Chapter 2
Laurent Asymptotic Expansions

In Chapter 2, we present operational rules for Laurent asymptotic expansions given
in two forms, without and with explicit upper bounds for remainders. Here, we
would like to refer to some classic books, for example, Hormander (1990) and
Markushevich (1985), where one can find basic facts about Laurent series, mainly,
connected with representation problems for analytic functions. We, however, are in-
terested in simpler objects and problems that are Laurent asymptotic expansions and
operational rules for such expansions, with remainders given in the standard form
o(+) and with explicit power-type upper bounds for remainders. In the former case,
such rules should be possibly considered as generally known, while, in the latter
case, asymptotic expansions have some novelty aspects.

2.1 Laurent Asymptotic Expansions with Remainders Given in
the Standard Form

In Section 2.1, we present operational rules for Laurent asymptotic expansions with
remainders given in the standard form.

2.1.1 Definition of Laurent Asymptotic Expansions with
Remainders Given in the Standard Form

Let A(€) be a real-valued function defined on an interval (0, &, for some 0 < &y < 1,
and given on this interval by a Laurent asymptotic expansion,

A(e) = ap, € + - +ap, €4 +0a(e"), (2.1)

where (a) —oo < hy < ks < oo are integers, (b) coefficients a;,,, ..., ay, are real num-
bers, (c) function 04 (e*4)/ek — 0 as &€ — 0.
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18 2 Laurent Asymptotic Expansions

We refer to such Laurent asymptotic expansion as a (h4, ks )-expansion with the
remainder given in the standard form. This expansion is also a Taylor asymptotic
expansion, if 14 > 0.

We say that (hy,ks)-expansion A(€) is pivotal if it is known that ay,, # 0.

Parameter Ly = kg — hy is called a length of the asymptotic expansion A(¢€).

Let a function A(€) be represented by a standard Taylor (0, k4 )-expansion. In
applications, A(€) may be interpreted as a parameter for some perturbed system or
process, and € as a perturbation parameter. Respectively, A(0) = ay is interpreted
as the value of above parameter for the corresponding unperturbed system or pro-
cess. The asymptotic representation (2.1) reflects a stability property of parameter
A(€) with respect to small perturbations, if k4 = 0. The asymptotic representation
(2.1) corresponds to the model with linear type perturbation, if k4 = 1, and to the
model with nonlinear type perturbation of order k4 if k4 > 1. The particular case
of nonlinear type perturbation of order k4 is a polynomial type perturbation, where
the corresponding remainder o(£*4) = 0. Also, an analytic-type perturbation, where
function A(g) admits a representation in the form of absolutely convergent power
series in interval (0, &), can be interpreted as a nonlinear type perturbation. Indeed,
function A(€) can, in this case, be rewritten in the form (2.1), for any k4 > 1. In the
general case, where A(€) is represented by a Laurent (h4,k4)-expansion, the per-
turbation type can be classified via the normalized function € "4 A(¢), which is a
(0,L4)-expansion. In this case, the perturbation type can be characterized as linear
or nonlinear if, respectively, Ly = 1 or L4 > 1.

Let us now explain, why we can restrict consideration by the case, where param-
eter € takes only positive values. Let us assume that function A(€) is also defined
on some interval [g),0) and is given on this interval by a Laurent asymptotic ex-
pansionA(g) =A'(g) = a;lg e 4 a;cg £¥4 4 0/, (%1 analogous to the above one
given in relation (2.1). Then A’(g), e € [g},0) can always be rewritten as a func-
tion of positive parameter —e € (0, —g}| using the formula, A’(¢) = A'(—(—¢)) =
(=1)"4d, - (=€) 4+ (=1)fhal, - (—€)" +0}((=1)"4(~€)"). Thus, the oper-
ational analysis of function A(€), in particular computing of coefficients and estima-
tion of remainder for the corresponding asymptotic expansion defined at a two-sided
neighborhood of 0 can be reduced to analysis of two functions defined at positive
one-sided neighborhoods of 0.

Let us also comment possible variations in representations of Laurent asymptotic
expansions. If, for example, it is known that the (44, k4 )-expansion (2.1) has the first
coefficient a;, = 0, then there is the obvious sense to exclude the first term ay, gha
from this asymptotic expansion and to rewrite it in the more informative form,
Ae) =ap, 1M+t ay, €4 +o4(eM), ie., as (ha + 1,ka)-expansion. Also, if
it is known that the remainder of the (4, ks )-expansion (2.1) can be represented in
the form 04 (€M) = ay, 1M1 40, (e, where o/, (e 1) Jehat! - 0ase — 0,
then there is the obvious sense to replace the remainder o4 (€*4) by the identical
function ay, 1 ghatl 4 01'4 (8"A+l) in the asymptotic expansion (2.1) and rewrite it in
the more informative form, A(€) = aj, €™ + - - + ay, € + ay, 1M 40 (11,
i.e., as (ha,ka + 1)-expansion.
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Lemma 2.1. [f function A(g) = a;lgehi\ +- 4 a;{;‘g’;/ + 0, (k) = a;l’xshx +t
aZX ekt + og(ekx),e € (0,&] can be represented as, respectively, (h)y,ky)- and (',
Ky )-expansion, then the asymptotic expansion for function A(€) can be represented
in the following most informative form A(€) = ap, €" + -+ +ay, € + 04 (e*), € €
(0, 0] of (ha,ka)-expansion, with parameters hy = h, V b\ . ka = k) VV Ky, and coef-
ficients ay,,, . .. ,ax,, and remainder o4 (ek4) given by the following relations:

() a; =0, for hly <1< hy and~a;' =0, for Wy <1< hy;

(i) ) = a) = ag/,forhA <I<ka=KkyNK];

(iii) a; = af, for ka = Ky <1 <kaifkl <kj;

(v) a; = a), forka =k <1 <ky if K <kj;

/ "

(V) Xfcici, @€' + 04 (4) = Bz, Ly af €' + 0j (%), € € (0, ] and o4(e")
coincides, for € € (0, &), with ol (eX2) if K, < k!; o, (k1) = o'l (e¥4) if K, = K" or
fe (0,8 A A A A A

ol (€%0) if Ky > KI.
The asymptotical expansion A(€) is pivotal if and only if aj, = a;lA = aZA #0.

Remark 2.1. A constant a can be interpreted as function A(€) = a. Thus, 0 can be
represented, for any integer —oo < h < k < oo, as the (h, k)-expansion, 0 = 0/ +.. .+
0ek + o(£¥), with remainder o(e¥) = 0. Also, 1 can be represented, for any integer
0 < k < oo, as the (0,k)-expansion, 1 = 1 +0g + ...+ 0&k + o(&X), with remainder
o(e") =0.

2.1.2 Operational Rules for Laurent Asymptotic Expansion with
Remainders Given in the Standard Form

Let us consider four Laurent asymptotic expansions, A(€) = ay, et ta . gka
04(€K), B(€) = b, €"8 + - + by, " + op(ek®), C(g) = cpoehc + -+ + ey ek +
oc(€k¢), and D(g) = dj,, €" + - + dy,, € + op(*) defined for 0 < & < &, for
some 0 < g < 1.

