Chapter 2
Markov Processes

In this chapter, we provide a background material that is needed to define and study
Markov processes in discrete and continuous time. We start by giving basic examples
of transition probabilities and the corresponding operators on the spaces of functions
and measures. An emphasis is put on stochastic operators on the spaces of integrable
functions. The importance of transition probabilities is that the distribution of a
stochastic process with Markov property is completely determined by transition
probabilities and initial distributions. The Markov property simply states that the past
and the future are independent given the present. We refer the reader to Appendix
A for the required theory on measure, integration, and basic concepts of probability
theory.

2.1 Transition Probabilities and Kernels

2.1.1 Basic Concepts

In this section, we introduce transition kernels, stressing the interplay between ana-
lytic and stochastic interpretations. Let X be a set and let X' be a o-algebra of subsets
of X. The pair (X, X) is called a measurable space. A function P: X x X — [0, 1]
is said to be a transition kernel if

(1) foreachset B € X, P(-, B): X — [0, 1] is a measurable function;
(2) foreach x € X the set function P(x, -): X — [0, 1] is a measure.

If P(x, X) = 1forall x € X then P is said to be a transition probability on (X, X).
Let (£2, %, P) be a probability space. A mapping &: £2 — X is said to be an
X-valued random variable if it is measurable, i.e. forany B € ¥
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34 2 Markov Processes
{eBl=t"B)={we 2: £w) € B} e Z.

The (probability) distribution or the (probability) law of € is a probability measure
Mg on (X, X) defined by

ne(B)=PE e B), BelX.
Given an X -valued random variable & on the probability space (£2, .%, P) the family
o) ={"'(B): BeX)

is a o -algebra of subsets of £2 and it is called the o -algebra generated by & . Note that
& is an X-valued random variable if and only if o (§) € .#. If ¢ is a sub-o-algebra
of . then £ is said to be ¥-measurable if o(§) C ¢. Thus one can also say that
o (&) is the smallest o-algebra ¢ such that & is ¢-measurable. Recall that sub-o -
algebras .7 and .%, of .% are called independent if P(A; N Ay) = P(A)P(A,) for
any A; € .#| and A, € .%;. If a random variable ¢ with values in any measurable
space is independent of the o-algebra 9, i.e. if o (¥) and ¢ are independent, and if
& is an ¥-measurable X-valued random variable, then the conditional expectation of
g(&,9) with respect to ¢ is given by

E(g, 0)|9) =Eg(E, )I§) and E(gE, 9§ =x) =E(@gx,9)  (2.1)

for all x € X and for any measurable non-negative function g; see Lemma A.3.
Let Y be a metric space. Consider a probability measure v on the Borel o -algebra
A(Y). Given a measurable mapping «: X X ¥ — X, we define

P(x, B) =/13(K(x, yv(dy), xe€X, BeX, 2.2)

where 15 is the indicator function, equal to one on the set B and zero otherwise.
Clearly, P is a transition probability. For a Y -valued random variable © with distrib-
ution v and for every x € X, the X-valued random variable « (x, ¥) has distribution
P(x,-), since

Pk (x,®) € B) =E(1g(k(x, ?))) = /IB(K(X, y)v(dy) = P(x,B), BeX.

As a particular example, we can take Y to be the unit interval [0, 1] and v to be the
Lebesgue measure on [0, 1]; in that case ¥ is said to be uniformly distributed on the
unit interval [0, 1]. Now let & be an X-valued random variable independent of % and
let & = k (&), ). We can write

P& € Bl§ = x) = P« (50, 9) € Bl§o = x) = E(1p(x (50, 9))[50 = x)
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and if we take g(x, y) = 1g(k(x, y)) in (2.1) then E(g(x, ©)) = P(x, B). Thus
P(§1 € Bl = x) = P(x, B),

which gives the conditional distribution of &, given &j. Moreover, if L, is the dis-
tribution of &, then the joint distribution ¢, ) of &y and & satisfies

M) (Bo X By) =P(é € By, &1 € By) =/ P(x, By) g, (dx)
By

for all By, By € X.

We need an extension of the concept of transition probabilities. Let (X, Xy) and
(X1, X21) be two measurable spaces. A function P: Xy x X — [0, 1] is said to be
a transition probability from (X, Xy) to (X1, X) if P(-, B) is measurable for every
B € ¥ and P(x, -) is a probability measure on (X, X') for every x € Xj. The next
result ensures existence of probability measures on product spaces.

Proposition 2.1 Let P be a transition probability from (X, Xo) to (X1, X1). If o
is a probability measure on (Xo, Xo) then there exists a unique probability measure
W on the product space (Xo X X1, Xo ® X) such that

u(By x By) =/ P(xo, By) mo(dxg), By e Xy, By € X.
By

Proof Let B* = {x; € X; : (x0,x1) € B} for every xp € Xg and B € Xy ® X|.
Clearly,if B = By x Bjthenwehave B* = B forxy € Byand B* = {(}forx, ¢ By.
By the monotone class theorem (see Theorem A.1) foreach B € Xy ® X, the func-
tion xg — P (xo, B*) is measurable. Define

u(B) =/ P(xo, B®) uo(dxg), B e XpQ® Xy,
Xo

which is clearly a measure on the product space. Since the product o -algebra is gen-
erated by rectangles, i.e. Xy ® X = 0 (%), where € = {By x B;: By € Xy, B; €
X1}, and ¥ is a w-system, the result follows from the 7 — A lemma.

‘We now show that, for a large class of measurable spaces, any transition probability
is as in (2.2). We call a measurable space (X, X') a Borel space if X is isomorphic to
a Borel subset of [0, 1], i.e. there exists a Borel subset Y of [0, 1] and a measurable
bijection ¥ : X — Y such that its inverse ¥~ is also measurable. Any Borel subset
of a Polish space, i.e. a complete separable metric space, with ¥ = Z(X) is a Borel
space (see e.g. [55, Theorem A1.2]). Recall that a metric space (X, p) is complete
if every sequence (x,) satisfying the Cauchy condition lim,, ,— 00 0 (Xn, Xn) = 0 is
convergent to some x € X: lim,_,», p(x,, x) = 0, and it is separable if there is a
countable set Xy C X which is dense in X, so that for any x € X there exists a
sequence from X converging to x.
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Proposition 2.2 Let P be a transition probability from a measurable space (X, X)
to a Borel space (X1, X1). Then there exists a measurable functionk : Xo x [0, 1] —
X such that if a random variable ¥ is uniformly distributed on the unit interval [0, 1]
then k (x, 9) has distribution P (x, -) for every x € X,.

Proof Since ¢: X; — ¥ (X;) with ¢¥(X,) C [0, 1] is a bijection and we have
Y10, 1) = ¥ ([0, 11 N ¥ (X1)), we can define

Fo(t) = P(x, ¥ '([0,£])), t e (0,1].

