
Chapter 2
Laurent Asymptotic Expansions

In Chapter 2, we present operational rules for Laurent asymptotic expansions given
in two forms, without and with explicit upper bounds for remainders. Here, we
would like to refer to some classic books, for example, Hörmander (1990) and
Markushevich (1985), where one can find basic facts about Laurent series, mainly,
connected with representation problems for analytic functions. We, however, are in-
terested in simpler objects and problems that are Laurent asymptotic expansions and
operational rules for such expansions, with remainders given in the standard form
o(·) and with explicit power-type upper bounds for remainders. In the former case,
such rules should be possibly considered as generally known, while, in the latter
case, asymptotic expansions have some novelty aspects.

2.1 Laurent Asymptotic Expansions with Remainders Given in
the Standard Form

In Section 2.1, we present operational rules for Laurent asymptotic expansions with
remainders given in the standard form.

2.1.1 Definition of Laurent Asymptotic Expansions with
Remainders Given in the Standard Form

Let A(ε) be a real-valued function defined on an interval (0,ε0], for some 0< ε0 ≤ 1,
and given on this interval by a Laurent asymptotic expansion,

A(ε) = ahAεhA + · · ·+ akAεkA + oA(εkA), (2.1)

where (a) −∞ < hA ≤ kA < ∞ are integers, (b) coefficients ahA , . . . ,akA are real num-
bers, (c) function oA(εkA)/εkA → 0 as ε → 0.
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18 2 Laurent Asymptotic Expansions

We refer to such Laurent asymptotic expansion as a (hA,kA)-expansion with the
remainder given in the standard form. This expansion is also a Taylor asymptotic
expansion, if hA ≥ 0.

We say that (hA,kA)-expansion A(ε) is pivotal if it is known that ahA �= 0.
Parameter LA = kA − hA is called a length of the asymptotic expansion A(ε).
Let a function A(ε) be represented by a standard Taylor (0,kA)-expansion. In

applications, A(ε) may be interpreted as a parameter for some perturbed system or
process, and ε as a perturbation parameter. Respectively, A(0) = a0 is interpreted
as the value of above parameter for the corresponding unperturbed system or pro-
cess. The asymptotic representation (2.1) reflects a stability property of parameter
A(ε) with respect to small perturbations, if kA = 0. The asymptotic representation
(2.1) corresponds to the model with linear type perturbation, if kA = 1, and to the
model with nonlinear type perturbation of order kA if kA > 1. The particular case
of nonlinear type perturbation of order kA is a polynomial type perturbation, where
the corresponding remainder o(εkA)≡ 0. Also, an analytic-type perturbation, where
function A(ε) admits a representation in the form of absolutely convergent power
series in interval (0,ε0], can be interpreted as a nonlinear type perturbation. Indeed,
function A(ε) can, in this case, be rewritten in the form (2.1), for any kA > 1. In the
general case, where A(ε) is represented by a Laurent (hA,kA)-expansion, the per-
turbation type can be classified via the normalized function ε−hA A(ε), which is a
(0,LA)-expansion. In this case, the perturbation type can be characterized as linear
or nonlinear if, respectively, LA = 1 or LA > 1.

Let us now explain, why we can restrict consideration by the case, where param-
eter ε takes only positive values. Let us assume that function A(ε) is also defined
on some interval [ε ′0,0) and is given on this interval by a Laurent asymptotic ex-
pansion A(ε) = A′(ε) = a′h′A

εh′A + · · ·+a′k′A
εk′A +o′A(εk′A) analogous to the above one

given in relation (2.1). Then A′(ε),ε ∈ [ε ′0,0) can always be rewritten as a func-
tion of positive parameter −ε ∈ (0,−ε ′0] using the formula, A′(ε) = A′(−(−ε)) =
(−1)h′Aa′h′A · (−ε)h′A + · · ·+(−1)k′Aa′k′A · (−ε)k′A +o′A((−1)k′A(−ε)k′A). Thus, the oper-

ational analysis of function A(ε), in particular computing of coefficients and estima-
tion of remainder for the corresponding asymptotic expansion defined at a two-sided
neighborhood of 0 can be reduced to analysis of two functions defined at positive
one-sided neighborhoods of 0.

Let us also comment possible variations in representations of Laurent asymptotic
expansions. If, for example, it is known that the (hA,kA)-expansion (2.1) has the first
coefficient ahA = 0, then there is the obvious sense to exclude the first term ahAεhA

from this asymptotic expansion and to rewrite it in the more informative form,
A(ε) = ahA+1εhA+1 + · · ·+akAεkA +oA(εkA), i.e., as (hA +1,kA)-expansion. Also, if
it is known that the remainder of the (hA,kA)-expansion (2.1) can be represented in
the form oA(εkA)≡ akA+1εkA+1 +o′A(ε

kA+1), where o′A(ε
kA+1)/εkA+1 → 0 as ε → 0,

then there is the obvious sense to replace the remainder oA(εkA) by the identical
function akA+1εkA+1 +o′A(ε

kA+1) in the asymptotic expansion (2.1) and rewrite it in
the more informative form, A(ε) = ahAεhA + · · ·+akAεkA +akA+1εkA+1+o′A(εkA+1),
i.e., as (hA,kA + 1)-expansion.
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Lemma 2.1. If function A(ε) = a′h′A
εh′A + · · ·+ a′k′A

εk′
A + o′A(εk′A) = a′′h′′A

εh′′A + · · ·+
a′′k′′Aεk′′A + o′′A(ε

k′′A),ε ∈ (0,ε0] can be represented as, respectively, (h′A,k
′
A)- and (h′′A,

k′′A)-expansion, then the asymptotic expansion for function A(ε) can be represented
in the following most informative form A(ε) = ahAεhA + · · ·+ akAεkA + oA(εkA),ε ∈
(0,ε0] of (hA,kA)-expansion, with parameters hA = h′A ∨h′′A,kA = k′A ∨ k′′A, and coef-
ficients ahA , . . . ,akA, and remainder oA(εkA) given by the following relations:

(i) a′l = 0, for h′A ≤ l < hA and a′′l = 0, for h′′A ≤ l < hA;
(ii) al = a′l = a′′l , for hA ≤ l ≤ k̃A = k′A ∧ k′′A;
(iii) al = a′′l , for k̃A = k′A < l ≤ kA if k′A < k′′A;
(iv) al = a′l , for k̃A = k′′A < l ≤ kA if k′′A < k′A;
(v) ∑k̃A<l≤k′A

a′lε
l + o′A(εk′A) = ∑k̃A<l≤k′′A

a′′l ε l + o′′A(εk′′A),ε ∈ (0,ε0] and oA(εkA)

coincides, for ε ∈ (0,ε0], with o′′A(εk′′A) if k′A < k′′A; o′A(εk′A) = o′′A(εk′′A) if k′A = k′′A; or
o′A(ε

k′A) if k′A > k′′A.
The asymptotical expansion A(ε) is pivotal if and only if ahA = a′hA

= a′′hA
�= 0.

Remark 2.1. A constant a can be interpreted as function A(ε) ≡ a. Thus, 0 can be
represented, for any integer−∞< h≤ k <∞, as the (h,k)-expansion, 0= 0εh+ . . .+
0εk + o(εk), with remainder o(εk) ≡ 0. Also, 1 can be represented, for any integer
0 ≤ k < ∞, as the (0,k)-expansion, 1 = 1+ 0ε + . . .+ 0εk + o(εk), with remainder
o(εk)≡ 0.

2.1.2 Operational Rules for Laurent Asymptotic Expansion with
Remainders Given in the Standard Form

Let us consider four Laurent asymptotic expansions, A(ε) = ahAεhA + · · ·+akAεkA +
oA(εkA), B(ε) = bhBεhB + · · ·+ bkB εkB + oB(εkB), C(ε) = chCεhC + · · ·+ ckC εkC +
oC(εkC ), and D(ε) = dhDεhD + · · ·+ dkDεkD + oD(εkD) defined for 0 < ε ≤ ε0, for
some 0 < ε0 ≤ 1.

Lemma 2.2. The following operational rules take place for the above Laurent
asymptotic expansions:

(i) If A(ε),ε ∈ (0,ε0] is a (hA,kA)-expansion and c is a constant, then C(ε) =
cA(ε),ε ∈ (0,ε0] is a (hC,kC)-expansion such that:

(a) hC = hA, kC = kA;

(b) chC+r = cahC+r, r = 0, . . . ,kC − hC;

(c) oC(εkC ) = coA(εkA).