Lemma 2.2. The following operational rules take place for the above Laurent
asymptotic expansions:

@) IfA(e),€ € (0,&)] is a (ha,ka)-expansion and c is a constant, then C(g) =
cA(e), e € (0,&)] is a (hc,kc)-expansion such that:

(@) he = ha, ke = ka3

(b) Chetr = Chotrs T = 07 s 7kC - hC,

() oc(€") = co (k).

This expansion is pivotal if and only if cp. = cay,, # 0.

(i) If A(e),e € (0,&)] is a (ha,ka)-expansion and B(g), e € (0,&)] is a (hp,kp)-
expansion, then C(e) = A(€) + B(€),€ € (0, )] is a (hc,kc)-expansion such that:

(@) he = ha Nhp, ke = ka Nkg;

(b) cherr = anetr +bpeyr, ¥ =0,....kc — hc, where aj.r =0, for 0 <r < hy —
hc and by, =0, for 0 < r < hg — hc;
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(¢) oc(ekc) = Dke<i<ky aie' + Yko< j<kg bie +04(€") + 0p(e"®).

This expansion is pivotal if and only if ¢, = ap. + by, # 0.

(iii) If A(€),€ € (0,&] is a (ha,ka)-expansion and B(€), € € (0,¢&y] is a (hp,kp)-
expansion, then C(€) = A(€) - B(€),€ € (0,&)] is a (hc,kc)-expansion such that:

(@) he = ha +hp, ke = (ka +hg) A (kg + ha);

(b) chorr = Xo<i<r Ayt ibhgrr—i» ¥ =0,... . kc — hc;

(€) 0c (%) = Sy ociv jn<icks hp<j<ky Gibj € + Ty, <ick, ai€'op(€"F)

+ Shy<j<ip i€ 0a(€") + 04(¥ )0 ("),

This expansion is pivotal if and only if ¢, = ap, by, # 0;

(iv) If B(g), € € (0, &) is a pivotal (hp,kg)-expansion, then there exists 0 < g) <
€y such that B(e) # 0,& € (0,€}], and C(e) = B(lg> ,€ € (0,&)] is a pivotal (hc,kc)-
expansion such that:

(a) hc = —hp, kc = kg — 2hp;

(b) ¢ = b;Blu Chetr = —b;Bl Yi<i<rbhgriCherr—is r=1,...,kc — hc;

(©) oc(ekc) = — Shg—hp<itjhg<i<kghesj<ie bici€ T+ o< ek cjelop(e'B)
c thEhB+---+ka£kB+()B(EkB)

(V) If A(g),e € (0,&] is a (ha,ka)-expansion, and B(g),€ € (0,&) is a pivotal
(hp, kp)-expansion, then there exists 0 < gy < & such that B(¢) # 0,¢& € (0, (], and

D(e) = 258 ,€ € (0,g)] is a (hp,kp)-expansion such that:

@hp=ha+hc=hg—hp, kp= (kA +/’lc) N (kc+hA)

= (ky — hg) A (ks — 2hp + hp);
(b) dipyr = Xo<i<r ny+iChotr—ist = 0,....kp — hp,
(©) 0p (") = 34 it i ny<ichp o< j<ke PiCi€TT + Lpp<ich, bi€'oc(€5€)
+ Yo j<ke €€ 0B(€X8) + 0p(")oc (£7C),

where cpyj,j=0,....,kc —hc and oc(skc) are, respectively, the coefficients and
the remainder of the (hc,kc)-expansion C(g) = B(le) given in the above proposition
(iv), or by the following formulas:

(d) hp = ha — hp, kp = (ka — hp) A (kg —2hp + ha);

@ dpyr= b;fBl (@ny+r — Xi<i<rbng+idnp+r—i)y r=0,....kp — hp;

I ks
(f) op(e50) = Sky Alkg+hg—hpg)<i<ky UE +04(E"4)
thehB+“‘+kaSkB+03(8k3)
i+ o (e
Sk n(kgtha—hg)<i+jhp<i<kgip<j<kp Lidi€ T+ X < jip, dj€l op(€B)
thShB+"'+bk38k3+08(5k3> '

This expansion is pivotal if and only if dy,, = ay, cp. = an, /by, # 0.

Remark 2.2. By Lemma 2.1, the Laurent asymptotic expansions for function D(€),
given by the alternative formulas (a)—(c) and (d)—(f) in proposition (v) of Lemma 2.2,
coincide. Also, these Laurent asymptotic expansions coincide with the expansions
given by formulas (a)—(c) in propositions (iv) of Lemma 2.2, if A(€) = 1. In this



2.1 Laurent Asymptotic Expansions with Remainders Given in the Standard Form 21

case, 1 should be interpreted as the (0,kg — hp)-expansion, 1 = 14+0e+ ... +
0gks="8 4 o(ks=h8), with remainder o(ek2~"#) = 0.

Let An(€) = ap, m€"m 4+ ag, men +o4,(en), e € (0,&)] be a (hy,,
ka,,)-expansion, form=1,...,N.

Lemma 2.3. The following operational rules for multiple summation and multipli-
cation take place for the above Laurent asymptotic expansions:

() B,(e) =A1(e)+---+An(e),e € (0,8)] is, foreveryn=1,...,N, a (hg,, kg,)-
expansion, where:

(a) th = IIlin(l’lA1 youe ,hAn), an = min(kAl, e ,kAn).
(b) big, 110 = Ang,+11+ -+ g, +1n, L =0,... kg, — hp,, where
ang, +1m =0, for 0 <1 < ha, —hg,,m=1,...,n.

(c) 0B, (€M) =3 e (zkgn <<k, a €' + oa,, (5m)).

Expansion By (€) is pivotal if and only if by, , = apy 1+ Fanyn #0.

(ii) Cu(e) = A1(€) x --- x Ap(e),€ € (0,8)] is, for everyn=1,...,N, a (hc,,
ke, )-expansion, where:

@) hc, = hAl + ot ha,, ke, = min(kAl + 21§r§n7r7élhArvl =1,... ,n).

() Che,+10 = Xty +otly=1,0<lm<kp, —ha,y A <m<n Lt <m<n Gha,, +1ms

[=0,....kc, —hc,.
(¢) oc, (e"en) = ke, <li+-+lshay, <lm<ka, 1<m<n T1<m<n aj,, €1 Hn
+ 21§r§n 21§m1<---<mr§n (Hm;ém17...7m,71§m§n (ZhAm <I<ka,, al,mgl)
k
X HlSiSI’OAm,- (8 Am; ))

Expansion Cy(€) is pivotal if and only if Cheyn = Ahy, 1 X X Ay #£0.

In particular, if A, (€) =Ai(g),€ € (0,&), form=1,...,N, thenC,(e) = A1 (€)",
e € (0,&) is, foreveryn=1,...,N, a (hc,,kc,)-expansion, where:

(d) hC,, = }’ll’lA1 s kC,, = kAl + (n — l)l’lAl.

(©) Che, +1n = Xy tootly=1,0<ln<ka, —ha, 1 <m<n Lli<msn @y, 4115

1=0,... ke, — hc,.
(f) oc, (eken) = ke, <l +hshpy, <hm<kay, 1<m<n L1<m<n @1,,1€

+ Zicren (1) (Zny, <i<iy, 1) (04, (€1))".
(i) Asymptotic expansions for functions B,(€) = Ai(g)+---+Au(e),n=1,...,
N and C,(e) =A;(€) X --- x Ay(€),n = 1,...,N are invariant with respect to any
permutation of summation and multiplication order in the above formulas.