For each x the function r — F, (¢) is right-continuous with F, (1) = 1. Consider its
generalized inverse

F7(q) :=inf{r = 0: Fx(1) 2 q}, ¢ =0,
with the convention that the infimum of an empty set is equal to 400, and define

K(x,q) =y N(F (@) if F7(g) € (X1) and k(x, q) = x1 if F7(q) & ¥(X1),
where x| is an arbitrary point from X;. We have

Leb{g € [0, 1]: k(x,q) € B} = P(x, B) for x € Xy, B € X,

where Leb denotes the Lebesgue measure on [0, 1].

2.1.2 Transition Operators

It is convenient to associate with each transition kernel two linear mappings acting in
two Banach spaces, one which is a space of bounded functions and the other which
is a space of measures.

Let P be a transition kernel on a measurable space (X, X'). Consider first the
Banach space B(X) of bounded, measurable, real-valued functions on X with the
supremum norm

gl = sup [g(x)].

xeX

Given g € B(X) we define

Tg(x) =/Xg(y)P(x,dy), xeX.

If B € X then the indicator function 1z € B(X) and

T1lg(x) = P(x,B), x € X.
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Thus T1p € B(X). By the monotone class theorem, we obtain Tg € B(X) for g €

B(X). From linearity of the integral it follows that the mapping B(X) > g+ Tg €
B(X) is a linear operator and that

ITglle < ligllu, g € B(X).

Now, let .Z+(X) be the collection of all finite measures on X. For each u €
M T (X) we define

Ppc(B):/ P(x, B) u(dx), Be X.
X

Then Py is a finite measure and Pu(X) < w(X). The space .#(X) is a cone, i.e.
cip1 + capy € M T(X), if 1, ¢ are non-negative constants and 1, p € AT (X),
and we have

P(cipy + cap2) = c Py + 2 P s,

Therefore we can extend P so that it is a linear operator on the vector space of all
finite signed measures

M (X) = {1 — pat s o € AT (X)),
by setting P = Puy — Pu, for w = iy — puy € 4 (X). Define the fotal variation
norm on . (X) by
Iellry = wl(X), n e #(X),

where the total variation of a finite signed measure p is given by
|l (X) = sup w(B) — inf n(B) = SUP{I/gduli g € B(X), gl = 1}.
Bex BeX

Then (.# (X), || - |Iv) is a Banach space and we have

1Pullry < lpllrv, n e #(X).

In particular, a transition probability P provides the following stochastic inter-
pretation. If X-valued random variables &, and &, are such that

P(§1 € Bl§o = x) = P(x, B)

and & has a distribution g, then | = P g is the distribution of &, and

E(gD &0 = x) =/ g P(x,dy)=Tgkx), xe€X, ge€ B(X).
X
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2.1.3 Substochastic and Stochastic Operators

In this section, we suppose that a measurable space (X, X') carries a o -finite measure
m. The set of all measurable and m-integrable functions is a linear space and it
becomes a Banach space, written LY(X, X, m), by defining the norm

A1 =/X|f(X)|m(dX), fel'(X, 2, m),

and by identifying functions that are equal almost everywhere. Given a measurable
function f: X — R the essential supremum of f is defined by

esssup| f| =inf{c > 0: m{x: |f(x)] > c} =0} = || floo-

The set of all functions with a finite essential supremum is denoted by L*°(X, X', m)
and it becomes a Banach space when we identify functions that are equal almost
everywhere and take || - ||, as the norm.

A linear operator P : LY(X, X, m) - L' (X, X, m) is called substochastic if it
is positive, i.e.if f > 0then Pf > Ofor f € L'(X, X, m), andif | Pf|| < | f| for
f € LY(X, X, m). A substochastic operator is called stochastic if | Pf|| = || f|| for
feL'(X,X,m)and f > 0. We denote by P*: L®¥(X, X, m) — L®(X, X, m)
the adjoint operator of P, i.e. forevery f € L'(X, ¥, m) and g € L*(X, ¥, m)

/Pf(X)g(x)M(dx)=/f(x)P*g(x)m(dX)-
X X

Let P be a transition kernel on (X, X). Take f € L'(X, X, m) with f > 0 and
| £ = 1. The measure u € .#*(X) given by du = fdm, i.e.

,U«(B)=/f(x)m(dx), Bey,
B

is absolutely continuous with respect to m and we call f the density of u (with
respect to m). If the measure v = P given by

v(B) = Pu(B) =/ P(x,B)f(x)m(dx), BeX,
X

is absolutely continuous with respect to m then, by the Radon—Nikodym theorem,
there is an essentially unique g € L', g > 0, such that

v(B) =/g(x)m(dx), BelX.
B
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The function g is the Radon—-Nikodym derivative dv/dm of the measure v with

respect to m. If P is a transition probability then we have Pu(X) = 1. Thus f is
mapped to g, and we can write

d
Pf=g, iff="",
dm
which is the density of the measure v = Ppu

Pu(B):/BPf(x)m(dx).

This motivates the following definitions.
Denote by D the subset of L' = L'(X, X, m) which contains all densities, i.e.

D={felL': f>0, |fl=1)}

Observe that a linear operator P on L'(X, X, m) is a stochastic operator if and only
if P(D) C D. The transition kernel P corresponds to a substochastic operator P if

/P(x,B)f(x)m(dx) =/ Pf(x)m(dx) forall Be X, f € D,
X B

or, equivalently, the adjoint of P is of the form

Pg(x) = /g(y) P(x,dy) for g € L®(X, X, m). (2.3)

On the other hand, if a transition kernel P has the following property
m(B)=0=— P(x,B) =0 for m-ae. x and B € X, 2.4)

then there exists a substochastic operator P such that (2.3) holds.

Remark 2.1 There exists a stochastic operator which does not have a transition ker-
nel [32]. But if X is a Polish space (a complete separable metric space) and X' is a
o-algebra of Borel subsets of X, then each substochastic operator on LY (X, X, m)
has a transition kernel [48]. The same result holds if X is a Borel subset of a Polish
space and X' is the o -algebra of Borel subsets of X.

2.1.4 Integral Stochastic Operators

Let (X, X, m) be a o-finite measure space. Any measurable function k: X x X —
[0, c0) such that
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/ k(x,y)m(dx) =1 forally e X
X

defines a transition probability by

P(x,B) = / k(y,x)m(dy), BeX,
B

called an integral kernel. If we set

Pf(x)z/xk(x,y)f(y)m(dy), Fel'(X. 2, m,

then for f > 0 we have Pf > 0 and

/ PF(x) m(dx) = / / K(x. y) m(dx) f () m(dy) = / £ m(dy),
X XJX X

which shows that P is a stochastic operator. If, instead, & is such that
/ k(x,y)ym(dx) <1 forally e X,
X

then P (x, B)isatransition kernel. It defines a substochastic operator on LY(X, X, m),
called an integral operator.
Suppose that the state space is discrete, i.e. the set X is finite or countable and
X' is the family of all subsets of X. Since any probability measure on X' is uniquely
defined by its values on the singleton sets {y}, y € X, any transition probability P
satisfies
P(x,B)= > P(x.{y). xeX, BCX.

yeB

If the state space is discrete and the measure m is the counting measure then (X, X, m)
is a o -finite measure space and every kernel is an integral kernel.

