y

v2V

H.Gv/ D
Y

v

H.G.Fv//

is a finite product of local Hecke algebras. It embeds injectively into H.G/ under
the mapping

f �! f � uV ; f 2 H.GV/;

where uV is the characteristic function of a suitably fixed maximal compact
subgroup KV of GV D G.AV/, the adelic group complement of GV .

The invariant trace formula for G is the identity given by two different expansions

X

M

jW.M/j�1
X

�2
.M;V/

aM.�/IM.�; f / (1)

and

X

M

jW.M/j�1
Z

….M;V/
aM.�/IM.�; f /d� (2)

of a certain invariant linear form2

I.f / D IG.f /; f 2 H.GV/;

on H.GV/ [A1, A6]. We will not review the classifications to which this identity
and its refinements ultimately lead. Our purpose is rather to provide a context
for Beyond Endoscopy. However, we shall say a few words about the individual
terms in the two expansions, if only because they are the explicit objects on which
everything else rests. A reader unfamiliar with the details of the trace formula can
skip this discussion, and proceed directly to the statement of Theorem 2.1 below.
Alternatively, one can consult the references [A1, A2] or [A6] for further details.

2It is simplest to think of I.f / as an object with no independent characterization. In other words, it
is defined explicitly by either of the two expansions.
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In both expansions, M is summed over the finite set of conjugacy classes of
Levi subgroups of G. For any such M, W.M/ represents the associated Weyl group
in G. The corresponding coefficients aM.�/ and aM.�/ in each expression depend
only on M (rather than G). In the geometric expansion (1), 
.M;V/ stands for a
certain set of conjugacy classes in the group MV . For any � 2 
.M;V/, IM.�; f /
is the invariant distribution attached to the weighted orbital integral over the GV -
conjugacy class of � . In the spectral expansion (2), ….M;V/ stands for a certain
set of irreducible unitary representations of the group MV . For any � 2 ….M;V/,
IM.�; f / is an invariant distribution on H.G/ attached to the weighted characters of
the representation of GV obtained by parabolic induction from � . To be a little more
precise, it is what is left over after the noninvariant part of the weighted character
has been removed, and transferred to the geometric side in order to construct the
invariant distribution IM.�; f /. Finally, d� is a natural measure on the set ….M;V/.
The main point is that the coefficients aM.�/ and aM.�/ are fundamentally global
objects, while the linear forms IM.�; f / and IM.�; f / are defined by local harmonic
analysis. Thus, despite the complexity of some of the terms, the trace formula comes
with a clean delineation of its local and global constituents.

The primary terms are familiar and easy to describe. On the geometric side
assume that M D G, and that � is the GV -component of a strongly regular, F-elliptic
conjugacy class P� in G.F/, which is integral outside V . Then the global coefficient
is the volume

aG.�/ D aG
ell.�/ D vol.G P� .F/nG P� .A/

1/; (3)

where G P� is the centralizer of P� in G. The group G P� .A/1 is the analogue for G P� of
G.A/1, the canonical group theoretic complement in G.A/ of the connected, central
group

ACG;1 D .ResF=QAG/.R/
0 � G.A/:

(As usual, AG denotes the split component over F of the centre of G.) The local
invariant distribution is the invariant orbital integral

IG.�; f / D fG.�/ D jD
G.�/j1=2

Z

G� .FV /nG.FV /

f .x�1�x/dx; (4)

where DG is the Weyl discriminant of G.
On the spectral side, assume again that M D G, and that � is the GV -component

of an irreducible subrepresentation P� of L2disc.G.F/nG.A/
1/ that is unramified

outside of V . As usual, L2disc.G.F/nG.A/
1/ is the subspace of L2.G.F/nG.A/1/

that decomposes discretely under right translation by G.A/1. The global coefficient
is then the multiplicity

aG.�/ D aG
disc.�/ D mult. P�;L2disc.G.F/nG.A/

1//



Beyond Endoscopy 27

with which � occurs in this subspace. The local invariant linear form is the character

IG.�; f / D fG.�/ D tr.�.f //:

An important point is that the discrete part of the general measure d� on the spectral
side (2) is supported on more than just the discrete spectrum L2disc.G.F/nG.A/

1/ of
L2.G.F/nG.A/1/. The discrete part of the trace formula, namely the contribution
to (2) of the entire discrete part of the measure d� , is an invariant linear form

Idisc.f / D
X

M1

jW.M1/j
�1

X

w2W.M1/reg

jdet.w � 1/j�1tr.MP1 .w/IP1 .f //; (5)

in which M1 and W.M1/ are as in (2) (but with M1 in place of M). For any w 2
W.M1/, det.w � 1/ is the determinant of .w � 1/ as a linear operator on the Lie
algebra of the real group ACM1;1

=ACG;1, and W.M1/reg is the subset of elements
w 2 W.M1/ for which this determinant is nonzero. In the right-hand term, P1 is a
parabolic subgroup of G with Levi component M1, and IP1 is the representation of
G.A/1 Š G.A/=ACG;1 obtained by parabolic induction from the representation of
M1.A/ on L2disc..M1.F/A

C
M1;1

/nM1.A//. Finally,

MP1 .w/ W IP1 �! IP1

is the global intertwining operator attached to w that is at the heart of Langlands’
theory of Eisenstein series. The actual discrete spectrum of G is given simply by
the term with M1 D G in (5). We note that the general coefficients aM.�/ in (2)
(and the measure d�) are constructed from coefficients obtained from (5) (with G
replaced by a variable Levi subgroup of M) in a simple manner. (See [A1, (4.5)],
[A9, Sect. 3.1]).