Ii+ety

Remark 2.3. An alternative recurrent formulas for parameters, coefficients, and re-
mainders of asymptotic expansions for sums B,(€) and products C, (&) can be ob-
tained using the recurrent identities B, (€) = B,,_1(€) +A,(e),n=1,...,N, Bo(e) =
0,and C,(g) =C,—1(€)-An(€),n=1,...,N, Co(&) = 1 and applying to them the op-
erational rules for Laurent asymptotic expansions given in Lemma 2.2.
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2.1.3 Algebraic Properties of Operational Rules for Laurent
Asymptotic Expansions with Remainders Given in the
Standard Form

The following lemma summarizes some basic algebraic properties of Laurent asymp-
totic expansions. It is a corollary of Lemmas 2.1 and 2.2.

Lemma 2.4. The summation and multiplication operations for Laurent asymptotic
expansions defined in Lemma 2.2 possess the following algebraic properties, which
should be understood as identities for the corresponding Laurent asymptotic expan-
sions (i.e., identities for the corresponding parameters h,k, coefficients and remain-
ders) of functions represented in two alternative forms in the functional identities
given below:

(i) The summation and multiplication operations for Laurent asymptotic expan-
sions satisfy the “elimination” identities that are implied by the corresponding
functional identities, A(g) +0=A(g), A(e)-1=A(e), A(e)—A(e) =0, and
Ale)-Ae) ' =1.

(i) The summation operation for Laurent asymptotic expansions is commutative
and associative that is implied by the corresponding functional identities, A(€) +
B(e) = B(e) +A(e) and (A(e) + B(g)) + C(e) = A(e) + (B(g) + C(¢)).

(iii) The multiplication operation for Laurent asymptotic expansions is commu-
tative and associative that is implied by the corresponding functional identities,
A(e)-B(e)=B(g)-A(g) and (A(g)-B(g))-C(e) = A(e) - (B(g) - C(¢)).

(iv) The summation and multiplication operations for Laurent asymptotic expan-
sions possess distributive property that is implied by the corresponding functional
identity, (A(€)+B(g))-C(e) = A(e)-C(g) + B(g) - C(¢).

Remark 2.4. Tn proposition (i) of Lemma 2.4, 0 should be interpreted as the (A, ks )-
expansion, 0 = 0+ 0e™ + ... +0e* 4 o(e*), with remainder o(ek) =0, and 1
as (0,ka — hp)-expansion, 1 = 1 +0g + ...+ 0ek~"1 4 o(gka="a), with remainder
o(gha—ha) = 0.

Remark 2.5. The Laurent asymptotic expansion A(€) is assumed to be pivotal, in the
elimination identity implied by functional identity A(g)-A(g)~! = 1, and to hold,
for 0 < € < g) such that A(e) # 0, € € (0, ).

2.2 Laurent Asymptotic Expansions with Explicit Upper Bounds
for Remainders

In Section 2.2 we present operational rules for Laurent asymptotic expansions with
explicit upper bounds for remainders.

2.2.1 Definition of Laurent Asymptotic Expansions with Explicit
Upper Bounds for Remainders

Let A(€) be a real-valued function defined on an interval (0, &, for some 0 < g < 1,
and given on this interval by a Laurent asymptotic expansion,
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— ha ka ka
A(e) = ap, €" + -+ ag, €4 +0a(e™), (2.2)

where (a) —oo < hy < ks < oo are integers, (b) coefficients ay,,, ..., ay, are real num-
bers, (¢) |04 ()| < Gaekatd for 0 < & < &4, where (d) 0 < 83 < 1,0 < Gy < oo
and 0 < g4 < &.

We refer to such Laurent asymptotic expansion as a (4, ka, 04, Ga, €4 )-expansion.

The (ha,ka,04,Ga,€4)-expansion is also a (ha,ks)-expansion, according the
definition given in Subsection 2.1.1, since, 04 () /&% — 0 as € — 0.

We say that (ha,ka,04,Ga,€x)-expansion A(g) is pivotal if it is known that
Apy 75 0.

It is useful to note that there is no sense to consider, it seems, a more general
case of upper bounds for the remainder 0, (€% ), with parameter §4 > 1. Indeed, let
us define kg =ka + [SA] - I(5A = [5A]) and 5/1 =064 — [SA] +I(6A = [SA]) (0 1]
The (ha,ka,0a,Ga,€4)-expansion A(€) can be rewritten in the equivalent form of
the (hA,kA,@/‘,GA,SA) expansion, A( €) = ap, €M+t ay, e + 0kt 4. 4
0k + AGE 1), with the remainder o/ NG 1) = 04(g*), which satisfies mequahtles
|0, (€4)| = |oa (k)| < Gaghat0h = Guekato, for 0 < & < ga.

Let us also comment the analytic-type case, where function A(€) is given by
an absolutely convergent power series, A(€) = Yy>p, aye, in interval (0,&)]. In
this case, A(€) can be represented in the form of (h,ka,1,Gy,, &, )-expansion
A(€) = ap, €™ + - + ay, €M + o4, (€") with remainder o, (€"1) = Y54, 41 axe”,
for any k4 > hy. Indeed, remainder o, (&‘k/‘) satisfies, for any &, € (0,&)], inequal-
ities, |og, (€")| < TGy, € € (0,€,], where Gr, = Tyt 11 |ak|£,ff:kf‘71.

The above remarks imply that the asymptotic expansion A(€) can be represented
in different forms. In such cases, we consider forms with larger parameters h4 and kx
as more informative. As far as parameters 84, G4, and &4 are concerned, we consider
as more informative forms, first, with larger values of parameter 4, second, with
smaller values of parameter G4 and, third, with larger values of parameter &4.

Lemma 2.5. If A(e) = a), hﬁl—f—---—i—a;(, ek + 0/, (e kﬁ;):a/’,,ghﬁ(+---+a;(/,,gk§(+
A

ol (ek), e 6 (0,&0) can be represented as, respectively, (I,k,,04,G, €,)- and
(K, k,0%, G}, €})-expansion, then the (h,ka)-expansion A(€ ) =ay M+ +

akAsk + 04 (8kA), € € (0,&) given in Lemma 2.1 is an (ha,ka, 04, Ga, €4 )-expansion,
with parameters 04,Ga, and €4 chosen in the following way consistent with the
priority order described above:

(64,Ga,€a)
(X, X,ej{) ifk2<kX0rHA:I€/§,5A<
= (8, =064,G\ NGy, e, Ne)) itk =K],8, =67, (2.3)

(8).G,.€}) itk > K or Ky = K2, 8) > Sl
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Remark 2.6. The following simple upper bounds take place for parameters Gy, 04,
and &4 givenin Lemma 2.5, 84 > 8y = 4 A8, Ga < Ga =G, VG, and g4 > &1 =
elf‘ A SX , which can be used in the case, where the priority order described above is
ignored. Obviously, (h4,ka)-expansion A(€) is also a (k4 ka, 64,Ga. &, )-expansion.

