
Chapter 2
Planar Curves Whose Curvature Depends
Only on the Distance From a Fixed Point

Abstract Looking at the Frenet-Serret equations from the viewpoint of dynamical
systems, one can prove that when the curvature of a plane curve is given as a function
of the radius, the problem of reconstructing this curve is reducible to quadratures.
Additionally, two different integration procedures are presented. These methods are
illustrated first via the famous lemniscate of Bernoulli, which is immediately related
to the Euler elastica. Relying on the new formalism, the Sturm spirals and their
generalizations, the Serret curves (which have a mechanical origin) and their gener-
alizations are parametrized explicitly. The results on the Serret curves are original,
as their description up to now has been purely abstract. Finally, the same technique
is applied to the Cassinian ovals, and in this way, one concludes with their alternative
parameterizations.

2.1 The Moving Frame Associated with a Plane Curve

The fundamental existence and uniqueness theorem in the theory of plane curves
states that a curve is uniquely determined (up to Euclidean motion) by its curvature
given as a function of its arc-length (see Berger and Gostiaux (1988), p. 296 or
Oprea (2007), p. 37). The simplicity of the situation, however, is elusive, as in many
cases, it is impossible to find the curve explicitly. Having that in mind, it is clear
that if the curvature is given as a function of its position, the situation is even more
complicated. Viewing the Frenet-Serret equations as a fictitious dynamical system, it
was proven in Vassilev et al. (2009) (see also Djondjorov et al. (2009a)) that when the
curvature is given simply as a function of the distance from the origin, the problem
can always be reduced to quadratures. This last result is not entirely new, as Singer
(1999) had already shown that in some cases, it is possible that such a curvature
has an interpretation as a central potential in the plane, and therefore the trajectories
can be found through the standard procedures in classical mechanics. However, the
approach which we will follow here is entirely different from the group-theoretical
approach of Vassilev et al. (2009) or the mechanical approach of Singer (1999)
proposed in those papers. The method is illustrated by the most natural example
in the class of curves whose curvatures are functions only of the distance from the
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48 2 Planar Curves Whose Curvature Depends Only on the Distance From a Fixed Point

origin. Here, we consider in some detail the cases in which the function in question
is either proportional or inversely proportional to the distance from the origin. Let
us start with the first case, namely,

κ = σr, r = |x| =
√
x2 + z2, (2.1)

where x, z are the Cartesian coordinates in the plane XOZ , which have to be con-
sidered as functions of the arc-length parameter s, and σ is assumed to be a positive
real constant.

If θ(s) denotes the slope of the tangent to the curve with respect to the OX axis,
one has the following geometrical relations:

dθ(s)

ds
= κ(s),

dx

ds
= cos θ(s),

dz

ds
= sin θ(s), (2.2)

which can also be deduced from the Frenet-Serret equations (see also Fig. 1.1)

dx(s)
ds

= T(s),
dT
ds

= κN,
dN
ds

= −κT, (2.3)

where T andN are, respectively, the tangent and the normal vectors to the curve, and
s is the natural parameter along it. Combining (2.1) and (2.2), we get

dθ(s)

ds
= κ(r), (2.4)

which is still quite an unpromising equation. We will proceed (as suggested but not
pursued in Singer (1999)) by going to the co-moving frame (T,N) associated with
the curve

x = ξT + ηN (2.5)

accordingly, the Frenet-Serret equations (2.3) take the form

dξ

ds
= ξ̇ = κη + 1,

dη

ds
= η̇ = −κξ. (2.6)

2.2 Integration

Multiplying the first equation in (2.6) by ξ, the second one by η, and summing up
the so-obtained expressions, we find that

ξ = rṙ , (2.7)
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in which the dot means a differentiation with respect to the arc-length parameter.
Substituting this expression back into the second equation of (2.6) and integrating,
we obtain

η = −
∫

κ(r)rdr + c, (2.8)

where c is the integration constant. One should notice, however (cf. equation (2.5)),
that the coordinates in the moving frame are not entirely independent, but rather obey
the constraint

ξ2 + η2 = r2, (2.9)

which, in view of Eqs. (2.7) and (2.8), presents an ordinary differential equation for
the radial coordinate r .