The ultimate goal is to understand the coefficients aG
disc.�/ obtained by expand-

ing the term with M1 D G in (5) as a linear combination of characters. However, the
terms with M1 ¤ G are often hard to separate from this in the study of endoscopy, so
in practice it is the entire linear form Idisc.f / defined by (5) that must be treated. One
wants to understand the global information in Idisc.f / from the local (and global)
information in the geometric expansion (1). (The terms in the spectral expansion (2)
that are complementary to Idisc.f / can often be treated by induction, and will be
ignored in our discussion here.)

There was actually no compelling reason for us to review the terms in (1) and (2).
We have done so in order to place Theorems 2.1 and 2.2 below in context. The first
theorem is known as the stabilization of the trace formula.

Theorem 2.1 ([A2, A3, A4]) Suppose that the group G is quasisplit over F. Then
there exist unique stable linear forms S D SG and Sdisc D SG

disc on H.GV/ such that

IG.f / D
X

G0

�.G;G0/OS QG
0

.f 0/ (6)
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and

IG
disc.f / D

X

G0

�.G;G0/OS QG
0

disc.f
0/: (7)

The objects G0 are endoscopic groups, which are supplementary quasisplit groups
over F attached to G. As indices of summation in (6) and (7), they represent by
convention a slightly broader set of data, namely isomorphism classes of elliptic
endoscopic data .G0;G0; s0; � 0/ for G. The corresponding coefficients �.G;G0/ in the
two expansions are defined by simple explicit formulas. For each G0, QG0 is further
reductive group over F, which represents an auxiliary datum . QG0; Q� 0/ for G0. It comes
with a central torus QC0 over F and a character Q�0 on QC0.F/n QC0.A/, and provides a
minor technical modification in case G0 (as an extension of WF by OG0) is not actually
equal to the L-group of G0. (See [A9, pages 130–131]). Finally, f 0 D f QG

0

represents
the Langlands-Shelstad transfer of the given function f 2 H.GV/ from G to QG0.
These various objects were introduced and developed by Langlands et al. [L5, LS,
KS]. A reader unfamiliar with the details of endoscopy need not be concerned with
them at this point. In the next section, we shall mention endoscopic data again in
proposing “beyond endoscopic” analogues.

We will however recall here the notion of stability. For any given v 2 V , a linear
form Sv in fv 2 H.Gv/ is stable if Sv.fv/ depends only on the set of stable orbital
integrals

f G
v .ıv/ D

X

�v!ıv

fv;G.�v/; ıv 2 �reg.Gv/;

where �reg.Gv/ denotes the set of strongly regular, stable conjugacy classes in
G.Fv/. An element ıv 2 �reg.Gv/ is thus the intersection of G.Fv/ with a strongly
regular conjugacy class in G. NFv/, and as such, is a union of finitely many strongly
regular conjugacy classes �v 2 
reg.Gv/ in G.Fv/. For the stable linear form Sv ,
there is then a unique linear form OSv on the space

S.Gv/ D spanfıv �! f Gv
v .ıv/ W ıv 2 �reg.Gv/g

such that

Sv.fv/ D OSv.f
G
v /; fv 2 H.Gv/:

Similar notation would obviously also apply to the equivariant spaces H.Gv; �v/

and S.Gv; �v/, relative to a character �v on a central torus Cv in Gv . It is used in the
right-hand terms of (6) and (7) (with . QG0v; Q�

0
v/ in place of .Gv; �v/).

We recall also that the Langlands-Shelstad transfer f 0v D f QG
0

v of fv 2 H.Gv/ is an
Q�0v-equivariant function
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f 0v.ı
0
v/ D

X

�v2
reg.Gv/

�.ı0v; �v/fv;G.�v/

of a strongly G-regular element ı0v 2 �reg. QG0v/. The coefficient �.ı0v; �v/ is the
Langlands-Shelstad transfer factor, an explicit function of two variables, whose
definition represents a remarkable combination of class field theory and the theory
of algebraic groups [LS]. The key property that drives everything is that f 0v lies in
the space S. QG0v; Q�0v/, rather than just being a general function of ı0v . This difficult
but fundamental theorem was proved by Shelstad for archimedean v, and then
conjectured by Langlands and Shelstad for general v. It was finally completed for
p-adic v by Waldspurger [W1, W2] and Ngô [N1] with the proof of the Fundamental
Lemma (which amounts to a more precise version of a special case).

Given now the various objects that go into the statement of Theorem 2.1, we shall
say a few words about its proof. The groups G0 consist of the maximal element G0 D
G, together with groups G0 of dimension smaller than G. One assumes inductively
that the linear forms S QG

0

and S QG
0

disc are defined and stable if G0 ¤ G. One then defines

SG.f / D IG.f / �
X

G0¤G

�.G;G0/OS QG
0

.f 0/ (8)

and

SG
disc.f / D IG

disc.f / �
X

G0¤G

�.G;G0/OS QG
0

disc.f
0/: (9)

The problem is to show that the linear forms SG and SG
disc are stable.