Remark 2.7. A constant a can be interpreted as function A(€) = a. Thus, 0 can be
represented, for any integer —eo < h < k < oo, as the (h,k, 8k, Gk, €nx)-expansion,
0=0¢&"+...+0&* +0(e"), with remainder o(e") = 0 and, thus, parameters Onp=1,
Gnx =0, and g, ; = &. Also, 1 can be represented, for any integer 0 < k < o, as the
(0,k, &, Gy, & )-expansion, 1 = 1 +0&+- ... 4 0e" 4 o("), with remainder o(e¥) =0
and, thus, parameters 6, = 1, G, = 0, and & = &.

2.2.2 Operational Rules for Laurent Asymptotic Expansion with
Explicit Upper Bounds for Remainders

Let us consider four Laurent asymptotic expansions, A(€) = a, et tay . gk 4
04(€"), B(€) = b€ + -+ + by, " + 0p(e"), C(e) = cpe" + -+ + .k +
oc(€¢), and D(g) = dp,€" + -+ + di, €*> + op(e*P) defined for 0 < € < &, for
some 0 < g < 1.

Let us denote, Fy = max;, <i<, |ai|, Fg = MaxXyy<i<k, |bil, Fc = max, <i<i. |cil,
and Fp = maxp,<i<x, |dil.

Lemma 2.6. The above Laurent asymptotic expansions have the following opera-
tional rules for computing remainders:

() IfA(g),e € (0,&)] is a (ha,ka,0n,Ga,€n)-expansion and c is a constant, then
C(e) =cA(g),e € (0,&) is a (hc, ke, Oc, Ge, €c )-expansion with parameters he, ke

and coefficients c,,r = hc, ... ,kc given in proposition (i) of Lemma 2.2, and param-
eters 8¢, Ge, and gc given by the formulas:
(@) 8¢ = 64 = 6c;

(b) Ge =c|G4 = G

(¢) ec=¢er =& =&c.

(ii) IfA(e),e € (0,&) is a (ha,ka,04,Ga, €a)-expansion and B(€), € € (0,&) is a
(hg, ks, Op,Gp,€p)-expansion, then C(g) = A(e) + B(g), € € (0,&) is a (he, ke, ¢,
G, &c)-expansion with parameters he, ke and coefficients c,,r = he, ... k¢ given

in proposition (ii) of Lemma 2.2, and parameters 8¢, Gc, and €c given by formulas:
(@) 8¢ = Oal(ka <kp) + (04N OB)l(ka =kp) + Opl(kp < ka) > Oc = 84 A OB;
i—kc—& j—kc— O
(b) Ge = Sipcicky lailee ™™ + Tpee jciy 10j1€E
+ GAglcc‘A+5A7kC75C + GBgéB‘HsB*kC*éC
< GC = FA(kA - kc) + Gy +FB(kB - kc) + Gg;
(©)ec =eaNep=Ec.
(iii) If A(g),€ € (0,&) is a (ha,ka,04,Ga, €4 )-expansion and B(€), € € (0, &) is
a (hp,kp, Op,Gp, €p)-expansion, then C(e) = A(e)-B(¢), € € (0, &) is a (hc, ke, ¢,
G, &c)-expansion with parameters he,kc and coefficients c,,r = hc, ..., kc given
in proposition (iii) of Lemma 2.2, and parameters 6c,Gc, and €c given by formulas:
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(@) 6c = 5AI(kA +hp <kp+ hA) + (6A AN 53)1(/(,4 +hg =kp+ hA)
+ 8pl(ka+hp > kp+ha) > 6¢c = 84 A Bp;

i+j—kc— 6
(b) GC - zkc<l+j ha<i<kp,hp<j<kp |al||b | o

j+-ka-+6p —k
+ GAZhB<j<kB|b | ] AT

+ GAGngA+kB+5A+5B kc—6c¢
C

< Gc = (Fa(ka —ha+ 1)+ Ga)(Fg(kg — hg+ 1) + Gp);

(c) &c =eaNep = Ec.

(iv) If B(e),e € (0,&)] is a pivotal (hB,kB,5B,GB,8B)-expansi0n then there
exists &c < &) < & such that B(e) # 0,& € (0,¢g)], and C(g) = B(g) € € (0,€)]
is a pivotal (hc,kc, 8¢, Ge,&c)-expansion with parameters he,kc and coefficients
cr v = he, ... ke given in proposition (iv) of Lemma 2.2, and parameters 8¢, Gc,
and gc given by formulas:

(a) 8¢ = 85 = dc;

b
(b) Gc = (‘ ;B‘) (GBZhC<j<kC|CJ| el

(bl e =08

0 z+k +8p—kc—6
¢ + GB zhA<l<kA |al| propemte

+ Ly hy<itjhp<i<kghe<j<kc
- b
<Gc= (‘ hB‘) '(GpFe(ke —he + 1) + FpFe(kg — hg + 1) (ke — he + 1))

b
—( hB‘) (Fp(kp —hp+ 1)+ Gp)Fc(kc — hc +1);
(c) &c = ep NEp > &c = e N\ Ep, where
‘bhg‘ ‘bhg‘

1
a2 5 - 5
b= (2<zh3<,<k3\b e "B )+ Gpeg? "B>) * 2 & = (ot oom) -
) If A(e),e € (0,&)] is a (ha,ka,64,Ga,€x)-expansion, B(g),e € (0,&)] is
a pivotal (hg,kg,0p,Gg,€p)-expansion, then there exists €p < &) < & such that
B(e) # 0,e € (0,g)], and D(g) = ’223 is a (hp,kp, Op,Gp, €p)-expansion with
parameters hp,kp and coefficients d,,vr = hp,...,kp given in proposition (v) of
Lemma 2.2, and parameters 8p,Gp, €p given by formulas:
(@) 6p = Sal(hc+ka < ha+kc) + (64 A Oc)I(he +ka = ha+kc)
+ 5cl(/’lA+kC < hc+kA) > SD =03 NOc = 84 N\ 8p;

1+ kp—39,
(b) GD_ZkD<t+/hA<1<kA he<j<kc |Cll||Cj| J=ko=0p

+ Gy th<1<kc |Cj| /+kA+5A —kp—0p + GCZhA<l<kA |a1| i-+kc+8c—kp—3dp
+ GAGC8£A+kc+5A+5C kp—96p
< Gp = (Falka —ha+ 1)+ Ga)(Fc(kc — hc + 1) + Ge);
(c) ep =es Nec =ép,
where coefficients c,,r = he, ..., kc and parameters hc,kc,0c,Gc, €c are given for
the (hc,kc, 6c,Ge, €c)- expansion of function C(g) = B<18) in the above proposition
(iv), or by formulas:
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(d) 6p = 5AI(kA —hp < kp—2hg+ hA) + (6A AN 53)1(/(,4 —hp =kg
— 2h3+hA) + 6BI(kA —hp > kp— 2h3+hA) > SD = 64 A\ Op;

Byl i—hg—kp—3, ka+64—hg—kp—§
(e) Gp = ( zB) 1(2kA/\ hA+k37hB)<i<kA|ai|gllj BT 4 Gagpt T T

t+/ kp—hg—8p
+ ZkA/\(hAJrkB hpg)<i+j,hp<i<kp,hp<j<kp |b ||d |

4 GBZ//[D</</(D |d | j+k3+53 hp—kp— ED)

b
<Gp= (‘ ;B‘)f (Fa(ka —ka A (ha + kg —hg)) + Ga
+ FBFD(kB—hB+1)(kD—hD+ 1)+GBFD(/€D—/’ID+ 1));

(f) ep = €a Nep \NEj > Ep = €4 N ep N\ Ep, where & and &g are given
in relations (c) of proposition (iv).