This expansion is pivotal if and only if chC = cahA �= 0.

(ii) If A(ε),ε ∈ (0,ε0] is a (hA,kA)-expansion and B(ε),ε ∈ (0,ε0] is a (hB,kB)-
expansion, then C(ε) = A(ε)+B(ε),ε ∈ (0,ε0] is a (hC,kC)-expansion such that:

(a) hC = hA ∧hB, kC = kA ∧ kB;

(b) chC+r = ahC+r +bhC+r, r = 0, . . . ,kC −hC, where ahC+r = 0, for 0 ≤ r < hA −
hC and bhC+r = 0, for 0 ≤ r < hB − hC;
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(c) oC(εkC ) = ∑kC<i≤kA
aiε i +∑kC< j≤kB

biε j + oA(εkA)+ oB(εkB).

This expansion is pivotal if and only if chC = ahC + bhC �= 0.

(iii) If A(ε),ε ∈ (0,ε0] is a (hA,kA)-expansion and B(ε),ε ∈ (0,ε0] is a (hB,kB)-
expansion, then C(ε) = A(ε) ·B(ε),ε ∈ (0,ε0] is a (hC,kC)-expansion such that:

(a) hC = hA + hB, kC = (kA + hB)∧ (kB + hA);

(b) chC+r = ∑0≤i≤r ahA+ibhB+r−i, r = 0, . . . ,kC − hC;

(c) oC(εkC ) = ∑kC<i+ j,hA≤i≤kA,hB≤ j≤kB
aib jε i+ j +∑hA≤i≤kA

aiε ioB(εkB)

+∑hB≤ j≤kB
b jε joA(εkA)+ oA(εkA)oB(εkB).

This expansion is pivotal if and only if chC = ahAbhB �= 0;

(iv) If B(ε),ε ∈ (0,ε0] is a pivotal (hB,kB)-expansion, then there exists 0 < ε ′0 ≤
ε0 such that B(ε) �= 0,ε ∈ (0,ε ′0], and C(ε) = 1

B(ε) ,ε ∈ (0,ε ′0] is a pivotal (hC,kC)-
expansion such that:

(a) hC =−hB, kC = kB − 2hB;

(b) chC = b−1
hB
, chC+r =−b−1

hB
∑1≤i≤r bhB+ichC+r−i, r = 1, . . . ,kC − hC;

(c) oC(εkC ) =−∑kB−hB<i+ j,hB≤i≤kB,hC≤ j≤kC
bic jε i+ j+∑hC≤ j≤kC

c jε joB(εkB )

bhB
εhB+···+bkB

εkB+oB(εkB )
.

(v) If A(ε),ε ∈ (0,ε0] is a (hA,kA)-expansion, and B(ε),ε ∈ (0,ε0] is a pivotal
(hB,kB)-expansion, then there exists 0 < ε ′0 ≤ ε0 such that B(ε) �= 0,ε ∈ (0,ε ′0], and

D(ε) = A(ε)
B(ε) ,ε ∈ (0,ε ′0] is a (hD,kD)-expansion such that:

(a) hD = hA + hC = hA − hB, kD = (kA + hC)∧ (kC + hA)

= (kA − hB)∧ (kB − 2hB+ hA);

(b) dhD+r = ∑0≤i≤r ahA+ichC+r−i,r = 0, . . . ,kD − hD,

(c) oD(εkD) = ∑kD<i+ j,hB≤i≤kB,hC≤ j≤kC
bic jε i+ j +∑hB≤i≤kB

biε ioC(εkC )

+∑hC≤ j≤kC
c jε joB(εkB)+ oB(εkB)oC(εkC ),

where chC+ j, j = 0, . . . ,kC − hC and oC(εkC ) are, respectively, the coefficients and
the remainder of the (hC,kC)-expansion C(ε) = 1

B(ε) given in the above proposition
(iv), or by the following formulas:

(d) hD = hA − hB, kD = (kA − hB)∧ (kB − 2hB+ hA);

(e) dhD+r = b−1
hB
(ahA+r −∑1≤i≤r bhB+idhD+r−i), r = 0, . . . ,kD − hD;

(f) oD(εkD) =
∑kA∧(kB+hA−hB)<l≤kA

alε l+oA(εkA )

bhB
ehB+···+bkB

εkB+oB(εkB )

− ∑kA∧(kB+hA−hB)<i+ j,hB≤i≤kB,hD≤ j≤kD
bid jε i+ j+∑hD≤ j≤kD

d jε joB(εkB )

bhB
εhB+···+bkB

εkB+oB(εkB )
.

This expansion is pivotal if and only if dhD = ahAchC = ahA/bhB �= 0.

Remark 2.2. By Lemma 2.1, the Laurent asymptotic expansions for function D(ε),
given by the alternative formulas (a)–(c) and (d)–(f) in proposition (v) of Lemma 2.2,
coincide. Also, these Laurent asymptotic expansions coincide with the expansions
given by formulas (a)–(c) in propositions (iv) of Lemma 2.2, if A(ε) ≡ 1. In this
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case, 1 should be interpreted as the (0,kB − hB)-expansion, 1 = 1 + 0ε + . . .+
0εkB−hB + o(εkB−hB), with remainder o(εkB−hB)≡ 0.

Let Am(ε) = ahAm ,mεhAm + · · ·+ akAm ,mεkAm + oAm(εkAm ),ε ∈ (0,ε0] be a (hAm ,
kAm)-expansion, for m = 1, . . . ,N.

Lemma 2.3. The following operational rules for multiple summation and multipli-
cation take place for the above Laurent asymptotic expansions:

(i) Bn(ε) = A1(ε)+ · · ·+An(ε),ε ∈ (0,ε0] is, for every n = 1, . . . ,N, a (hBn, kBn)-
expansion, where:

(a) hBn = min(hA1 , . . . ,hAn), kBn = min(kA1 , . . . ,kAn).

(b) bhBn+l,n = ahBn+l,1 + · · ·+ ahBn+l,n, l = 0, . . . ,kBn − hBn, where

ahBn+l,m = 0, for 0 ≤ l < hAm − hBn,m = 1, . . . ,n.

(c) oBn(εkBn ) = ∑1≤m≤n

(

∑kBn<l≤kAm
al,mε l + oAm(εkAm )

)

.

Expansion Bn(ε) is pivotal if and only if bhBn ,n = ahA1
,1 + · · ·+ ahAn ,n �= 0.

(ii) Cn(ε) = A1(ε)× ·· · × An(ε),ε ∈ (0,ε0] is, for every n = 1, . . . ,N, a (hCn ,
kCn)-expansion, where:

(a) hCn = hA1 + · · ·+ hAn , kCn = min(kAl +∑1≤r≤n,r �=l hAr , l = 1, . . . ,n).

(b) chCn+l,n = ∑l1+···+ln=l,0≤lm≤kAm−hAm ,1≤m≤n ∏1≤m≤n ahAm+lm,m,

l = 0, . . . ,kCn − hCn.

(c) oCn(εkCn ) = ∑kCn<l1+···+ln,hAm≤lm≤kAm ,1≤m≤n ∏1≤m≤n alm,mε l1+···+ln

+ ∑1≤r≤n ∑1≤m1<···<mr≤n

(

∏m�=m1,...,mr ,1≤m≤n

(

∑hAm≤l≤kAm
al,mε l

)

× ∏1≤i≤r oAmi
(εkAmi )

)

.

Expansion Cn(ε) is pivotal if and only if chCn ,n = ahA1
,1 ×·· ·× ahAn ,n �= 0.

In particular, if Am(ε) =A1(ε),ε ∈ (0,ε0], for m= 1, . . . ,N, then Cn(ε) =A1(ε)n,
ε ∈ (0,ε0] is, for every n = 1, . . . ,N, a (hCn ,kCn)-expansion, where:

(d) hCn = nhA1 , kCn = kA1 +(n− 1)hA1.

(e) chCn+l,n = ∑l1+···+ln=l,0≤lm≤kA1
−hA1

,1≤m≤n ∏1≤m≤n ahA1
+lm,1,

l = 0, . . . ,kCn − hCn.

