Chapter 2
Multivariable Calculus

2.1 Review of Euclidean n-Space R"

2.2 Geometric Approach: Vectors in 2-Space and 3-Space

A vector is a quantity that is determined by both its magnitude and its direction: thus,
it is a directed line segment (Figure 2.1).

Fig. 2.1 A vector

The length of a vector a is also called its norm (Euclidean norm), denoted by ||a]||.
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2.2.1 Components and the Norm of a Vector

For a vector a with the initial point P : (u1, us, u3) and the terminal point Q :
(v1, v2, v3), its components are the three numbers:

ay =V —uy, ay =V —Up, a3z =V3 — U3,

and we write
a=(ay,a,az).

The norm of a is the number

2 2 2
llall =+/ai +a; +a;.

2.2.2 Position Vector

Given a Cartesian coordinate system, each point P : (x|, x», x3) is determined by its
position vectorr = (X1, X3, x3) with the initial point origin and the terminal point P.
The origin is determined by the null vector or zero-vector O = (0, 0, 0) with length
0 and no direction.

2.2.3 Vectors as Ordered Triplets of Real Numbers

There is a 1-1 correspondence between vectors and ordered triplets of R. Given
vectors a = (aj, az, az), b = (b1, by, b3), we define (Figure2.2)

Fig. 2.2 Scalar multiplication and addition of vectors
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a=b & a =by,ay = by, a3 = b3 (equality)
a+b=(a;+by,a, +bsy,a;3 + b3) (vector addition)
aa = (aay, aay, aas) forall a € R;  (scalar multiplication).

2.3 Analytic Approach

Givenn e N, let R" :={a= (a1, a»,...,a,) :a; € R, i =1,2,...n} denote the
Cartesian n-space. The elements of R" are called vectors (or more precisely
n-vectors).

Definition 2.1. Given two vectors a = (ay, ..., a,), b= (b1, ..., b,), we define:
(equalityy a=Dbiffa, =b;, i =1,2,...,n.
(addition) a+b = (ay + by, ...,a, +b,).

(scalar multiplication) ca = (cay, ..., ca,) forall c € R.

2.3.1 Properties of Addition and Scalar Multiplication

Forall a, b, cin R" and «, 3 in R, we have

i) a+b=Db+a (commutativity),

(i) (@a+b)4+c=a+ (b+c) (associativity),
(iii) a+ 0 =0+a=a (zero element),

@iv) a4+ (—a) = O (inverse element),

v) a(a+Db)=caa+ ab (distributivity),

vi) (a+ p)a=ca+ Pa (distributivity),
(vii) «a(Ba) = (af)a,

(viii) la = a.

The above properties of addition and scalar multiplication are used as axioms for
defining a general vector space.

2.4 The Dot Product or the Inner Product

Definition 2.2. For a, b in R", their dot (or inner) product, written a - b (or (a, b))
is the number

a-b= Za,-b,». (2.4.1)
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2.4.1 The Properties of Dot Product

For all a, b, ¢in R" and « in R, we have:

(i) aa=>0,

(i) aa=0iffa=0 ((I)&(ii) =positivity),

(iii) a.b =b.a (commutativity),

(iv) a-(b+c)=ab+a.c

(v) «a(a.b) =(xa)-b=a- (ab) ((v)&(v) =bilinearity).

Theorem 2.1. (The Cauchy—Schwarz inequality) For all a, b in R", we have
(a.b)” < (a.a)(b.b). (24.2)

Equality holds in (2.4.2) if and only if a is a scalar multiple of b, or one of them is O.

Proof. Ifeitheraorb equals O, then (2.4.2) holds trivially. Soleta = O andb # O.
Let x = aa — Sb where oo = b.b and 3 = a.b, then

0 <x.x = (ca — (5b) - (ca — Bb)
= o*(a.a) — 2af6(a.b) + 3*(b.b)
= (b.b)?(a.a) — 2(b.b)(a.b)?> + (a.b)>(b.b)
= (b.b)*(a.a) — (a.b)*(b.b). (2.4.3)

Since b.b # 0, we may divide by (b.b) to obtain
(a.a)(b.b) — (a.b)> > 0,

which is (2.4.2). Next, if the equality (a.b)? = (a.a)(b.b) holds in (2.4.2), then by
(2.4.3), x.x = 0 and so x = O, that is, (b.b)a = (a.b)b. Thus, a equals the scalar
multiple Ez"::)) b of b in case b 7# O. On the other hand, if either one of a, b equals O
or a = kb for some k € R, then it is easily seen that

(a.b)* = (a.a)(b.b).
Definition 2.3. For a vector a € R", the length or norm of a is the number
lall = (a.a)*. (2.4.4)
This enables us to rewrite the Cauchy—Schwarz inequality (2.4.2) as

|(a.b)| < [lall [Ib]]. (2.45)
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2.4.2 Properties of the Norm

For all a, b in R" and o € R, we have

@ lafl =0,
(i) |lall = 0iffa =0 (()&(ii) =positivity),
(i) |loall = || |al| (homogeneity),

(iv) |la+Db| < |a] + |Ib|l (triangle inequality).

Remark 2.1. (i) The equality holds in the triangle inequality
lla+ bl = llal + [Ibll (2.4.6)

iff a is a positive scalar multiple of b, or one of them is O.
(i) The Pythagorean identity

la+b|* = [a]* + [b]?

holds iff a.b = 0.

Definition 2.4. Two vectors a, b in R" are said to be orthogonal if a.b = 0.

2.4.3 Geometric Interpretation of the Dot Product

The Cauchy—Schwarz inequality (2.4.2) shows that for any two non-null vectors a, b
in R", we have
a.b

= <1
llall Ibll

Thus, there is exactly one real 6 in the interval 0 < 6§ < 7 such that

a.b
= cosf
EY

This defines the angle 6 between the vectors a and b. With this definition of 6, we
obtain
a.b = || [b]| cos 6. (2.4.7)

Recall that for the vectors in 3-space, (2.4.7) is, in fact, taken as the definition of the

dot product for the geometric approach.
Given two vectors X, y in R", the distance between them is defined by

1
n 3
dx,y) =|x—y| = |:Z |x; — yi|2j| (Euclidean distance).
i=1
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For developing the basic notions of multivariable calculus, just as in the univariate
case, the notion of neighborhood of a point is crucial to us.

Definition 2.5. Let x = (x¥,...,x%) € R" and r > 0 be given. A convenient
neighborhood of x’ is the set of all vectors x € R" such that

dx,x%) = x —x°|| <~
This is called the open ball with center x° and radius r, denoted by B(x°, r). Thus,
Bx',r)={xeR":|x—x"| <r}.

As in the case of univariate calculus, we may prefer to begin with the notion of
convergence of a sequence.

Definition 2.6. Given a sequence {aF}ren of vectors in R™, we say that this
sequence converges to a vector a € R”, provided the sequence of real numbers
{lla* — a|| : k € N} converges to 0. Put differently, a* — a provided for every € > 0,
there corresponds a number K € N, such that

la¥ —a|| < eforallk > K.

This is the same as saying that for every € > 0, a* belongs to the open ball B(a, ¢)
for k large enough.

Remark 2.2. If a® = (@, ..., aV),k € N, and a = (a1, ..., a,), k € N, then

clearly from the above definition, we have

lim a® =a « lim a® =, i=1,2,...,n.
k—o00 k—o00

2.5 Multivariable Functions

Definition 2.7. Let D C R".ByafunctionF on D to R™, we mean a correspondence
that assigns a unique vector

y =F(x)

in R™ toeachelementx = (xy,...,x,)in D. WewriteF : D C R" — R’ to signify
that the set D is the domain of F and R™ is the target space. The range of F denoted
Ry is the set {F(x) : x € D} of all images of elements of D. Here, x is called an
input vector and y is called an output vector. If m = 1, the function F is real-valued
or scalar-valued which we simply denote by F. If m > 1, the function is called
vector-valued. If n > 1, we call such a function a function of several variables or a
multivariate function.
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Remark 2.3. Note that for m > 1, each vector-valued functionF : D C R" — R™
can be written in terms of its components

Fx) = (F(x),..., F,(x)), xe€D. 2.5.1)
Here, ify = (y1, ..., ym) = F(x), then we define
FFx)=Fi(x,....,x,) =Y, XD, i=1,...,m, (2.5.2)

called the i"" component of F. Conversely, given m scalar-valued functions F; : D C
R" — R, i =1,...,m, we can get a vector-valued function F : D C R" — R"
defined by (2.5.1).

2.5.1 Scalar and Vector Functions and Fields

If to each point P of aset D C R is assigned a scalar f(P), then a scalar field is said
to be defined in D and the function f : D — R iscalled a scalar function (or a scalar
field itself). Likewise, if to each point P in D is assigned a vector F(P) € R? then a
vector field is said to be defined in D and the vector-valued function F : D — R3is
called a vector function (or a vector field itself).

If we introduce Cartesian coordinates x, y, z, then instead of f(P) we can write

f(x,y,2) and
F(-xs Y, Z) = (F](X, v, Z)v F2(x7 y, Z)a F3()C, Y, Z))

where Fy, F,, F3 are the components of F.

Remark 2.4. (i) A scalar field or a vector field arising from geometric or physical
considerations must depend only on the points P where it is defined and not on the
particular choice of Cartesian coordinates.

(i) More generally, if D is a subset of R", then a scalar field in D is a function
f : D — R and avector field in D is a function F : D — R”. In the latter case,

FGe, oo x) = (Fi(xn,.oooxn), oo Fa(x, oo X))

where Fi, ..., F, are the components of F. If n = 2, f(resp.F) is called a scalar
(resp. vector) field in the plane. If n = 3, f(resp.F) is a scalar (resp. vector) field
in space.

Example 2.1. (Euclidean distance) Let D = R? and f(P) = || PP, || the distance
of point P from a fixed point Py in space. f(P) defines a scalar field in space. If we
introduce a Cartesian coordinate system in which Py : (xo, Yo, 20), then
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f(P)Zf(x’y’Z) = ||(X—x07y_)’071—10)||
=& —x0)2 + O — 1)+ (z — 20)2

Note that the value of f(P) does not depend on the particular choice of Cartesian
coordinate system.

Example 2.2. (Thermal field) In a region D of R, one may be required to
specify steady state temperature distribution functionu : D — R, (x,y,z) € D —
u(x, v, z). In this case, D becomes a scalar field.

Example 2.3. (Gravitational force field) Place the origin of a coordinate system at
the center of the earth (assumed spherical). By Newton’s law of gravity, the force of
attraction of the earth (assumed to be of mass M) on a mass m situated at point P is
given by
C
F = —3r, c= GMm, G = the gravitational constant.
3

Here r denotes the position vector of point P. If we introduce Cartesian coordinates
and P : (x, y, 2), then

c c c c . .
Fx, y,2) = (=%, ==y, =2 = — 5 i+ yj + zk),
r r r r
where r = ||r||.
Example 2.4. (Electrostatic force field) According to Coulomb’s law, the force act-

ing on a charge e at a position r due to a charge Q at the origin is given by

Qe

F=—3

r,

€ being a constant. For Qe > 0 (like charges) the force is repulsive and for Qe < 0
(unlike charges) the force is attractive (Figure?2.3).