Remark 2.8. Denominators in fractions representing parameters £ and & can take
value 0. In this case, parameters 51’9 and &p take value oo. In particular, this is, ac-
cording to Remark 2.7, the case, if B(€) = b # 0.

Remark 2.9. Coefficients €g,ec,ep € (0,1] are taken to nonnegative powers in all
terms of the sums, which define parameters G¢, Gp, and ég, in Lemma 2.7. This
makes it possible to estimate the corresponding parameters G¢ and Gp from above
and parameter &; from below by the corresponding simpler expressions. In partic-
ular, the estimates by parameters G¢, Gp, and &g are obtained by replacing coeffi-
cients €g, &c, and gp by 1.

Remark 2.10. Expansion C(g) given in propositions (i)—(iv) is also a (hc,kc,5c,
Ge, &c)-expansion with parameters 66, Ge, and & given by simpler formulas than
parameters dc,Gc, and gc. Also, expansion D( ) given in proposition (v) is a
(hD,kD,SD,GD,eD) -expansion with parameters op,Gp, and &p given by simpler
formulas than parameters 8p, Gp, and &p.

LetAy(€) = ap, m€"n+--+ag, mem+oa,(en) e (0,8)]bea (hy,,kn,
04,,:Ga,,+ €, )-expansion, form = 1,... N.
Also, let us denote Fy,, = maxy, <i<k, |@im|, form=1,...,N.

Lemma 2.7. The above asymptotic expansions have the following multiple opera-
tional rules for computing remainders:

() B.(e) =A1(e)+---+Au(e),e € (0,)] is, foreveryn=1,...,N, a (hg,,ks,,

0,,Gg,,€B, )-expansion, with parameters hp,, kp,,n = 1,...,N and coefficients
by, +1n,l = 0,...,kp, —hp,,n=1,....N given in proposition (i) of Lemma 2.3,
and parameters Gg,,0p,, €,,n = 1,...,N given by formulas:

(a) 53,, = minmeK” 6Am Z 5; = minlgmgn 6Am,
where K, = {m: 1 <m <n, ky,, = min(ka,,...,ka,)};
k, 1)
(b) Gp, = X1<i<n (Zan<J<kA |a/:| gl O + Gy,

< Yi<i<n (Fa;(ka; — kg, ) + GAi);
(c) &g, =min(ea,,...,€a, ).

kA +5A —kp,, — 5Bn)
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(ii) Cn(&‘) :Al(&‘) Xoeee XAn(&'), Ec (0,80] is, forn =1,...,N, a (/’lcn,kcn,6cn,
Gc,, €cy )-expansion with parameters hc,,kc,,n =1,...,N and coefficients Che, -+l
[=0,....,kc, —hc,,n=1,...,N given in proposition (ii) of Lemma 2.3, and param-
eters Gg,,0c,, €c,,n =1,...,N given by formulas:

(a) 6¢, = minyer, 64, > 6, where L, ={m:1 <m <n, (ku,,

+ Xi<ranrtmha,) =mini<i<n(ka, + Xi<p<nrziha,) }s

l+++l—kc, — ¢
(b) G, = i, <by+-+hahay <hay 1 <m<n Tli<men 1@,.mlEc, n

)
+ Zlgrgn 21§m1<---<mr§n (Hm;éml ..... my, 1<m<n (ZhAmglgkAm |al,m|8c,,)

X Tli<i<r Ga,, EkAmiJrSAmi o 56")
< Mi<m<n(Fa,, (ka, —ha,, +1) + Ga,,).

(¢) &c, = minj <<, €x;.

(iii) Parameters 3p,,Gg,,€p,,n = 1,...,N and dc,,Gc,,€c,,n = 1,...,N in up-
per bounds for remainders in the asymptotic expansions, respectively, for functions
By(e) =Ai(e)+ -+ An(e), n=1,...,N and Cy(€) = A1(g) X -+- X Ay(€),n =
1,...,N are invariant with respect to any permutation, respectively, of summation
and multiplication order in the above formulas.

n

2.2.3 Algebraic Properties of Operational Rules for Laurent
Asymptotic Expansions with Explicit Upper Bounds for
Remainders

The summation and multiplication rules for computing of upper bounds for remain-
ders given in propositions (ii) and (iii) of Lemma 2.6 possess the communicative
property, but do not possess the associative and distributional properties.

Lemma 2.6 let us get an effective low bound for parameter &4 for any (h4,kx, 04,
Gy, €4)-expansion A(g) obtained as the result of a finite sequence of operations
(described in Lemma 2.6) performed over expansions from some finite set of such
expansions.

Lemma 2.8. The summation and multiplication operations for Laurent asymptotic
expansions defined in Lemma 2.6 possess the following algebraic properties, which
should be understood as equalities for the corresponding parameters of upper
bounds for their remainders:

(i) The functional identity, C(€) = A(g) + B(€) = B(e) + A(€), implies that 6¢c =
0a+B = O+, Gc = Gayp = Gpya and &c = €x4p = Ep1A.

(ii) The functional identity, C(e) = A(€) - B(e) = B(e) - A(€), implies that ¢ =
6A-B = 6B-A7GC = Gpp=Gp and &c = €4.5 = €p.4.

(iii) If A(€) is (ha,ka,0n,Ga, €4 )-expansion obtained as the result of a finite se-
quence of operations (multiplication by a constant, summation, multiplication, and
division) performed over (ha,,ka,,04,,Ga,,€4,;)-expansions A;(€),i =1,...,N, ac-



28 2 Laurent Asymptotic Expansions

cording to the rules presented in Lemmas 2.2 and 2.6, then 64 > 8 = minj<j<y 04;.
This makes it possible to rewrite A(€) as the (ha,ka, 6y,G} y,€a)-expansion, with

54—y
parameter G y = GA&‘AA N,

2.3 Proofs of Lemmas 2.1-2.8

In Section 2.3, we give proofs of Lemmas 2.1-2.8 omitting some known or obvious
details. The chosen order of proofs has the sense because of the corresponding pairs
of lemmas relate to the same functional identities, as Lemmas 2.1 and 2.5, or the
same operational rules, as Lemmas 2.2 and 2.6 or 2.3 and 2.7, or analogous alge-
braic properties of the corresponding operational rules, as Lemmas 2.4 and 2.8. In
each pair, the first lemma relates to Laurent asymptotic expansions with remainders
given in the standard form, while the second lemma relates to Laurent asymptotic
expansions with explicit upper bounds for remainders.

2.3.1 Lemmas 2.1 and 2.5

Let us, for the moment, use notations A’(g) = a;, e 4.+ a, ek + og(ekﬁ) and
A A
o h// k// k//
A(e) = a;l/,’(g A e _|_a;(’;{g A+ 0l ().