The proof is indirect. One must first define stable analogues �.M;V/, bM.ı/,
SM.ı; f /, ˆ.M;V/, bM.�/, SM.�; f / and d� of 
.M;V/, aM.�/,
IM.�; f /, ….M;V/, aM.�/, IM.�; f / and d� respectively, such that the sum

X

M

jW.M/j�1
X

ı2�.M;V/

bM.ı/SM.ı; f / (10)

equals

X

M

jW.M/j�1
Z

ˆ.M;V/
bM.�/SM.�; f /d�: (11)

These objects are defined inductively in terms of their counterparts in (1) and (2), by
various concrete analogues of (8). After much effort, one finally shows by induction
that the linear forms SM.ı; f / and SM.�; f / are all stable. One then takes SG.f / to be
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either of the two equal expansions (10) and (11), and SG
disc.f / to be the component

of the spectral expansion (11) corresponding to the discrete part of the measure d�.
From this it follows at length from the various constructions that they are stable, and
that they satisfy (8) and (9), and hence also (6) and (7).

Theorem 2.1 was established in [A4]. The results of this paper actually apply
more generally to the case that G is an inner twist of a quasisplit group G� over
F. They assert that Theorem 2.1 remains valid as stated for the more general group
G. The endoscopic groups G0 for G are still quasisplit, so the linear forms on the
right-hand sides of (6) and (7) are defined and stable, by application of Theorem 2.1
to G�. In this case, the problem is to establish the two identities, rather than show
that a distribution is stable.

The second theorem is a major generalization of the first. It is known as the
stabilization of the twisted trace formula.

Theorem 2.2 ([W3, W4, MW1, MW2]) Suppose that G is a G0-space over the
number field F, which is to say a bitorsor under a connected, reductive group G0

over F, equipped with a character w on G0.F/nG0.A/. Then the identities (6) and (7)
of Theorem 2.1 remain valid as stated.

In this context, the indices of summation G0 in (1) and (2) are endoscopic data
for the bitorsor G, or in earlier terminology, twisted endoscopic data for the group
G0. In particular, they remain quasisplit, connected groups over G. The remarks for
inner twists above apply here as well. In particular, the linear forms on the right-
hand sides of (6) and (7), as they apply to Theorem 2.2, are defined and stable by
application of Theorem 2.1. In this case, the problem is again to establish the two
identities rather than to prove that a distribution is stable.

Theorems 2.1 and 2.2 were applied to the classification of representations in
[A9] and [M]. Suppose that G is a connected quasisplit orthogonal, symplectic,
or unitary group over the global field F. The global results of [A9] and [M] may
be regarded informally as a classification of automorphic representation of G in
terms of global packets… . These should be parameterized in turn by OG-conjugacy
classes of (elliptic) L-homomorphisms

 W LF � SU.2/ �! LG (12)

of bounded image. In general, LF stands for the global Langlands group, a
hypothetical extension of the global Weil group WF by a compact, connected group
(see [L3, Sect. 2], [K, Sect. 9] and [A5]). In the special case of a classical group here,
LF must be replaced by the ad hoc group defined in Sect. 1.4 in [A9] in order that the
results be unconditional. We refer the reader to Sect. 1.5 in [A9] for the construction
of a global packet … in terms of finite local packets … v , and for the multiplicity
formula with which an arbitrary representation � 2 … occurs in the automorphic
discrete spectrum of G.
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3 Beyond Endoscopy

We shall now begin our discussion of Langlands’ Beyond Endoscopy program. As
we noted in the introduction, it is a proposal for attacking the general principle of
functoriality. There are enormous problems to be solved, so functoriality has still
to be regarded as a distant goal. However, the strategy is quite specific. It is based
on the stable trace formula, and more precisely, a direction application of the stable
trace formula to automorphic L-functions.

As before, G is a connected reductive algebraic group over a number field F,
which we again take to be quasisplit. We also fix our function f 2 H.GV/, for a
large, finite set of valuations V � val.F/ of F. The discrete part Sdisc.f / of the
stable trace formula is then a linear combination of irreducible unitary characters
on H.GV/. We recall that there are irreducible constituents of the discrete spectrum
L2disc.G.F/nG.A/

1/ that are nontempered. In other words, � can have local con-
stituents �v whose characters, as invariant distributions on G.Fv/, are not tempered
in the sense of Harish-Chandra. These are the automorphic representations that
violate the analogue of Ramanujan’s conjecture for G. In terms of the (hypothetical)
global parameters (12), they should be the automorphic constituents of those packets
… for which the global parameter

 W LF � SU.2/ �! LG

is nontrivial on the second factor SU.2/
Langlands’ ideas are designed for the automorphic representations � of G that

are tempered. In order to gain access to them, we must first remove the nontempered
constituents of Sdisc.f /. We shall write

S1cusp.f / D S1;Gcusp.f /

for the cuspidal part3 of Sdisc.f / D SG
disc.f /. It is defined as what remains in the

linear combination of irreducible characters that constitute Sdisc.f / after we subtract
those characters that are either nontempered or do not lie in the discrete spectrum
of G. Now, we have a trace formula for Sdisc.f /. For we can write Sdisc.f / as the
difference between the geometric expansion (10) and the contribution to the spectral
expansion (11) of the continuous part of the measure d�. We therefore also have
a trace formula for S1cusp.f /. It equals the difference between the expression just
described for Sdisc.f / and the contribution to Sdisc.f / of those characters that are
either nontempered or do not lie in the discrete spectrum of G.