N N

2N SN

Fig. 2.3 Electrostatic force field

(b)Qe <0

Example 2.5. One may be required to specify the reaction rate of a solution con-
sisting of say five reacting chemicals Cy, C», ..., Cs. This requires a scalar function
¢:DC R — R where ¢(x1, X2, ..., Xs5) gives the rate when the chemicals are in
the indicated proportion. Again, in this case, D becomes a scalar field.
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Example 2.6. Inmedical diagnostics, for carrying out a stress test, it may be required
to specify the cardiac vector (the vector giving the magnitude and direction of electric
current flow in the heart) as it depends on time. This requires a vector-valued function
r : R — R3(which is not a vector field).

2.5.2 Visualization of Scalar-Valued Functions

In view of Remark 2.3, we first consider a scalar-valued function f : R* — R of
n real variables. The natural domain D of such a function is the set of all vectors
X € R" such that f(x) € R.

Example 2.7. Let f(x,y,z) = /x> + y?+z2. Here, Dy = R3 and Ry={xe
R :x > 0}.

Example 2.8. Let g(x, y,z) = /25 — x2 — y2 — z2. Here, D, = {(x,y,2) : x> +
y2 +z% <25} and R, = [0, 5].

Example 2.9. Leth(x,y,z) = sin(ﬁ).Here, Dy, = {(x,y,2) € R*: xyz # 0} and
Ry, =[-1,1].

Definition 2.8. (i) If f : D C R" — R is a given function, then its graph G(f) is
the set
(G O X)) € R X = (1,00, x,) € D)

in R"*!. Forn = 2, the graph of the function f(x, y) of two variables is the surface
consisting of all the points (x, y, z) such that (x, y) € D and z = f(x, y).
(i) Given a function f : R" — R, its level set at height « is the set

{X: (xls -~-’xn) : f(X) = a}~
For n = 2, itis called a level curve and for n = 3, it is called a level surface.

Example 2.10. (i) For the function f(x,y) =x + y + 1, its graph is the plane
{x,y,z=x+y+1):(x,y) € R?}, and its level curves are the straight lines x +

y=c.
(i) For the function f(x, y) = x> + y?, its graph is the paraboloid of revolution

{(aoy.z=2 4+ (x,y) € R?)
and its level curves are circles x? + y? = ¢? in the xy-plane.

(iii) For the function f(x, y) = /4 — x2 — y2, its graph is the upper hemisphere of
radius 2, and its level curves are circles x> + y> =4 — ¢, |c| < 2.
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2.6 Limits and Continuity

We first consider scalar-valued function of multivariables. For simplicity, we confine
ourselves to functions of two variables. Let (xo, yo) € R? and r > 0. Recall that the
open ball B, (x, yo) of center (xg, yo) and radius r (for the Euclidean distance) is
the set

{(x, ) € R?: [[(x, y) — (o0, yo) | = V/(x — x0)> + (v — y0)* < r},

vyhich is, in fact, the open disk of center (xg, yo) and radius r. Let us also denote by
B, (x¢, yo) the set

{(x,y) € R?: |x —xo| < rand|y— y| <r},

vyhich is, in fact, the open square centered at (xg, yo) of side 2r. It is easy to see that
B, (xo, yo) is the open ball of center (xg, yo) and radius r for the metric

doo ((x1, ¥1), (X2, ¥2)) = max{|x; — xal, [y1 — yal}, (x1, y1), (x2, y2) € R*.

Observe that B
B, (x0, y0) C B (x0, y0) C B 3, (x0, y0)-

This inclusion of open balls makes it possible to choose either of the two sets
B, (x0, y0), Br(x0, yo) as a neighborhood of the point (xq, yo)-

2.6.1 Limits

The notion of the limit lim, y)— (x,,y,) f (X, ¥) is defined analogously as in the uni-
variate case. Let us recall that a point (xg, yo) € R? is called a limit point of the set
D c R?if for every r > 0, the neighborhood B, (xo, ¥9) of (xo, yo) contains a point
of D other than (x, yp). Throughout in this subsection, we will make one of the
following assumptions:

(i) The natural domain D of f contains a neighborhood B, (xo, yo) of (xo, yo)
except possibly (xg, yo) itself;

) f:DC R*? > Risa given function and (xg, yo) is a limit point of D.

Definition 2.9. Assume either (i) or (ii) above holds. Given a number L € R, one
says
S x,y) = Las (x,y) = (xo0, y0)»

written 1im ) (xo,y0) S (X, ¥) = L if for every € > 0, there corresponds a § > 0,
such that
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(x’ )’) eDbn B(S(.X(), )’0)7 (-x’ )’) # (xo, )’0) = |f(x’ )’) - L| < €.

In case, we are assuming (i), the above condition can be simply replaced by

(-xv )’) € B(;(xo» )’0)1 (-x» )’) # (.X'(), }’O) = |f(-xv )’) - L| < €.

Remarks 2.5. (i) In the above definition, Bs(xg, yo) can be replaced by Bjs(xo, ¥0).
(i1) Intuitively, the definition simply says that f(x, y) comes arbitrarily close to L
whenever (x, y) is sufficiently close to (xg, yo).

(iii)) Generalization of this definition to a function f(xi,...,x,) of n variables
is clear. Given a vector x’ = (x¥,...,x%) € R" and r > 0, we take the open
ball B,(x") = {x € R" : |x — x| < r} as a neighborhood of the vector x’. Under
assumptions analogous to (i) and (ii), we proceed exactly as before to define the
notion of the limit limy_, 40 f(X) = L.

Example 2.11. Let f : R? — R be defined by

flx,y z):{\/ﬁsm(i)’ ifx #0,y#0andz #0

0, ifx=0o0ory=00rz=0.

The natural domain of the function is Dy = {(x, y,z) : x #0, y # 0 and z # 0}.

We have
lx| |y |zl

VX2 yr 472

whenever 0 < /x2+y2+72 <§ < €2 . This shows that

If(x,y,2) —0] < <@+ y*+77) <e

lim x,v,2) =0.
(x,y,z)%(0,0,0)f( Y )

Theorem 2.2. Assume conditions (i) or (ii) as in the definition of limit. Let y =
@(x), x € [a, b] be a curve such that xo € (a, b) and lim,_, ,, p(x) = yo. If

P(x) = f(x, ¢(x)), x € [a, b], and lim fx,y)=L,

(x, )= (x0,0)
then limy_, ,, ¥ (x) = L.

Proof: Exercise.

The above theorem gives the following test for nonexistence of a limit: If there
is some curve as in the last theorem, along which the limit does not exist or that
the limit is different along two different curves as (x, y) approaches (xg, yo), then
Limy ) (xg,y0) J (%, ¥) does not exist.
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Example 2.12. Let f : R> — R be defined by

A @) £0,0)

T = {o, (x.y) = (0,0).

Then, lim(, )_, ©,0) f (x, ¥) does not exist. Indeed, along the curve x = myz, y #0,

the function has the constant value f(my?, y) = 1 ;’;ﬂz Therefore,
(x,y)—(0,0) along x=my? y—0 1 + m?2

The limit is different for curves with different values of m. Hence, lim(, - 0,0)
f(x, y) does not exist.

It is sometimes convenient to use polar coordinates for examining the limit of a
function of two variables as illustrated by the next example.

Example 2.13. Let f : R> — R be defined by

x4y—2x3y2+3x2y3+y5
f(x, y) — (x2+y2)2 ’ (-xv )’) 75 (03 0)
0, (x,y)=1(0,0).

We have
|f(rcosf,rsinf) —0] <r(1+2+3+1)=7r =7/x%+ y2.

Therefore, | f(x, y) — 0] < ¢, whenever 0 < \/m < 0 < ¢/7. This shows that
limc,y)— 0.0 f(x, y) = 0.

2.6.2 Continuity

The notion of continuity of an univariate function extends easily to multivariate
functions. As before, we start with a real-valued function of two variables.

Definition 2.10. (continuity) Let f : D C R?> — R be a function and (xg, yo) € D.
We say that f is continuous at (xo, yp) if for every € > 0, there exists a & > 0 such
that

(x,y) € Bs(xo, yo) = [ f(x,y) — f(x0, yo)| <e.
Further, we say that f is continuous on D if it is continuous at each point of D.

Remarks 2.6. (i) If (x¢, yo) is alimit point of D, then f is continuous at (xg, yp) <
limx ) (xg,y0) (X, ¥) exists and equals f(xo, yo).
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(ii) If (xo, yo) is an isolated point of D, that is, for some » > 0, B, (xo, yo) N D =
{(x0, y0)}, then f is trivially continuous at (xq, o).

(iii) Let f : D C R* — R be a function and (x¢, yo) € D. Then, f is continuous
at (xo, yo) < f is sequentially continuous at (xo, yo). Recall that f is sequentially
continuous at (xg, yo) if whenever a sequence {(x,, y,)}in D is such that (x,,, y,) —
(x0, Yo), we have f(x,, y») = f(x0, yo)-

Theorem 2.3. (Composition of continuous functions) (1): f:D C R*> — R is
continuous at a point (xo, yo) € D.(2): E C RissuchthatRy C E.(3): g: E —
R is continuous at ty = f(xo, yo). Then, the composed function gof : D — R is
continuous at (xg, yo).

Proof: Prove this result as an exercise using the definition of norm in R™.

We remark that the notions of limit and continuity extend easily to vector-valued
functions F: D C R" — R™. In fact, let x° € R" be a limit point of D and let
L € R™. Then, we say

X—X

limU F(x) = L provided lim0 IF(x) —LJ| =0.

Remarks 2.7. If the functions F; : D C R" — R, i =1,...,m are the compo-
nents of the function F: D C R" — R™ :

F(x) = (Fi(x),..., Fu(x)), x€ R",
then clearly

limOF(x) =L<& limUF,-(x) =L;,i=1,...,mwhereL=(Ly,...,L,).

X—>X

For the sake of completeness, we mention that the following sandwich theorem also
holds.

Theorem 2.4. (Sandwich Theorem) Let f, g, h be functions defined on D C R" to
R. Let xX° be a limit point of D. If

g(x) < f(x) <h(x), xe D,

and
lim g(x) = L = lim h(x),
x—x0 x—x0

then limg_,xo f(X) = L.

Proof: Prove this as an exercise. (Hint: Let H (x) = h(x) — g(x), F(x) = f(x) —
g(x). Then, 0 < F(x) < H(x) and limy_,x H(x) = 0.)
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It is now clear that it looks natural to define a function F : D C R" — R™ to be
continuous at a point X’ € D if for every € > 0, there exists § > 0 such that

x € B;x)ND = |F(x) - Fx")| <e.

Remark 2.8. (i) If D C R" and x° € D is a limit point of D, then F : D C R" —
R™ is continuous at X < lim,_, 0 F(X) exists and equals F(x%).

(i) If x° is an isolated point of D, then F is trivially continuous at x°.

(iii) F: D C R* — R™ is continuous at a point x” € D if and only if each of its
component function F; is continuous at X2, i=1,...,m.