In the case h, = Ky, proposition (i) of Lemma 2.1 is trivial. Let, for exam-
ple, h)y < I = hs. In this case, the assumption that proposition (i) does not
hold, implies that there exists 4, <1 < hy such that aj = 0, for b}, <k <[ and
a) # 0. This implies that e 'A’(€) — a} # 0 as € — 0, while e 'A”(g) — 0 as
€ — 0. This contradicts to the initial identity A(e) = A’(¢) = A”(€). Proposi-
tion (i) let us rewrite A’(¢) and A”(€) in the more informative forms, A’(€) =

) ! oK, ! (oK, " _ I oh 7N 11 (oK
a, € A—i—---—i—akgg A+0)(e") andA"(g) = a) €™ Feaes +0)(e"1). These
representations imply that £ "A’(¢) — a), as € — 0 and £ "A"(g) — a as
€ — 0. These relations imply that a;,, = a;li‘ = Zﬁ{’ since A(e) = A'(e) = A" (¢).
Also, e~ 1(A'(e) —an,e™) — @), ., as & — 0 and e~ (A" () — ay, &™) —
a1 as € — 0. These relations imply that ay,+1 = a),, | = aj,, . since A(€) —
ap, €™ = A'(e) — ay, " = A"(g) — ap, €. By continuing the above procedure,
we can prove that a; = a; = aj, for | = h,... ks = k; AKJ, proposition (ii) of
. ! l ! ~
the lemma. By canceling the terms, ;€ = aje =aje ,l = hy,... ks on the left-
and right-hand sides of the initial identity A(g) = A’(g) = A”(¢g), we get the iden-
tity, 3 1l +0 (gkg) =Y el + //(81(;{) . . iti V)
ity, 3, ci<i, @€ + 0 = Yh<i<il 4 o)y , given in proposition (v).
This identity let us rewrite the Laurent asymptotic expansions A(€) in one of
the two alternative forms A(e) = A'(e) = %, .z, @€' + hu<i<k, el + 0!, () or
"
Ale) =A"(e) =3, 1, ae! + h,<i<k] ae! + of{(¢"4). The first or second repre-
sentation should be chosen as more informative if, respectively, k), > k/j or Ky <k/;.

These representations coincide, if k), = k;. The above remark prove propositions
(iii)—(v) of Lemma 2.1.
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Lemma 2.5, in particular, relation (2.3) directly follows from formulas of re-
mainders of the Laurent asymptotic expansion A(g) given in proposition (v) of
Lemma 2.1 and priority rules for choice of parameters 4, Ga, and &4 for explicit
upper bounds for the above remainder, which are used in Lemma 2.5. [J

2.3.2 Lemmas 2.2 and 2.6

Propositions (i) (the multiplication by a constant rule) of Lemmas 2.2 and 2.6 are
obvious. Proposition (ii) (the summation rules) of Lemmas 2.2 and 2.6 can be ob-
tained by simple accumulation of coefficients for different powers of € and terms
accumulated in the corresponding remainders, and, then, by using obvious upper
bounds for absolute values of sums of terms accumulated in the corresponding re-
mainders.

Proposition (iii) (the multiplication rule) of Lemma 2.2 can be proved by multi-
plication of the corresponding asymptotic expansions A(€) and B(¢) and accumula-
tion of coefficients for powers €’ for I = hc, ..., k¢ in their product,

C(e) = A(e)B(e)
= (an,€" + -+ ag, € 1 04 (%)) (b1, €" + -+ by, €' + 0p(€"))

= X 2 aibje’
he<I<kc i+ j=lhp<i<ks,hp<j<kp

+ D aibje™ I+ N bieloa(eh)
ke<itjha<i<ky,hp<j<kp hp<j<kp
+ Y aie'op(€°8) 4 04 (" )op(e"8) = D cie! +oc(gkc), 2.4
ha<i<kp he<I<kc
where
Oc(é‘kc) = Z a,'bj&‘iJrj—I— Z bj&‘jOA(é‘kA)
ke<i+j,ha<i<ky,hp<j<kp hp<j<kp
+ Y aig'op(e') +oa (e )op(e). (2.5)
ha<i<ka

k,
Obviously, Océfcc) — 0 as € — 0. It should be noted that the accumulation of

coefficients for powers €’ can be made in (2.4) only up to the maximal value / =
ke = (ka +hp) A (kg + ha ), because of the presence in the expression for remainder
oc(€¢) terms by, "0, (") and ay,, " 0p(e*8).

Also, relation (2.5) and Remark 2.9 readily imply relations (a)—(c), which de-
termines parameters 8¢, Gc, & and SC, Ge, & in proposition (iii) of Lemma 2.6, in
particular, the following inequalities take place, for € € (0, &c],
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e~ke%coc(ehe)| < Ge = 3 i bl ke e
ke<it+jha<i<kahp<j<kp

+ GA Z |bll_|€é+kA+5Aka75C + GB Z |ai|8é+k3+537k6*75c
hp<j<kp ha<i<kp

+ GA GngA +kp+064+0p—kc—6¢

< éc = FAFB(kA —ha+ 1)(kB—/’lB+ 1)
—I—GAFB(/CB —hp+ 1) —I—GBFA(/CA —hp+ 1) + GaGp
= (Fa(ka —ha+ 1)+ Ga)(Fs(kg —hg+ 1)+ Gp). (2.6)

The assumptions of proposition (iv) in Lemma 2.2 imply that e "2B(g) — b, 5 7
0 as € — 0. This relation implies that there exists 0 < &) < & such that B(g) # 0 for
€ € (0,¢&)], and, thus, function C(g) = B(le) is well defined for € € (0, &].

Note that ip < kp. The assumptions of proposition (iv) of Lemma 2.2 imply that,
"C(€) = (buy + -+ + bige "5 +0p(e")e )" — b I = ¢ as € — 0.

This relation means that function £"3C(¢) can be represented in the form £"3C/(¢)
= cp. +o(1), where ¢, = b;Bl, or, equivalently, that the following representation

takes place, C(€) = ¢j.& "8 +01(e7"8),€ € (0,€}], where 01(5:,8) —0ase—0.

The latter two relations prove proposition (iv) of Lemma 2.2, for the case hp = kp.
Indeed, these relations mean that function C(g) = B(lg) can be represented in the
form of (h¢,kc)-expansion with parameters hc = —hg, k¢ = kg —2hp = —hp = h¢
and coefficient ¢, = b;Bl. Moreover, since B(g) - C(e) = 1,0 < & < g}, remain-
der c;(€) can be found from the following relation, (b,&" +o(€"8))(cp.€ " +

Che€ "Bop(e"B)

big€"B+op(ehB)

This is formula (¢) from proposition (iv) of Lemma 2.2, for the case hp =
kp. Note that, in the case hp = kp, the above asymptotic expansion for func-
tion C(€) cannot be extended. Indeed, "2~ 1o (e 7"8) = e"s=1(C(e) — cp.e ") =

Che op(e"B)e~"B Th
— . The term
by, +op(e"B)e™"B £

relation has an uncertain asymptotic behavior as € — 0.

