Contents

Introduction. . . ............ ... ...
1.1  Asymptotic BMS Symmetry............. ... ... ... ......
1.2 Global BMS and Extended BMS ... .....................
1.3 Holography. ... ... ..
1.4 BMS Particles and Soft Gravitons .......................
1.5 Planofthe Thesis.......... ... ... ... . ... . . ... .....

References

Part I Quantum Symmetries

2

Quantum Mechanics and Central Extensions . . ... .............
2.1 Symmetries and Projective Representations ................
2.1.1  Quantum Mechanics . ..........................
2.1.2 Symmetry Representation Theorem................
2.1.3  Projective Representations. . ... ..................
2.1.4  Central Extensions. . ... ........................
2.1.5 Topological Central Extensions. ..................
2.1.6  Classifying Projective Representations. . . ...........
2.2 Lie Algebra Cohomology . ........... ... ... .. .. ......
221 Cohomology ......... ... ... ..
2.2.2  Central Extensions. . ... ........................
2.3 Group Cohomology ... ...t
2.3.1 Cohomology . ........ ...
2.3.2  Central Extensions. . ............. ... ... ... .....
References. . ... ... .

Induced Representations

3.1

Wavefunctions and Measures . . .. .......................
311 Measures. . ...
3.1.2  Hilbert Spaces of Wavefunctions. . . ...............
3.1.3  Equivalent Measures and Radon-Nikodym

Derivatives

—_
NO O AN~

—

17
17
17
19
20
21
22
24
24
25
28
29
29
32
34

35
36
36
38

40

XiX



XX

Contents

3.2 Quasi-regular Representations. . .........................
3.2.1  Quasi-invariant Measures on Homogeneous Spaces . . .
3.2.2 The Simplest Induced Representations. . ............
3.2.3 Radon-Nikodym Is a Cocycle®. ... ...............
3.3  Defining Induced Representations. . ... ...................
33.1 Standard Boosts. . . ...... ... ..
3.3.2 Induced Representations ........................
3.3.3  Properties of Induced Representations. . ............
334 Plane Waves .. ...
34  CharaCters. . . .. ..ot
34.1 Characters Are Partition Functions . ...............
34.2 The Frobenius Formula.......... ... ... .. ......
3.4.3 Characters and Fixed Points . ....................
3.5  Systems of Imprimitivity™®. . ... ...... ... . ... ... . ... ...
3.5.1 Projections and Imprimitivity ....................
3.5.2 Imprimitivity Theorem. . ... ...... ... ... ... ......
References. .. ... ...
Semi-direct Products. . . .. .. ... ... ... ... ... ..
4.1 Representations and Particles ... ............. ... ... .....
4.1.1  Semi-direct Products . .. ....... ... ... ... ... ...,
412 Momenta............oiiii
4.1.3  Orbits and Little Groups . ... ....... ... ... ... ....
4.14 Particles. .. ... ... ...
4.1.5 Exhaustivity Theorem ... .......................
4.2 Poincaré Particles . . . ............ ... ..
4.2.1 Poincaré Groups . ... ........c.ouuinennneenn..
422  Orbits and Little Groups . ... ....... ... .. ... ....
423 Particles. .. ........ ..
424 Massive Characters . . ..........................
4.2.5 Massless Characters. . . ........... ... ...
4.2.6  Wigner Rotations and Entanglement® . .. ...........
4.3  Poincaré Particles in Three Dimensions . ..................
4.3.1  Poincaré Group in Three Dimensions . .............
4.3.2  Particles in Three Dimensions. . ..................
433 Characters . .. ......ou i
4.4  Galilean Particles™ . ....... ... ... ... ...
4.4.1  Bargmann Groups . ... .........ouiuinennneen..
4.4.2  Orbits and Little Groups . . .. ....................
443  Particles. .. ........ ..
444  CharaCters . . .. ..o vt

References. .