2.7 Partial Derivatives and Differentiability

2.7.1 Partial Derivatives

Let f : D C R*> — R be a function, and let (xo, yo) be an interior point of D. By
that we mean that there exists § > 0 such that Bs(xo, yo) C D. Letus recgll that the
partial derivative of f with respectto x at (xo, yo) denoted by f, (xo, yo) or % (x0, y0)
is this limit

- Sf(xo + h, yo) — f(x0, yo0)

li
h—0 h

if it exists. Geometrically, it is the slope of the tangent to the curve z = f(x, yo)
obtained by intersecting the graph (x, y, z = f(xo, y0)), (x, ¥) € D of the function
f(x,y) with the plane y = y, at the point (xq, Yo, f (X0, Yo, f (X0, ¥0)). The other
partial derivative f,(xo, yo) or g—f(xo, ¥o) is defined analogously. More generally, if
f:D C R"— Randx’ € R", we define the partial derivative of f with respect to
x; at x° denoted by

0
D) or 2L (x0)
8x,-
as the limit 0 0 0 o '
lim fO, o x) +hi, X)) —f(xl,...,x,ﬂ)
hi—o hi

if it exists.

Example 2.14. (i) Let f(x1, x2, X3, X4) = Xp sin(x1x2) + €*2 cos(x3) + xf. Then,
D, f = sin(x1x3) + x1x2 cos(x1x2) + €™ cos(x3).

(i) Let f(x,y,z) =+/x%*+y?+z2 Then, for (xo, yo,z0) # (0,0,0), f(xo,
Yo, 20) = —==== etc. However, it is easily seen that f,(0,0,0), f,(0,0,0),

£-(0, 0, 0) do not exist.
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2.7.2 Differentiability

In the case of an univariate function f : (a, b)) — R, one says that f is differentiable
ata point xo € (a, b) provided the derivative f’(x() exists and that it is differentiable
in (a, b) if it is differentiable at each point of (a, b). Standard facts about univariate
real-valued differentiable functions are that such functions are continuous and that the
chain rule for differentiation applies to them. Going from univariate to multivariate
functions, one may be tempted to believe that the existence of partial derivatives
constitutes differentiability of such functions. The following example refutes such a
belief.

Example 2.15. Let

0,ifx=00ry=0
f(x,y): .
1, ifx #0and y # 0.

Clearly, f(0,0) = f£,(0,0) = 0. However, lim(, y)_(0,0) f (x, ¥) does not exist, and
hence, f is not continuous at (0, 0).

This example shows that existence of partial derivatives alone is not adequate
for its differentiability at a point. In the univariate case, the second approach for
differentiability of a function f : (a, b)) — R atapoint xy € (a, b) is the following.
f is said to be differentiable at x, provided we can write

f(xo+h) = f(xo) + hf'(x0) + hn(h), |h] <6,

for a suitable § > 0 and a suitable function 7(h) defined in this range such that
lim,_.0n(h) = 0. Geometrically, this says f is differentiable at x(, provided the
tangent line approximation L(x) = f(xg) + (x — x¢) f'(xo) is a good approximation
to f in a neighborhood of the point x.

The next theorem is in the same spirit for a function of two variables.

Theorem 2.5. Let f : D C R> — R be a given function, and let (xg, yo) be an
interior point of D. The following statements are equivalent: (i) There exist numbers
a, B € R such that

lim [ f(xo +h, yo+k) — f(x0, y0) — ah — Bk| _
(k)= (0.0) /W2 1 k2

(ii) There exist numbers «, 3 € R and functions €| (h, k), €3(h, k) defined in an open
ball B, (0, 0), for a suitable r > 0, such that

0. 2.7.1)

fxo+h, yo+ k) — f(xo, y0) = ah + Bk + €1 (h, k)h + ex(h, k)k 2.7.2)

and
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lim €(h k) =0= lim e(h, k). (2.7.3)
(h,k)—>(0,0) (h,k)—(0,0)

Proof: (i) = (ii) : Suppose (2.7.1) holds. Define

S (xo+h, yo+k)— f (x0,y0) —ah— Sk
n(h, k) := W22 » (B, k) #(0,0)
0, if (h, k) = (0, 0).

By (1), lim, x)— 0,0y n(h, k) = 0, and

f(xo+h,yo+k)— f(xo, yo) = ah + Bk + vV h? + k2 n(h, k).

We write 5 )
h"+k
Vh2+ k2 nh, k) = ——— n(h, k),
! Vh? +k? !
and let i L
e1(h, k) = ———=n(h, k), e2(h, k) = ———= n(h, k).
: Vh% + k2 ! ? Vh? 4 k2 !
Then clearly,
lim € (h,k)=0= 1lim e(h,k)
(h,k)—(0,0) (h,k)—(0,0)
and (2.7.3) holds. (ii) = (i): Note that (ii) implies
|f(xo~|-h,yo+k)—f(xo,yo)—@h—md:61 h te k

which tends to 0 as (&, k) — (0, 0).

Definition 2.11. Let (x,, yo) be an interior point of D C R*>and f : D — Rbea
function. The function f is said to be differentiable at (x¢, yo) if f satisfies condition
(i) of the last theorem. If D is an open set, then f is said to be differentiable in D if
it is differentiable at each point of D.

Theorem 2.6. Let f : D C R*> — R be a function and let (xo, yo) be an interior
point of D. If f is differentiable at (x¢, yo), then (a): f is continuous at (xo, ¥o);
(b): both the partial derivatives of f exist at (xo, yo). In fact o = fy(xo0, yo) and
B = fy(xo, yo) where o, B are as in (ii) of the last theorem.

Proof: This is an easy exercise.

Theorem 2.7. (Increment Theorem) Let D C R? and (xo, Yo) be an interior point
of D. If f : D — R is such that the partial derivatives f, f, exist at all points in
an open ball B(xq, yo) around (xq, yo) and these are continuous at (xg, yo), then f
is differentiable at (xo, Yo).
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Proof: Proof using MVT is left as an exercise.

Remarks 2.9. The conditions in the Increment Theorem are only sufficient but not
necessary for differentiability of f at (xo, yo). As an example, consider

(2 4y sin () - (0) # 0.0)

fx,y)= I ,
0, if (x, y) = (0,0).

Here f,(0,0) = f,(0,0) = 0 and f is differentiable at (0, 0). In fact, we have

€1(h, k) = hsin ( € (h, k) = k sin (

1 1
h2+k2)’ h2+k2)’
and both ¢, (h, k), e2(h, k) — 0 as (h, k) — (0, 0). However,

. 1 2x 1
fr(x,y) =2xsin <x2+y2) “Eiy cos (x2 +y2) . (x,y) #(0,0),

anditis easily seen thatalong y = 0, f,(x,0) - —ocasx — 0" and f,(x,0) — oo
asx — 0.

2.7.3 Chain Rule

We can easily extend the notion of differentiability to a function f : D C R" — R.
More precisely, let x° be an interior point of D. By the discussion in the preced-
ing subsection, we can define f to be differentiable at x° if the partial derivatives
D; f(x°), i =1,..., m exist and we have

FeV+ny, o x4+ hy) = G x) =D )+
+h,D, f %) + es(Why + ... +e,(Wh,  (2.7.4)

where limp_.g ¢;(h) =0, i =1, ..., m. Writing
Df(x’) = (Dif..... Duf)y 2.7.5)
as the total derivative of f at x°, we can write (2.7.4) in compact form as
f&x®+h)— fx") =Df(x"  -h+eth)-h (2.7.6)

where e(h) = (¢, (h), ..., ¢,(h)) - Oash — O.Frequently, in calculus, one writes
w = f(xq,...,x,) and (2.7.4) is written in the form
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Aw = Ax; Dy f() + ...+ Ax, D, fX°) 4+ € Ax) + ... €, Axy, (2.7.7)

by taking h; = Ax;,i = 1, ..., n. We now consider the first version of the chain rule
for the case under consideration.

Theorem 2.8. (1): D C R" and x° is an interior point of D. (2): f : D C R" — R
is differentiable at x°. (3): x1 = x1(t), ..., X, = X,(t) are functions defined from
(a,b) to R, which are differentiable at ty € (a,b). (4): (x1(tp), ..., x,(ty)) = x°
and (x1(t),...,x,()) € D fort € (a,b). Then, W = f(x1(¢t), ..., x,()) is differ-
entiable at ty and

W/(to) = > Dj(x")x](1o). (2.7.8)

i=1

Proof: Ast changes from fj to fy 4+ At, the function x; changes to x; + Ax; where
Ax; = x;(to + At) — x;(ty), i = 1, ..., n. Differentiability of f entails

f(x?—i—Axl,...,x,?—l—Axn)—f(x?,...,x,?):ZDif(xo)Axi+e(Ax)~Ax.

i=1

Divide both sides by Ar and let A — 0, to obtain (2.7.8).

2.7.4 Gradient and Directional Derivatives

Let D C R" and x° be an interior point of D. Let f : D C R" — R be given. If
the partial derivatives D; f (x°) all exist, then the vector (D, f(x°), ..., D, f(x")) is
called the gradient of f atx°. Itis denoted by V f (x°) or grad f (x°). Now, fix up any
directionu = (uy, ..., u,) in R". The requirement that ||u|| = 1 is not essential. The
line through x° in the direction u has the equation: x = x° + tu, t € R. This gives
rise to the parametric equations

x; = x; (1) =xi0—|—tu,-, i=1,...,n.
Definition 2.12. The directional derivative of f at x° in the direction u is the limit

&+ ) — F(x%)
lim

t—0 t

if it exists. It is denoted variously by D, f (x°), %(XO), or f/(x°, u).

The notion of directional derivative extends the notion of partial derivative: If
e, =(0,...,1,0,...,0), then De,,f(xo), i =1,...,n. Itisclear from the definition
that if Dy, £ (x") exists, then D_, f (x°) also exists, and D_, f (x°) = —Dy f(x%). The
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next theorem is a crucial link between differentiability and the existence of directional
derivatives of a function.

Theorem 2.9. (1): D C R" and x° is an interior pointof D.(2): f : D C R" — R
is differentiable at x°. Then, in every direction u € R", the directional derivative
Dy f (x°) exists and is equal to

VIx"-u=D f&u +...+ D, Fx°)u,.
Proof: Indeed, the differentiability of f at x° entails
F&O+ru) — F%) = (u)D f&X°) + ...+ (tu,) D, f(x°) 4 ru - e(ru)

where €(ru) — O ast — 0. Dividing both sides by ¢ and letting r — 0, we conclude
that D, f (x°) exists and is equal to V £ (x°) - u.

Remarks 2.10. (i): Note that existence of all partial derivatives need not imply
existence of directional derivative D, f (x") in every direction. By way of an example,
let

x4y, ifx=00ry=0
f(x,y)={ > Y

1, otherwise.

Clearly, f(0,0) = f,(0, 0) = 1. Nevertheless, if we take u = (uy, u,), u; # 0, and
uy # 0, then

fO+m)—fO) _ faw _1

t t t

and this does not tend to a limit as t — 0. (ii): The converse of the preceding theorem
is false. For example, let

2
Xy :
m, if x #O

f(x’y)z[o, ifx = 0.

It is easily seen that f is not continuous at (0, 0); hence, it is, a fortiori, not differ-
entiable at (0, 0). Let u = (u1, uy). Then,

SO+1tu, 04 1up) — £(0,0)  fluy,tuz)  wyuj
t N t w2l

Therefore,

2
u—2,ifu]§é0
Dy f(0,0) = ©
n/ 0.0 [O,ifulzo.
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The next example shows that the directional derivative D, f (x°) may exist in every
direction and f may be continuous, and yet f may be non-differentiable at x°.