(f) oCn(εkCn ) = ∑kCn<l1+···+ln,hAm≤lm≤kAm ,1≤m≤n ∏1≤m≤n alm,1ε l1+···+ln

+ ∑1≤r≤n

(n
r

)(

∑hA1
≤l≤kA1

al,1ε l
)n−r(

oA1(ε
kA1 )

)r
.

(iii) Asymptotic expansions for functions Bn(ε) = A1(ε)+ · · ·+An(ε),n = 1, . . .,
N and Cn(ε) = A1(ε)× ·· · ×An(ε),n = 1, . . . ,N are invariant with respect to any
permutation of summation and multiplication order in the above formulas.

Remark 2.3. An alternative recurrent formulas for parameters, coefficients, and re-
mainders of asymptotic expansions for sums Bn(ε) and products Cn(ε) can be ob-
tained using the recurrent identities Bn(ε)≡ Bn−1(ε)+An(ε),n = 1, . . . ,N, B0(ε)≡
0, and Cn(ε)≡Cn−1(ε) ·An(ε),n= 1, . . . ,N, C0(ε)≡ 1 and applying to them the op-
erational rules for Laurent asymptotic expansions given in Lemma 2.2.
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2.1.3 Algebraic Properties of Operational Rules for Laurent
Asymptotic Expansions with Remainders Given in the
Standard Form

The following lemma summarizes some basic algebraic properties of Laurent asymp-
totic expansions. It is a corollary of Lemmas 2.1 and 2.2.

Lemma 2.4. The summation and multiplication operations for Laurent asymptotic
expansions defined in Lemma 2.2 possess the following algebraic properties, which
should be understood as identities for the corresponding Laurent asymptotic expan-
sions (i.e., identities for the corresponding parameters h,k, coefficients and remain-
ders) of functions represented in two alternative forms in the functional identities
given below:

(i) The summation and multiplication operations for Laurent asymptotic expan-
sions satisfy the “elimination” identities that are implied by the corresponding
functional identities, A(ε) + 0 ≡ A(ε), A(ε) · 1 ≡ A(ε), A(ε)− A(ε) ≡ 0, and
A(ε) ·A(ε)−1 ≡ 1.

(ii) The summation operation for Laurent asymptotic expansions is commutative
and associative that is implied by the corresponding functional identities, A(ε)+
B(ε)≡ B(ε)+A(ε) and (A(ε)+B(ε))+C(ε)≡ A(ε)+ (B(ε)+C(ε)).

(iii) The multiplication operation for Laurent asymptotic expansions is commu-
tative and associative that is implied by the corresponding functional identities,
A(ε) ·B(ε)≡ B(ε) ·A(ε) and (A(ε) ·B(ε)) ·C(ε)≡ A(ε) · (B(ε) ·C(ε)).

(iv) The summation and multiplication operations for Laurent asymptotic expan-
sions possess distributive property that is implied by the corresponding functional
identity, (A(ε)+B(ε)) ·C(ε)≡ A(ε) ·C(ε)+B(ε) ·C(ε).
Remark 2.4. In proposition (i) of Lemma 2.4, 0 should be interpreted as the (hA,kA)-
expansion, 0 = 0+ 0εhA + . . .+ 0εkA + o(εkA), with remainder o(εkA) ≡ 0, and 1
as (0,kA − hA)-expansion, 1 = 1+ 0ε + . . .+ 0εkA−hA + o(εkA−hA), with remainder
o(εkA−hA)≡ 0.

Remark 2.5. The Laurent asymptotic expansion A(ε) is assumed to be pivotal, in the
elimination identity implied by functional identity A(ε) ·A(ε)−1 ≡ 1, and to hold,
for 0 < ε ≤ ε ′0 such that A(ε) �= 0, ε ∈ (0,ε ′0].

2.2 Laurent Asymptotic Expansions with Explicit Upper Bounds
for Remainders

In Section 2.2 we present operational rules for Laurent asymptotic expansions with
explicit upper bounds for remainders.

2.2.1 Definition of Laurent Asymptotic Expansions with Explicit
Upper Bounds for Remainders

Let A(ε) be a real-valued function defined on an interval (0,ε0], for some 0< ε0 ≤ 1,
and given on this interval by a Laurent asymptotic expansion,
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A(ε) = ahAεhA + · · ·+ akAεkA + oA(εkA), (2.2)

where (a) −∞ < hA ≤ kA < ∞ are integers, (b) coefficients ahA , . . . ,akA are real num-
bers, (c) |oA(εkA)| ≤ GAεkA+δA , for 0 < ε ≤ εA, where (d) 0 < δA ≤ 1, 0 ≤ GA < ∞
and 0 < εA ≤ ε0.

We refer to such Laurent asymptotic expansion as a (hA,kA,δA,GA,εA)-expansion.
The (hA,kA,δA,GA,εA)-expansion is also a (hA,kA)-expansion, according the

definition given in Subsection 2.1.1, since, oA(εkA)/εkA → 0 as ε → 0.
We say that (hA,kA,δA,GA,εA)-expansion A(ε) is pivotal if it is known that

ahA �= 0.
It is useful to note that there is no sense to consider, it seems, a more general

case of upper bounds for the remainder oA(εkA), with parameter δA > 1. Indeed, let
us define k′A = kA + [δA]− I(δA = [δA]) and δ ′

A = δA − [δA]+ I(δA = [δA]) ∈ (0,1].
The (hA,kA,δA,GA,εA)-expansion A(ε) can be rewritten in the equivalent form of
the (hA,k′A,δ ′

A,GA,εA)-expansion, A(ε) = ahAεhA + · · ·+ akA εkA + 0εkA+1 + · · ·+
0εk′A + o′A(εk′A), with the remainder o′A(εk′A) = oA(εkA), which satisfies inequalities
|o′A(εk′A)|= |oA(εkA)| ≤ GAεkA+δA = GAεk′A+δ ′

A , for 0 < ε ≤ εA.
Let us also comment the analytic-type case, where function A(ε) is given by

an absolutely convergent power series, A(ε) = ∑k≥hA
akεk, in interval (0,ε0]. In

this case, A(ε) can be represented in the form of (hA,kA,1,GkA ,εkA)-expansion
A(ε) = ahAεhA + · · ·+ akAεkA + okA(ε

kA) with remainder okA(ε
kA) = ∑k≥kA+1 akεk,

for any kA ≥ hA. Indeed, remainder okA(ε
kA) satisfies, for any εkA ∈ (0,ε0], inequal-

ities, |okA(ε
kA)| ≤ εkA+1GkA ,ε ∈ (0,εkA ], where GkA = ∑k≥kA+1 |ak|εk−kA−1

kA
.

The above remarks imply that the asymptotic expansion A(ε) can be represented
in different forms. In such cases, we consider forms with larger parameters hA and kA

as more informative. As far as parameters δA,GA, and εA are concerned, we consider
as more informative forms, first, with larger values of parameter δA, second, with
smaller values of parameter GA and, third, with larger values of parameter εA.

Lemma 2.5. If A(ε) = a′h′A
εh′A + · · ·+ a′k′A

εk′A + o′A(εk′A) = a′′h′′A
εh′′A + · · ·+ a′′k′′A

εk′′A +

o′′A(ε
k′′A),ε ∈ (0,ε0] can be represented as, respectively, (h′A,k

′
A,δ

′
A,G

′
A, ε ′A)- and

(h′′A, k′′A,δ
′′
A ,G

′′
A,ε

′′
A)-expansion, then the (hA,kA)-expansion A(ε) = ahAεhA + · · ·+

akAεk +oA(εkA),ε ∈ (0,ε0] given in Lemma 2.1 is an (hA,kA,δA, GA,εA)-expansion,
with parameters δA,GA, and εA chosen in the following way consistent with the
priority order described above:

(δA,GA,εA)

=

⎧

⎨

⎩

(δ ′′
A ,G

′′
A,ε

′′
A) if k′A < k′′A or k′A = k′′A,δ

′
A < δ ′′

A ,
(δ ′

A = δ ′′
A ,G

′
A ∧G′′

A,ε
′
A ∧ ε ′′A) if k′A = k′′A,δ

′
A = δ ′′

A ,
(δ ′

A,G
′
A,ε ′A) if k′A > k′′A or k′A = k′′A,δ ′

A > δ ′′
A .