Contents

5 Coadjoint Orbits and Geometric Quantization............
5.1  Symmetric Phase Spaces. . ........................
511 LieGroups . ...t

5.1.2  Adjoint and Coadjoint Representations . . ... ...

5.1.3 Poisson Structures . . .. ....................

5.1.4  Symplectic Structures . ....................

5.1.5 Kirillov—Kostant Structures . . ...............

5.1.6 Momentum Maps . ........... ... ... ......

5.2  Geometric Quantization . .........................
5.2.1 Line Bundles and Wavefunctions ............

5.2.2  Quantization of Cotangent Bundles...........

5.2.3  Quantization of Arbitrary Symplectic Manifolds*

5.2.4  Symmetries and Representations . .. ..........

5.3  World Lines on Coadjoint Orbits . .. ................
5.3.1 World Lines and Quantization Conditions. . . ...

5.3.2  Interlude: The Maurer—Cartan Form ..........

5.3.3  Coadjoint Orbits and Sigma Models .. ........

5.3.4  Coadjoint Orbits and Characters of SL(2,R)*. ..

5.4  Coadjoint Orbits of Semi-direct Products . .. ..........
5.4.1 Adjoint Representation of G XA . ... .........

5.4.2  Coadjoint Representation of GX A .. .........

5.4.3 Coadjoint Orbits . ........................

5.4.4  Geometric Quantization and Particles . ........

545 WorldLines ........... .. .. .. ... ......

5.5 Relativistic World Lines . . . .......................
5.5.1 Coadjoint Orbits of Poincaré................

5.5.2  Scalar World Lines . . .....................

5.5.3 Galilean World Lines* ....................
References. . . ... .

Part I Virasoro Symmetry and AdS; Gravity

6 The Virasoro Group . .. .......... .. ... ... ... ... ....
6.1  Diffeomorphisms of the Circle . . ...................
6.1.1  Infinite-Dimensional Lie Groups . ... .........

6.1.2  The Group of Diffeomorphisms of the Circle . . .

6.1.3  Topology of Diff(S') .....................

6.1.4  Adjoint Representation and Vector Fields . . . . ..

6.1.5 Primary Fields on the Circle . .. .............

6.1.6  Coadjoint Representation of Diff(S') .........

6.1.7  Exponential Map and Vector Flows ..........

XX1



XXii

Contents

6.2 Virasoro Cohomology. . .......... .. ... it ... 175
6.2.1  The Gelfand-Fuks Cocycle . ..................... 176

6.2.2  The Bott-Thurston Cocycle . . .................... 179

6.2.3  Primary Cohomology of Vect(S')................. 182

6.2.4  Primary Cohomology of Diff(S') ................. 183

6.3  On the Schwarzian Derivative .......................... 184
6.3.1 The Schwarzian Derivative is a Cocycle . ... ... ... .. 184

6.3.2  Projective Invariance of the Schwarzian ............ 187

6.4 The Virasoro Group . .. ...t 191
6.4.1 Centrally Extended Groups Revisited .............. 192

6.4.2 Virasoro Group . ............. ... ... 194

6.4.3  Adjoint Representation and Virasoro Algebra........ 194

6.4.4 Coadjoint Representation. . . ..................... 196

6.4.5 Kirillov-Kostant Bracket . . ...................... 198
References. .. ... .. ... . 199
Virasoro Coadjoint Orbits . .. .......... ... ... ... ... ... ... 201
7.1  Coadjoint Orbits of the Virasoro Group . .. ................ 201
7.1.1  Centerless Coadjoint Orbits. ..................... 202

7.1.2  Basic Properties of Centrally Extended Orbits. . ... ... 203

7.1.3  Hill’s Equation and Monodromy . .. ............... 206

7.1.4  Winding Number. .. ........ ... .. .. .. .. .. ... 211

7.2 Virasoro Orbit Representatives . . .. ...................... 213
7.2.1  Prelude: Conjugacy Classes of SL(2,R) ............ 214

722 EllipticOrbits . ....... .. ... ... ... . 216

7.2.3  Degenerate Parabolic Orbits ..................... 219

7.2.4  Hyperbolic Orbits Without Winding . . ............. 220

7.2.5 Hyperbolic Orbits with Winding . . .. .............. 222

7.2.6  Non-degenerate Parabolic Orbits. .. ............... 225

7.277  Summary: A Map of Virasoro Orbits .............. 228

7.3  Energy Positivity . .......... .. ... 230
7.3.1 Energy Functional . . .......... ... .. .. ........ 230

7.3.2 The Average Lemma. ............... ... ... ..... 231

7.3.3  Orbits with Constant Representatives . ............. 234

7.3.4  Orbits Without Constant Representatives. ........... 237

7.3.5 Summary: A New Map of Virasoro Orbits . ......... 238
References. . ... ... . 239
Symmetries of Gravity in AdS; . ............ ... ... ... ... 241
8.1  Generalities on Three-Dimensional Gravity ................ 242
8.1.1  Einstein Gravity in Three Dimensions. ............. 242