2.3 Bernoulli’s Lemniscates

This curve is a special case (when a ≡ c) of the Cassinian ovals (see Mladenov
(2000) and the end of this chapter), defined by the equation

(x2 + z2)2 − 2a2(z2 − x2) + a4 − c4 = 0, (2.10)

and has a curvature (which can be found using formula (1.18)) that is linear in r .
Inserting κ = σr into Eq. (2.8) produces

η = −σr3

3
(2.11)

(the integration constant is taken to be zero) and the scheme from the previous section
leads to the equation

dr

ds
=

√

1 − σ2r4

9
· (2.12)

Its integration is immediate and gives us

r =
√

3

σ
cn(

√
2σ

3
s,

1√
2
), (2.13)

where cn(u, k) denotes one of the Jacobian elliptic functions in which the first slot is
occupied by its argument and the second one by the so-called elliptic modulus (a real
number between zero and one).More details about elliptic functions and integrals can
be found in Jahnke et al. (1960) and Olver et al. (2010). Substituting this solution into
Eqs. (2.7) and (2.8) has, as a result, the coordinates of the lemniscate in the moving
frame
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ξ = −
√

6

σ
cn(

√
2σ

3
s,

1√
2
)dn(

√
2σ

3
s,

1√
2
)sn(

√
2σ

3
s,

1√
2
)

(2.14)

η = −
√

3

σ
cn3(

√
2σ

3
s,

1√
2
).

With respect to the fixed one, these functions give a new curve which we will
call the co-lemniscate. Written in terms of its components, Eq. (2.5) tells us that the
lemniscate coordinates x, z are obtained from those of the co-lemniscate ξ, η via a
plane rotation specified by the slope angle θ, i.e.,

x = ξ cos θ − η sin θ, z = ξ sin θ + η cos θ. (2.15)

Obviously, what remains to be done is to find θ, and this can be achieved via an
integration of the first equation in (2.2). In this way, we obtain

θ = 3 arccos(dn(

√
2σ

3
s,

1√
2
))

(2.16)

= 3 arcsin(k̃ sn(

√
2σ

3
s,

1√
2
)), k̃ =

√
1 − k2.

Now we have to take into account the trigonometric identities

sin 3ϕ = 3 sinϕ − 4 sin3 ϕ, cos 3ϕ = 4 cos3 ϕ − 3 cosϕ, (2.17)

which give us

sin θ = 3√
2
sn(

√
2σ

3
s,

1√
2
) − √

2 sn3(

√
2σ

3
s,

1√
2
)

(2.18)

cos θ = 4dn3(

√
2σ

3
s,

1√
2
) − 3dn(

√
2σ

3
s,

1√
2
)

and eventually provide the parameterization of the Bernoullian lemniscate. By mak-
ing repeated use of the fundamental identities which the Jacobian elliptic functions
sn(u, k), cn(u, k) and dn(u, k) satisfy, i.e.,

sn2(u, k) + cn2(u, k) = 1, dn2(u, k) + k2 sn2(u, k) = 1, (2.19)

it is possible to simplify the expressions for x and z into the form
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Fig. 2.1 The Bernoullian co-lemniscate (left), Bernoulli’s lemniscate (middle) and both of them
(right) drawn via formulas (2.14) and (2.20) with σ = 3.5

x =
√

3

2σ
cn(

√
2σ

3
s,

1√
2
)sn(

√
2σ

3
s,

1√
2
)

(2.20)

z = −
√

3

σ
cn(

√
2σ

3
s,

1√
2
)dn(

√
2σ

3
s,

1√
2
).

The properties of the Jacobian functions also make obvious the relations

η2 =
(σ

3

)2
(ξ2 + η2)3, z2 − x2 = σ

3

(
x2 + z2

)2
, (2.21)

the last one being simply the standard form of Bernoulli’s lemniscate (cf. the equation
(2.10)). In polar coordinates ξ = r cosψ, η = r sinψ, x = r cosφ, z = r sin φ, the
above algebraic curves are of degree six and four, respectively, and take the form

sinψ = −σ

3
r2, cos 2φ = −σ

3
r2. (2.22)

This remarkable similarity in their polar representations suggests calculation of
the curvature of the co-lemniscate. The most convenient method in this situation
seems to be the application of the formula

κ = |r2 + 2ṙ2 − rr̈ |
(r2 + ṙ2)3/2

, (2.23)

in which this time the dots denote differentiations with respect to the polar angle.
Through straightforward but tedious calculations, one concludes with the formula

κ = 2σr
(
σ2r4 + 9

)

√
3

(
σ2r4 + 3

)3/2 · (2.24)
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Regardless of how similar this curve seems to be to the lemniscate in the polar
coordinates, its curvature is quite different from that of the parent curve. Both curves
are plotted for illustration in (Fig. 2.1).