(2.3)
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Remark 2.6. The following simple upper bounds take place for parameters GA,δA,
and εA given in Lemma 2.5, δA ≥ δ̃A = δ ′

A∧δ ′′
A , GA ≤ G̃A = G′

A∨G′′
A, and εA ≥ ε̃A =

ε ′A ∧ ε ′′A , which can be used in the case, where the priority order described above is
ignored. Obviously, (hA,kA)-expansion A(ε) is also a (hA,kA, δ̃A, G̃A, ε̃A)-expansion.

Remark 2.7. A constant a can be interpreted as function A(ε) ≡ a. Thus, 0 can be
represented, for any integer −∞< h ≤ k < ∞, as the (h,k,δh,k,Gh,k, εh,k)-expansion,
0= 0εh+ . . .+0εk+o(εk), with remainder o(εk)≡ 0 and, thus, parameters δh,k = 1,
Gh,k = 0, and εh,k = ε0. Also, 1 can be represented, for any integer 0 ≤ k < ∞, as the
(0,k,δk,Gk,εk)-expansion, 1= 1+0ε+ . . .+0εk+o(εk), with remainder o(εk)≡ 0
and, thus, parameters δk = 1, Gk = 0, and εk = ε0.

2.2.2 Operational Rules for Laurent Asymptotic Expansion with
Explicit Upper Bounds for Remainders

Let us consider four Laurent asymptotic expansions, A(ε) = ahAεhA + · · ·+akAεkA +
oA(εkA), B(ε) = bhBεhB + · · ·+ bkB εkB + oB(εkB), C(ε) = chCεhC + · · ·+ ckC εkC +
oC(εkC ), and D(ε) = dhDεhD + · · ·+ dkDεkD + oD(εkD) defined for 0 < ε ≤ ε0, for
some 0 < ε0 ≤ 1.

Let us denote, FA = maxhA≤i≤kA |ai|, FB = maxhB≤i≤kB |bi|, FC = maxhC≤i≤kC |ci|,
and FD = maxhD≤i≤kD |di|.
Lemma 2.6. The above Laurent asymptotic expansions have the following opera-
tional rules for computing remainders:

(i) If A(ε),ε ∈ (0,ε0] is a (hA,kA,δA,GA,εA)-expansion and c is a constant, then
C(ε) = cA(ε),ε ∈ (0,ε0] is a (hC,kC,δC,GC,εC)-expansion with parameters hC,kC

and coefficients cr,r = hC, . . . ,kC given in proposition (i) of Lemma 2.2, and param-
eters δC,GC, and εC given by the formulas:

(a) δC = δA = δ̃C;

(b) GC = |c|GA = G̃C;

(c) εC = εA = ε̃C = ε̃C.

(ii) If A(ε),ε ∈ (0,ε0] is a (hA,kA,δA,GA,εA)-expansion and B(ε),ε ∈ (0,ε0] is a
(hB,kB, δB,GB,εB)-expansion, then C(ε) = A(ε)+B(ε), ε ∈ (0,ε0] is a (hC,kC,δC,
GC,εC)-expansion with parameters hC,kC and coefficients cr,r = hC, . . . ,kC given
in proposition (ii) of Lemma 2.2, and parameters δC,GC, and εC given by formulas:

(a) δC = δAI(kA < kB) + (δA ∧δB)I(kA = kB) + δBI(kB < kA)≥ δ̃C = δA ∧δB;

(b) GC = ∑kC<i≤kA
|ai|ε i−kC−δC

C +∑kC< j≤kB
|b j|ε j−kC−δC

C

+GAεkA +δA−kC−δC
C + GBεkB+δB−kC−δC

C

≤ G̃C = FA(kA − kC)+GA +FB(kB − kC)+GB;

(c) εC = εA ∧ εB = ε̃C.

(iii) If A(ε),ε ∈ (0,ε0] is a (hA,kA,δA,GA,εA)-expansion and B(ε),ε ∈ (0,ε0] is
a (hB,kB, δB,GB,εB)-expansion, then C(ε) = A(ε) ·B(ε), ε ∈ (0,ε0] is a (hC,kC,δC,
GC,εC)-expansion with parameters hC,kC and coefficients cr,r = hC, . . . ,kC given
in proposition (iii) of Lemma 2.2, and parameters δC,GC, and εC given by formulas:
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(a) δC = δAI(kA + hB < kB + hA) + (δA ∧δB)I(kA + hB = kB + hA)

+ δBI(kA + hB > kB + hA)≥ δ̃C = δA ∧δB;

(b) GC = ∑kC<i+ j,hA≤i≤kA,hB≤ j≤kB
|ai||b j|ε i+ j−kC−δC

C

+ GA ∑hB≤ j≤kB
|b j|ε j+kA+δA−kC−δC

C + GB ∑hA≤i≤kA
|ai|ε i+kB+δB−kC−δC

C

+ GAGBεkA+kB+δA+δB−kC−δC
C

≤ G̃C = (FA(kA − hA + 1)+GA)(FB(kB − hB + 1)+GB);

(c) εC = εA ∧ εB = ε̃C.

(iv) If B(ε),ε ∈ (0,ε0] is a pivotal (hB,kB,δB,GB,εB)-expansion, then there
exists εC ≤ ε ′0 ≤ ε0 such that B(ε) �= 0,ε ∈ (0,ε ′0], and C(ε) = 1

B(ε) ,ε ∈ (0,ε ′0]
is a pivotal (hC,kC,δC,GC,εC)-expansion with parameters hC,kC and coefficients
cr,r = hC, . . . ,kC given in proposition (iv) of Lemma 2.2, and parameters δC,GC,
and εC given by formulas:

(a) δC = δB = δ̃C;

(b) GC = (
|bhB

|
2 )−1

(

GB ∑hC≤ j≤kC
|c j|ε j+hB

C

+∑kB−hB<i+ j,hB≤i≤kB,hC≤ j≤kC
|bi||c j|ε i+ j−kB+hB−δB

C

)

≤ G̃C = (
|bhB

|
2 )−1

(

GBFC(kC −hC +1)+FBFC(kB −hB +1)(kC −hC +1)
)

= (
|bhB

|
2 )−1(FB(kB − hB + 1)+GB)FC(kC − hC + 1);

(c) εC = εB ∧ ε̃ ′B ≥ ε̃C = εB ∧ ε̃B, where

ε̃ ′B =
( |bhB

|
2(∑hB<i≤kB

|bi|ε i−hB−δB
B )+ GBεkB−hB

B )

) 1
δB ≥ ε̃B =

( |bhB
|

2(FB(kB−hB)+GB)

) 1
δB .

(v) If A(ε),ε ∈ (0,ε0] is a (hA,kA,δA,GA,εA)-expansion, B(ε),ε ∈ (0,ε0] is
a pivotal (hB,kB,δB,GB,εB)-expansion, then there exists εD ≤ ε ′0 ≤ ε0 such that

B(ε) �= 0,ε ∈ (0,ε ′0], and D(ε) = A(ε)
B(ε) is a (hD,kD, δD,GD, εD)-expansion with

parameters hD,kD and coefficients dr,r = hD, . . . ,kD given in proposition (v) of
Lemma 2.2, and parameters δD,GD,εD given by formulas:

(a) δD = δAI(hC + kA < hA + kC) + (δA ∧δC)I(hC + kA = hA + kC)

+ δCI(hA + kC < hC + kA)≥ δ̃D = δA ∧δC = δA ∧δB;

(b) GD = ∑kD<i+ j,hA≤i≤kA,hC≤ j≤kC
|ai||c j|ε i+ j−kD−δD

D

+ GA ∑hC≤ j≤kC
|c j|ε j+kA+δA−kD−δD

D + GC ∑hA≤i≤kA
|ai|ε i+kC+δC−kD−δD

D

+ GAGCεkA+kC+δA+δC−kD−δD
D

≤ G̃D = (FA(kA − hA + 1)+GA)(FC(kC − hC + 1)+GC);

(c) εD = εA ∧ εC = ε̃D,

where coefficients cr,r = hC, . . . ,kC and parameters hC,kC,δC,GC,εC are given for
the (hC,kC,δC,GC,εC)- expansion of function C(ε) = 1

B(ε) in the above proposition
(iv), or by formulas:
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(d) δD = δAI(kA − hB < kB − 2hB+ hA)+ (δA ∧δB)I(kA − hB = kB

− 2hB + hA)+ δBI(kA − hB > kB − 2hB+ hA)≥ δ̃D = δA ∧δB;

(e) GD = (
|bhB

|
2 )−1

(

∑kA∧(hA+kB−hB)<i≤kA
|ai|ε i−hB−kD−δD

D +GAεkA+δA−hB−kD−δD
D

+ ∑kA∧(hA+kB−hB)<i+ j,hB≤i≤kB,hD≤ j≤kD
|bi||d j|ε i+ j−kD−hB−δD

D

+ GB ∑hD≤ j≤kD
|d j|ε j+kB+δB−hB−kD−δD

D

)

≤ G̃D = (
|bhB

|
2 )−1

(

FA(kA − kA ∧ (hA + kB − hB))+GA

+ FBFD(kB − hB + 1)(kD − hD + 1)+GBFD(kD − hD+ 1)
)

;

(f) εD = εA ∧ εB ∧ ε̃ ′B ≥ ε̃D = εA ∧ εB ∧ ε̃B, where ε̃ ′B and ε̃B are given
in relations (c) of proposition (iv).