We should be a little more clear on this point. When we speak of removing
the nontempered summands from Sdisc.f /, we mean that we subtract the contri-

3This language is slightly misleading. It refers to the parameters  rather than the representations
in the expected packets… , which will often remain cuspidal for parameters that are nontrivial on
the factor SU.2/ in (12).
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bution from the nontempered parameters (12). That is, we remove the expected
contribution of the global packets … indexed by parameters  that are nontrivial
on the second factor SU.2/. The tempered component of any such  , namely the
restriction of  to the first factor LF, would factor through a proper Levi subgroup
LM of LG, and ought therefore to be subject to a suitable induction hypothesis. In
particular, we would be free to assume that its contribution to the discrete spectrum
of M satisfies the analogue of Ramanujan’s conjecture, and therefore actually is
tempered. One of the aims of Beyond Endoscopy is to complete this argument by
establishing Ramanujan’s conjecture for G, insofar as it applies to the contribution
of those parameters (12) for G that are trivial on SU.2/.

We should also say that the trace formula for S1disc.f /we have described is highly
artificial. It is given by a difference between geometric and spectral quantities that
bear little resemblance to each other. Is it possible to effect any cancellation between
these quantities? This question is an important concern in the theory, one that is
emphasized in particular in the paper [FLN].

A central goal of Beyond Endoscopy might be formulated as the following rather
vague question. Can one find a spectral decomposition of S1cusp.f /, as a linear
combination of stable (sums of) characters fG.�/, that accounts for the functorial
origins of � . In other words, can we label each � according to its functorial images
under L-homomorphisms

� W LG0 �! LG‹

The principle of functoriality was introduced by Langlands as the centrepiece of
his famous 1967 letter to Weil [L1]. As we recall, it postulates a correspondence
� 0 �! � of automorphic representations between groups G0 and G for any L-
homomorphism � of their L-groups as above. Langlands’ proposal for Beyond
Endoscopy was to make use of the automorphic L-functions L.s; �; r/ of � attached
to finite dimensional representations

r W LG �! GL.N;C/ (13)

of the L-group of G. Phrased in terms of the question above, the goal would be to
construct a stable generalization Sr

cusp.f / D Sr;G
cusp.f / of S1cusp.f / D S1;Gcusp.f / for any

r, in which the stable multiplicities of representations � that occur in S1cusp.f / are
weighted by the orders of poles

m�.r/ D �ordsD1L.s; �; r/ D ressD1

�

�
d

ds
log L.s; �; r/

�

(14)

at s D 1 of the L-function attached to r. Notice that S1cusp.f / would then be the
special case that r equals 1, the trivial 1-dimensional representation. For in this
case, L.s; �; r/ equals the Dedekind zeta function �F.s/ (completed, let us say, at the
archimedean places), which has a simple pole at s D 1, and weight factors m1.�/

therefore equal to 1.
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The proposed stable distribution Sr
cusp.f / should come with a decomposition

Sr
cusp.f / D

X

G0

�.r;G0/ OP QG
0

cusp.f
0/ (15)

into what we can call primitive, stable distributions P QG
0

cusp on groups QG0.A/. The
indices of summation G0 in (15) would represent isomorphism classes of elliptic
“beyond endoscopic data” .G0;G0; � 0/ in which G0 (the first component) is again a
quasisplit group over G, G0 is a split extension

1 �! OG0 �! G0 �! WF �! 1

of the global Weil group WF by the dual group OG0, and � 0 W G0 �! LG is an L-
embedding such that

ˇ

ˇ

ˇCent.G0; OG/=Z. OG/

ˇ

ˇ

ˇ <1;

in the standard notation of [A9] in Sect. 3.2, for example. The superscript QG0 in (15)
would represent an “auxiliary datum” . QG0; Q� 0/ for G0, where QG0 (the first component)
is a split central extension

1 �! QC0 �! QG0 �! G0 �! 1

of G0 by an “induced torus” QC0 over F, and Q� 0 W G0 �! L QG0 is an L-embedding, which
as in the case of endoscopy from Sect. 2 comes with a character Q�0 on QC0.F/n QC0.A/.
The coefficient in (15) should be a product

�.r;G0/ D m0.r/�.G;G0/ (16)

of a coefficient �.G;G0/ that is independent of r and the dimension datum m0.r/ D
mG0.r/ of G0 at r, which is to say, the multiplicity of the trivial representation of G0
in the composition r ı � 0.

In the linear form OP QG
0

cusp.f
0/, the function f 0 is the stable transfer of the given

function f from G to QG0. More precisely, it is the image of f under the mapping

f �! f 0 D f QG
0

from H.GV/ to S. QG0V ; Q�0V/ defined by

f 0.�0/ D f G. Q� 0 ı �0/ (17)

where �0 ranges over the bounded, Q�0V -equivariant Langlands parameters for QGV ,
a set
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ˆbdd. QG
0
V ; Q�
0
V/ D

(

�0 D
Y

v2V

�0v W �
0
v 2 ˆbdd. QG

0
v; Q�
0
v/

)

that is bijective with the set of QG0V -orbits in the family of L-homomorphisms

Hombdd.WFV ;G0V/ D
Y

v2V

Hombdd.WFv ;G0v/

with bounded image in QG0V . This definition presupposes the local Langlands
correspondence for the groups G0v (and QG0v). One would hope to establish it along
the way.

Finally, to describe the primitive linear form P QG
0

cusp, we can obviously suppose

that QG0 D G0 D G. In this case, it would be the “primitive part”

SG
prim.f / D PG

cusp.f /

of SG.f / (or S1;Gcusp.f /). By this, we mean that PG
cusp.f / is the spectral contribution

to the stable trace formula of those tempered, cuspidal automorphic representations
that are primitive, in the sense that they are not functorial images from some smaller
group. Of course, we do not have functoriality at this point, so this description of
PG

cusp.f / cannot serve as a definition. Instead, we define PG
cusp.f / inductively by

setting

PG
cusp.f / D S1cusp.f / �

X

G0¤G

�.1;G0/ OP QG
0

cusp.f
0/: (18)

For any representation r, we would then have a definition for all of the terms on the
right-hand side of (15). In the case r ¤ 1, the decomposition (15) then represents
an identity that would have to be proved.