We now consider the case of X = N = {0, 1, ...}, where we use the notation ' =
L'(X, X, m) with m being the counting measure on X. We represent any function
f asasequence u = (u;);en. We have (u;);en € 1! if and only if Z?io lu;| < oo. If

o0
> kij=1 forall j,
i=0

then the operator P: [! — [! defined by

(Pu),'ZZk,’juj, i eN,
Jj=0
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is a stochastic operator. It can be identified with a matrix P = [k;;]; jen, called a
stochastic matrix. It has non-negative elements and the elements in each column
sum up to one. The transposed matrix

P* =T[kjili jen, kji = P, {j}),

is called a transition matrix and it is such that the elements in each row sum up to
one. Note that k; is the probability of going from state i to state j.

2.1.5 Frobenius—Perron Operator

Consider a measurable transformation S: X — X, where (X, ¥, m) is a space with
a o -finite measure m. Let  be a probability measure on (X, X') and let us observe the
evolution of this measure under the action of the system. For example, if we start with
the probability measure concentrated at the point x, i.e. the Dirac measure §,, then
under the action of the system we obtain the measure d5(y). In general, if a measure @
describes the distribution of points in the phase space X, then the measure v given by
the formula v(B) = u(S~!(B)) describes the distribution of points after the action
of the transformation S. Assume that p is absolutely continuous with respect to m
with density f. If the measure v is also absolutely continuous with respect to m, and
g = dv/dm, then we define an operator Pg by Ps f = g. This operator corresponds
to the transition probability function P (x, B) on (X, X) given by

Pz, B) = 1, if S(x) € B, 25
7 o, if S(x) ¢ B. ‘

The operator Py is correctly defined if the transition probability function P(x, B)
satisfies condition (2.4). Condition (2.4) now takes the form

m(B)=0= m(S~'(B)) =0for Be X (2.6)

and the transformation S which satisfies (2.6) is called non-singular. This operator
can be extended to a bounded linear operator Ps: L' — L', and Py is a stochastic
operator. The operator Py is called the Frobenius—Perron operator for the transfor-
mation S or the transfer operator or the Ruelle operator.

We now give a formal definition of the Frobenius—Perron operator. Let (X, X, m)
be a o-finite measure space and let S be a measurable non-singular transformation
of X. An operator Ps: L' — L' which satisfies the following condition

/ Ps f(x)m(dx) :/ f(x)m(dx) for Be X and f € L' 2.7
B 5-1(B)
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is the Frobenius—Perron operator for the transformation S. The adjoint of the
Frobenius—Perron operator Pg: L™ — L* is given by Pgg(x) = g(S(x)) and
is called the Koopman operator or the composition operator. In particular, if
S: X — X is one to one and non-singular with respect to m, then

d(mo S™!
Psf(x) = 1S(x>(x)f(.5'71(x))%()c) for m-a.e. x € X,

where d(m o S™')/dm is the Radon—Nikodym derivative of the measure m o S~!
with respect to m.

We next show how to find the Frobenius—Perron operator for piecewise smooth
transformations of subsets of RY. Let X be a subset of R? with non-empty interior
and with the boundary of zero Lebesgue measure. Let S: X — X be a measurable
transformation. We assume that there exist pairwise disjoint open subsets Uj,...,U,
of X having the following properties:

(a) thesets Xo = X\ U?:l U; and S(X)) have zero Lebesgue measure,
(b) maps §; =S ‘ are diffeomorphisms from U; onto S(U;), i.e. S; are C' and
Ui
invertible transformations with det S;(x) # 0 at each point x € U;.

Then transformations v; = Si_] are also diffeomorphisms from S(U;) onto U; and
the Frobenius—Perron operator Py exists and is given by the formula

Psf(x) =D f(i(x))] det ¥/ (x)], (2.8)

iel,

where I, = {i: ¥;(x) € U;}. Indeed,

() dx = / () dx — / o
/SI(B)fx * ; S*‘(B)mu,fx x ; ,-(B)fx x
= Z/ F @i (x))| det ¥/ (x)| dx
= JBnsw)

= / > F@Wi )| det {(x)] dx = / Pf(x)dx.
B B

iel,

2.1.6 Iterated Function Systems

We now consider a finite set of different non-singular transformations S, ..., S ofa
o -finite measure space (X, X', m).Let p;(x), ..., px(x) be non-negative measurable
functions defined on X such that p;(x) + - -+ + pr(x) = 1 forall x € X. Take a point
x. We choose a transformation S; with probability p;(x) and the position of x after
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the action of the system is given by §; (x). Thus we consider the following transition
probability

k
P(x,B) =Y pj(x)8s,u)(B)

j=1

for x € X and measurable sets B. Hence, for any measure i, we have

k k
Pu(B) =Y / P ()85, 0 (B)u(dx) = > /  pi@p(dx).
iox =15 ®)

If 1 is absolutely continuous and f = du/dm then

k k
Pue) =3 [ peofeman =3 [ potiem).
m1s® j=1"8

where Ps,, ..., Ps, arethe corresponding Frobenius—Perron operators. Consequently,
the stochastic operator on L' = L' (X, X, m) corresponding to P is of the form

k
Pf=zps_f(l7jf)7 felL.

j=1

We can extend the iterated function system in the following way. Consider a family
of measurable transformations S,: X — X,y € Y, where Y is a metric space which
carries a Borel measure v, and a family of measurable functions p,: X — [0, 00),
y €7, satisfying

/Py(x)V(dy) =1, xeX,
Y

so that the transition probability P is of the form

P(x,B) = / 13(S,(x))py(x)v(dy), x € X. (2.9)
Y

If each S, is a non-singular transformation of the space (X, X, m) then the stochastic
operator P corresponding to the transition probability as in (2.9) is of the form

Pf=/Psy(ny)V(dy), FelLl,
Y

where Pg is the Frobenius—Perron operator for Sy, y € Y.

As a final example, we look at the transition probability describing the switching
mechanism in Sects. 1.8 and 1.9. Let I be at most a countable set. We define the
transformation S;: X x I — X x I, j € I, by


http://dx.doi.org/10.1007/978-3-319-61295-9_1
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Si(x,i)=(x,j), x€X,i,jel

Each transformation defined on X = X x [ is non-singular with respect to the prod-
uct measure m of a measure on X and the counting measure on /. We assume that
qji(x), j # i, are non-negative measurable functions satisfying > i 9ji(x) <00
foralli € I, x € X. Then we define the jump rate function by

() = D qji(x)
J#L

and the probabilities p;, j € I, by p;(x,i) = 0 and

i) = 1, qi(x) =0, j#i,
Pt —(Zi((;c)), qi(x) >0, j#I.