Remark Because of the relation between the radial coordinate r and the curvature
equation (2.1), we can rewrite Eq. (2.12) in the form

κ̇2 + κ4

9
= σ2, (2.25)

which can be recognized and is referred to further on as the intrinsic equation of the
Bernoullian lemniscate.

2.4 Relationship Between the Lemniscate and the Elastica

Here, we will outline the relation of Bernoulli’s lemniscate to another famous curve
invented by Bernoulli, the so-called free (or rectangular) elastica (cf. Djondjorov
et al. (2009)), which also appears as a profile curve of the Mylar balloon described
in detail in Hadzhilazova and Mladenov (2008) and Mladenov and Oprea (2009).

For this purpose, let us differentiate Eq. (2.25), which gives us

κ̈lemn + 2

9
κ3
lemn = 0 (2.26)

and presents another form of the intrinsic equation of this interesting curve. By
comparing it with the intrinsic equation of the free elastica

κ̈elas + 1

2
κ3
elas = 0, (2.27)

it is easy to conclude that they are related by the transformation

κlemn = 3

2
κelas, (2.28)

which has been noticed recently by Matsutani (2010) as well. Actually, the mathe-
matical reason is that the curvature of the Bernoulli elastica is again a linear function
of the distance, but this time from the OX axis.

2.5 Spirals

In their article on the subject, Bourbaki have called them the most mysterious curves.
Actually, we will not unveil their secrets here, but will simply prove some of their
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properties, starting with the fundamental geometrical characteristic that the spirals
are just the curves for which the curvature is inversely proportional to the distance
from a fixed point in the plane called a pole. In analytical form, this property is
expressed via the formula

κ = σ

|x| = σ

r
= σ√

x2 + z2
, σ > 0, (2.29)

where x, z are the Cartesian coordinates in the plane XOZ , which have to be con-
sidered as functions of the arc-length parameter s, and σ is assumed to be a positive
real constant. Depending on the numerical value of this constant, we will consider
several types of spiral which we will describe in detail.

2.6 Sturmian Spirals

By their very definition (cf. Zwikker (1963)), these plane curves possess the property
that at each point, their curvature radius R coincides with the distance r from the
origin. Formulated in curvature terms, this means that their curvature κ is given by
formula (2.1), in which σ ≡ 1. Applying the scheme from Sect. 2.2, one easily finds
that

η = −r + c (2.30)

and

ṙ =
√
2cr − c2

r
, c > 0. (2.31)

It is convenient to perform the integration of the above equation by switching to
a new independent variable t defined by the equation

ds

dt
= r. (2.32)

This leads to the following results:

r = c

2

(
t2 + 1

)
, ξ = ct, η = c

2

(
1 − t2

)
. (2.33)

Integration of the first equation in (2.2) additionally leads to the new parameter t
coinciding (up to a real constant) with the slope angle, i.e.,

θ = t. (2.34)

By rewriting Eq. (2.5) in its components, one also has the relations
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x = ξ cos t − η sin t, z = η cos t + ξ sin t, (2.35)

which, combined with the above findings, provides the sought after parameterization
of the Sturmian spirals

x = c (t cos t + t2 − 1

2
sin t), z = c (

1 − t2

2
cos t + t sin t). (2.36)

Making use of the above formulas, one also easily finds the arc-length as a function
of the parameter t , i.e.,

s = c

2
(
t3

3
+ t). (2.37)

By exchanging the numerical parameter c for 2ρ and taking into account the
fundamental relation R ≡ r (for this curve), the above formula can be written into
the following form, which is none other than the intrinsic equation (in Cesáro form)
of the Sturm spiral:

s = (R + 2ρ)

3

√
R − ρ

ρ
· (2.38)

2.7 Generalized Sturm Spirals

Due to the restriction on the allowed values of σ, one can also consider the other
two obvious possibilities, σ > 1 and 0 < σ < 1, which have to be viewed as a
generalization of the ordinary Sturmian spirals.