Let us now assume that g 4+ 1 < kp. In this case, the assumptions of proposition
(iv) of Lemma 2.2 and the above asymptotic relations imply that, €810 (e 8) =
e1(C(e) — cpoeB) = (byy + -+ + by eke s —il-03(8k3)£*h3)*1(—bh3+1chc -
cee— kaChC8k37h371 — 03(81(3)6‘;,(:87"371) — —b;B bh8+lchc = Chet1 S € — 0.
This relation means that function €810, (£7"#) can be represented in the form
gl (e7h8) = Che+1 +0(1), where cpo1 = —b;BI bpy+1ch., or, equivalently,

01(8”’3)) = 1 that yields formula, 01(3*"8) =

h —h
o8(e")€™ o the right-hand side in the latter

that the following representation takes place, C(€) = cj.&€ "% + cjp1€ 5T +

—hpt
02(e7"8*1), € € (0,€)], where 022‘3,3“ ) 5 0ase—0.

The latter two relations prove proposition (iv) of Lemmas 2.2, for the case
hg + 1 = kp. Indeed, these relations mean that function C(€) can be represented in
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the form of (h¢,kc)-expansion with parameters hc = —hg, ke = kg —2hp = —hg +
1 = hc+1 and coefficients ¢, = b;Bl, Chetl = —b;BlthHchC. Moreover, since
B(g)-C(g) = 1, the remainder 0,(e~"#*!) can be found from the following rela-
tion: (by, " + by, 1€ML + 0p(e"H1)) (&8 + cppr1€7 BT - 0p (g7 ) =
bhpt1Ch 1 E24(ch € B4y e BT )op(ehBHT)
.. —hg+1y _ _ brg+icnc+ he he+1 B
1. This yields formula, 0, (€ )= by €84y 15 40 (h )

This is formula (¢) from proposition (iv) of Lemma 2.2, for the case hp + 1 = kp.
Note that, in the case hg + 1 = kg, the above asymptotic expansion for function C(€)
cannot be extended. Indeed, £"8 20, (€) = €' 72(C(&) — cpo.€ "8 —cpoyre M H) =

th+lchC+l+Chc+10b’(5h3+1>87h371 Che 03(8h3+l)£—h3—l
therhBH£+03(8h8“)£’h8 by +th+1£+oB(shB“)£’hB €

op(ehBt1yg=hp=1 . Sy . .
R on the right-hand side in the latter relation has an uncertain asymp-

totic behavior as € — 0.
We can repeat the above arguments for the general case hp +n = kg, for any

. The term

n=0,1,... and to prove that, in the case kg + n = kg, function C(g) can be
represented in the form of (hc,kc)-expansion with parameters hc = —hp,kc =
kg —2hg = —hg +n = hc + n and coefficients ¢, . .., ¢k given in proposition (iv)

of Lemma 2.2. Moreover, identity B(€) - C(€) = 1,0 < & < g}, let us find the corre-
sponding remainder o¢ (&%) from the following relation:

(brg€™ + -+ by €% + 0p (")) (cno€" + -+ e €€ +oc(e)) =1, (2.7)

Proposition (iii) of Lemma 2.2, applied to the product on the left-hand side in
relation (2.7), permits to represent this product in the form of (%, k)-expansion with
parameters i = hg+hc = hg —hg =0 and k = (kg + hc) A (hg +ke) = (kg — hg) A
(kg —2hp+ hg) = kg — hp. By canceling coefficient for ¢! on the left- and right-hand
sides in relation (2.7), for [ = 0,...,kg — hp, and then, by solving equation (2.7)
with respect to the remainder oc(€%¢), we get the formula for this remainder given
in proposition (iv) of Lemma 2.2,
 Skyhyeitjhp<ickghesj<kc Dici€ T+ Tnes jero ¢j€ 0p(€%)

kcy
E =
oc(E) big€" + - + by €55 + 0p(€45)

ol j—h
_ Dkg—hp<itjhp<i<kghc<j<ke Dicj€ TN
by + -+ kang*hb’ + gB(ng)ghB

She<j<ke i€ B op(e8)

— . 2.8
by + -+ + by, €878 4 op(eks)e"8 2:8)

The assumptions made in proposition (iv) of Lemma 2.6 imply that B(g) # 0 and
the following inequality holds for 0 < € < &, where & is given in proposition (iv)
of Lemma 2.6:

|bpy1€+ -+ kaé‘kBihB + 03(8k3)87h3| — &% (|1bg+1 |81763 N

b
+| by | €810 - Gpekr =Ny < % (Fy(kg — hg) + Gp) < | ;Bl ; (2.9



32 2 Laurent Asymptotic Expansions
and, thus,
kp—nh k —h
|bh3+bh3+18+"'+bk388 B+ op(e®)e "B| > |bh3|

b
—(|bhg1|€+ -+ |brg| €578 + Gpepnto) > | ;B| >0.  (2.10)

The existence of &) declared in proposition (iv) of Lemma 2.6 is obvious. For
example, one can choose &) = gc. It is also useful to note that formulas given in
proposition (iv) of Lemma 2.6 imply that ec = e A &; € (0, &), since &g € (0, &)
and & € (0,c0].

The assumptions made in proposition (iv) of Lemma 2.6, inequality (2.10), and
Remark 2.8 imply that the following inequality holds, for 0 < € < &¢:

|87kC75C0C(8kc)| — |8*k3+2h37530C(8kc)|

b i+h
<"1 Gy 3 el
he<j<kc
+ 2 |bi||cj|£é+j7k3+h375g)
kp—hp<i+j,hp<i<kphc<j<kc

~ b
<Gc= (l ;Bl )" (GgFc(ke —hc+1)

+ FpFc(kp—hg+1)(kc — hc + 1))

bpg|. _
=(| §B|) '(Gg + Fy(ks — hg + 1)) Fe(kc — he +1). (2.11)
Inequality (2.11) proofs proposition (iv) of Lemma 2.6.
Propositions (v) of Lemmas 2.2 and 2.6 and relations (a)-(c) given in these
propositions can be obtained by direct application, respectively, of propositions (iii)

and (iv) of Lemmas 2.2 and 2.6 to the product D(g) = A(g) - B(lg> .

Now, when it is already known that D(g) = A(g) - B(lg> is a (hp,kp)-expansion,
with parameters hp = hy — hg and kp = (kx — hp) A (kg — 2hp + h4), multiplication
of D(¢) by B(e) yields the following relation holding for € € (0, &j]:

A(€) =D(e)B(g) = ap, e" + -+ ay, 4 +ox(e")
= (dpp €™ + -+ dppe'® +op (")) (byy€"® + - + by, €8 + 0p(")). (2.12)

By equating coefficients for powers &' for [ = hp, ... kp on the left- and right-
hand sides of the third equality in relation (2.12), we get alternative formulas (e) for
coefficients dj, , .. . ,dy,, given in proposition (v) of Lemma 2.2.