Notice the analogies of our formulation of Beyond Endoscopy with the endo-
scopic construction of the last section. Indeed, the Eq. (15) is completely parallel
to (7), with the interpretation of (7) from Theorem 2.2 in which G stands for a G0-
space. (We could have made the notation completely parallel by letting G represent
the pair .G; r/ in (15)). In particular, the objects Sr

cusp, G0, �.r;G0/, QG0 and P QG
0

cusp

in (15) assume the formal roles of IG
disc, G0, �.G;G0/, QG0 and S QG

0

disc in (7). The case
r D 1 of (15) is of course parallel to the case G D G0 of (7). The definition (18) is
therefore parallel to the endoscopic definition (9).

Observe that we have not yet discussed analogues of the original invariant
trace formula (the identity of (1) and (2)) and its stable refinement (the identity
of (10) and (11)). They would consist respectively of a geometric expansion for
Sr

cusp.f /, and another geometric expansion for PG
cusp.f /. The resulting identities

would amount to new trace formulas, a third and fourth kind, which we could call the
r-trace formula and the primitive trace formula. Their role would be to establish and
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interpret the general expansion (15). If the analogy with endoscopy is taken further,
we might expect the primitive trace formula to follow from the r-trace formula by a
process of “primitization”, parallel to the stabilization of the invariant trace formula.
From this perspective, the r-trace formula would therefore be the central result from
which the rest should follow.

Langlands’ idea is to construct the distribution Sr
cusp.f / from the special case

S1cusp.f / in which r D 1. The finite set V � val.F/, the function f in H.GV/ �

H.G/, and the representation r of LG remain fixed. Given any valuation w … V , we
define a new function f r

w in H.G/ by setting

f r
w.xxw/ D f .x/hr

w.xw/; x 2 GV ; xw 2 G.Fw/;

where hr
w is the unramified spherical function on Gw D G.Fw/ such that

Ohr
w.cw/ D tr.r.cw//;

for any Frobenius-Hecke conjugacy class4 (FH-class) cw in LGw. We are writing Ohr
w

for the Satake transform of hr
w and as usual, qw will be the order of the residue field

of Fw. Consider an irreducible unitary representation � of G.A/ that is unramified
outside of V . The associated (incomplete) L-function is given by an Euler product

LV.s; �; r/ D
Y

w…V

det
�

1 � r.c.�w//q
�s
w

��1
;

where c.�w/ denotes the FH-class of the w-component �w of � . It converges for s
in some right half plane. Suppose that LV.s; �; r/ has meromorphic continuation to
the complex plane, is analytic for <.s/ > 1, and has no poles away from s D 1 on
the line <.s/ D 1. Using a Tauberian theorem, one can then show that the order of
the pole5 of LV.s; �; r/ at s D 1 equals

m�.r/ D � lim
N!1

jVN j
�1
X

w2VN

log.qw/tr.r.c.�w///;

if

VN D fw … V W qw � Ng:

(See the appendix to Sect. 2.1 of [Se]). If we apply this identity to the spectral
definition of Sr

cusp.f /, taking also the definition of hr
w into account, we obtain a

formula

4Also called a Satake class.
5We are assuming that L.s; �; r/ and LV .s; �; r/ have the same order at s D 1, as is expected.
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Sr
cusp.f / D lim

N!1
jVN j

�1
X

w2VN

log.qw/S
1
cusp.f

r
w/: (19)

The limit formula (19) would thus be a consequence of the meromorphic
continuation of the L-functions attached to r. As Langlands pointed out in his
original article [L2], the meromorphic continuation and functional equation of
general automorphic L-functions would follow from the principle of functoriality.
But functoriality is the ultimate goal of Beyond Endoscopy, so we are certainly not
in a position to assume meromorphic continuation of L-functions. All we can say is
that we expect the limit formula (19) to be valid.

Langlands’ proposal is to try to establish the limit in (19) from the geometric
side of the trace formula for S1cusp.f

r
w/. Recall that the trace formula for S1cusp.f /

is given by the geometric expansion for S.f / minus some spectral terms. We have
observed, following Langlands, that these spectral terms might be treated by an
induction hypothesis. However, we would want more. We would like to see some
explicit cancellation of the spectral terms from the geometric expansion, at least
insofar as the limit (19) is concerned. This would leave a purely geometric expansion
to which one could try to apply the limit. The main concern here is the contribution
of the nontempered stable characters in the spectral formula for Sdisc.f /. As we have
noted, these should be attached to the global packets… for which the parameter  
is nontrivial on the factor SU.2/ in (12).

An important new technique was introduced in the paper [FLN] by Frenkel,
Langlands and Ngô. Motivated no doubt by Ngô’s use of the Hitchin fibration
in his proof of the Fundamental Lemma for a function field, they proposed a
parameterization of the geometric terms in the stable trace formula over our number
field F by what they called the base of the Steinberg-Hitchin fibration (SH-base).
Its introduction is likely among other things to make the geometric contribution of
nontempered characters more transparent.