Example 2.16. Let

L /x24+y2 ify £0
flx,y)y =M
0, ify = 0.

Clearly, | f (x, y)| = +/x% + y2, which implies f is continuous at (0, 0). Fix upu =
(u1,u2) € R? such that u? + u3 = 1. Then,

Fluy tuz) — £0,0) Ty Pui +17u3 oy, i
= = —, up .
t t [us|

Therefore,

u_z’ lfM2 #0
Dy £(0,0) = | 1l
wf©.0) [o, ifu, = 0.

Also, itis easily seenthat f,(0,0) =0, f,(0,0) =1,andgrad f - u # D, f(0,0) =
2 if upy # 0 and |us| # 1. This shows that f is not differentiable at (0, 0).

|uz]

2.7.5 Tangent Plane and Normal Line

We consider a differentiable function f : D C R®* — R defined in an open set D. If
C:r=r1@)=(x(),y@),z(t)),a <t <bis a smooth curve (i.e., we are assum-
ing 1(¢) is continuous on [a, b]) on the level surface S : f(x, y,z) = ¢ of f, then
f(x(2), y(¢), z(t)) = c. Differentiating both sides of this equation with respect to ¢,
by chain rule, we get

07 de  ofdy 0fde _

- - — = =0.
Ox dt Oy dr 0Oz dr

Equivalently, we can write Vf - I = 0, which says that at every point along the curve
C, Vf is orthogonal to the tangent vector r to C. Thus, if we fix up a point Py on
S and consider all possible curves on S passing through Py, all the tangent lines to
these curves are orthogonal to the vector VF(Py). This motivates us to define

Definition 2.13. The tangent plane at the point Py : (xg, yo, Zo) to the level surface
f(x,y,z) = cisthe plane through P, which is orthogonal to the vector Vf(Py). The
normal line to the surface at P is the line through P, parallel to Vf(P,).

The vector equations of the tangent plane and normal line are, respectively,
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(r—ro) - VE(Py) =0, r =ro + 1 VE(P), ro = (x0, Yo, 20)-
The corresponding scalar equations are, respectively,

Sx(Po)(x — x0) + fy(Po)(y — yo) + f2(Po)(z — z0) =0,
x =x0+1tfx(Po), y =yo+tfy(Po), z =20+ tf.(Po).

If we are given a differentiable function f : D C R?> — R where D is an open set,
then its graph {(x, y,z = f(x,y)) : (x, y) € D} is the level surface F(x, y,z) =0
of the function

F(x,y,z):f(x,y)—z,

whose partial derivatives are F, = f,, Fy, = f,, F; = —1, respectively. In this case,
the equations of the tangent plane and the normal line become, respectively,

fe(Po)(x — x0) + f1(Po)(y — yo) — (2 — 20),
x=x0+tfx(Po),y =yo+tfy(Po),z=20—1.

2.7.6 Differentiability of Vector-Valued Functions, Chain
Rule

We are now ready for the general definition of differentiability of functions from R"
to R".Let F: Q C R" — R™ be a given function and let x° be an interior point of
Q. As before, we write

Fx)=(Fix),...,F,X), xeQ 2.7.9)

where each F; maps €2 to R, so that F/s are the components of F. Let us continue to

denote by D; F;, the ;' I partial derivative 9F,

o, of Fj,i=1,....m, j=1,...,n.

Definition 2.14. The derivative matrix of F at x° is the matrix

DF(x*) = [D; F;li<i<m,1<j<n (2.7.10)

Si=ml=j=

where the partial derivatives D, F; evaluated at x” are assumed to exist. We say that
the vector-valued function F is differentiable at x°, provided these partial derivatives
exist at x” and if

. IFx"+h) — F(x’) — DF(x")h|
lim =
h—0 hl

0. 2.7.11)
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In the last equation, we regard h = [k, ..., h,]T as a n-column vector, so that it
can be multiplied by the m x n matrix DF(x°). In case F is differentiable at x°, the
derivative matrix of F at x° is sometimes called the total derivative of F at x°.

Remark 2.11. Applying Remark 2.7 to equation (2.7.11), it is immediately clear
that F: Q@ C R" — R™ is differentiable at an interior point x° of  if and only if
each component function F; : Q C R" — R, i = 1, ..., m is differentiable at x0.

2.7.7 Particular Cases

(i) Letm = 1. Here, F : 2 C R" — R and
DF(x’) = [D;F,...,D,Fly,

as already seen earlier.
(ii) Letn = 1 and m > 1. Here, F : (a,b) C R — R™, written

F(t) = (Fi(t), ..., F,(t)), te€(a,b),

which is a vector-valued function encountered frequently for parametrizing a curve
in R™. Clearly,

DF(t) = [F|(t),..., F,(O)]"

which is written frequently as F'(r) or F(r) and it represents tangent vector to the
curve C : F =F(),t € (a,b) in R™.

For the sake of completeness, we state below without proof the following analogue
of the Increment Theorem for the general case.

Theorem 2.10. LetF : Q C R" — R™ and x° be an interior point of Q. Writing F
in terms of its components

F(x) = (Fi(x), ..., Fu(x),x € Q,
if the partial derivatives
DiF,i=i....m; j=1,...,n

all exist in an open ball Bs(x°) around x° and are continuous at x°, then F is
differentiable at x°.

Remark 2.12. It follows from Remark 2.9 and the example therein that the condi-
tions in the above theorem are only sufficient but not necessary for the differentiability
of F at x°.
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Next, we state, without proof, the general form of the chain rule.

Theorem 2.11. (Chain Rule) (1): G : 2 C R? — R" is differentiable at an interior
point a of Q. (2): F: Q) C R" — R" is differentiable at b = G(a), which is an
interior point of Q. Then, the composite function H : Q@ C R? — R™ defined by

H=FoG:Hx) =F(G(x)), xe R?
is differentiable at a and we have
DH(a) = DF(b) - DG(a). (2.7.12)

Note that the matrix on the left-hand side is of order m x p, which is a product of
an m X n matrix with an n x p matrix. The following special case is encountered
frequently in multivariable calculus: F : Q; C R" — R, and G : Q C R? — R".
Here,m =1, and H : 2 — R. We have

DH(a) = [D\H, ..., DyHla, DF(b) = [D\F, ..., D,Flp,

and DG(a) = [D;G;li=1,..n; j=1,..p(a). Hence, from (2.7.12),

[Di\H,...,DyH]y =[D\F,...,D,Fly[D;G;](a).
This gives the familiar formulae using chain rule:
n
DjH(a)=ZDiF(b)DjGi(a), j=1...,p. (2.7.13)
i=1
For example, let f : R® — R, g: R® — R? be differentiable. Write
glu,v,w) = (x(u, v, w), y(u, v, w), z(u, v, w))
and define & : R® — R by setting
h(u,v,w) = f(x(, v, w), y(u, v, w), z(u, v, w)).
Then,

dx Ox Ox

Oh Oh 0h _ Pf@f@f} o

Ou Ov Ow

— | 5, re ou v dw
Ox dy 0z % 0 On

du v w

|:8h oh 8h]

which gives the familiar chain rule for three intermediate and three independent
variables.
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2.7.8 Differentiation Rules

Here and in the sequel, it would be convenient for us to regard R" as the space of
column n-vectors X = [x1, ..., x,]7 with real entries. Let us recall that if the function
f : R" — R isdifferentiable, then the function V : R" — R" called the gradient of
f is defined by

0 0
f(x),..., f

8_x] Ox,

Vi) =Dfx" = ®)1".

Given f : R" — R, if V f is differentiable, then f is said to be twice differentiable,
and we write the derivative of V f as

T,
oxi T Ox,0x
D’f=| ... ... ..
P f P f
Ox10x, *°° 0x,0x,

The matrix D? £ (x) is called the Hessian matrix of f at x. Let us also recall that a
function F : Q — R™, where 2 is an open subset of R" is said to be continuously
differentiable in €2 if it is differentiable, and DF : 2 — R™*" is continuous. Here,
R™ " denotes the space of all m x n matrices with real entries. (This amounts to
saying that the components of F have continuous first partial derivatives.) In this
case, we write F € CV(Q.)

Theorem 2.12. Let Q2 be an open subset of R", g : 2 — R be differentiable in

Q, and let f : (a, b) — Q be differentiable in (a, b). Then, h = gof : (a,b) — R
defined by h(t) = g(f(¢)), t € (a, b) is differentiable in (a, b) and

h'(1) = Dg®(@)DE(t) = Vg ) [f{1), ..., [, 1 € [a, b].

Theorem 2.13. Letf : R* — R™,g : R" — R™ be two differentiable functions. Let
h : R" — R be defined by

h(x) =fx)7gx) =< f(x), g(x) > . (2.7.14)
Then, h is differentiable and
Dh(x) = f(x)" Dg(x) + g(x)" Df (x). (2.7.15)

Remarks 2.13. (Some useful formulae)
Let A € R™*" andy € R™ be given. Then, we have:

(@:
D(y'Ax) =y’A, x e R". (2.7.16)
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(ii):
D(x"Ax) =x" (A +AT), x e R". (2.7.17)

2.7.9 Taylor’s Expansion

Let us recall the following order symbols. Let g : B — R be a function defined in
an open ball B around 0 € R" such that g(x) # O forx # 0,and let f : C — R™ be
defined in a set C € R” that contains 0 € R". Then, (a) : the symbol

f(x) = 0(9(x))

means that ':28‘5"‘ is bounded near 0. More precisely, there are numbers K > 0 and
§ > 0 such that
Il
xeCand x| <d=> —— <
lg(x)l
(b) : The symbol f(x) = o(g(x)) means that
f
ol _

1m =
x~0.xeC |g(X)]

Theorem 2.14. (Taylor’s Theorem) Let f : R — R be in C"[a, b], and 0 < h <
b —a. Then,

m—1

fla+h)= f(a)+ ﬁf/(a) +...+ h—f(’”_')(a) + R, (2.7.18)
1! (m—1)!

where R, = %f(’")(a + 6h), for a suitable 6 € (0, 1).

Remarks 2.14. Note that since f € C"[a, b], "™ (a + 6h) = £ + o(1). Thus,
if f € C™, then we can write Taylor’s formula as

h h"
fla+h) = fa) + Ff/(a) +...+ %fm(a) +o(h™). (2.7.19)
In addition, if we assume that f € C”*V[a, b],then R, = (Zrll)! FD (q 4 6h),

and since £tV is bounded, we can conclude that R,,.; = O (h"*D). Thus, in this
case, we can write Taylor’s formula as

fla+h) = f(a)+ %f’(a) +...+ %f’"(a) + O . (2.7.20)

Theorem 2.15. Let f : Q — R, where 2 is an open subset of R", be a function in
class C*(2). Let xg € Q and X be in an open ball around Xy contained in Q2. Let
h =x — xq¢. Then,
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ﬂm+m=ﬂmnfpﬂmm+%ﬂmﬂmm+mmﬁ. (2.7.21)

Moreover, if f € C*(R2), then we have:
ﬂm+m=fuw+%Dﬂmm+%ﬂWﬂmm+omw%. (2.7.22)

Proof: This is left as an exercise by considering the function y(¢) = x¢ + t(ﬁ)
for0 <t < ||x — xg||. Let  : R — R be defined by h(t) = f(y(¢)). Use chain rule
and the univariate Taylor theorem, Theorem 2.15 to complete the proof.