Remark 2.8. Denominators in fractions representing parameters ε̃ ′B and ε̃B can take
value 0. In this case, parameters ε̃ ′B and ε̃B take value ∞. In particular, this is, ac-
cording to Remark 2.7, the case, if B(ε)≡ b �= 0.

Remark 2.9. Coefficients εB,εC,εD ∈ (0,1] are taken to nonnegative powers in all
terms of the sums, which define parameters GC, GD, and ε̃ ′B, in Lemma 2.7. This
makes it possible to estimate the corresponding parameters GC and GD from above
and parameter ε̃ ′B from below by the corresponding simpler expressions. In partic-
ular, the estimates by parameters G̃C, G̃D, and ε̃B are obtained by replacing coeffi-
cients εB,εC, and εD by 1.

Remark 2.10. Expansion C(ε) given in propositions (i)–(iv) is also a (hC,kC, δ̃C,
G̃C, ε̃C)-expansion with parameters δ̃C, G̃C, and ε̃C given by simpler formulas than
parameters δC,GC, and εC. Also, expansion D(ε) given in proposition (v) is a
(hD,kD, δ̃D, G̃D, ε̃D)-expansion with parameters δ̃D, G̃D, and ε̃D given by simpler
formulas than parameters δD,GD, and εD.

Let Am(ε) = ahAm ,mεhAm + · · ·+akAm ,mεkAm +oAm(εkAm ),ε ∈ (0,ε0] be a (hAm ,kAm ,
δAm ,GAm ,εAm)-expansion, for m = 1, . . . ,N.

Also, let us denote FAm = maxhAm≤i≤kAm
|ai,m|, for m = 1, . . . ,N.

Lemma 2.7. The above asymptotic expansions have the following multiple opera-
tional rules for computing remainders:

(i) Bn(ε) = A1(ε)+ · · ·+An(ε),ε ∈ (0,ε0] is, for every n = 1, . . . ,N, a (hBn ,kBn ,
δBn ,GBn ,εBn)-expansion, with parameters hBn , kBn , n = 1, . . . ,N and coefficients
bhBn+l,n, l = 0, . . . ,kBn − hBn ,n = 1, . . . ,N given in proposition (i) of Lemma 2.3,
and parameters GBn ,δBn , εBn ,n = 1, . . . ,N given by formulas:

(a) δBn = minm∈Kn δAm ≥ δ ∗
n = min1≤m≤n δAm,

where Kn = {m : 1 ≤ m ≤ n, kAm = min(kA1 , . . . ,kAn)};

(b) GBn = ∑1≤i≤n

(

∑kBn< j≤kAi
|a j,i|ε j−kBn−δBn

Bn
+GAiε

kAi
+δAi

−kBn−δBn
Bn

)

≤ ∑1≤i≤n

(

FAi(kAi − kBn)+GAi

)

;

(c) εBn = min(εA1 , . . . ,εAn).
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(ii) Cn(ε) = A1(ε)× ·· ·×An(ε), ε ∈ (0,ε0] is, for n = 1, . . . ,N, a (hCn ,kCn ,δCn ,
GCn ,εCN )-expansion with parameters hCn ,kCn ,n = 1, . . . ,N and coefficients chCn+l,n,
l = 0, . . . ,kCn −hCn ,n = 1, . . . ,N given in proposition (ii) of Lemma 2.3, and param-
eters GCn ,δCn , εCn ,n = 1, . . . ,N given by formulas:

(a) δCn = minm∈Ln δAm ≥ δ ∗
n , where Ln = {m : 1 ≤ m ≤ n, (kAm

+∑1≤r≤n,r �=m hAr) = min1≤l≤n(kAl +∑1≤r≤n,r �=l hAr)};

(b) GCn = ∑kCn<l1+···+ln,hAm≤lm≤kAm ,1≤m≤n ∏1≤m≤n |alm,m|ε l1+···+ln−kCn−δCn
Cn

+ ∑1≤r≤n ∑1≤m1<···<mr≤n

(

∏m�=m1,...,mr ,1≤m≤n

(

∑hAm≤l≤kAm
|al,m|ε l

Cn

)

× ∏1≤i≤r GAmi
ε

kAmi
+δAmi

−kCn−δCn

Cn

)

≤ ∏1≤m≤n(FAm(kAm − hAm + 1)+GAm).

(c) εCn = min1≤i≤n εAi .

(iii) Parameters δBn ,GBn ,εBn ,n = 1, . . . ,N and δCn ,GCn ,εCn ,n = 1, . . . ,N in up-
per bounds for remainders in the asymptotic expansions, respectively, for functions
Bn(ε) = A1(ε) + · · ·+ An(ε), n = 1, . . . ,N and Cn(ε) = A1(ε)× ·· · × An(ε),n =
1, . . . ,N are invariant with respect to any permutation, respectively, of summation
and multiplication order in the above formulas.

2.2.3 Algebraic Properties of Operational Rules for Laurent
Asymptotic Expansions with Explicit Upper Bounds for
Remainders

The summation and multiplication rules for computing of upper bounds for remain-
ders given in propositions (ii) and (iii) of Lemma 2.6 possess the communicative
property, but do not possess the associative and distributional properties.

Lemma 2.6 let us get an effective low bound for parameter δA for any (hA,kA,δA,
GA,εA)-expansion A(ε) obtained as the result of a finite sequence of operations
(described in Lemma 2.6) performed over expansions from some finite set of such
expansions.

Lemma 2.8. The summation and multiplication operations for Laurent asymptotic
expansions defined in Lemma 2.6 possess the following algebraic properties, which
should be understood as equalities for the corresponding parameters of upper
bounds for their remainders:

(i) The functional identity, C(ε)≡ A(ε)+B(ε)≡ B(ε)+A(ε), implies that δC =
δA+B = δB+A,GC = GA+B = GB+A and εC = εA+B = εB+A.

(ii) The functional identity, C(ε) ≡ A(ε) ·B(ε) ≡ B(ε) ·A(ε), implies that δC =
δA·B = δB·A,GC = GA·B = GB·A and εC = εA·B = εB·A.

(iii) If A(ε) is (hA,kA,δA,GA,εA)-expansion obtained as the result of a finite se-
quence of operations (multiplication by a constant, summation, multiplication, and
division) performed over (hAi ,kAi ,δAi ,GAi ,εAi)-expansions Ai(ε), i = 1, . . . ,N, ac-
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cording to the rules presented in Lemmas 2.2 and 2.6, then δA ≥ δ ∗
N = min1≤i≤N δAi .

This makes it possible to rewrite A(ε) as the (hA,kA,δ ∗
N ,G

∗
A,N ,εA)-expansion, with

parameter G∗
A,N = GAεδA−δ ∗

N
A .

2.3 Proofs of Lemmas 2.1–2.8

In Section 2.3, we give proofs of Lemmas 2.1–2.8 omitting some known or obvious
details. The chosen order of proofs has the sense because of the corresponding pairs
of lemmas relate to the same functional identities, as Lemmas 2.1 and 2.5, or the
same operational rules, as Lemmas 2.2 and 2.6 or 2.3 and 2.7, or analogous alge-
braic properties of the corresponding operational rules, as Lemmas 2.4 and 2.8. In
each pair, the first lemma relates to Laurent asymptotic expansions with remainders
given in the standard form, while the second lemma relates to Laurent asymptotic
expansions with explicit upper bounds for remainders.