Suppose for simplicity that G is simply connected, and split over F. In this
case, the SH-base (over F) is an F-vector space A.F/ of dimension equal to rk.G/,
the rank of G. Its coordinates are in fact parameterized by the irreducible, finite
dimensional representations ri of G attached to fundamental dominant weights
(relative to some splitting of G). The mapping

ı �!
M

i

tr.ri.ı// (20)

is then a bijection, from the set of stable semisimple conjugacy classes ı in G.F/
onto the SH-base A.F/. Now the set of geometric terms in the stable trace formula
of G fibres over the set fıg. (Any such term is a stable distribution that is actually
supported on a more general set of conjugacy classes, but each of these projects to
the same ı.) For any point a 2 A.F/ with preimage ı under (20), let �f .a/ be the
sum of the geometric terms for SG.f / that belong to the fibre of ı. We can then write
the geometric expansion for SG.f / as
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X

a2A.F/
�f .a/ D SG.f /; (21)

following the definition from [FLN].
As a vector space over F, the SH-base has points with values in any extension

of F, and in particular, in the ring of adeles A of F. The set A.A/ is of course a
locally compact abelian group, in which A.F/ is a discrete, cocompact subgroup.
The real import of the formulation (21) from [FLN] is the suggestion by the
authors of a possible application of the Poisson summation formula, which we write
informally6 as

X

a2A.F/
�f .a/ �

X

b2A.F/

O�f .b/: (22)

This would give the geometric expansion of SG.f / something of a spectral interpreta-
tion, which one might then try to compare with the terms in the spectral expansion of
SG.f /. The application of Poisson summation has long been an intriguing idea in the
study of trace formulas. In the past, it has generally been considered multiplicatively,
on a maximal torus of G over F. For example, it was applied to the maximal split
torus in GL.2/ in [L4] to deal with weighted orbital integrals. However, further
progress proved to be elusive. The additive application of Poisson summation in (22)
now raises interesting new possibilities.

There are a number of serious analytic difficulties to be solved before a general
Poisson formula (22) can be applied. Frenkel, Langlands and Ngô established a
modified version of it in [FLN]. They then suggested a striking relation of (22) to
the assimilation problem for nontempered spectral terms. It pertains to the most
severely nontempered term, the trace of the trivial, 1-dimensional representation �1
of G.A/. This is the contribution to the discrete spectrum of the parameter  D  1
in (12) that is trivial on the first factor LF, and that as a homomorphism from the
second factor SU.2/ to OG, corresponds to the principal unipotent conjugacy class in
OG. The authors of [FLN] conjectured that it contributes only to O�f .0/, the summand
with b D 0 on the right-hand side of (22). They then provide some evidence for the
conjecture, which Langlands strengthens in the subsequent paper [L7].

4 Questions and Problems

There appear to be a number of accessible questions related to Beyond Endoscopy,
as well as an inevitable supply of interesting but considerably more challenging
problems. We shall discuss seven general questions. Rather than attempting to order

6The formula cannot be literally true, since the summands �f .a/ are not the restriction to a 2 A.F/
of a natural Schwartz function on A.A/. Since we are only trying to describe the basic ideas, we
shall ignore this question.
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the questions/problems by difficulty, we shall pose them in the natural order they
might arise from the discussion of the last section. We shall be very brief.

Some of the questions are suggested by the thesis7 of Altuğ [Al1]. He works in
the case that F D Q, G equals GL.2/, r is the standard 2-dimensional representation
of OG D GL.2;C/, and V equals the single archimedean valuation VR D fRg. The
function f is then of the form

fR � u
R; fR 2 H.GR/: (23)

Despite the fact that the limited applications of this case to functoriality have long
been known, the methods of Altuğ are quite powerful. They lead to new phenomena,
which will be the basis of our problems III–VI.

In this section, G remains a quasisplit group over F. We will sometimes specialize
it to a simply connected split group, as at the end of the last section, and sometimes
to the group GL.2/ over Q of [Al1]. This is often just for simplicity, and is generally
to be inferred implicitly from the context.

I. It should be possible to determine the precise nature of the coefficients �.r;G0/
in the decomposition (15). The problem is to obtain a formula for the first
factor �.G;G0/ in (16). We have essentially copied the standard notation used
in the coefficients (6) and (7) from endoscopy, since there will certainly be
similarities. But there is something new to be aware of here. It is the failure
[AYY] of an index of summation G0 in (15) (as an isomorphism class of
“beyond endoscopic data”) to be determined by its dimension datum (the
function m0.r/ in (16)). My understanding is that this lack of uniqueness is
characterized by the results of the recent paper [Y] of Jun Yu. However, the
phenomenon does not appear to bear on the narrow problem here of describing
the factor �.G;G0/. Rather, it relates to the question of how we would interpret
the entire primitive decomposition (15), once it has been established. We shall
say a few words on this broader question in a final problem VII.

II. A basic goal of Beyond Endoscopy is to establish a primitive decomposi-
tion (15) for the linear form Sr

cusp.f /, just as a goal of endoscopy was to
establish the stable decomposition (7) for the linear form IG

disc.f /, with the
broader interpretation of Theorem 2.2. Guided by endoscopy, we would first
try to establish a corresponding geometric decomposition, which in this case
we would hope to construct eventually as a limit (19). Now (19) was based
on the orders m.�; r/ of poles of L-functions, which come from the residues
of logarithmic derivatives in (14). It was pointed out by Sarnak [Sa] that
this would actually lead to intractable estimates on the geometric side. The
problem is the irregular nature of the volumes (3). He suggested replacing the
residues m.�; r/ of logarithmic derivatives simply by the residues

7We shall generally quote from this thesis, although the results from Chap. 5 of the thesis are easier
to extract from the subsequent paper [Al2].
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ressD1L.s; �; r/

of the L-functions themselves. This suggestion was adopted in the later papers
[FLN, L7] and [L8], and was also the perspective of Altuğ’s thesis.