2.8 Introduction to Optimization

Let us begin by recalling the so-called Max-Min Theorem which asserts that a con-
tinuous function f : D C R" — R defined on a compact subset D of R" is bounded
and that it attains its (global) maximum and its (global) minimum at some points of
D. Since the topology of R" that we are using is metrizable, by Heine—Borel theorem,
saying that D is compact is equivalent to saying that D is closed and bounded. More
importantly, it is equivalent to saying that every sequence x in D has a convergent
subsequence x*) converging in D.

We intend to give here a slightly more general result than the above stated result.
For this purpose, let us observe that since maxp f = — minp(— f), the problem of
maximizing f is equivalent to the problem of minimizing — f. Thus, without loss
of generality, we may confine ourself to the minimization problem. We need the
following definitions.

Definition 2.15. Let X be a normed linear space. A function f : X — R U {oo} is
said to be (i): inf-compact, if for each o € R, the sublevel set of f at height a:

levaf = {x € X: f(x) <a)

is compact. It is said to be (ii): lower semi-continuous(lsc), if lev, f is closed for
each o € R. Furthermore, f is said to be (iii): coercive, if lim| |- 400 f(x) = 400.

Remarks 2.15. Itis clear from the definitions that for a function f : X — R U {00}
defined on a normed space X, f is coercive if and only if f is inf-bounded, that is to
say that the sublevel setlev,, f of f atheight a is bounded foreach o € R. Asaresult,
we see thatif X = R” with the usual topology, then for a function f : R* — R U {oo}
which is Isc, f is coercive if and only if f is inf-compact.

One main reason for bringing in extended real-valued functions in optimization is
that these provide a flexible modelization of minimization problems with constraints.
Most minimization problems can be formulated as
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min{ f(x) : x € 2} 2.8.1)

where fy : X — R is a real-valued function, and 2 C X is the so-called constraint
set or feasible set, X being some vector space, usually R". A natural way of dealing
with such a problem is to apply penalization to it. For example, introduce a distance
d on X and for any positive real number A, let us consider the minimization problem

min{ fo(x) + A dist(x, Q) : x € X} (2.8.2)

where
dist(x, 2) = inf{d(x, y) : y € Q} (2.8.3)

is the distance function from x to €2. Let us note that the penalization is equal to zero
if x € Q (that is if the constraint is satisfied), and when x ¢ Q it takes larger and
larger values with A (when the constraint is violated). Notice that the approximated
problem (2.8.2) can be written as

min{ f\(x) : x € X} (2.8.4)

where
H(x) = folx) + Mdist(x, Q) (2.8.5)

is areal-valued function. Thus, the approximated problems (2.8.4) are unconstrained
problems. As A — 400, the (generalized) sequence of functions (2.8.5) increases
to the function f : X — R U {00}, which is equal to

folx), ifxeq,

. (2.8.6)
+00, otherwise.

f(x)=[

Thus, we are led to minimization of an extended real-valued function f:
min{f(x) : x € X}

where f is given by (2.8.6). Let us note that if we introduce the indicator function
dq of the set Q:
0, if Q,
do(x) = { nre (2.8.7)

+o00, otherwise,

then we have the convenient expression f = fj + dg. We now come to the following
generalization of the Min-Max Theorem called the extended Weierstrass theorem.

Theorem 2.16. Let X be a normed linear space and let f : X — R U {400} be
an extended real-valued function which is lower semi-continuous and inf-compact.
Then, infy f > —o00, and there exists some X € X which minimizes f on X:
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f(X) < f(x) forallx € X.

Proof: Given a function f : X — R U {+o00}, by the definition of infx f, the infi-
mum of f on X, we can construct a minimizing sequence, that is, a sequence {x,}
such that f(x,) — infy f as n — +oo. Indeed, if infy f > —oo, pick {x,} such
that

1
inf f < f(xy) <infxf+ —;
X n
and if infx f = —oo0, pick {x,} such that f(x,) < —n. Without any restriction, we

may assume that f is proper (that is finite somewhere), and hence, infy f < 4-o00.
Thus, forn € N,

fx) < max{il)l(ff +1/n, —n} < max{il)l(ff + 1, =1} := ay.

Since, ag > infx f, lev,, (f) # ¥, and x,, € lev,,(f),n € N. By inf-compactness
of f, this sublevel set in which the sequence {x,} is contained is compact. Hence,
we can extract a subsequence {x,, } converging to some element ¥ € X. By lower
semi-continuity of f, we have

f&) < lim f(xy) = inf f.
This proves that infy f > —oo, since f : X — R U {400}, and
f(&) < f(x) forallx € X,

which completes the proof.

Remarks 2.16. The set of all the minimizers of f on X is usually denoted by
arg miny (f). The above theorem gives the conditions under which arg miny (f) # .
As a corollary of the preceding theorem, we have the following:

Corollary 2.1. (Weierstrass theorem) Let X be a normed linear space and K be
a compact subset of X. If f:X — RU {400} is lower semi-continuous, then

arg miny (f) # 0.
2.8.1 Unconstrained and Constrained Extremizers:
Conditions for Local Extremizers
We consider here the minimization problem (D, f):
min{ f(x) : x € D}.

Here f : R" — R is a given function called the objective function or cost function,
the vector x is called the vector of decision variables xi, ..., x,, and the set D is a
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subset of R", called the constraint set or feasible set. The above problem is a general
constrained minimization problem. In case D = R", one refers to the problem as
unconstrained minimization problem. Constrained and unconstrained maximization
problems are defined analogously.

Definition 2.16. Let f : D € R" — R be a given function and let x% be an interior
point of D. Then, (i): xY is called a local minimizer of f, if there is some § > 0 such
that

fx) > f(x%, forallx e Bs(x").

In this case, f(x") is called a local minimum value of f. (ii): A local maximizer x"

of f and local maximum value f(x°) of f are defined analogously. (iii): A point
x? € D is called a global minimizer of f if

&% < f(x), Vx € D.

A global maximizer of f is defined analogously. A local (resp.global)minimizer or
maximizer of f is called a local (resp.global)extremizer of f.

Let us consider the constrained minimization problem (D, f) where D, f are as
given before. A minimizer x* of problem (D, f) can be either an interior point or a
boundary point of D. The following definition is useful in this respect.

Definition 2.17. A vectoru € R”, u # 0 is called a feasible direction (f.d.) at x* €
D, if there exists 6 > 0 such that x® + \u € D for all \ € [0, §].

Let us recall Deﬁnitipn 2.16 of the directional derivative f /(XO; u), which is also
sometimes written as %, given by

& w)=ftvixHTu=< V", u>=u’vix",
in case f is differentiable at x%. Note that if u is a unit vector, then
1F&Gw =1 < Vi) u> | <[V
Theorem 2.17. (First-Order Necessary Condition) Let D be a subset of R" and
f:D — R beaC®" function. If x* € D is a local minimizer of f, then for every
fd uat x, we have

VixHTu> 0.

Proof: Note that u is a f.d. at x°. = 36 > 0 such that x* + Au € D, VX € [0, J].
Let us define

P(N) = f(Xo + Auw), A € [0, 4].

By Taylor’s theorem, we have
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FE+2w) — £ = o) = ¢(0)
= A¢'(0) +o(N)
=AVF&EHTu+ o).
Since x? is a local minimizer of £, ¢(\) — #(0) > 0 for sufficiently small values of
A > 0. This implies that V £ (x*)"u > 0.

Remarks 2.16. (i): The theorem holds under the weaker assumption: f is differen-
tiable at x°.

(ii): An alternative way to express the first-order necessary conditionis f/(x%; u) > 0
for every f.d. u at x°.

Corollary 2.2. (Interior point case) Let D C R", x be an interior point of D, and
f : D — R be differentiable at x°. If x° is a local minimizer of f, then we have

V7% =0.

Proof: Indeed, if x° is an interior point of D, then the set of f.d.s at x? is the whole of
R". Thus, for any u € R”, both V £ (x°)"u > 0 as well as V £ (x°)" (—u) > 0 hold.
Thus, V f(x°) = 0.

Theorem 2.18. Let D € R" and f : D — R be a C? function. If x° € D is a local
minimizer of f and u is a f.d. at xX° such that V f (x°)"u = 0, then

uH;(x")u > 0.

Here, Hy (x%) denotes the Hessian of f at x°.
Proof: This is left as an exercise to the reader. One makes use of Theorem 2.11.

Remark 2.18. Theorem holds under the weaker assumption: f is twice differen-
tiable at x°.

Corollary 2.3. Let x° be an interior point of D € R", f: D — R be a given
function. If f is twice differentiable at x° and x° is a local minimizer of f, then
Vix" =0, and Hf(xo) is positive semi-definite: uTHf(XO)u > 0,Vu € R".

Proof: Note thatx’ is an interior point of D implies all directionsu € R" are feasible.
Hence, the result follows from the preceding theorem and the last corollary.

Exercises I

2.1. Find the natural domains of the following functions of two variables.

2

1
(g (D) (3 + )% + 23, ([ V25 —x2 — 2 = 22, (iv) —.
xz—y Xyz
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2.2. (a): Use level curves to sketch graphs of the following functions.
() fOroy) =x>+ Y% (D) fx,y) = x° +y* —dx — 6y + 13.
(b): Sketch some level surfaces of the following functions.
(@) f(x,y,2) =4x? + 32 +922, (i) fx,y,2) =27+ ¥,

2.3. Using definition, examine the following functions for continuity at (0, 0). The
expressions below give the value at (x, y) # (0, 0). At (0, 0), the value should be

taken as zero.

3 2 2 2

. X7y .. X7y XT =y

i , (i , (@i xy———,

D) iy (D e WDy
sin?(x + y)

) el = Iyl 1=l = Iyl @) =

2.4. Using definition, examine the following functions for continuity at (0, 0, 0).
The expressions below give the value at (x, y, z) # (0, 0, 0). At (0, 0, 0), the value
should be taken as zero.
1 2 4

2 (), (i) 2, (i) 2
VAR ol R x5 =3z VX2 4 y? + 2
2.5. Suppose f, g: R — R are continuous functions. Show that each of the fol-
lowing functions of (x, y) € R? is continuous.

@)

@) f(x) £g(y), (1) f(x)g(y), @ii)max{f(x),g(y)}, (@v) min{f(x), g()}.

2.6. Using the results from the above problem, show that f(x,y) =x + y and
g(x,y) = xy are continuous in R?. Deduce that every polynomial function in two

variables is continuous in R2.

2.7. Examine each of the following functions for continuity.

X 2 7
(@) f(X,y)z[ylm, if y#£0
0, if y=0.

xsin%—}—ysin%, ifx #0, y#0
xsin%, ifx#0, y=0
ysinl, ifx=0, y#0

0, ifx=0, y=0.

@0) flx,y) =
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2.8. Let f(x,y) = ﬁ, for (x, y) # (0,0). Show that the iterated limits

lim,_,¢[lim,_,o f(x, y)] and lim,_,¢[lim,_.¢ f(x, y)] exist and both are equal to O,
but lim ) (0,0) f (x, ) does not exist.