The stochastic operator P on L'=L'(X, X, m) corresponding to the transition
probability
P((x,0),{(x, DD = pjx,0)

is given by

Pf(x,i) =" pitx, ) [ (x, ).
J#i

In particular, if / = {0, 1} and ¢;(x) > 0 for x € X, i =0, 1, then

L]0, =i,
pj(x,l)—[l’jzl_l.’

and Pf(x,i) = Ps, ,(x,i) = f(x,1 =) for (x,i) e X=X x {0, 1}.

2.2 Discrete-Time Markov Processes

2.2.1 Markov Processes and Transition Probabilities

A family &,, n € N, of X-valued random variables defined on a probability space
(82, #,P) is called a discrete-time stochastic process with state space (X, X). It is
said to have the (weak) Markov property if for each time n > 0

P(§n+1 € Bléo, ..., &) =Py € BlE,), BeX. (2.10)
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The sequence ff =o€y, ..., &), n > 0,is called the natural filtration or the his-
tory of the process (£,). We have

0-(507---5%_”) :{{%—0 € BO’---»gn € Bn}: By,...,B, € E}
The monotone class theorem and properties of the conditional expectation imply that

if (§,) has the weak Markov property then for each k > O and all g, ..., g € B(X)
the following holds

E(go(6n) - - - 8k (Enti)lb0, - - - s 6n) = E(g0(6n) - - - 8k (Enti)1En)-
We can extend it further as follows. A sequence (£,) has the weak Markov property
if and only if the future o (§,,: m > n) and the past o (§,,: m < n) are conditionally
independent given the present o (§,) (see Lemma A.4), i.e. for each n and all A €
o(&y:m>n)and F € o(§,,: m < n) we have
P(AN F§,) = P(AIE)P(FIE,).

A discrete-time stochastic process & = (&,),>0 is called a (homogeneous) Markov

process with transition probability P and initial distribution p on (X, X) if there is

a probability space (£2, .7, IP) such that

n(B) =P@& € B) and P(§11 € Bléo,....5) = P51, B) 2.11)

for all B € ¥ and n > 0. Taking the conditional expectation of (2.11) with respect
to o (&,) we obtain
P(SVH-I € Blsn) = P(i:nv B)

which implies that & = (&,),>0 has the weak Markov property. Moreover, we have

P(&,1x € Bléo, .., &) = Péuys € BIE) = PX(5,, B), k=1,

where P, called the kth step transition probability, is defined inductively by
P°x,B) =6,(B), P"'(x,B)= / P(y, B) P*(x,dy).
b
The kernels P¥, k > 1, satisfy the Chapman—Kolmogorov equation
PF(x, B) = / PX(y, B) P"(x, dy). (2.12)
X

We can regard the stochastic process &,,n > 0, as an X N_valued random variable,
where X" is the product space
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xN = {x = (x0,x1,...):x, € X, n>0}

with product o-algebra X = o (%) which is the smallest o-algebra of subsets of
X" containing the family & of all finite-dimensional rectangles

¢={{xeX:xo€Bo,....xn €By}: By,....B, X, n>0}. (2.13)

To see this let for each w the mapping n — §,(w) denotes the sequence &(w) =
(£,(@))n=0 € XN, Thus we obtain the mapping £: 2 — X" and £ is measurable
if and only if §,: 2 — X is measurable for each n € N. The distribution of the
process £ is a probability measure ¢ on (XY, ) and it is uniquely defined through
its values on finite-dimensional rectangles. In other words, the finite-dimensional
distributions (1o,1,...n = U(,....)

wo1,.n(Box---x B,)=P& € By,....E&, € B,), By,...,B, e X, n>0,
uniquely determine the law of the process, since

pe(Bo X -+~ x By x XMy =P(& € By x --- x B, x X")
= [(,..5)(Bo X - -+ X B,)

and all finite-dimensional rectangles By x - - - x B, x X" generate XV, A transition
probability and an initial distribution determine the finite-dimensional distributions
of a discrete-time Markov process, as stated in the next theorem. Its proof is based
on the monotone class theorem and properties of conditional expectations.

Theorem 2.1 Let v be a probability measure, P be a transition probability, and
(&n)n=0 be defined on a probability space ($2,.7,P). Then (&,)n>0 is a Markov
process with transition probability P and initial distribution  if and only if

P& € By,& € By,..., &, € By

=/ / / P(xp—1, By) P(xy—2, dxy—1) ... P(x0, dx1) pu(dxo)
By J B, By
(2.14)

for all sets By, By,...,B, € ¥, n>0.

2.2.2 Random Mapping Representations

Suppose that (,),>; is a sequence of i.i.d. random variables with values in a metric
space Y. Let &y be an X-valued random variable independent of (¢,,),>; and with dis-
tribution . Consider a measurable function k: X x ¥ — X and define a sequence



2.2 Discrete-Time Markov Processes 47
&, of X-valued random variables by
& =k(—1,0), n>1 (2.13)

For %, = o (&, ..., &,) we have .7, C o(&, ¥, ..., 0,) and ¥, is independent
of .#, and of ©,. Thus, we see that (§,) has the weak Markov property, by (2.1).
Hence, & is Markov with transition probability of the form

P(x, B) =P(k(x,91) € B) = / 15k (x, y))v(dy)
Y

and initial distribution . A particular example is the random walk on R defined by
snzsn—l+ﬁna nzl

From Proposition 2.2 it follows that a typical discrete-time Markov process can
be defined by a recursive formula as in (2.15).

Theorem 2.2 Let P be a transition probability on a Borel space (X, X'). Then there
exists a measurable function k : X x [0, 1] — X such that for any sequence (V) of
independent random variables with uniform distribution on [0, 1] and for any x € X
the sequence defined by (2.15) is a discrete-time Markov process with transition
probability P and initial distribution §,.

To define a discrete-time Markov process with transition probability P on a Borel
space (X, X), we can take §2, by Theorem 2.2, to be the countable product [0, 1N of
the unitinterval [0, 1] with the product o -algebra % = ([0, 1D and the measure P
as a countable product of the Lebesgue measure on [0, 1]. Then we define a sequence
of i.i.d. random variables 9, : £2 — [0, 1],n > 0,by &, (w) = w, for®w = (w,)n>0 €
£2,and &, by (2.15).

2.2.3 Canonical Processes

We next construct a canonical discrete-time Markov process with a given transi-
tion probability and an initial distribution on an arbitrary measurable space (X, X).
The existence of the process with given finite-dimensional distributions amounts to
showing that there is a probability measure on the product space (X", X™) satisfying
(2.14) with £ being the identity mapping. This can be realized through the discrete-
time version of the Kolmogorov extension theorem. For its proof we refer the reader
to [55]. Note that no regularity condition is needed on the state space.