Can we reconcile the two possible decompositions? Will the geometric
decomposition of Sr

cusp.f / based on residues of L-functions, whatever form
it might take, imply the spectral decomposition (15) based on residues of
corresponding logarithmic derivatives? These questions are for the moment
hypothetical. Something close to spectral decomposition (15) must surely
be true, informed as we are by the principle of functoriality. A geometric
decomposition is something we would hope to prove directly. The problem
is to determine how its spectral implications might include (15).

III. This question is less specific. It falls under the general heading of real
harmonic analysis. Altuğ’s estimates are based on the harmonic analysis
of GL.2;R/. This would seem to be a relatively simple and well travelled
field. But combined in [Al1] with analytic number theory arising from the
approximate functional equation, and interpreted in terms of the SH-base for
the group SL.2/, it becomes a formidable technique.

Can we generalize the estimates to other groups G and more general
functions f ? Of course, if we take the finite set V to include nonarchimedean
places, we will need to develop new p-adic methods. Even for the unramified
case V D VR, there will be p-adic questions that are presumably Beyond
Endoscopic analogues of the Fundamental Lemma. They are undoubtedly
related to recent work [N2] of Ngô (see also [BNS]). However, one could also
try to isolate the archimedean problems without attempting to deal directly
with the p-adic questions. This at least is how the proof of the general
endoscopic identities (6) and (7) evolved.

The terms to be considered are the local distributions SM.ı; f / on the
geometric side (10) of the general stable trace formula. In the case G D GL.2/
of Altuğ, they are the terms (i), (ii), (iv), (v) and (viii) on pages 516–517 of
[JL]. Altuğ’s study of these terms (some of which do not appear explicitly),
and his use of the approximate functional equation [IK] to control the volumes
in the term (ii) of [JL], eventually lead him in Chap. 5 of [Al1] to a Poisson
formula8 (22) for this setting. The problem is to try to extend some portion
of these results to more general settings. A reason to be optimistic is that we
have Harish-Chandra’s great legacy of harmonic analysis on real groups, with
Shelstad’s extensions to stable distributions, and perhaps also the techniques
of [A7, A8] and [A10] for dealing with stable, weighted orbital integrals.

IV. This is the problem of absorbing the nontempered characters in the automor-
phic discrete spectrum of G into the geometric expansion (10) of SG.f /. If
we are to be guided by the experience of Langlands and Altuğ, we would

8Altuğ actually truncates the left-hand side of (22) in order not to deal with weighted orbital
integrals, so it is actually a slight simplification of (22) that is established.
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first want to establish the Poisson formula (22) for G. This already raises
formidable analytic difficulties, as we mentioned in the last section, some of
which would fall under the general questions in III on archimedean harmonic
analysis. Once he established a form of (22) in his setting for GL.2/, Altuğ
then showed in Chap. 5 [Al1] that the trivial 1-dimensional representation does
indeed contribute only to the term O�f .0/, as was conjectured for general G in
[FLN]. The question is whether there are natural results of this sort for other
nontempered characters in the automorphic discrete spectrum of G.

As we noted at the end of the last section, the trivial 1-dimensional
representation of G.A/ corresponds to the parameter  1 attached to the
principal unipotent u1 in OG. For the group G D SL.2/, it is believed to be
the only nontempered constituent of the discrete spectrum of G. For general
G, we expect packets … of nontempered automorphic representations for
the parameters  D  u attached to other unipotent classes u in OG, or more
generally, to any parameter  that is nontrivial on the SU.2/ factor in (12).
If these packets are also to give some simple contribution to (22), we might
try to guess what it is. We could then try to find evidence for the guess from
the archimedean estimates we could hope to obtain from the discussion in III
above. What seems clear, as has been emphasized in [L6], is that we cannot
expect to establish any form of the limit (19) without first accounting for the
nontempered automorphic representations of G.

V. There is another set of terms in the stable trace formula that will have an
important bearing on (19). For G D SL.2/, it consists of the single stable
distribution

tr.M.w/IP.0; f //; w ¤ 1; (24)

or what amounts to the same thing, the term (vi) for GL.2/ in [JL]. For GL.2/,
this distribution is tempered, but because it is associated with the Riemann
zeta function, it will give a nonzero contribution to the limit (19). Altuğ shows
in Chap. 5 [Al1] that like the trivial representation of GL.2/ in IV, it also
contributes only to the term O�f .0/ in (22). What can possibly be going on?

The question is particularly pressing when we note that the generalizations
of the distributions (24) to arbitrary (quasisplit) groups are often nontempered.
In fact, if we think of the stabilization (7) of the right-hand side of (5) (and
include the terms with w D 1 in (5)), we are forced to agree that these general
terms will also include the nontempered constituents of the general discrete
spectrum discussed in IV. A general answer to the question here will thus
also provide answers for IV. These questions seem to be related to the general
injective mapping

u �! w
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from unipotent classes in OG to conjugacy classes in the Weyl group of OG or
G, defined by Kazhdan and Lusztig in Sect. 9 in the paper [KL]. They are
probably also related to the stable multiplicity formula Theorem 4.1.2 in [A8],
which was proved for quasisplit orthogonal and symplectic groups G in [A8].
We hope to return to the questions in IV and V in another paper.