2.7.1 The Case When σ > 1

Here, we will just outline the main ingredients of the derivation, again following the
scheme described in Sect. 2.2 starting with the equations

η = −σr + c and
dr

ds
=

√
(1 − σ2)r2 + 2cσr − c2

r
· (2.39)

One easily concludes that the expression under the radical on the right-hand side
is positive, provided that c > 0 and r belongs either to a finite or infinite interval,
i.e.,

c

σ + 1
≤ r ≤ c

σ − 1
and σ > 1 or r >

c

σ + 1
and σ < 1. (2.40)
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As the subsection title suggests, our immediate task is to consider the first of the
possibilities presented above. Exchanging, as before, the arc-length parameter (cf.
Eq. (2.32)) with t , leads to the formula

r = c

σ2 − 1
(σ + sin

√
σ2 − 1 t), t ∈ [− π

2
√

σ2 − 1
,

π

2
√

σ2 − 1
], (2.41)

by which we also find

ξ = dr

dt
= c√

σ2 − 1
cos

√
σ2 − 1 t, θ = σ t. (2.42)

The combination of the above results with those from Eq. (2.41), the first equation
in (2.39) and the general relations (2.35) gives us

x = c

(
cos

√
σ2 − 1 t cosσt√

σ2 − 1
+ (σ sin

√
σ2 − 1 t + 1) sin σt

σ2 − 1

)

(2.43)

z = c

⎛

⎝cos
√

σ2 − 1 t sin σt√
σ2 − 1

−
(
σ sin

√
σ2 − 1 t + 1

)
cosσt

σ2 − 1

⎞

⎠ .

The expressions for the arc-length and the intrinsic equation in this case are

s = c

σ2 − 1
(σt − cos

√
σ2 − 1 t√

σ2 − 1
+ σπ

2
√

σ2 − 1
) (2.44)

and

s = c

σ2 − 1

(
σ√

σ2 − 1
arcsin(

σ

c

(
(σ2 − 1)R − c

)
)

(2.45)

− 1

c

√
σ2(1 − σ2)R2 + 2cσ2R − c2 + σπ

2
√

σ2 − 1

)
,

where, in the derivation of the last equation, we have used the defining relation for
the spiral, which in this case states that r = σR.

A few remarks are in order here. First, while r takes its values in the interval
(2.40), the variable t is running in the interval [− σπ

2
√

σ2−1
, σπ

2
√

σ2−1
], and during this

excursion, the tangent to the curve turns to the angle σπ√
σ2−1

· This angle is greater

than 2π for σ < 2√
3
, equal to 2π for σ = 2√

3
and less than 2π for σ > 2√

3
. All this

is illustrated in Fig. 2.2.
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(a) (b) (c) (d)

Fig. 2.2 a The standard Sturmian spiral generated by (2.36) and c = 0.25, and the generalized
Sturmian spirals drawn via formulas in (2.43) with the following set of parameters: b c = 1,
σ = 1.02, c c = 5, σ = 2√

3
, d c = 100, σ = 5/3

2.7.2 The Case When 0 < σ < 1

The first steps in the scheme amount to

η = −σr + c,
dr

ds
=

√
(1 − σ2)r2 + 2cσr − c2

r
, (2.46)

but one should keep in mind that now σ < 1 and r > c
σ+1 . It also turns out to be

more convenient to perform the integration of the equation on the right-hand side in
(2.46) by introducing the parameter τ via the equation

ds

dτ
= r2, (2.47)

which produces

r = c

σ − sin cτ
, τ ∈ [− π

2 c
,
arcsin σ

c
] (2.48)

and

ξ = − c cos cτ

σ − sin cτ
, η = − c sin cτ

σ − sin cτ
(2.49)

θ(τ ) = σ√
1 − σ2

ln
σ tan cτ

2 − √
1 − σ2 − 1

σ tan cτ
2 + √

1 − σ2 − 1
·

Furthermore, via Eqs. (2.35) and (2.49), we obtain
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x = c

σ − sin cτ
cos

(

cτ − σ√
1 − σ2

ln
σ tan cτ

2 − √
1 − σ2 − 1

σ tan cτ
2 + √

1 − σ2 − 1

)

(2.50)

z = c

σ − sin cτ
sin

(

cτ − σ√
1 − σ2

ln
σ tan cτ

2 − √
1 − σ2 − 1

σ tan cτ
2 + √

1 − σ2 − 1

)

,

and finally

s = cσ
(
1 − σ2

)3/2 ln

(
σ + (1 + √

1 − σ2) tan
(
1
2 arcsin (

c
r − σ)

)

1 + √
1 − σ2 + σ tan

(
1
2 arcsin (

c
r − σ)

)

)

(2.51)

+
√
(1 − σ2)r2 + 2cσr − c2

1 − σ2
·

As before, one can easily obtain the intrinsic equation of the curve from the last
expression by replacing r with σR (Fig. 2.3).