Theorem 2.3 (Ionescu—Tulcea) Let P be a transition probability on a measurable
space (X, X). For every x € X there exists a unique probability measure P, on the
product space (XN, XN such that
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]P’x(BOX~-~><Bn><XN)

=130(x)/B /B P(xp—1, By)P(xp—2,dx,—1) ... P(x,dx1)
1 v Dp—1

forall By, ..., B, € X,n > 0. Moreover, foreveryset A € XN, themap x +— P, (A)
is X -measurable.

The function P, (A) is a transition probability from (X, ¥) to (X N Ny Thus,
by Proposition 2.1, for each probability measure © on (X, X') there exists a unique
probability measure P, on (X x XY, ¥ ® Z) such that

P.(B x A) = / P.(A) u(dx), Be X, Ae X
B

The sequence space

2 :XNz{a)z(xo,xl,...):x,, e X, n>0}
is called a canonical space and the coordinate mappings &, (w) = x,,n > 0, define a
process &€ = (§,),=0 on (2, F) = (X", ZV) with distribution P, called a Markov

canonical process. Note that if we let the process start at x € X so that 4 = §, then
we have P;. = P, and if A € X is the rectangle

A ={w:§(w) € By, ..., (w) € By}
then we have
P[I.(A) = ]P)[L(EO € BOaE] € By, ... 7$n € Bn)

=/// PGtucr, By P (%2 do_) ... P(x0. dx)pu(dxo).
By J B, B,y

Consequently, for each probability measure P, on (£2, .%) the process & = (£,),>0
is homogeneous Markov with transition probability P and initial distribution . We
write [E, for the integration with respect to P,, x € X, and we have

E.(n) = /XlEx(n) w(dx)

for any bounded or non-negative random variable n: £2 — R. In particular, we can
rewrite the Markov property as: for each n and any bounded measurable g defined
on the sequence space we have

E. (g, &1, .. )T = h(&,), where h(x) =E. (g, &1, ...)).
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2.3 Continuous-Time Markov Processes

2.3.1 Basic Definitions

A family &(¢), t € [0, 00), of X-valued random variables is called a continuous-
time stochastic process with state space X, where (X, X') is a measurable space.
For each t > 0, let %, = o (£(r): r < 1) be the o-algebra generated by all random
variables £(r),0 < r < t.Since .%, C .%, forall0 < s < 1, the collection .%;, t > 0,
is called a history of the process or a filtration. If X is a Borel space then the
process & = {£(¢) : t > 0} is said to be right-continuous (cadlag) if its sample paths
t — &) (w), w € 2, are right-continuous (cadlag).

Let £ = {&(t): t = 0} be an X-valued process defined on a probability space
(82, .7, P). The process & is said to be a Markov process if for any times s, ¢ we
have

PE(s +1) € B| %) =P(E(s +t) € Blé(s)), Be X. (2.16)

By the monotone class theorem the Markov property (2.16) holds if and only if
E(gE(s + 1) F) = E(gE (s +1))I5(s)
for all g € B(X), where B(X) is the space of bounded and measurable functions
g: X — R. Note that a process is Markov if and only if forany 0 <s; < --- < s,
and g € B(X)
E(gE(sn +1)IEG1), ..., §(sn)) = E(g(E (s + 1))[E(sn)).

A family P = {P(t,-): t > 0} of transition probabilities on (X, X) is said to be
a transition (probability) function if it satisfies the Chapman—Kolmogorov equation

P(s+1t,x,B) =/ P(s,y, B)P(t,x,dy), s,t>0, 2.17)
X

and P(0, x, B) = §,(B) for every x € X, B € X. We say that & is a homogeneous
Markov process with transition function P and starting at x if

P(EWO)=x)=1 and P((s+1t) € B|.%) = P(t,£(s), B) (2.18)
for all B € X and for all times s and . Equivalently,

]E(g(é‘(s+t))l<%)=/Xg(y)P(t,§(S),dy)

for all g € B(X), s,t > 0. We interpret P(¢, x, B) as the probability that the sto-
chastic process £ moves from state x at time O to a state in B at time ¢. The transition



50 2 Markov Processes

function P defines a family of bounded linear operators

T(t)g(X)z/Xg(y)P(t,x,dy)

on the Banach space B(X) with supremum norm || - ||,,. It follows from the Chapman—
Kolmogorov equation (2.17) that T (¢), t > 0, is a semigroup, i.e.

Ts+tg=T)(T(s)g), ge BX), s, t>0.

The family {7 (¢)};>0 is called the transition semigroup associated to &.

A random variable t: 2 — [0, co] is called a stopping time for the filtration (.%,)
if it satisfies {t <t} € %, forall t > 0. The o-algebra .#, giving the history known
up to time t is defined as

F.={Ae F: AN{t <t} e Z forallt > 0}.

If 7; and 7, are two stopping times and 7; < 1, then .%;, C .%,,. A Markov process
& is said to be strong Markov if for any stopping time 1, the strong Markov property
at T holds

PE(t +1) € B|.%,) =PE(T +1) € BlE(T)) as.ontT < 00 (2.19)

forall B € X andalltimesz. If X is a Borel space and the process has right-continuous
sample paths then &(t) is -#;-measurable on {r < oo} for any stopping time 7 for
the filtration (.%;).

As in the discrete-time case we can consider a canonical space £2 = X®+, which
now is the space of all functions w: R, — X, with product o -algebra X%+ = o (%)
which is the smallest o-algebra of subsets of X®+ containing the family € of all
cylinder sets:

(we X®+: wty) € By, ..., o(tw) € Bn), Bos....Ba€ X, 0<tyg<---<ty, n>0.

Let #, = o (&(r) : ¥ <t),t > 0, where the canonical process £(¢), r > 0, is defined
as the identity map on (X®+, ¥®+)_ Suppose that P is a transition probability func-
tion on a Borel space (X, X). It follows from a continuous-time version of the
Kolmogorov extension theorem [55] that for every x € X there exists a probability
measure P, on (£2, %) such that £(¢), ¢ > 0, is a homogeneous Markov process with
transition function P and starting at x. Moreover, for every set A € X, the map
x — P,(A) is X'-measurable. We have

P,((t)e B)=P(t,x,B), t>0, Be X,

and
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Py(&(t1) € By, ..., &(ty) € Bp)

= /B /B P(ty —ty—1,Xn—1, Bn) P(thy—1 — th—2,Xpn—2,dx,—1) ... P(t1, x,dxy)
v D n—1

forall0 <ty <---<t,,By,...,B,e X, neN.

Given a transition function on a Borel space, for each x € X, there exists a
probability space (£2,.%,P,) and a homogeneous Markov process {£(¢): t > 0}
defined on (£2,.%,P,) with transition function P and starting at x. We will
also denote the process &£(¢) started at x by &,(¢). Then the family of processes
E=1{&(): 1t >0, x € X} is called a Markov family. We will simply say that &(¢)
is a Markov process with state space X defined on (£2, .%, IP,). However, in general,
a transition function is unknown in advance and we need to construct the processes
directly from other processes.