2.9. Express the definition of lim y)—(,0) f(x, y) in terms of polar coordinates
and analyze it for the following functions:

() fory) =355 @) fory) =tan ().
Qi) £ y) = e (V) flx,y) = 23D

Exercises 11

2.10. Examine the following functions for the existence of partial derivatives at
(0, 0). The expressions below give the value at (x, y) # (0, 0). At (0, 0), the value
should be taken as zero.

. 3 .. 3 2y
) wps () Xy (i) 32
. 2_2 . sin? (x 4y
(V) xyEre, ) Lxl= Iyl =Ixl = Iyl, (i) SR

2.11. Let D C R? be an open disk centered at (xo, yo) and f : D — R be such that
both f, and f, exist and are bounded in D. Prove that f is continuous at (xo, yo).
Conclude that f is continuous everywhere in D.

2.12. Let £(0,0) = 0and f(x, y) = (x> + y?)sin xhlryZ for (x, y) # (0, 0). Show
that f is continuous at (0, 0), and the partial derivatives of f exist but are not bounded
in any disk (howsoever small) around (0, 0).

2.13. Let f : R*> — R be defined by £(0,0) =0and f(x,y) = 2+y2 if (x,y) #
(0, 0). Show that f, and f) exist at every (xo, yo) € R?, but f is not continuous at
0, 0).

2.14. Let £(0,0) =0 and

xsm(%)—l—ysin(%), ifx#0, y#£0
fG,y) = fxsin(}), ifx#0, y=0
ysin(3), ify #0, x =0.

Show that none of the partial derivatives of f exist at (0, 0) although f is continuous
at (0, 0).

2.15. Suppose the implicit equation F'(x, y, z) = 0 determines z as a function of x
and y, that is, there exists a function w of two variables such that F (x, y, w(x, y)) =
0. Assume that Fy, F,, F; exist and are continuous, F; # 0 and w, exists. Show
that wy, = —F,/F.
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2.16. Suppose F : R® — R has the property that there exists n € N such that
F(tx,ty,tz) =t"F(x,y,z) forall t € R and (x, y,2) € R3. [Such a function is
said to be homogeneous of degree n. ] If the first-order partial derivatives of f exist
and are continuous, then show that x + y‘Z,F + z%—f = nF. [This result is some-

times called Euler’s Theorem.]

2.17. Examine the following functions for the existence of directional derivatives
and differentiability at (0, 0). The expressions below give the value at (x, y) #~ (0, 0).
At (0, 0), the value should be taken as zero.

. 2_2 .. 3
() xy5Ea. () i Gi) (7 +y?) sin b,

2.18. Let f(x,y)=0if y =0and f(x,y) = \/xz—i—y if y # 0. Show that f
is continuous at (0, 0), Dy, f (0, 0) exists for every vector u, yet f is not differentiable

at (0, 0).

2.19. Assume that f; and f, exist and are continuous in some disk centered at (1, 2).
If the directional derivative of f at (1, 2) toward (2, 3) is 24/2 and toward (1,0) is
-3, then find f, (1, 2), f,(1,2) and the directional derivative of f at (1, 2) toward
4,6).

Exercises 111

2.20. Givenz = x2+2xy, x =ucosvand y = usinv, find & 9. and dz

2.21. Given sin(x + y) + sin(y + z) = 1, find %, provided cos(y + z) # 0.

222, If £(0,0) =0and f(x,y) = xyx o . ” for (x,y) # (0, 0), show that both fy,
and f,, exist at (0, 0), but they are not equal Are fy, and f,, continuous at (0, 0)?

2.23. Show that the following functions have local minima at the indicated points.

@) f,y)=x"+y"+4x =32y =7, (x0,y) = (—1,2)
(i) f(x,y) =x>43x% = 2xy +5y% — 4y*, (x0, yo) = (0, 0).

2.24. Analyze the following functions for local maxima, local minima, and saddle
points:

() fr,y) =@ =yDe 2D Gi) fx,y) =x° —3xy%,
(i) f(x,y) =6x% —2x3+3y2+6xy, (v) f(x,y)=x>+y> —3xy+15,
V) fx,y) =2+ y?) cos(x +2y).

2.25. Find the absolute minimum and the absolute maximum of f(x, y) = 2x? —

4x 4+ y? — 4y + 1 on the closed triangular plate bounded by the lines x =0, y =2
and y = 2x.
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2.26. Find the absolute maximum and the absolute minimum of f(x, y) = (x? —

4x)cosy overtheregion ] <x <3, — 3 <y <7.

2.27. The temperature at a point (x, y,z) in 3-space is given by T'(x, y, z) =
400xyz. Find the highest temperature on the unit sphere x> + y? + z> = 1.

2.28. Find the point nearest to the origin on the surface defined by the equation
z=xy+1

2.29. Find the absolute maximum and minimum of f(x,y) = $x*>+ 1y? in the
elliptic region D defined by 1x* 4+ y? < 1.

2.30. A space probe in the shape of the ellipsoid 4x? + y*> + 4z = 16 enters the
earth’s atmosphere and its surface begins to heat. After one hour, the temperature at
the point (x, y, z) on the surface of the probe is given by T'(x, y, z) = 8x2 + 4yz —
16z 4 600. Find the hottest and the coolest points on the surface of the probe.

2.31. Maximize the quantity xyz subject to the constraints x + y + z = 40 and
X+y=2z

2.32. Minimize the quantity x> 4+ y? + z? subject to the constraints x + 2y + 3z =
6and x +3y +4z=09.

2.33. Consider the minimization problem: minimize x7 + %x% +3x2 + % subject
toxy, xp > 0. Answer the following questions: (In the following, we abbreviate first-
order necessary condition by f.o.n.c.)

(a) Is the f.o.n.c. for a local minimizer satisfied at xo = [1, 3]7?
(b) Is the f.o.n.c. for a local minimizer satisfied at xo = [0, 317 ?
(c) Is the f.o.n.c. for a local minimizer satisfied at x, = [1, 0]7?
(d) Is the f.o.n.c. for a local minimizer satisfied at x, = [0, 0]7 2

2.34. Consider the quadratic function f : R*> — R given below:
12 T T
f(x)=x 47 x+x [3,5] +6

(a) Find the gradient and Hessian of f at the point [1, 1]7.

(b) Find the directional derivative of f at [1, 1]7 with respect to a unit vector in the
direction in which the function decreases most rapidly.

(c) Find a point that satisfies the f.o.n.c.(interior case) for f. Does this point satisfy
the second-order necessary condition(s.o.n.c.)(for a minimizer)?

2.35. Consider the problem: minimize f(x) subjecttox € €2, where f : R* > R
is given by f(x) = 5x; withx = [x1, x2]7, and @ = {x = [x1, x2]7 : x} +x2 > 1}.
Answer each of the following questions giving justification.

(a) Does the point xo = [0, 1]7 satisfy the f.o.n.c.?

(b) Does the point xo = [0, 1]7 satisfy the s.o.n.c.?
(c) Is the point Xy = [0, 1]7 a local minimizer?
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2.9 Classical Approximation Problems: A Relook

2.9.1 Input-QOutput Process

In, many practical situations of interest, such as in economic forecasting, weather
prediction, etc, one is required to construct a model for what is generally called an
input-output process. For example, one may be interested in the price of a stock
5 years from now. The rating industry description of a stock typically lists such
indicators as, the increase in the price over the last 1 year or the increase in the price
over the last 2 years/ 3 years, the life of the stock, P/E ratio, v, (3 risk factors etc. The
investor is expected to believe that the price of the stock depends on these parameters.
Of course, no one knows precisely a formula to compute this price as a closed form
function of these parameters. (Else, one would strike it rich quickly!) Typically, this
is an example of an input-output process.

input data x € R" —> actual process —> output f(x)

where f(x) is the so-called target function. In practice, the computed model is as
follows:
finite data — computed model — Py (x).

Here, the finite data may consist of the values of the function or the values of some
of its derivatives sampled at some points or possibly it may consist of the Fourier
coefficients or coefficients in some other series associated with f, etc.

Broadly speaking, there are two kinds of errors in using the model Py(x) as a
predictor for the target function f(x).

(a) Noise: This comes from the fact that the observations on which the model is
based are usually subjected to errors-human errors, machine errors, interference from
nature, etc. Also, this could arise from faulty assumptions about what one is modeling.
Statistics is mainly concerned with the reliability of the model by eliminating or
controlling the noise.

(b) Intrinsic Error: This comes from the fact that one is computing a model rather
than the actual function. Approximation Theory is concerned for the most part with
“intrinsic error.”

2.9.2 Approximation by Algebraic Polynomials

Under the setting of an input-output process in Section 2.9. 1, the problems of Approx-
imation Theory can be broadly classified into four categories.
Let 7 denote the compact interval [a, b] of R, and let X = C(I) denote the space
of functions
{f:1 — R: f continuous }



74 2 Multivariable Calculus

normed by

IfIl =max{|f()| -1 € I}, f € C).

Let us assume that our target function f be in the class C(I). The model for such a
function is typically a real algebraic polynomial

P,(t) = Zakxk,ak eR, k=0,...,n.
k=0

The integer 7 is called the degree of the polynomial and we denote by I1,, the class
of all real algebraic polynomials of degree < n. The first problem that we encounter
in this context is the density problem: to decide whether it is feasible to approximate
the target function arbitrarily closely by choosing more and more complex models.
More precisely, let

E,(f) = inf |f = P|

denote the degree of approximation of f from IT,. The density problem is to decide
whether £, (f) — 0asn — oo.Itisthe classical Weierstrass approximation theorem
that answers this question affirmatively.

The next problem is the so-called complexity problem which is concerned with
estimating the rate at which E,(f) — 0. Frequently in applications, the target func-
tion is usually unknown, but one may assume that f € F, where F is a certain
class of functions. For example, F may consist of functions f such that f’ exists,
is continuous, and satisfies || /|| < 1. Typically, then, one is interested in estimating
sup .z En(f).

The next problem is addressed in the theory of best approximation. This deals with
the existence, uniqueness, characterization, and computability of elements P € II,
such that

If =Pl = Ea(f).

Lastly, the theory of good approximation deals with the approximation capabilities
of different procedures for computing the approximants based on the values of the
function, its derivatives, its Fourier coefficients, etc. It is to be emphasized here
that these approximants are sometimes more interesting than the best approximant,
P, because of the relative ease of its computability or because of some desirable
properties such as shape preservation. For a more detailed exposition of ideas in this
direction, the reader may consult the book by Mhaskar and Pai [3].

2.10 Introduction to Optimal Recovery of Functions

Let us begin by considering what is usually called the problem of best simultaneous
approximation in the literature in Approximation Theory. Here, the main concern
is with simultaneous approximation which is best approximation in some sense of
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sets, rather than that of just single elements. One of the motivations for treating this
problem is the following practical situation involving optimal estimation. We assume
that in the mathematical modeling of a physical process an entity E is represented by
anunknown element xz of some normed linear space X. Mostly, X is a function space
such as C([a, b], R), H"|a, b], etc. By means of suitable experiments, observations
are obtained for E which give rise to limited information concerning x g . For instance,
the information could be the values of xz and/some of its derivatives sampled on a
discrete set of points, or it could be the Fourier coefficients of xp etc. In addition,
the information could be error contaminated due to experimental inaccuracies. We
assume that the information so gathered is incomplete to specify xg completely; it
only identifies a certain subset F C X called the data set. Our estimation problem
then is to find the best estimate of xz given only that xy € F (Figure2.4).