2.3.1 Lemmas 2.1 and 2.5

Let us, for the moment, use notations A′(ε) = a′h′A
εh′A + · · ·+ a′k′A

εk′A + o′A(ε
k′A) and

A′′(ε) = a′′h′′A
εh′′A + · · ·+ a′′k′′A

εk′′A + o′′A(εk′′A).

In the case h′A = h′′A, proposition (i) of Lemma 2.1 is trivial. Let, for exam-
ple, h′A < h′′A = hA. In this case, the assumption that proposition (i) does not
hold, implies that there exists h′A ≤ l < hA such that a′k = 0, for h′A ≤ k < l and
a′l �= 0. This implies that e−lA′(ε) → a′l �= 0 as ε → 0, while e−lA′′(ε) → 0 as
ε → 0. This contradicts to the initial identity A(ε) ≡ A′(ε) ≡ A′′(ε). Proposi-
tion (i) let us rewrite A′(ε) and A′′(ε) in the more informative forms, A′(ε) =
a′hA

εhA + · · ·+a′k′Aεk′A +o′A(ε
k′A) and A′′(ε) = a′′hA

εhA + · · ·+a′′k′′Aεk′′A +o′′A(ε
k′′A). These

representations imply that ε−hA A′(ε) → a′hA
as ε → 0 and ε−hAA′′(ε) → a′′hA

as
ε → 0. These relations imply that ahA = a′h′A

= a′′h′′A
, since A(ε) ≡ A′(ε) ≡ A′′(ε).

Also, ε−hA−1(A′(ε)− ahAεhA) → a′hA+1 as ε → 0 and ε−hA−1(A′′(ε)− ahAεhA) →
a′′hA+1 as ε → 0. These relations imply that ahA+1 = a′hA+1 = a′′hA+1, since A(ε)−
ahAεhA ≡ A′(ε)− ahAεhA ≡ A′′(ε)− ahAεhA . By continuing the above procedure,
we can prove that al = a′l = a′′l , for l = ha . . . , k̃A = k′A ∧ k′′A, proposition (ii) of

the lemma. By canceling the terms, alε
l ≡ a′lε

l ≡ a′′l ε l
, l = hA, . . . , k̃A on the left-

and right-hand sides of the initial identity A(ε) = A′(ε) ≡ A′′(ε), we get the iden-
tity, ∑k̃A<l≤k′A

a′lε
l + o′A(εk′A) ≡ ∑k̃A<l≤k′′A

a′′l ε l + o′′A(εk′′A), given in proposition (v).
This identity let us rewrite the Laurent asymptotic expansions A(ε) in one of
the two alternative forms A(ε) ≡ A′(ε) ≡ ∑hA≤k̃A

alε l +∑k̃A<l≤k′A
a′lε

l + o′A(ε
k′A) or

A(ε) ≡ A′′(ε) ≡ ∑hA≤k̃A
alε l +∑k̃A<l≤k′′A

a′′l ε l + o′′A(εk′′A). The first or second repre-

sentation should be chosen as more informative if, respectively, k′A > k′′A or k′A < k′′A.
These representations coincide, if k′A = k′′A. The above remark prove propositions
(iii)–(v) of Lemma 2.1.
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Lemma 2.5, in particular, relation (2.3) directly follows from formulas of re-
mainders of the Laurent asymptotic expansion A(ε) given in proposition (v) of
Lemma 2.1 and priority rules for choice of parameters δA, GA, and εA for explicit
upper bounds for the above remainder, which are used in Lemma 2.5. �

2.3.2 Lemmas 2.2 and 2.6

Propositions (i) (the multiplication by a constant rule) of Lemmas 2.2 and 2.6 are
obvious. Proposition (ii) (the summation rules) of Lemmas 2.2 and 2.6 can be ob-
tained by simple accumulation of coefficients for different powers of ε and terms
accumulated in the corresponding remainders, and, then, by using obvious upper
bounds for absolute values of sums of terms accumulated in the corresponding re-
mainders.

Proposition (iii) (the multiplication rule) of Lemma 2.2 can be proved by multi-
plication of the corresponding asymptotic expansions A(ε) and B(ε) and accumula-
tion of coefficients for powers ε l for l = hC, . . . ,kC in their product,

C(ε) = A(ε)B(ε)

= (ahAεhA + · · ·+ akAεkA + oA(εkA))(bhBεhB + · · ·+ bkBεkB + oB(εkB))

= ∑
hC≤l≤kC

∑
i+ j=l,hA≤i≤kA,hB≤ j≤kB

aib jε l

+ ∑
kC<i+ j,hA≤i≤kA,hB≤ j≤kB

aib jε i+ j + ∑
hB≤ j≤kB

b jε joA(εkA)

+ ∑
hA≤i≤kA

aiε ioB(εkB)+ oA(εkA)oB(εkB) = ∑
hC≤l≤kC

clε l + oC(εkC ), (2.4)

where

oC(εkC ) = ∑
kC<i+ j,hA≤i≤kA,hB≤ j≤kB

aib jε i+ j + ∑
hB≤ j≤kB

b jε joA(εkA)

+ ∑
hA≤i≤kA

aiε ioB(εkB)+ oA(εkA)oB(εkB). (2.5)

Obviously, oC(εkC )

εkC
→ 0 as ε → 0. It should be noted that the accumulation of

coefficients for powers ε l can be made in (2.4) only up to the maximal value l =
kC = (kA +hB)∧ (kB +hA), because of the presence in the expression for remainder
oC(εkC ) terms bhBεhB oA(εkA) and ahAεhA oB(εkB).

Also, relation (2.5) and Remark 2.9 readily imply relations (a)–(c), which de-
termines parameters δC,GC,εC and δ̃C, G̃C, ε̃C in proposition (iii) of Lemma 2.6, in
particular, the following inequalities take place, for ε ∈ (0,εC],
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|ε−kC−δC oC(εkC )| ≤ GC = ∑
kC<i+ j,hA≤i≤kA,hB≤ j≤kB

|ai||b j|ε i+ j−kC−δC
C

+GA ∑
hB≤ j≤kB

|b j|ε j+kA+δA−kC−δC
C + GB ∑

hA≤i≤kA

|ai|ε i+kB+δB−kC−δC
C

+ GAGBεkA+kB+δA+δB−kC−δC
C

≤ G̃C = FAFB(kA − hA + 1)(kB − hB + 1)

+GAFB(kB − hB + 1)+GBFA(kA − hA + 1)+GAGB

= (FA(kA − hA+ 1)+GA)(FB(kB − hB + 1)+GB). (2.6)

The assumptions of proposition (iv) in Lemma 2.2 imply that ε−hBB(ε)→ bhB �=
0 as ε → 0. This relation implies that there exists 0 < ε ′0 ≤ ε0 such that B(ε) �= 0 for
ε ∈ (0,ε ′0], and, thus, function C(ε) = 1

B(ε) is well defined for ε ∈ (0,ε ′0].
Note that hB ≤ kB. The assumptions of proposition (iv) of Lemma 2.2 imply that,

εhBC(ε) = (bhB + · · ·+ bkBεkB−hB + oB(εhB)ε−hB)−1 → b−1
hB

= chC as ε → 0.

This relation means that function εhBC(ε) can be represented in the form εhBC(ε)
= chC + o(1), where chC = b−1

hB
, or, equivalently, that the following representation

takes place, C(ε) = chC ε−hB + o1(ε−hB),ε ∈ (0,ε ′0], where o1(ε−hB )

ε−hB
→ 0 as ε → 0.

The latter two relations prove proposition (iv) of Lemma 2.2, for the case hB = kB.
Indeed, these relations mean that function C(ε) = 1

B(ε) can be represented in the

form of (hC,kC)-expansion with parameters hC =−hB, kC = kB − 2hB = −hB = hC

and coefficient chC = b−1
hB

. Moreover, since B(ε) ·C(ε) ≡ 1,0 < ε ≤ ε ′0, remain-

der c1(ε) can be found from the following relation, (bhB εhB + o(εhB))(chC ε−hB +

o1(ε−hB))≡ 1 that yields formula, o1(ε−hB) =− chC
ε−hB oB(εhB )

bhB
εhB+oB(εhB )

.