2.3.2 Processes with Stationary and Independent Increments

Our first example is a continuous time extension of random walks. An R¢-valued
process £(t), t > 0, is said to have independent increments, if £E(s +1t) — &(s) is
independent of %, = o (£(r): r < s) forall ¢, s > 0. Given such a process, we have
by (2.1)

P (s +1) € BI.Fs) =P(E(s +1) —&(s) +&(s) € BI§(s)) =P(§(s +1) € BIE(5))

for B € Z(RY), since &(s +1) =&(s +1) — &(s) + &(s) and &(s +1) — £(s) is
independent of .%;, which shows that & has the Markov property.
The process & has stationary increments, if the distribution of £(s + 1) — &(s) is
the same as the distribution of £(¢) — £(0) for all s, r > 0. In that case

Elg(§(s +1) — &(s) +x) = E15(6(1) —§(0) +x)

for all x and s, ¢. In particular, we have £(s + 1) —£(0) = &(s +1) — &E(t) +&(r) —
£(0) and the random variables &(s +¢) — &(¢) and &(¢) — £(0) are independent.
Hence, if i, is the distribution of £(¢) — £(0), then w4, is the convolution of w, and
Uy, 1.e.

Ms41(B) = (s * i) (B) = /Ms(B — X) s (dx),

and
P(t,x, B) =/ 1p(x + y). (dy).
]Rd

A process is called a Lévy process if it has stationary independent increments,
it starts at zero, i.e. £(0) = 0 a.s., and it is continuous in probability, i.e. for every
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& > 0 we have
1irr(1)]P’(|§(t)| >¢)=0.
r—

2.3.3 Markov Jump-Type Processes

In this section, we provide a simple construction of pure jump-type processes
with bounded jump rate function. They were introduced in Sect. 1.3 and are par-
ticular examples of PDMPs defined in Sect.1.19. Here we show that they are
Markov processes. Suppose that (X, X') is a measurable space, P is a transition
probability on X and that ¢ is a bounded non-negative measurable function. Set
A = sup{¢(x): x € X} and define the transition probability P by

P(x,B) =2 Y(@x)P(x, B) + (A — p(x))8:(B)), xe€X,BeX. (220

Let (£,),>0 be a discrete-time Markov process with transition probability P and
(0n)n>1 be a sequence of independent random variables, exponentially distributed
with mean A~', and independent of the sequence (&1)n=0. We set 7o = 0 and we
define

n
E)y=¢,, ift, | <t<rt, wherert, = Zak, n>1.
k=1

It follows from the strong law of large numbers that 7, — o0, as n — 00, a.s. The
sample paths of the process & are constant between consecutive t, and the random
variables o, are called holding times.

Let N (t) be the number of jump times 7, in the time interval (0, ], i.e. we have

N(t) =max{n > 0: 7, <t} = D Lo.(Ta).

n=0
Then N(t) = 0ift < 1y, and
Nt)y=n << 71,=<t<Tyt1-
We show that N (¢) is Poisson distributed with parameter Az, i.e.

At)"
u n>0.

P(N(t) =n) =e M , n>
n!

We have P(N (1) =0) = P(t; > t) = e and forn > 1

P(N(t) =n) =P(t, <t < 1yy1) =P(ty1 > t) — P(7, > 1),
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since {t, > t} C {1,41 > t}. The random variable t,, being the sum of n indepen-
dent exponentially distributed random variables with parameter A, has a gamma
distribution with density

)‘.nxn—l i
fr,(x) = - 1)!6‘ > for x > 0.
Hence,
0 an n—1 AL
P(t, > 1) :/ Y o Max = — _}"( ) +P(t,41 > 1).
;. (m—=1! n!

We can write £(t) = &y, for t > 0. In particular, if we take X = N and the trivial
Markov chain &, = n for all n, then we have £(t) = N(¢) for all t > 0 and N(¢),
t > 0,1s a Poisson process with intensity A > 0.If (§,),>0 is arandom walk then & (z)
is the compound Poisson process as in (1.3). The Poisson process N has stationary
independent increments, equivalently, for any n, ¢, s and A e o (N(r): r <)

PAN(t +5) — N(s) =n} N A) = P(N(t) = n)P(A).

Consider again the general process &£(¢) = &y for t > 0. We denote by &, (¢)
the particular process &(¢) starting at £(0) = &y = x. We can easily calculate the
distribution of &, (7). By independence of N(¢) and (§,), we obtain

o
P (t) € B) =P(§(1) € Bl§o = x) = ZP(N(I) =n)P(§, € Bl§ = x).
n=0
Since the random variable N (¢) is Poisson distributed with parameter Af, we have
w( )” n
P(t,x, B) = Z P"(x, B), (2.21)
n=0

where P" is the nth step transition probability.
We now check that condition (2.18) holds with %, = o (§(r): r < s). We may
write

EApE@ + )|F) = EApEnats)Fs) = EApEniro—ns+ne)|Fs),

which gives

oo
E(1gEE + ))F) = D Ednato-Nw=mlsEnine) | F)-
n=0
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Since N (¢t +s) — N(s) is independent of o (N(r): r <s) and o (§,: n > 0), it is
also independent of .Z;. It is Poisson distributed with parameter Az. Thus

D PNt +5) = N(s) = n)E1g Ennis)|-Z)
n=0

E@pE @+ 9))F)

n

o] A n
Ze‘“( t,) E(pEnin)|Fs)-
n=0 '

The family
{ATNAN{N(G)=m}: Ayeoc(NF) <s), Ayeo:k<m), m=>0}

generates the o-algebra .%;. Thus, it is enough to show that

/ 15 Er iy dP = / P"(£(s), B) dP.
AINAN{N(s)=m} AINAN{N (s)=m}

To this end, observe that £(s) = &, on {N(s) = m} and A; N {N(s) = m} is inde-
pendent of A, and &,. This together with the Markov property for (§,),>0 leads
to

/ P"(&(s), B)dP =P(A N {N(s) =m}) [ P"(&,, B)dP
A1NAN{N (s)=m}

Az

=P(AIN{N(s) =m}) | 1p(Epsm) dP.

A

Now, making use of the independence of A N {N(s) = m} and Ay N {4+ € B},
completes the proof of the Markov property.