Fig. 2.4 Optimal estimation

We pick an element x € X (usually, a normed linear space) and ask how bad it is
from the point of view of representing the data set .. The measure of worstness of
x as a representer of F is given by the quantity

r(F;x):=sup{llx —y|l:y € F} (2.10.1)

(in a worst-case scenario). In order that this quantity be finite, we must assume that
F be bounded. The intrinsic error in our estimation problem is then determined by
the number

rad(F) :=inf{r(F; x) : x € X},
called the Chebyshev radius of F. It is impossible for the worstness of x as a repre-
senter of F to fall below this number. An element xy € X will be a best representer

(or a global approximator) of the data set F' if it minimizes the measure of worstness:

r(F; xo) = min{r(F;x) : x € X}. (2.10.2)
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Anelement xy € X satisfying (2.10.2) is called a Chebyshev center of F and Cent(F)
denotes (the possibly void) set of all Chebyshev centers of F.

Practical reasons may require us to restrict our search of a best representer of the
data set F to another set V which may perhaps be a subspace or a convex set obtained
by taking the intersection of a subspace with a set determined by affine constraints,
etc. In this case, the intrinsic error in our estimation problem will be determined by
the number

rady (F) :=inf {r(F;v) : v € V} (2.10.3)

called the (restricted) radius of F in V and a best representer (or global approximator)
of F in V will be an element vy € V called (restricted) center of F in V satisfying

r(F; vo) = rady (F). (2.10.4)

For a more detailed exposition of ideas in this direction, the reader may consult
Chapter VIII of the book by Mhaskar and Pai [3]. Let us observe that the above stated
problem of Optimal Estimation is closely related to the so-called problem of optimal
recovery of functions. Following Micchelli and Rivlin [4, 5], by optimal recovery we
will mean the problem of estimating some required feature of a function, known to
belong to some class of functions prescribed a priori, from limited and possibly error-
contaminated information about it, as effectively as possible. This problem is again
subsumed by what goes on under information-based complexity [7] and it has some
rich connections with the problem of image reconstruction or image recovery which,
for instance, is important in mathematical studies of computer-assisted tomography.
We begin by looking at some simple examples given below, motivating the general
theory.

2.10.1 Some Motivating Examples

Example 2.17. Let X = C[0, 1] and let
K:={xec™[0,1]: |x"] <1}.

Suppose we are given:
(1): x € K, and (ii): the values x(t;), x(t2), ..., x(t,) sampled at distinct points
t,t,...,t,in [0, 1]. Then, we ask the following:

(D: Giventy € [0, 1]\ {z1, ..., t,}, what is the best possible estimate of x (ty), based
solely on the information (i) and (ii)? (II): What is the best possible estimate of x
itself based solely on the information (i) and (ii)?

Here, (I) is a problem of optimal interpolation and (II) is a problem of optimal
approximation. We proceed to answer Question (I) first. Specially, let

T = {(x(tr), ..., x(ty) : x € K}.



2.10 Introduction to Optimal Recovery of Functions 77

An algorithm A is any function of 7 into R. Then, the error in the algorithm is given
by

E4(K) = sup |x(10) = A(x(11), ..., x(#))],

and
EK) = ir)lf EA(K)

denotes the intrinsic error in our recovery problem. An algorithm A, if one such
exists, satisfying E 1(K) = E(K) is called an optimal algorithm, which is said to
effect the optimal recovery of x(y). It is easily seen that the polynomial

= n).. (1)

P@t):= ek
n!

and so also does the polynomial —P. Thus, if A is any algorithm, then
|P(t9) = AP(1), ..., @) = |P (1) = A, ..., 0)| < E4(K)

and also .
| — P(to) — A, ..., 0)] < EA(K),

whence, by triangle inequality, |}3(t0)| < E4(K), and we obtain
1P (1) < E(K), (2.10.5)

which gives a lower bound for the intrinsic error. Now, consider the algorithm A:
Z — R given by

A1), ..o, x(t)) = Liy 1.0 (X5 10)

where L, ;,. ., (x;t) denotes the unique Lagrange interpolant in P,(R) of x on the
nodes #;s. Suppose we show that

Ix(to) — A(x(11), ..., x(t))] < |P(10)],

for all x € KC, then .
E;(K) < |P()| = E(K),

and A would be an optimal algorithm sought, with E(K) = |13(t0)|. Assume the
contrary that

xX(t0) — Liy ... (x5 10) = P (1),
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for some a, || > 1. Then, the function

h(t) := x(t) — Ly, (x; 1) — P (1)

.....

would have n + 1 distinct zeros g, t, . .., t,. Since h € C"~ [0, 1], by Rolle’s the-
orem, h™ = x™ — a would have at least one zeros & : x™ () — a = 0. Hence,

x™) <1,

would be contradicted. Thus A is an optimal algorithm sought.

Remarks 2.19. If our object is to find the best possible estimate of x™ (z;) for
some fixedm <nand j, 1 < j=n, based solely on (i) A (ii), then one can show on
the same lines as above that | P (z;)| < E(K), and that the algorithm A : Z — R
defined by

AG(tr), .., x(t) = LI, (1))

is an optimal algorithm.

Next, we address Question (II). An algorithm now is any function A : 7 — X,
and

E4(K) == sup[lx — A(x(11), ..., x(t) oo
is the error in algorithm A. By exactly the same reasoning as above, we obtain

||1f’||Oo < EA(K), which yields ||f’||<>o < E(K) as a lower bound for the intrinsic
error. Consider the algorithm A* : 7 — X given by

A (x(t1), ..., x(t)) = Loy gy, (x5 7).
We claim that
x — A", o x(t)]loo < | Pllo, forall x € K.
Indeed, if we assume the contrary, then
[x(10) = Lyy...,, %3 )| > |P(t9)], for some 1y € [0, 1],
which contradicts Rolle’s theorem, exactly as before. Thus
Ex(K) < [Pl < EXO),

and we conclude that A* is an optimal algorithm for the recovery problem involv-
ing optimal approximation. The problem of finding optimal sampling nodes in this
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case amounts to minimizing the quantity E(K) = ||1‘A’||OQ over all distinct points
t,...,t, € [0, 1]. This problem is easily solved thanks to two well-known results
in classical Approximation Theory, cf., e.g., Theorem 2.4.1 and Corollary 2.2.7, in
the book Mhaskar and Pai [3]. Indeed,

min{E(IC):tl,...,tne[O,l]diStinct}:( 1 )(1)

2n=1 ) \ !

and if we denote by 7 := cos (2’;1) 7, k=1,2,...,n the zeros of the nth Cheby-

shev polynomial 7, (¢) := cos(n cos~'(¢)), then the optimal sampling nodes are pre-
cisely the Chebyshev nodes on [0, 1],

~ 1 -
l‘k=§[1+lk], k=1,2,...,n.

Example 2.18. Let T be a compact subset of R” and let X = L(T). Let
K:={x € L) :|x(t;) —x®)| <|ti —t;]| forall #;,t, € T} (2.10.6)

denote the set of all non-expansive functions in X. We can ask analogous questions
as in Example 2.17.

Question 1 (Optimal interpolation): With K as above and given #y € T, what is
the best possible estimate of x(#) based solely on the information (i) and (ii) (cf.
Example 2.17)?
LetI : X — R" be defined by Ix := (x(#1),...,x(t,)), and let
Z:=1K)={(x(t),...,x(t,)):x € K}.

A lower bound on the intrinsic error of our estimation problem is easily seen to be
given by

EK) > sup{|x(t0)| x e xla = 0} (2.10.7)

where A :={t1,1,, ..., 1,}. Let
T .= [t €T :min|t —¢;| = Ilt—till],
J

and let g(r) := min; ||t — ¢;||. Clearly, § € K and §|» = 0. Thus, if £y € T, then
E(K) = q(ty) = ||to — ||. Define the algorithm A : Z — R by

AGx(t), ..., x(ty) = x(t).
Then,

x(t0) — A(Ix)| = |x(t0) — x ()| < llto — till = G (to) for all x € K.
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Consequently, E ; (K) = ¢(tp) and Ais an optimal algorithm.

Question 2 (Optimal approximation): In the same setting as above with K as defined
in (I), what is the best possible estimate of x itself based solely on the information
(i) and (ii)?

Note that an algorithm now is any function A : Z — Lo (T). An analogue of
(2.10.7) is:

E(K) = sup{llxllec : x € K, x|2 = 0}

> [1Gllo-
Let us denote by s the step function
sty =x(t;), te intT;,, i=1,...,n.

Then, s € Loo(T) and the algorithm A : 7 — Loo(T) defined by A(x(t)), ...,
x(t,)) = s is an optimal algorithm. Indeed, if # € int 7; and x € K then

(1) — Ax)(0)] = |x(0) —x(@)] < It — 4]l = G(0).

Thus ||x — A(IX)HOO < I I, and we conclude that
E;z(K) < l1qlloo-
Question 3 (Optimal integration): With the same setting and the same information

as in the previous two questions, we look for an optimal recovery of [ xdr.
In this case, a lower bound for the intrinsic error is given by

/xdt
T
z/c}dt.

T

Consider the algorithm A : 7 — R given by

EK) = sup[

:erC,xlA=0]

Ao(x(t), ..., x(ty)) =/sdt=2x(ti)vol(T,-).
T i=1

We have

/ xdt — Ap(Ix)
T

/xdt—/sdt §/|x—s|dt§/c}dt.
T T T T

Thus E 4, (K) < fT qdr and we conclude that Ay is an optimal algorithm.
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2.10.2 General Theory

Let X be alinear space and Y, Z be normed linear spaces. Let K be a balanced convex
subset of X. Let T : X — Z be a linear operator (the so-called feature operator).
Our object is to estimate 7 x for x € K using “limited information” about x. A linear
operator [ : X — Y called the information operator is prescribed and we assume
Ix for x € K is known possibly with some error (Figure2.5).

\/
Y

Fig. 2.5 Schematic representation

The algorithm A produces an error. Thus, while attempting to recover 7'x for
x € K, we only know y € Y satisfying || /x — y|| < € for some preassigned ¢ > 0.
An algorithm is any function—not necessarily a linear one—from /K + eU(Y)
into Z.

Schematically,

Ex(K, €) :=sup{[|[Tx — Ay|l : x € K and ||y — Ix|| < €},

and
E(K,¢€) = irAfEA(K, €)

is the intrinsic error in our estimation problem.

Any algorithm A satisfying E ;(K, €) = E(K, ) is called an optimal algorithm.
When e = 0, which corresponds to the recovery problem with exact information, we
simply denote E4 (K, 0) and E(K, 0) by E4(K), E(K) respectively. A lower bound
for E(K, €) is given by the next proposition.

Theorem 2.19. We have
e(K,e) :=sup{||ITx| :x € K, |[Ix]| <€} < E(K,e€). (2.10.8)

Proof. For every x € K such that || /x]| < € and any algorithm A, we have
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ITx — A0l < Ea(K, ©),

as well as
IT(—x) — A0l = [ITx + A0|| < Ea(K, ¢),

whence ||Tx| < Es(K,e€). This implies e(K,€) < E4(K, €), which yields the
result.