2.7.3 The Sub-case When 0 < σ < 1 and c = 0

Just for the sake of completeness we will consider the situation when the integration
constant c, which appears in the previous subsection, is zero.Obviously, the equations
in (2.46) simplify to

η = −σr,
dr

ds
=

√
1 − σ2. (2.52)

The integration of the second one is immediate and gives us

r =
√
1 − σ2 s + a, (2.53)
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Fig. 2.3 Sturmian spirals generated by formula (2.50) and the constants σ = 0.9, c = 1 (left) and
formula (2.56) with σ = 0.9 and a = 1 (right)
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where a denotes a new integration constant that is necessarily positive. Following
the scheme, one ends with the results

ξ = (
1 − σ2) s + a

√
1 − σ2, η = −σ

(√
1 − σ2 s + a

)
(2.54)

θ(s) = σ√
1 − σ2

ln(
√
1 − σ2 s + a), (2.55)

which allow us to write down the explicit parameterization of the corresponding
spiral

x = ((1 − σ2)s + a
√
1 − σ2) cos θ(s) + σ(

√
1 − σ2 s + a) sin θ(s)

(2.56)

z = ((1 − σ2)s + a
√
1 − σ2) sin θ(s) − σ(

√
1 − σ2 s + a) cos θ(s).

Remark It was a challenging task for the present authors (see Mladenov et al.
(2011a)) to provide this detailed description from the first principles for the fam-
ily of Sturm spirals that have such nice geometrical characteristics and to supply
their explicit parameterizations. It was kind of a surprise to learn that they do not
coincide with any of the famous spirals bearing the names of Archimedes, Cotes,
Euler (Cornu), Fermat, Galileo, Nielsens, Poinsot, etc., that are traditionally covered
in the textbooks on classical differential geometry (Berger and Gostiaux (1988),
Doss-Bachelet et al. (2000), Gray (1998), Oprea (2007) and Rovenski (2000)). Only
in the book by Zwikker (1963) was a short note found about the Norwich or Sturm
spirals discussed in the previous section. A more thorough search, however, clarifies
that the equiangular spiral

x = m eφ cot α cosφ, z = m eφ cot α sin φ, m,α ∈ R
+, φ ∈ R, (2.57)

discovered by Descartes and sometimes also called a logarithmic spiral, possesses
a curvature given by the formula κ = sinα/r , and therefore belongs to the class
studied in the last two sections. The name of the curve comes from the fact that it
cuts the radius vectors from the origin at a constant angle α. This also seems to be
the reason behind the fact that insects approach candles along this curve, thinking
perhaps that they are flying along a straight line at a constant angle to the rays of the
light. Among other interesting properties of this curve, we mention that successive
generation of its evolutes, pedal curves or inverses are still equiangular spirals (for
more details, see Yates (1959)).
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2.8 Serret Curves

A long time ago, Serret (1845) described a family of plane algebraic curves in
response to a question raised by Legendre. The problem was to find algebraic curves
other than the lemniscate, such that their arc lengths are expressed by elliptic integrals
of the first kind. Serret claimed that he had found all such rational curves. Moreover,
he provided a mechanical procedure for their construction (Serret (1845a)), which
will be described below.

Before that, we will mention that the original Serret curves were indexed by
natural numbers, but Liouville (1845) recognized immediately that rational numbers
are well-suited enough, as they also lead to algebraic curves. This has been further
elucidated in Krohs (1891) dissertation. Here, we extend the definition of Serret’s
curves from a discrete to a continuous two-parameter family and present their explicit
parameterizations. Serret’s curves were introduced as a trace of the end point M of
the segment OM in the plane XOZ shown in Fig. 2.4.