This is formula (c) from proposition (iv) of Lemma 2.2, for the case hB =
kB. Note that, in the case hB = kB, the above asymptotic expansion for func-
tion C(ε) cannot be extended. Indeed, εhB−1o1(ε−hB) = εhB−1(C(ε)− chC ε−hB) =

− chC
bhB

+oB(εhB )ε−hB

oB(εhB )ε−hB

ε . The term oB(εhB )ε−hB

ε on the right-hand side in the latter

relation has an uncertain asymptotic behavior as ε → 0.
Let us now assume that hB +1 ≤ kB. In this case, the assumptions of proposition

(iv) of Lemma 2.2 and the above asymptotic relations imply that, εhB−1o1(ε−hB) =
εhB−1(C(ε)− chC ε−hB) = (bhB + · · ·+ bkBεkB−hB + oB(εkB)ε−hB)−1(−bhB+1chC −
·· ·− bkB chCεkB−hB−1 − oB(εkB)chC ε−hB−1)→−b−1

hB
bhB+1chC = chC+1 as ε → 0.

This relation means that function εhB−1o1(ε−hB) can be represented in the form
εhB−1o1(ε−hB) = chC+1 + o(1), where chC+1 = −b−1

hB
bhB+1chC , or, equivalently,

that the following representation takes place, C(ε) = chC ε−hB + chC+1ε−hB+1 +

o2(ε−hB+1), ε ∈ (0,ε ′0], where o2(ε−hB+1)

ε−hB+1 → 0 as ε → 0.
The latter two relations prove proposition (iv) of Lemmas 2.2, for the case

hB + 1 = kB. Indeed, these relations mean that function C(ε) can be represented in
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the form of (hC,kC)-expansion with parameters hC =−hB, kC = kB −2hB =−hB +
1 = hC + 1 and coefficients chC = b−1

hB
, chC+1 = −b−1

hB
bhB+1chC . Moreover, since

B(ε) ·C(ε) ≡ 1, the remainder o2(ε−hB+1) can be found from the following rela-
tion: (bhBεhB + bhB+1εhB+1 + oB(εhB+1))(chC ε−hB + chC+1ε−hB+1 + o2(ε−hB+1)) ≡
1. This yields formula, o2(ε−hB+1) =− bhB+1chC+1ε2+(chC

ε−hB+chC+1ε−hB+1)oB(εhB+1)

bhB
εhB+bhB+1εhB+1+oB(εhB+1)

.

This is formula (c) from proposition (iv) of Lemma 2.2, for the case hB+1 = kB.
Note that, in the case hB+1= kB, the above asymptotic expansion for function C(ε)
cannot be extended. Indeed, εhB−2o2(ε) = εhB−2(C(ε)−chC ε−hB −chC+1ε−hB+1) =

− bhB+1chC+1+chC+1oB(εhB+1)ε−hB−1

bhB
+bhB+1ε+oB(εhB+1)ε−hB

− chC
bhB

+bhB+1ε+oB(εhB+1)ε−hB

oB(εhB+1)ε−hB−1

ε . The term

oB(εhB+1)ε−hB−1

ε on the right-hand side in the latter relation has an uncertain asymp-
totic behavior as ε → 0.

We can repeat the above arguments for the general case hB + n = kB, for any
n = 0,1, . . . and to prove that, in the case hB + n = kB, function C(ε) can be
represented in the form of (hC,kC)-expansion with parameters hC = −hB,kC =
kB − 2hB = −hB + n = hC + n and coefficients chC , . . . ,ckC given in proposition (iv)
of Lemma 2.2. Moreover, identity B(ε) ·C(ε) ≡ 1,0 < ε ≤ ε ′0, let us find the corre-
sponding remainder oC(εkC ) from the following relation:

(bhBεhB + · · ·+ bkBεkB + oB(εkB))(chC εhC + · · ·+ chCεkC + oC(εkC ))≡ 1. (2.7)

Proposition (iii) of Lemma 2.2, applied to the product on the left-hand side in
relation (2.7), permits to represent this product in the form of (h,k)-expansion with
parameters h = hB +hC = hB −hB = 0 and k = (kB +hC)∧ (hB + kC) = (kB −hB)∧
(kB−2hB+hB) = kB−hB. By canceling coefficient for ε l on the left- and right-hand
sides in relation (2.7), for l = 0, . . . ,kB − hB, and then, by solving equation (2.7)
with respect to the remainder oC(εkC ), we get the formula for this remainder given
in proposition (iv) of Lemma 2.2,

oC(εkC ) =−∑kB−hB<i+ j,hB≤i≤kB,hC≤ j≤kC
bic jε i+ j +∑hC≤ j≤kC

c jε joB(εkB)

bhBεhB + · · ·+ bkBεkB + oB(εkB)

=−∑kB−hB<i+ j,hB≤i≤kB,hC≤ j≤kC
bic jε i+ j−hB

bhB + · · ·+ bkBεkB−hB + oB(εkB)εhB

− ∑hC≤ j≤kC
c jε j−hBoB(εkB)

bhB + · · ·+ bkBεkB−hB + oB(εkB)ε−hB
. (2.8)

The assumptions made in proposition (iv) of Lemma 2.6 imply that B(ε) �= 0 and
the following inequality holds for 0 < ε ≤ εC, where εC is given in proposition (iv)
of Lemma 2.6:

|bhB+1ε + · · ·+ bkBεkB−hB + oB(εkB)ε−hB |= εδB(|bhB+1|ε1−δB + · · ·

+|bkB |εkB−hB−δB +GBεkB−hB)≤ εδB(FB(kB − hB)+GB)≤ |bhB|
2

, (2.9)
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and, thus,

|bhB + bhB+1ε + · · ·+ bkBεkB−hB + oB(εkB)ε−hB | ≥ |bhB |

−(|bhB+1|ε + · · ·+ |bkB|εkB−hB +GBεkB−hB+δB)≥ |bhB |
2

> 0. (2.10)

The existence of ε ′0 declared in proposition (iv) of Lemma 2.6 is obvious. For
example, one can choose ε ′0 = εC. It is also useful to note that formulas given in
proposition (iv) of Lemma 2.6 imply that εC = εB ∧ ε̃ ′B ∈ (0,ε0], since εB ∈ (0,ε0]
and ε̃ ′B ∈ (0,∞].

The assumptions made in proposition (iv) of Lemma 2.6, inequality (2.10), and
Remark 2.8 imply that the following inequality holds, for 0 < ε ≤ εC:

|ε−kC−δC oC(εkC )|= |ε−kB+2hB−δB oC(εkC )|

≤ (
|bhB |

2
)−1(GB ∑

hC≤ j≤kC

|c j|ε j+hB
C

+ ∑
kB−hB<i+ j,hB≤i≤kB,hC≤ j≤kC

|bi||c j|ε i+ j−kB+hB−δB
C

)

≤ G̃C = (
|bhB |

2
)−1(GBFC(kC − hC + 1)

+FBFC(kB − hB + 1)(kC − hC + 1)
)

= (
|bhB |

2
)−1(GB +FB(kB − hB + 1))FC(kC − hC + 1). (2.11)

Inequality (2.11) proofs proposition (iv) of Lemma 2.6.
Propositions (v) of Lemmas 2.2 and 2.6 and relations (a)–(c) given in these

propositions can be obtained by direct application, respectively, of propositions (iii)
and (iv) of Lemmas 2.2 and 2.6 to the product D(ε) = A(ε) · 1

B(ε) .

Now, when it is already known that D(ε) = A(ε) · 1
B(ε) is a (hD,kD)-expansion,

with parameters hD = hA −hB and kD = (kA −hB)∧ (kB −2hB +hA), multiplication
of D(ε) by B(ε) yields the following relation holding for ε ∈ (0,ε ′0]:

A(ε) = D(ε)B(ε) = ahAεhA + · · ·+ ahAεkA + oA(εkA)

= (dhDεhD + · · ·+ dhDεkD + oD(εkD))(bhBεhB + · · ·+ bhBεkB + oB(εkB)). (2.12)

By equating coefficients for powers ε l for l = hD, . . . ,kD on the left- and right-
hand sides of the third equality in relation (2.12), we get alternative formulas (e) for
coefficients dhd , . . . ,dkD given in proposition (v) of Lemma 2.2.