2.3.4 Generators and Martingales
Assume that & (¢) is a Markov process with state space X defined on (§2, %, P,). Let

T(t)g(x) =E.g(5(1) = /Xg(y)P(t,x,dy), gE€BX), xeX, 1t=0,

where [E, is the expectation with respect to IP,.. Consider the class Z(L) of all bounded
and measurable functions g: X — R such that the limit

i E,(g(§(1)) — g(x)
1m
1,0 t
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exists uniformly for all x € X. We denote the limit by Lg(x) and we call L the
infinitesimal generator of the Markov process &. In particular,

1
Lg(x) =lim—/(g(y)—g(X))P(t,x,dy)
tl0 t X

for all x € X, whenever g € Z(L).
For a pure jump-type process with bounded jump rate function ¢ as considered
in Sect.2.3.3 and with transition function of the form (2.21) we have

/(g(y)—g(x))P(t,x,dy) = (M- 1)g(x)+e‘“kt/ g P(x,dy)
X X

00 B ()\I)n -
+2 e | g P dy),
n=2 : X
which shows that (L) consists of all bounded measurable functions and that

Lg(x) = A/X(g(y) —g(x)P(x,dy), xeX, geB(X).

Using (2.20) we conclude that the infinitesimal generator of this process is of the
form

Lg(x) = w(x)/x(g(y) —gx)P(x,dy), xe€X, g€ B(X).

The significance of the infinitesimal generator (L, Z (L)) is related to the Dynkin
formula, which states that if g € (L) then the process

n(t) = g(&@) — g(&(0)) —/O Lg(&(r))dr

is a martingale, i.e. the random variable 71 (¢) is integrable, .%,-measurable for each
t >0, and
EMm(t + $)|.7) = n(s)

for all 7, s > 0. In particular, the Dynkin formula holds if £(¢) is a Markov process
with a metric state space and right-continuous paths. To see this take g and Lg
bounded and observe that

t+s
E. (@ + $)F) = Ex (g + $)|F5) — g(x) —/0 E.(Lg&(r)|F)dr.

Since Lg(&(r)) is .#;-measurable for all » < s, we can write
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s

t+s t
/0 ]Ex(Lg@(r))I%)dr:/o Lg(é(r))dr+/0 E,(Lg&(s +r)|F)dr,

and, by the Markov property, we have

s 1
Ex(n(t +9)[F5) = T(1)g(&(s)) — g(x) _/o Lg(&(r))dr —/0 T(r)(Lg)(E(s))dr,

which gives the claim, by using the identity (see (3.4) in Sect. 3.1.2)

T(r)g=g+/ T (Lg)dr, 1= 0.
0

There are several different versions of generators for Markov processes. For exam-
ple, one can consider instead of the uniform convergence in B(X), the pointwise
convergence or the so-called bounded pointwise convergence (see [35]). Another
approach, given by [28], introduces the extended generator using the concept of
local martingales and allowing unbounded functions in the domain of the generator;
here we adopt this definition. Let M (X) be the space of all measurable functions
g: X — R. An operator L is called the extended generator of the Markov process
&, if its domain & (Z) consists of those g € M (X) for which there exists f € M (X)
such that foreach x € X, ¢t > 0,

E. (1)) = g(x) + Ex (/0 f(S(F))dV)

and

/O E.(If G(r))) dr < oo,

in which case we define Zg = f.

2.3.5 Existence of PDMPs

In this section, we consider the general setting from Sect. 1.19. We assume that (X, X)
is aBorel space and that (;r, @, P) are three characteristics representing, respectively,
a semiflow, a survival function, and a jump distribution, being a transition probability
from X U I" to X where I" is the active boundary. We assume that P(x, X \ {x}) =1
forallx € X U I'". Since (X, X) is a Borel space, we can find a measurable mapping
k: (XUTI) x[0,1] = X such that

P(x,B) =Leb{r € [0,1]: k(x,r) € B}, xe XUT, Be X. (2.22)
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We extend the state space and the characteristics to (X, X4) as described in
Sect. 1.19. We define k (A, r) = A for r € [0, 1]. Thus formula (2.22) remains valid
forx € X, U I'. Weextend every function g defined on X to X 4 by setting g(A) = 0.
For each x € X 4 we define the generalized inverse of t — @, (¢) by

D (q) =inf{t: @,(t) < g}, q >0. (2.23)
If ¥ is a random variable uniformly distributed on [0, 1], then we have
P(o > 1) =&, (t), t €[0,00], whereo =@ (9).
Let (£2, %, IP) be a probability space and let (9,,),,>1 be a sequence of independent
random variables with uniform distribution on [0, 1]. We define 7p = 09 = 0,&;, = x

and
o1 =, (P), T =01+7,

and we set £(t) = w(t — 79, &) for t < 7. Since the function ¢ — (¢, x) has a
left-hand limit, which belongs to the set X, U I, we can define

§1 =k(E(t), %) and &(r1) = 4.
On the set {r; = oo} the process is defined for all times ¢. On {7; < 0o} we continue

the construction of the process inductively. We define o, = q§§ (93), o =00 + 11,
and we set

EW)=n(t—1,&) ifti <t <1, &mn)=6=«kE,), ),
and so on. Consequently, we define the minimal process {£ (¢)},>0 starting at £ (0) = x
by

7'[([ - Tn,%‘n)a iffn f < rn+1a n Z O’
A, ift > 7o,

§(1) = (2.24)

where
=0yt To1, 0n=®; Dm-1), & =«((T,). 0m), n=1. (225
Let N () be the number of jump times 7, in the time interval [0, 7]
N(t) =sup{n > 0: 1, <t}. (2.26)

Then N(t) =0ift < 7, N(t) =nifandonlyif t, <t < 1,4, and N(¢) = oo for
t > 7. If we set £ = A and 7,41 = 00 then we have

EQ)=n(t—1,,8) on {1, <1t < Ty
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for somen € N = {0, 1,...} U{oc}, t € [0, co], which we can rewrite as

EQ)=nm(t —tne.ENw), T €0, 0]

Theorem 2.4 The minimal process £(t), t > 0, as defined in (2.24) is a strong
Markov process.

We outline the main steps of the proof. It is similar to the proof given in [28, 29]
for processes with Euclidean state space. Let .%; be the filtration generated by & (¢).
Then each 1, is a stopping time. Observe that for any ¢ > 0

Fi=01pE) () keN, Be X5, 0<r <t).
It is easy to see that #;, = o (7, &: k <n), n € N, and that
Fs Mty <s <t} =9, N{t, <s <11}, ne N.
Note that for g, r > 0 we have
P(q) > = D) >q.
Thus we obtain

]P)(TnJrl > r|<9}") = P(Un+1 >r — Tn|ﬁru) = P((pg(ﬁZILJrl) >r — Tn|grn)
=P, (r — w)lig, <) + 1z,

which implies that
]P)(rn—&-l >1 +S|y€) = d)é(s)(t) on {tn <s< Tn—H} (227)

and leads to the weak Markov property. To show the strong Markov property, we
take a stopping time 7. We have

F{n, <t <=9, N{t, <t <7141}, RE N,
and for each n there exists .%, -measurable random variable ¢, such that
Tle<g) = Gilip<os
so that (2.27) remains valid for s = 7.
Let P, be the distribution of the process & () starting at x. The transition probability

function is given by

P(t,x,B) =P, (@) € B) =P:(§(t) € B, 1 < Too) + P2 (1) € B, 1 = 7).
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Forx = A we have £(t) = A, thus P(t, A, B) = 8,(B) forallt > 0.If x € X and
A ¢ B,thenP,(&(¢) € B, t > 15) = Oforallz. Thus forany x € X and B € X we
have

P, x,B) =P, (E(t) € B, t < Too) = ZIP’X(é(t) €B, 1, <t <Tt41). (2.28)
n=0

Note that if

E, (N(t)) = EX(ZI(OJ](‘E,I)) <oo forall #>0, x € X, (2.29)

n

then the process & is non-explosive, i.e. 7o, = oo a.s. Inthatcase wehave P (¢, x, X) =
1forallt >0and x € X.