The lengths of the hinged rods OP and PM are specified by a natural number
n ∈ N via the formulas

√
n and

√
n + 1, while the point O is fixed at the origin of

the Cartesian coordinate system XOZ .
During its movement, the point M describes the curve Sn according to the rule

cosω = cos(nα − (n + 1)β), (2.58)

where the anglesα,β and ω are shown in Fig. 2.4. Their analytical treatment is based
on the application of the cosine theorem to the triangle OMP , which gives us

cosα = r2 − 1

2
√
nr

, cosβ = r2 + 1

2
√
n + 1r

· (2.59)

Following Liouville’s observation, we obtain an algebraic curve even after replac-
ing the index n with the rational number ν = p/q, where p, q ∈ N. This can
be seen to be true by expressing the right-hand side of (2.58) as a polynomial in
sinα, cosα, sin β and cosβ, and then by making use of the geometrical relations
(2.59) to obtain the algebraic relations between x and r , and z and r in the form of
polynomial equations, i.e.,

Fig. 2.4 Serret construction
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P(x, r) = 0, Q(z, r) = 0. (2.60)

Eliminating r between them, one concludes with some polynomial relation

F(x, z) = 0, (2.61)

and this proves that the curve Sν is algebraic.
We should note that Lipkovski (1996) was recently able to prove that all Serret

curves Sn are rational ones, i.e., they admit rational parameterizations.
Going back to the original Serret (1845a) writings, one can find a formula for the

curvature of Sn in the form

κ(r) = 3r

2
√
n(n + 1)

− 2n + 1

2
√
n(n + 1)r

, (2.62)

which depends solely on the radial coordinate r . This will be used in the next section
to generate them by following the original construction of Mladenov et al. (2010,
2012).

2.8.1 Generalized Serret Curves

The expression for the curvature of Serret’s curves (2.62) immediately suggests a
generalization of the form

κ(r) = 3λr − σ

r
, λ > 0, σ > 1. (2.63)

Substitution of (2.63) into (2.8) produces

η = −λr3 + σr, (2.64)

but one has to notice that the integration constant in (2.8) is taken to be zero. Under
these circumstances, the differential equation

ṙ2 = 1

r2
(
r2 − η2

)
, (2.65)

which follows from (2.9),reduces to the equation

dr
√
(a2 − r2)(r2 − c2)

= λds, (2.66)

in which the real parameters a and c are given by the formulas
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a =
√

σ + 1

λ
, c =

√
σ − 1

λ
· (2.67)

The integration of (2.66) can be performed in terms of the Jacobian elliptic func-
tion dn(·, ·), namely,

r(s) = adn(aλs, k), k =
√

2

σ + 1
, (2.68)

The next step in the scheme amounts to evaluation of the integral

θ(s) =
∫

κ(r(s))ds, (2.69)

and this gives us

θ(s) = 3am(
√

λ(σ + 1) s, k) − σ√
σ2 − 1

arccos
cn(

√
λ(σ + 1) s, k)

dn(
√

λ(σ + 1) s, k)
, (2.70)

where am(t, k) is the Jacobian amplitude function and cn(t, k)=cos am(t, k).
Having at our disposal (2.7), (2.64), (2.68) and (2.70) can enter into (2.15), giving

us the parameterization of the generalized Serret curves. Obviously, the parameteri-
zation of the classical Serret curves can be obtained by taking

λ = 1

2
√
n(n + 1)

, σ = 2n + 1

2
√
n(n + 1)

, n ∈ N, (2.71)

and in this case, the slope angle turns out to be

θn(s) = 3am(μns, kn) − (2n + 1) arccos
cn(μns, kn)

dn(μns, kn)
, (2.72)

where

μn = 1

2

√
2
√
n(n + 1) + 2n + 1

n(n + 1)
, kn = 2

√ √
n(n + 1)

2
√
n(n + 1) + 2n + 1

· (2.73)

Several plots of both classical and generalized Serret curves are presented in
Fig. 2.5 and Fig. 2.6.

Remark From the viewpoint of curve engineering, the curvature in (2.63) is a super-
position of Bernoulli’s lemniscate (see Hadzhilazova and Mladenov (2010)) and
the Sturmian spiral (Mladenov et al. (2011a)). On the other side, Serret states that
the curve S1 (see Fig. 2.5) coincides with Bernoulli’s lemniscate, but looking at the
figure, one can see that, besides the lemniscate, there exists an extra part of the curve.
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Fig. 2.5 The classical Serret curves S1 - left, S2 - middle and S3 - right for n = 1, 2, 3

Fig. 2.6 Three examples of the generalized Serret’s curves C1 (left), C2 (middle) and C3 (right)
generated, respectively, with parameter sets λ = 1/3,σ = 7/5, λ = 4/3,σ = 9/7 and λ =
1/7,σ = 5/3

This discrepancy also suggests the necessity of a deeper study of the whole family
of Serret curves.