Proposition (iii) of Lemma 2.2, applied to the product on the right-hand side
in (2.12), permits to represent this product in the form of (k,k)-expansion with
parameters h = hg + hp = hg + hy —hp = hy and k = (kp + hg) A (kg + hp) =
((kA — hB) A (kg —2hg+ha) +h3) A (kg+ha —hp) =ka A (kB + ha — hg). By can-
celing coefficient for €/ on the left- and right-hand sides in relation (2.12), for
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I =hy,...,ka A (kg + ha — hg), and then, by solving equation (2.12) with respect
to the remainder op(€*P), we get the formula (f) for this remainder given in propo-
sition (v) of Lemma 2.2,

Ska A (ks —h)<I<ky AIE' 04 (€%4)

kpy
opl€ -
p(e™) by €8 + - - 4 by, ek8 + op(eks)

"
Dhep A(kp-+ha—hg)<i+ j,hp<i<kphp<j<kp Did j€' !
bpy €8 + -+ by, ks + op(e*s)

_ Zpsjzkpdielon()
thé‘hB +--+ kaEkB + OB(EkB)

I—h k —h,
 haA(kptha—hg)<I<ky WE B+ o0p(E)ETNE

by + -+ + by, k8=h8 4 op(eks ) e —hs

.oit+j—h
Dk Akg-+ha—hg)<i+j,hp<i<kp hp<j<kp Did €
th + 4 kang*hB —+ OB(ng)gth

Sihp<i<kp di€MBop(€X8)

- . 2.13
by + -+ + by, ek8="8 4 op(eks)e "8 ( )

Inequality (2.10), the assumptions made in proposition (v) of Lemma 2.6 and
Remark 2.8 finally imply that the following inequality holds, for 0 < € < gp given
in relation (f) of this proposition:

b
et Bnop(ehn)] < Gp = (1"1)
% ( Z |ai|8;)*h3*k1)*51) +GA8£A+5A*hB*kD*5D
kaN(ha+kp—hp)<i<ks
+ > [billd e

kaN(ha+kp—hp)<i+j,hp<i<kp,hp<j<kp

+ Gp z |dj|8£+k3+537h37k1)75[))

hp<j<kp
~ b B
<Gp= (| §B|) Y(Fa(ka —ka A (ha+kg —hg)) + Ga
FgFp(kg —hg+1)(kp — hp+ 1) + GpFp(kp — hp +1)). (2.14)

Inequality (2.14) completes the proof of proposition (v) of Lemma 2.6. [

Remark 2.11. Quantity ‘b;’*‘ can be replaced by quantity ‘bzf |

| can be replaced by quantity ‘b;'f‘ , where B = %, on the
right-hand side of inequality (2.10) and, in sequel, in inequalities (2.11) and (2.14).
This makes it possible to modify propositions (iv) and (v) of Lemma 1.6 by replac-

, forany o > 1. Re-

. .|
spectively, quantity | ZB

. by, byl . . ~) ~
ing factor | > | by new factor | o | in the expression for parameters &, &z and by
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by | . . - ~ _
factor | EB in the expression for parameters G¢, G¢, Gp, Gp. The choice of a smaller

value for parameter o diminishes values of parameters &, & and G, Ge,Gp,Gp.

2.3.3 Lemmas 2.3 and 2.7

Lemma 2.3 is a direct corollary of Lemma 2.2.
Proofs of propositions (i) and (ii) in Lemma 2.7 are analogous to proofs of propo-
sitions (i) and (ii) in Lemma 2.6. Proposition (iii) of Lemma 2.7 is obvious. [J

2.3.4 Lemmas 2.4 and 2.8

The first two identities for Laurent asymptotic expansions given in proposition (i)
of Lemma 2.4 are obvious. The third identity given in this proposition follows in
an obvious way from proposition (i) of Lemma 2.2. By applying propositions (iii)
and (iv) of Lemma 2.2 to the product C(g) = A(g) - A(¢)~!, we get parameters
he = hA,Afl =hy—hy=0,kc = kA-A*‘ = (kA —hA) AN (kA —2hy +hA) =ka —hy
and coefficients ¢, = I(n = 0),n = 0,...,kc. Also, relations (2.7) and (2.8) imply
that the elimination identity A(€)-A(€)~! = 1 holds, since the remainder of Laurent
asymptotic expansion for function A(¢£)~! is given by formula (c) from proposition
(iv) of Lemma 2.2. Propositions (ii) and (iii) of Lemma 2.4 in the parts concerned
commutative property of summation and multiplication operations follow from, re-
spectively, propositions (ii) and (iii) of Lemma 2.2.

LetD(g) = (A(e)+B(g))+C(g) =A(g)+(B(g)+C(¢)). Using propositions (ii)
of Lemma 2, we get, hp = h(A+B)+C = (hA /\hB) Nhe = ha A (hB /\hc) e hA+(B+C)
and kp = k(A+B)+C = (kA A kB) Nkc = kg N\ (kB N kc) = kA+(B+C)- These rela-
tions and Lemma 2.1 imply equalities for the corresponding coefficients and re-
mainders, for the asymptotic expansions of functions (A(€) + B(€)) + C(¢) and
A(€) + (B(g) + C(€)). The above remarks prove proposition (ii) of Lemma 2.4 in
the part concerned with the associative property of summation operation for Laurent
asymptotic expansions.

Let D(g) = (A(g)-B(g))-C(g) = A(g) - (B(g) - C(g)). Using propositions (iii)
of Lemma 2.2, we get, hp = h(a.p).c = hap+hc = ha+hg+hc =ha+hgc =
hA-(B-C) and kp = k(A-B)-C = (kA-B + hc) A (kc + hA-B) = ((kA + hB) A (kB + hA)) +
he) A (ke + (ha+hp)) = (ka +hg +he) A (kg +ha + he) A (ke +ha + hg) = (ka +
(hg +hc)) A (kg +he) A (ke +hp)) + ha) = (ka + hp.c) A (kp.c +ha) = ka(s.c)-
These relations and Lemma 2.1 imply equalities for the corresponding coefficients
and remainders, for the asymptotic expansions of functions (A(g)-B(g))-C(g) and
A(g) - (B(g)-C(g)). The above remarks prove proposition (iii) of Lemma 2.4 in the
part concerned with the associative property of multiplication operation for Laurent
asymptotic expansions.

Let D(g) = (A(e)+B(g))-C(e) =A(g)-C(g) + B(¢) - C(¢g). Using propositions
(ii) and (iii) of Lemma 2, we get, hp = h(s 1 p).c = ha+p+hc=ha Nhg+hc = (ha+
hc) A (hB + hc) = ha.c Nhp.c = hacipc and kp = k(AJrB).C = (kA+B + hC) A (kC +
hatp) = (ka Nk +he) A (ke +ha Ahg) = (ka +he) A (kg +he) A (ke +ha) A (ke +
hg) = ((ka +hc) A (kc +ha)) A ((kp + he) A (ke +hp)) = ka.c Nkp.c = ka.cipc.
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These relations and Lemma 2.1 imply equalities for the corresponding coefficients
and remainders, for the asymptotic expansions of functions (A(g) + B(g))-C(€) and
A(g)-C(€)+ B(g) - C(¢g). The above remarks prove proposition (iv) of Lemma 2.4
concerned with the distributive property of summation and multiplication operations
for Laurent asymptotic expansions.

Propositions (i) and (ii) of Lemma 2.8 readily follow from, respectively, propo-
sitions (ii) and (iii) of Lemma 2.6. Finally, proposition (iii) of Lemma 2.8 follows
from relations 6.4 = 64, 5A+B75A-B, 6A/B > 04 N\ 6 and 6A1+---+AN, 6A1><---><AN >
min; <<y 4,,, given, respectively, in Lemmas 2.6 and 2.7. [
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