Remark 2.2 1f P(x, {x}) # O for some x € X then we can extend the state space X
to X = X x {0, 1} and define a transition probability P by

P((x,i), Bx{l—i})=P(x,B), P((,i),Bx{i)=0, (x,i)e(XUT)x{0,1}.

It follows from (2.22) that®: X x [0, 1] — )?given byk((x,i),r) = (k(x,7r), 1 —
i) satisfies

P((x,i), B x {j}) =Leb{r € [0, 1]: ¥((x,i),r) € B x {j}}).
We define the semiflow 7 and the survival function @ by
7(t,x,i) = (w(t,x),i) and 5(”)(1) =@, (1), (x,i)¢€ X, 1>0.
Using the characteristics (7, ) , I?) we construct the process E(z) = (£(1),i(1)),

t >0, on )?A = X, x {0, 1} as in (2.24). It is strong Markov by Theorem 2.4. Its
restriction £ to the state space X remains a strong Markov process.

2.3.6 Transition Functions and Generators of PDMPs

We consider the minimal PDMP & with characteristics (7, @, P) and jump times
(t,) as given in Sect.2.3.5. Let P, be the distribution of the process &(¢) starting at
x. For any non-negative measurable functions /. defined on X, x [0, oo], we have

Ex[h(&(T1), 1)] =/ h(y,s)P(m(s™, x), dy) P« (ds).

X4 x[0,00]

We define the transition kernel
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K(x, B xJ)=E 1@, ()], x € Xa,
for B € X5, J € H([0, 00]). The strong Markov property of the process &(¢) at t,
implies that the sequence (£(z,), T,), n > 0,1s a Markov chainon X, x [0, oo] such
that for B € X4 and J € ([0, oco])
PE(tut1) € B, Typ1 — T € J|ﬁr,,) = K(&(z,), B x J).

We have the iterative formula

K"(x,Bx J)=P.(&(ty) € By, € J) :/ K"_l(y, B x (J —s)K(x,dy,ds)
X 4 x[0,00]

forn>1,K' = K,and K°(x, B x J) = 15(x)8¢(J). Note that
Pi(6(t) € Bt <71) = 1p(n (1, )Py (11 > 1) = 1p (7 (1, X)) D (7).

Since £(¢t) = n(t — 14, &(7y)) On {1, <t < 7,41}, it follows form (2.28) that

P(t,x,B) = Z/ 1t — s, y)Py(t — )K" (x,dy, ds) (2.30)
o Xx[0.1]

forallx e X,Be X, t > 0.
‘We now show that the transition function P of the process & satisfies the following
Kolmogorov equation

P(t,x,B) =15((t, x)) P, (1) +/0t/x Pt —s,y,B)K(x,dy,ds) (2.31)
forx € X,t > 0, B € X. To this end define foreach n > 0 and r > 0
P,(t,x,B)=P,(§(t) e B, t <1,41), x€X, BeX. (2.32)
It follows from the monotone convergence theorem and (2.28) that

Py(t, x, B) = Ex(1p(§ (D)<, ) T Ex(Ap(E (@) 1<r)) = P2, x, B).

For any non-negative measurable function g we have

Exg(g(t))l{t<r,,+1} = ]Exg@(t))l{t<rl] + ]Exg(S(t))l{rlgt<r,,+1}

and the strong Markov property implies that

oLy () <rn ) = / Poi(t 5. v, BYK (x. dy, ds).
X x[0,t]



2.3 Continuous-Time Markov Processes 61

Hence, the monotone convergence theorem completes the proof of (2.31).
Let M(X)4+ (respectively B(X).) be the space of all non-negative (bounded)
measurable functions on X. We define

T,(1)g(x) =/g(y)Pn(t,x,dy) (2.33)
X

fort > 0,x € X,g € M(X)4+,n > 0, where P, isasin (2.32). Let T be the transition
operator corresponding to the jump distribution P. It is defined for g € M (X), by

Tg(x) =/g(y)P(x,dy), xeX.
X

Then, for t > 0, we have

t
/ Ty 1(t — )8 K (x.dy, ds) = / / Ty 1(t — $)g() P(r(s ™. x), dy) Py (ds)
X x[0,1] o Jx
ot
- /0 T(Ty_ 1t — $)g)(x(s™, x)) By (ds).

We now suppose that the semiflow is continuous in X, i.e. w(s~, x) = (s, x) for
alls < 1,(x),x € X. We consider @ as in (1.38) defined with the help of a jump rate
function ¢. Then

t t
/0 T(Ty—1(t — $)g) (7 (s, x)) Py (ds) =/O T(Th—1(t =)&) (7 (s, x)p( (s, x))Px (s) ds

and we obtain
T,()1p(x) = To(t)1p(x) +/ To(s)(@T (T, 1 (t — s)1p))(x) ds (2.34)
0

forallx € X,r >0,andn > 1.

We conclude this section with a description of the extended generator (Z, 9 (Z))
in the case when the active boundary might be non-empty, the survival function is
as in (1.41), and the minimal process & satisfies (2.29). In particular, if the jump
rate function ¢ in condition (1.41) is bounded then (2.29) holds. Given the active
boundary I" defined in (1.40) we write that g € M (X) if g: X — R is measurable
and the function ¢t +— g (s (¢, x)) has a finite limit as t — f,(x) for x € X with finite
t.(x), where £, (x) is the exit time from X as defined in (1.39). If g € M (X) has the
following properties

(1) foreachx € X thefunctiont — g(m(t, x)) isabsolutely continuous on (0, z,(x)),
(2) foreach x € I' we have

gx) = /Xg(y)P(x,dy),
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(3) foreachr >0,x € X,

E, (Z g€ () — g(&(r,:m) < o0,

T, <t

then g € Q(Z) and
Lg(x) = Log(x) + w(X)/(g(y) —g)P(x,dy), xeX, (2.35)
X
with Zog defined by

g(m(t,x)) —g(x) :/ Zog(n(s, x))ds, t<t(x), xeX.
0

A more general condition instead of (3) characterizes all elements of the domain
of the extended generator as defined and showed in [28, 29]. Note that if g is bounded
and condition (2.29) holds, then g satisfies condition (3).
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