2.9 Cassinian Ovals

This remarkable plane curve is defined as the geometrical locus of the points in the
plane for which the product of the distances from two fixed points F1 and F2 is a
constant, which will be denoted by c2, and the distance (F1,F2) between F1 and F2

is also a constant, denoted by 2a. In the XOZ plane, the Cassinian ovals are given
by the equation (an alternative form is (2.10))

(x2 + z2 + a2)2 − 4a2x2 = c4. (2.74)

It is clear that these curves are symmetrical with respect to both coordinate axes.
Their shapes depend on the precise relationship of the geometrical parameters a and
c. From now on, we will consider the case in which a < c < a

√
2 (this is case 3 in

Fig. 2.7). For c � a
√
2, we have ellipse-like figures illustrated by curves numbered

as 4 and 5, and when c = a, the curve is given by the equation

(x2 + z2)2 = 2a2(x2 − z2), (2.75)
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Fig. 2.7 Cassinian ovals
drawn with different values
of dimensionless ratio
ε = a/c

F2F1
1 1

2

3

4

5

which is nothing less than the Bernoullian lemniscate reproduced here as curve 2.
Finally, in the case in which a > c, the curves reduce to two disjoint ovals (these
ovals are depicted as curves 1 in Fig. 2.7).

Cassini has proposed the fourth degree curves (2.74) in an attempt to describe the
planetary motions in the solar system properly. Equations (2.74) and (2.75) describe
concrete algebraic curves. The meaning of the last notion is that the rectangular
coordinates x, z of the points on the curveC in the plane satisfy an algebraic equation

F(x, z) = 0, (2.76)

where F(x, z) is a polynomial function in its variables.
Following the tradition established by Canham (1970), Deuling and Helfrich

(1976), Funaki (1955) and Vayo (1983), the Cassinian ovals can be considered as a
model of red blood cells. For more detail, see Angelov and Mladenov (2000) and
Hadzhilazova et al. (2011).

2.9.1 Alternative Parameterizations

By making use of the general formula for the curvature of curves defined implicitly
as F(x, z) = 0, i.e.,

κ(x, z) = |Fxx F2
z − 2Fxz Fx Fz + Fzz F2

x |
(F2

x + F2
z )

3/2 |F=0, (2.77)

one can easily find that the curvature of the Cassinian ovals (2.74) is given by the
formula

κ(r) = a4 − c4

2c2r3
+ 3r

2c2
· (2.78)

This formula makes clear the fact that the curvature is a function depending only
on the polar radius r (as the parameters a and c are considered to be fixed).
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2.9.1.1 Integration

Here, we will present a scheme (see Hadzhilazova et al. (2011)), by which one can
reconstruct (in principle) any plane curves whose curvature depends solely on the
distance from the origin, i.e., κ ≡ κ(r). For this purpose, let us recall the general
formula for the curvature in polar coordinates (see (1.16))

κ = r2 + 2ṙ2 − rr̈

(r2 + ṙ2)3/2
, (2.79)

where the dots over r denote the derivatives with respect to the polar angle φ. The
introduction of the new variable

ṙ = dr

dφ
= τ (2.80)

has, as a result, the useful formula

φ =
∫

dr

τ
· (2.81)

We also have

r̈ = d2r

dφ2
= dṙ

dφ
= dτ

dφ
= dτ

dr

dr

dφ
= τ

dτ

dr
, (2.82)

and therefore

κ = r2 + 2τ 2 − rτ dτ
dr

(r2 + τ 2)3/2
= 2

(r2 + τ 2)1/2
− r2 + rτ dτ

dr

(r2 + τ 2)3/2
· (2.83)

The above formulas also suggest introduction of the notation

r2 = ξ, r2 + τ 2 = ζ (2.84)

and, making use of them, the possibility of writing

r2 + rτ
dτ

dr
= ξ

dζ

dξ
, (2.85)

which ultimately leads to the formula

κ(ξ) = 2√
ζ

− ξ
√

ζ3

dζ

dξ
= 2

d

dξ
(

ξ√
ζ
) · (2.86)