Proposition (iii) of Lemma 2.2, applied to the product on the right-hand side
in (2.12), permits to represent this product in the form of (h,k)-expansion with
parameters h = hB + hD = hB + hA − hB = hA and k = (kD + hB) ∧ (kB + hD) =
((kA − hB)∧ (kB − 2hB+ hA)+ hB)∧ (kB + hA − hB) = kA ∧ (kB + hA − hB). By can-
celing coefficient for ε l on the left- and right-hand sides in relation (2.12), for
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l = hA, . . . ,kA ∧ (kB + hA − hB), and then, by solving equation (2.12) with respect
to the remainder oD(εkD), we get the formula (f) for this remainder given in propo-
sition (v) of Lemma 2.2,

oD(εkD) =
∑kA∧(kB+hA−hB)<l≤kA

alε l + oA(εkA)

bhBεhB + · · ·+ bkBεkB + oB(εkB)

− ∑kA∧(kB+hA−hB)<i+ j,hB≤i≤kB,hD≤ j≤kD
bid jε i+ j

bhBεhB + · · ·+ bkBεkB + oB(εkB)

− ∑hD≤ j≤kD
d jε joB(εkB)

bhBεhB + · · ·+ bkBεkB + oB(εkB)

=
∑kA∧(kB+hA−hB)<l≤kA

alε l−hB + oA(εkA)ε−hB

bhB + · · ·+ bkBεkB−hB + oB(εkB)ε−hB

− ∑kA∧(kB+hA−hB)<i+ j,hB≤i≤kB,hD≤ j≤kD
bid jε i+ j−hB

bhB + · · ·+ bkBεkB−hB + oB(εkB)ε−hB

− ∑hD≤ j≤kD
d jε j−hB oB(εkB)

bhB + · · ·+ bkBεkB−hB + oB(εkB)ε−hB
. (2.13)

Inequality (2.10), the assumptions made in proposition (v) of Lemma 2.6 and
Remark 2.8 finally imply that the following inequality holds, for 0 < ε ≤ εD given
in relation (f) of this proposition:

|ε−kD−δDoD(εkD)| ≤ GD = (
|bhB |

2
)−1

× (

∑
kA∧(hA+kB−hB)<i≤kA

|ai|ε i−hB−kD−δD
D +GAεkA+δA−hB−kD−δD

D

+ ∑
kA∧(hA+kB−hB)<i+ j,hB≤i≤kB,hD≤ j≤kD

|bi||d j|ε i+ j−kD−hB−δD
D

+ GB ∑
hD≤ j≤kD

|d j|ε j+kB+δB−hB−kD−δD
D

)

≤ G̃D = (
|bhB |

2
)−1(FA(kA − kA ∧ (hA + kB − hB))+GA

FBFD(kB − hB+ 1)(kD − hD + 1)+GBFD(kD − hD+ 1)
)

. (2.14)

Inequality (2.14) completes the proof of proposition (v) of Lemma 2.6. �

Remark 2.11. Quantity
|bhB

|
2 can be replaced by quantity

|bhB
|

α , for any α > 1. Re-

spectively, quantity
|bhB

|
2 can be replaced by quantity

|bhB
|

β , where β = α
α−1 , on the

right-hand side of inequality (2.10) and, in sequel, in inequalities (2.11) and (2.14).
This makes it possible to modify propositions (iv) and (v) of Lemma 1.6 by replac-

ing factor
|bhB

|
2 by new factor

|bhB
|

α in the expression for parameters ε̃ ′B, ε̃B and by
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factor
|bhB

|
β in the expression for parameters GC, G̃C,GD, G̃D. The choice of a smaller

value for parameter α diminishes values of parameters ε̃ ′B, ε̃B and GC, G̃C,GD, G̃D.

2.3.3 Lemmas 2.3 and 2.7

Lemma 2.3 is a direct corollary of Lemma 2.2.
Proofs of propositions (i) and (ii) in Lemma 2.7 are analogous to proofs of propo-

sitions (i) and (ii) in Lemma 2.6. Proposition (iii) of Lemma 2.7 is obvious. �

2.3.4 Lemmas 2.4 and 2.8

The first two identities for Laurent asymptotic expansions given in proposition (i)
of Lemma 2.4 are obvious. The third identity given in this proposition follows in
an obvious way from proposition (i) of Lemma 2.2. By applying propositions (iii)
and (iv) of Lemma 2.2 to the product C(ε) = A(ε) · A(ε)−1, we get parameters
hC = hA·A−1 = hA − hA = 0, kC = kA·A−1 = (kA − hA)∧ (kA − 2hA + hA) = kA − hA

and coefficients cn = I(n = 0),n = 0, . . . ,kC. Also, relations (2.7) and (2.8) imply
that the elimination identity A(ε) ·A(ε)−1 ≡ 1 holds, since the remainder of Laurent
asymptotic expansion for function A(ε)−1 is given by formula (c) from proposition
(iv) of Lemma 2.2. Propositions (ii) and (iii) of Lemma 2.4 in the parts concerned
commutative property of summation and multiplication operations follow from, re-
spectively, propositions (ii) and (iii) of Lemma 2.2.

Let D(ε) = (A(ε)+B(ε))+C(ε) =A(ε)+(B(ε)+C(ε)). Using propositions (ii)
of Lemma 2, we get, hD = h(A+B)+C = (hA ∧hB)∧hC = hA ∧ (hB ∧hC) = hA+(B+C)
and kD = k(A+B)+C = (kA ∧ kB) ∧ kC = kA ∧ (kB ∧ kC) = kA+(B+C). These rela-
tions and Lemma 2.1 imply equalities for the corresponding coefficients and re-
mainders, for the asymptotic expansions of functions (A(ε) + B(ε)) +C(ε) and
A(ε)+ (B(ε)+C(ε)). The above remarks prove proposition (ii) of Lemma 2.4 in
the part concerned with the associative property of summation operation for Laurent
asymptotic expansions.

Let D(ε) = (A(ε) ·B(ε)) ·C(ε) = A(ε) · (B(ε) ·C(ε)). Using propositions (iii)
of Lemma 2.2, we get, hD = h(A·B)·C = hA·B + hC = hA + hB + hC = hA + hB·C =
hA·(B·C) and kD = k(A·B)·C = (kA·B + hC)∧ (kC + hA·B) = ((kA + hB)∧ (kB + hA))+
hC)∧ (kC +(hA + hB)) = (kA + hB + hC)∧ (kB + hA + hC)∧ (kC + hA + hB) = (kA +
(hB + hC))∧ ((kB + hC)∧ (kC + hB)) + hA) = (kA + hB·C)∧ (kB·C + hA) = kA·(B·C).
These relations and Lemma 2.1 imply equalities for the corresponding coefficients
and remainders, for the asymptotic expansions of functions (A(ε) ·B(ε)) ·C(ε) and
A(ε) · (B(ε) ·C(ε)). The above remarks prove proposition (iii) of Lemma 2.4 in the
part concerned with the associative property of multiplication operation for Laurent
asymptotic expansions.

Let D(ε) = (A(ε)+B(ε)) ·C(ε) = A(ε) ·C(ε)+B(ε) ·C(ε). Using propositions
(ii) and (iii) of Lemma 2, we get, hD = h(A+B)·C = hA+B+hC = hA∧hB+hC = (hA+
hC)∧ (hB + hC) = hA·C ∧hB·C = hA·C+B·C and kD = k(A+B)·C = (kA+B + hC)∧ (kC +
hA+B) = (kA ∧kB +hC)∧ (kC +hA∧hB) = (kA +hC)∧ (kB +hC)∧ (kC +hA)∧ (kC +
hB) = ((kA + hC)∧ (kC + hA))∧ ((kB + hC)∧ (kC + hB)) = kA·C ∧ kB·C = kA·C+B·C.
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These relations and Lemma 2.1 imply equalities for the corresponding coefficients
and remainders, for the asymptotic expansions of functions (A(ε)+B(ε)) ·C(ε) and
A(ε) ·C(ε)+B(ε) ·C(ε). The above remarks prove proposition (iv) of Lemma 2.4
concerned with the distributive property of summation and multiplication operations
for Laurent asymptotic expansions.

Propositions (i) and (ii) of Lemma 2.8 readily follow from, respectively, propo-
sitions (ii) and (iii) of Lemma 2.6. Finally, proposition (iii) of Lemma 2.8 follows
from relations δcA = δA, δA+B,δA·B, δA/B ≥ δA ∧ δB and δA1+···+AN , δA1×···×AN ≥
min1≤m≤N δAm , given, respectively, in Lemmas 2.6 and 2.7. �
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