VI. This question concerns the interpretation of the limit (19). Consider the case
studied by Altuğ, in which r is the standard 2-dimensional representation of
the group OG D GL.2;C/. For any cuspidal automorphic representation � of
the group G, the L-function

L.s; �/ D L.s; �; r/

is then entire. In particular, it has no pole at s D 1. Therefore, by its spectral
definition (either taken with the order m�.r/ from Sect. 3 or modified with
the actual residues as in II above), the linear form Sr

cusp.f / should vanish.
Therefore the limit on the right-hand side of (19) (modified or not) must
also vanish. On the other hand, Altuğ has established a geometric formula
for S1cusp.f /, which according to (19) should lead to a geometric formula
for Sr

cusp.f /. If the premises of Beyond Endoscopy are to hold, one would
certainly have to be able to establish the vanishing of the limit (19) directly
from the geometric formula for S1cusp.f /. Altuğ does this in Chap. 9 [Al1],
under a certain constraint on the function f .

Altuğ’s constraint on f is that its archimedean component fR is a cuspidal
function that is supported on the space of classical modular forms of weight
k > 2. With this restriction, the trivial representation of G.A/ and the linear
form (24) both vanish on f , so the estimates described in IV and V are not
required. The distribution S1cusp.f

r
w/ in (19) reduces simply to the classical

formula of Selberg for the traces of Hecke operators. Recall that this formula
has a parabolic contribution from boundary points. These come from the
weighted orbital integrals of fR, the first time in [Al1] that these more exotic
components of the trace formula are present. The problem is to show that the
limit of a sum of terms (given by a minor modification of (19) according to the
remarks in II) actually vanishes. But here there is a surprise. Altuğ shows that
the limit of the elliptic terms and the limit of the parabolic terms both exist in
their own right, but that they are each nonzero.9 He shows also that the two
limits sum to 0, and therefore that the (modified) limit (19) does vanish, as
required.

9This phenomenon applies only to the modification of the limit (19) discussed in II, wherein the
logarithmic derivative of (14) is replaced by the L-function itself. I thank Altuğ for pointing out
that if one sticks with the original logarithmic derivative, the elliptic and parabolic limits are in
fact both equal to zero. (See [L6, Sect. 2.3].) The dichotomy here, which entails an examination of
weighted orbital integrals for GL.2/, might be a good place to begin a study of the questions raised
in II.
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How general is this phenomena? It seems remarkable that a new identity
should arise from the very familiar, sixty-year-old formula of Selberg. The
first thing that one might attempt would be to remove the cuspidal constraint
on fR. The elliptic orbital integrals and the weighted orbital integrals then
become considerably more complex, even for the group GL.2/. Do the two
individual limits still exist? What is the nature of the corresponding linear
form in f ? What happens if, for example, GL.2/ is replaced by GL.N/, but
r remains the standard (N-dimensional) representation? We refer the reader
to later sections of [L6] for a discussion of archimedean weighted orbital
integrals in a somewhat more general setting.

VII. Among the expected properties we have described, there has been an obvious
omission. It is the principle of functoriality itself. Given an r-trace formula for
Sr

cusp.f / with primitization (15), for each representation r of LG, how might
one try to deduce functoriality?

The problem would be to establish functoriality between G0 and G, for any
of the indices G0 on the right-hand side of the primitive decomposition (15)
attached to G and r. In the paper [L6], Langlands suggested trying to isolate
the contribution of G0 (which we have formulated as the primitive distribution
OP0cusp.f

0/ in (15)) by letting the representation r of LG vary. In particular, he
raised the question of how close the dimension data m0.r/ in (16) come to
determining the contribution of G0. As we mentioned above in I, this question
has since been settled [AYY, Y], with a conclusion that the dimension data
are generally not sufficient to isolate G0. What should be the next step? This
is a question that calls for considerably more thought. I raise it only because
a problem that seems similar had to be solved in the classification [A9] for
representations of orthogonal and symplectic groups.

Suppose that G is the G0 D GL.2n/-space defined by the standard outer
automorphism of GL.2n/. Let G0 be one of the two split groups G01 and G02
whose dual groups are OG01 D Sp.2n;C/ and OG02 D SO.2n;C/ respectively.
We are now thinking of the twisted stabilization (6) for endoscopy, rather than
the beyond endoscopic primitization (15). In particular, the two groups G0

represent two elliptic endoscopic data for G, which therefore correspond to
two terms on the right-hand side of (6). The problem from [A9] was to separate
the contributions of these terms to the left-hand side of (6). The issue in this
case was not in the dimension data for the two groups G0, which actually do
separate the two contributions. (See [A9, Theorem 1.5.3 (a)].) The problem
was to establish this from the limited information at hand, and in particular,
to establish functoriality between G0 and G0 in this special case. It required a
further technique.

The solution in [A9] was to extend the application of (6). For any global
parameter for G, one can attach larger groups G0C to the two groups G0 D G01
and G0 D G02, and a larger G0

C-space GC to the G0-space G. (See [A9,
Sect. 5.3].) The stabilization (6) for GC then leads to further information
about the correspondence between G0 and G. For the most critical parameters



Beyond Endoscopy 43

(which we called simple in [A9], but which really act as the primitive objects
in that setting), further enlargements G0CC and GCC are needed in order
to complete the underlying proof by induction. (See [A9, Sect. 8.2].) The
argument requires considerable care, since the larger groups G0C and G0CC
are outside the domain of the basic induction hypothesis. We shall say nothing
further about the technique, except to ask whether an enlargement in this spirit
of the fixed groups G and G0 in (15) might provide useful supplementary
information.
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