The integration of the last equation gives us

http://dx.doi.org/10.1007/978-3-319-61244-7_1
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ξ√
ζ

= 1

2

∫
κ(ξ)dξ. (2.87)

Going back to the original coordinates, one ends up with the equation

r2√
r2 + τ 2

=
∫

rκ(r)dr. (2.88)

Performing the integration on the right-hand side produces

∫
rκ(r)dr = m(r) − ω, (2.89)

where ω denotes the integration constant. Solving the system of Eqs. (2.88) and
(2.89) for τ , one gets

τ = r
√
r2 − (m(r) − ω)2

m(r) − ω
(2.90)

and, respectively,

φ =
∫

m(r) − ω

r
√
r2 − (m(r) − ω)2

dr, (2.91)

which is the result that will be used extensively in what follows. Here, the integration
constant is omitted, as it is responsible only for the choice of the polar axis, which
can be done arbitrarily.

In order to obtain concrete results, one has to specify the curvature in explicit
form, which we will do below.

2.9.1.2 Parameterization

The result for the Cassinian oval (2.78), suggests consideration of the curves whose
curvature is given by the general formula

κ = λ

r3
+ μr = λ

r3
+ 3νr, λ ∈ R, ν ∈ R

+. (2.92)

In what follows, we will present the parametric equations of the curves whose
curvature is specified in (2.92) using the method just described. It is easy to see that
strongly positive values of the parameters λ and μ exactly reproduce the Cassinian
oval due to the relations

a4 = 4λμ + 1

4μ2
, c2 = 1

2μ
· (2.93)
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The above range of parameters could be easily extended by adding negative values
of λ which fulfill, together with μ, the inequality

4λμ + 1 > 0. (2.94)

Further on, this will be taken for granted, but let us mention that it also includes
somenegative values ofλ, whichmeans that the corresponding curves should actually
be considered as a deformation (Mladenov et al. (2011)) of the parent curve (2.78).

Applying formulas (2.89) and (2.91) with (2.92) produces, respectively,

m(r) = −λ

r
+ νr3 (2.95)

and

φ = ν

∫
r3dr

√−ν2r8 + (2λν + 1)r4 − λ2
− λ

∫
dr

r
√−ν2r8 + (2λν + 1)r4 − λ2

·

The above integrals can be uniformized by the following chain of substitutions:

r2 = χ = ndn(u, k), n =
√
2λ ν + 1 + √

4λ ν + 1√
2 ν

, (2.96)

where dn(u, k) is one of the Jacobian elliptic functions, u is the uniformizing para-
meter and

k =
√

2
√
4λ ν + 1

2λ ν + 1 + √
4λ ν + 1

is the elliptic modulus. As a result, the integrals for the polar angle transform into

φ = 1

2

(
λ

νn2k̃

∫
du

dn(u, k)
−

∫
dn(u, k)du

)
, k̃ =

√
2λ ν + 1 − √

4λ ν + 1

2λ ν + 1 + √
4λ ν + 1

and can then be evaluated, i.e.,

φ(u) = 1

2

(
λ

νn2k̃
arccos

cn(u, k)

dn(u, k)
− am(u, k)

)
, (2.97)

where am(u, k) is the Jacobian amplitude function and cn(u, k)= cos am(u, k).
Alternatively, the integrals defining the polar angle φ can be evaluated via the

substitution r4 = t , and as a result, this gives us

φ(r) = 1

4

(
arcsin

2 ν2 r4 − 2λ ν − 1√
4λ ν + 1

+ arcsin
2λ2 − (2λ ν + 1) r4√

4λ ν + 1 r4

)
· (2.98)
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Fig. 2.8 The biconcave curve on the left-hand side is produced via (2.97) with parameters λ =
−0.05 and ν = 0.6. The internal oval on the right-hand side is generated via (2.98) with λ = −0.59
and ν = 0.05

Remark Let us point out that the above parameterizations are entirely different from
those reported in Mladenov (2000), Mladenov et al. (2011) and Angelov and Mlade-
nov (2000). Besides, one should note a subtle difference between the formulas (2.97)
and (2.98)– the first one is capable of producing both external and internal Cassinian
ovals, but not the Bernoullian lemniscate (see Hadzhilazova and Mladenov (2010)),
while the second one can be used to draw the lemniscate and the internal ovals, but
omits the biconcave curves (see Figs. 2.7 and 2.8).
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