The next result, due to Micchelli and Rivlin (1977), gives an upper bound for
E(K, ¢). We omit its proof.

Theorem 2.20. We have
E(K,¢e) <2e(K,e¢). (2.10.9)

It is important to observe that optimal recovery with error is, at least theoretically,
equivalent to recovery with exact information. To see this, let X=XxYandin X
let K denote the balanced convex set K x U(Y). Weextend T and I to X by defining
f(x, y)=Tx, I (x,y) = Ix + €y, respectively. Schematically, (Figure?2.6).

AN
N T g
X=X xY > 7

—>

\ 4
Y

Fig. 2.6 Another schematic representation

Next, we observe that

E(K)=inf sup |T(x,y)— AU (x, )l
A o
(x,y)eK

:ir/ifsup{HTx —Allx+ey)]|:xeK,yeUX)}
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=infsup{||Tx — Ayl : x € K, [l Ix —y|| < ¢}
= E(K,e¢).
This justifies the observation made before.

In many situations, it becomes possible to bridge the gap between Theorems 2.19
and 2.20 and thereby solve the optimal recovery problem. Specifically, let

Ko:={x e K :Ix =0}, (2.10.10)

and let e(K) denote e(K, 0). Then, we have

Theorem 2.21. (Morozov and Grebbenikov) Suppose there exists a transformation
S:IX — X, suchthatx — SIx € Ko forallx € K. Then, e(K) = E(K)and A =
TS is an optimal algorithm.

Proof: Indeed,

E;(K)=sup||[Tx —TS{Ux)|

xek

=sup || T(x — SIx)|l
xekK

= sup [|Tx[| =e(K) = E(K).
xekKy

The above proposition enables us to obtain a variant of Example 2.17 above.

Example 2.19. Let

X :=W"[0,1]:={x:[0,1] — R:x""Y e AC[0, 1] and x™ € L0, 1]}

andK :={x € X : [[x"| < 1}.Let] : X — R"bedefinedby I (x) = (x(t,), ...,
x(t,)) where t|,t,...,1, in [0, 1] are distinct points. Define S: /X — X by
S(Ix) = Ly, 4,....+,(x), the unique polynomial in P,(R) interpolating x at the points
t/s. We have

(x = SUx)H™ = x" ||[(x = SUx)) ™| < 1forall x € K.
Therefore, x — S(Ix) € Ky for all x € K. Theorem 2.21 now reveals that e(K) =
E(K) and TS is an optimal algorithm. The problem of optimal interpolation
which corresponds to Z = R, Y = R"", Tx = x(tp) for some point #y € [0, 1]\
{t1, ..., ty++}, in case the number of sampling nodes > n was treated by Micchelli,
Rivlin, and Winograd [6] by making use of perfect spline for bounding the intrinsic
error E(K) from below.

Example 2.20. Let X = W;[0,1]=Z, Y = R"™, r > 0. Let A :={;}{"" be a
strictly increasing sequence of data nodes in (0, 1). For x € X, let
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Ix :x|A = (x(tl)’ "'7x(tn+r))7
K:i={xeX:|x" <1}

Let us denote by S, (A) the space of natural splines of order 2n with the knot
sequence A. For x € X, let s(x) denote the unique element of 3‘2,,(A) interpolating
x on A : x|p = §|a (cf. Theorem 6.3.3.3 in Mhaskar and Pai [3]). It follows from
Theorem 6.3.3.6 of Mhaskar and Pai [3] that

[x™ — (s ™2 < x|, forall x € X.
Thus if we define S : IX — X by S(/x) = s(x), then I (x —s(x)) =0 and x —

SIx € K forall x € K. Theorem 2.21 now reveals that natural spline interpolant is
an optimal algorithm.

2.10.3 Central Algorithms

As remarked in the introduction, the problem of optimal recovery is closely related
to the notion of Chebyshev center of a set. The reader may recall the notations in
the introduction of Section 2.8. In particular, recall that for a bounded subset F of a
normed linear space X, rad(F) := inf,cx 7 (F; x) denotes the Chebyshev radius of
F, and

Cent(F) :={x € X : r(F; x) =rad(F)}

denotes the Chebyshev center of F (possibly void). The next two elementary results
relate the Chebyshev radius of abounded set F with its diameter denoted by diam (F').

Theorem 2.22. If F is a bounded subset of a normed linear space X, then

1. .

zdlam(F) <rad(F) < diam(F). (2.10.11)
Proof: For y;, y, € F and x € X we have

Iyr = y2ll < lly1 = xll + llx = y2ll = 2r(F; x).

Therefore, diam(F) < 2r(F; x) which entails %diam(F ) <rad(F). On the other
hand, ||y; — y2|| < diam(F) = r(F; y;) < diam(F). Hence, rad(F) < diam(F).

Definition 2.18. A subset F of alinear space X is said to symmetric about an element
Xg € X if

z€X, xo+z€e F=>xy—z€F.



2.10 Introduction to Optimal Recovery of Functions 85

Theorem 2.23. If F is a bounded subset of a normed linear space X which is
symmetric about an element xo € X, then xo € Cent(F) and

rad(F) = %diam(F). (2.10.12)

Proof: If xy were not to belong to Cent(F), then there would exist x € F such
that r(F; x) < r(F; x¢) and one could pick yy € F such that r(F'; x) < ||xo — yoll-
Then, ||x — y|| < [lxo — yoll forall y € F.Letxy — yo = zo. Then, xo — zp € F and
since F is symmetric about xg, xo + zo € F. Therefore,

2llzoll = ll(xo + 20) — x — (x0 — 20) + x|
= ll(xo + z0) — x|l + [I(xo — zo) — x|

< 2|lxo — yoll = 2llzoll, a contradiction.
Thus x¢ € Cent(F). Let x € X and § > 0. Pick y; € F such that ||x — y|| >
r(F;x)— 9 and put x — y; = z. Then, y; = x — z € F and symmetry of F about
xo shows that y, = x + z € F. Therefore,

vyt = y2ll = 2lizll > 2r(F; x) — 20 = 2rad(F) — 20,

which yields diam(F) > 2rad(F) — 26. In view of (2.10.11), we obtain
I
rad(F) = Edlam(F).

The preceding theorem motivates the next definition.
Definition 2.19. A bounded set F is said to be centerable if (2.10.12) holds.

For y € 1K, let us denote by K, the set
K, ={xeK:Ix=y}= I"'{y}NK,
and let the “hypercircle” H (y) be defined by
H(y)=T(K,)={Tx:x € K, Ix = y}.
We assume that H (y) is bounded for each y € I K. Let us call

ri(T,K;y) :=radH(y)
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the local radius of information and

ri(T,K)= sup ri(T,K;y)
yelK

the (global) radius of information. We have

Theorem 2.24. Under the hypothesis as before,

e(K)=radH®) =r;(T,K;0), (2.10.13)
and
E(K) = sup radH(y) = r/(T, K). (2.10.14)
yelK

Proof: We have

e(K) =e(K,0) =sup{||Tx| : x € K, Ix = 6}
= sup{||zll : z € H(O)} = r(H(0), 0).

Observe that H () is symmetric about . Indeed, if z € H (0), then z = T x for some
x € K suchthat Ix = 6. Thisimplies —z = T'(—x), andsince —x € K and I (—x) =
0, we have —z € H(#). Thus 6 € Cent(H (0)) and r(H (), 6) = radH (0), which
proves (2.10.13).

To prove (2.10.14), observe that since for any algorithm A, we have

ITx — Alx|| < E4(K) forall x € K,
sup ||z — Ayll = Ea(K),
Z€H(y)
which implies

radH(y) < r(H(y), Ay) < EA(K) forall y € IK.

Thus sup,; ¢ rad(H(y)) < E(K). To reverse this inequality € > 0 given, for each
y € IK pick z, € Z such that »(H (y), zy) < radH (y) + €. Then, for each x € K
and y € Y such that Ix = y, we have

ITx —z,|| <radH(y)+ e < sup rad(H (y)) + €.
yelK

Now, consider the algorithm A : 1K — Z defined by A(y) =2z,,y € IK. We have
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E;(K) =sup{||ITx — Ay|| x e K, Ix =y}
=sup{[|Tx —z,ll : x € K, Ix =y}
< sup rad(H (y)) + €.

yelK

Thus E(K) < sup,¢;x rad(H (y)), which establishes (2.10.14).

Corollary 2.4. Under the hypothesis as before, suppose Z admits centers for the sets
H(y), y € IK. Pick c, € CentH((y) for each y € IK, then y — c, is an optimal
algorithm.

Lastly, aside from Theorem 2.24, we present one more case wherein e(K) =
E(K).

Theorem 2.25. Assume T (K) is bounded and that each set H(y), y € IK is cen-
terable, then e(K) = E(K).

Proof: For each y € K, we have diamH (y) = 2radH (y), and

diamH (y) = sup{||Tx; — Txz| : x1,x2 € K and Ix| =[x, = y}
=sup{||T (x; — x2)| : x1,x2 € K and Ix; = Ix; = y}
<sup{||Tx|| : x € 2K, Ix = 0}
=2sup{||Tx||: x € K, Ix =0}
= 2e(K).

Thus rad H(y) < e(K) forall y € I K and we conclude from (2.10.14) that E(K) <
e(K).

2.10.4 Notes

One of the first landmark articles devoted to optimal recovery is Golomb and Wein-
berger [1] and one of the first surveys in this area is Section 33 in Holmes [2]. A more
extensive survey of the literature in this direction up to 1977 is contained in Micchelli
and Rivlin [4]. An update of this survey has also been contributed by the same authors
in 1985. This topic is now encompassed by a wider topic called information-based
complexity. The interested reader is referred to the book of Traub and Wozniakowski
[7] for more details in this direction.

Exercises IV

2.41. (Rivlin and Micchelli): For optimal approximation of non-expansive functions
with m =1 in Example II, let T =[0,1],0 <t <t,... <1, <1, & := %(ti +
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tiv1),i=1,2,...,n—1, & :=0, & :=1. Then, T} = [0, &], T, = [&i-1, 1],
and 7; = [§-1,&], i =2,...,n — 1. Show that with A := max;<;j<,—1 A;, A; 1=
tiv1 — t;, E(K) = ||@llco = max{t, %A, 1 — 1,} and that an optimal approximant of
x € K is given by the step function

s =x@), o<t <&, i=1,...,n.

2i—1
2n

I =

Show also that the optimal sampling nodes in this case are given by t; =
1,...,n with

1
EK) = = min{E (K} : 1, ...,1, € [0, 1], distinct }.

Furthermore, show that for the optimal approximation problem as above another
simple optimal algorithm is

A (xt), ..., x(t,) — p@)

where p(t) is the piecewise linear interpolant of x at the nodes ¢;s.

2.42. (Rivlin and Micchelli): For the optimal approximation of non-expansive func-
tions withm = 2, n = 3 in Example II, take T to be a triangle with vertices t;, t,, t3
(not obtuse angled). Show that another optimal approximant of x € K is given by
A = (x(t)), x(t2), x(t3)) —> € where £ is the linear interpolant to x,

Lt) =au +bv+c,t=(u,v)

satisfying £(t;) = x(t;), i = 1,2, 3.
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