8.1.2  Boundary Conditions and Boundary Terms. ......... 244

8.1.3  Asymptotic Symmetries. . . . ............. ... ... 246



Contents

9

Xxiii

8.2  Brown-Henneaux Metrics in AdS3. . ..................... 250
8.2.1 Geometry of AdS3....... ... ... ... L. 250

8.2.2  Brown-Henneaux Boundary Conditions ............ 253

8.2.3  Asymptotic Killing Vector Fields ................. 256

8.2.4  On-Shell Brown-Henneaux Metrics ............... 258

8.2.5  Surface Charges and Virasoro Algebra ............. 259

8.2.6 Zero-Mode Solutions. . .......... ... ... . ... ... .. 261

8.3  The Phase Space of AdS; Gravity . .......... ... ... ...... 263
8.3.1 AdS; Metrics as CFT, Stress Tensors. ............. 264

8.3.2  Boundary Gravitons and Virasoro Orbits. . .......... 265

8.3.3  Positive Energy Theorems. . ..................... 267

8.4  Quantization and Virasoro Representations. .. .............. 268
8.4.1 Highest-Weight Representations of s[(2,R).......... 268

8.4.2 Virasoro Modules . ............. ... . ... ... ..... 271

8.4.3  Virasoro Characters. . ... ....................... 275

8.4.4  Dressed Particles and Quantization . .. ............. 278
References. .. ... . 280

Part III BMS; Symmetry and Gravity in Flat Space

Classical BMS; Symmetry .. .......... .. ... ... ... ......... 287
9.1 BMS Metrics in Three Dimensions. . . .................... 287
9.1.1  Three-Dimensional Minkowski Space . . ............ 288

9.1.2  Poincaré Symmetry at Null Infinity................ 290

9.1.3 BMS; Fall-Offs and Asymptotic Symmetries . ....... 291

9.1.4 On-Shell BMS; Metrics. . . ............coooo..... 295

9.1.5  Surface Charges and BMS3 Algebra............... 296

9.1.6  Zero-Mode Solutions. . ............. .. ... .. ..... 299

92 The BMS; Group........ ... ... 300
9.2.1  Exceptional Semi-direct Products ................. 301

9.22 Defining BMSs . ... ... 306

9.2.3  Adjoint Representation and bmss Algebra. . ... ...... 309

9.2.4  Coadjoint Representation. . . ..................... 311

9.2.5 Some Cohomology™* .......... ... ... .. ... ..... 313

9.3 The BMS; Phase Space .. ........... ... ... ... ... ... ... 315
9.3.1 Phase Space as a Coadjoint Representation. ......... 315

9.3.2 Boundary Gravitons and BMS; Orbits . ............ 317

9.3.3 Positive Energy Theorem . ...................... 317

94 FlatLimits ... ... ... ... 318
9.4.1 From Diff(S)) to BMS; ........................ 318

942 From Wittto bmss . .......... ... .. .......... 320

9.4.3  Stress Tensors and Central Charges. .. ............. 322

9.44  The Galilean Conformal Algebra. ................. 323

References. . ... ... .. . .. 325



XXiv Contents

10 Quantum BMS; Symmetry. .. ........... ... .. ... .. ....... 329
10.1 BMS; Particles. ... ... . 329
10.1.1 Orbits and Little Groups . . . ..................... 330

10.1.2 Mass, Supermomentum, Central Charge . ........... 333

10.1.3 Measures on Superrotation Orbits . . ............... 336

10.1.4 States of BMS3 Particles . . ...................... 338

10.1.5 Dressed Particles and Quantization . ............... 341

10.1.6 The BMS3; Vacuum. ........................... 344

10.1.7 Spinning BMS; Particles. . . ..................... 346

10.1.8 BMS Particles in Four Dimensions? . .............. 347

10.2  BMS Modules and Flat Limits . ... ...................... 350
10.2.1 Poincaré Modules in Three Dimensions ............ 351

10.2.2 Induced Modules for bimss . ..................... 355

10.2.3 Representations of the Galilean Conformal Algebra ... 359

10.3  Characters of the BMS; Group. . ........................ 362
10.3.1 Massive Characters . .. .............. ..., 362

10.3.2 Comparison to Poincaré and Virasoro.............. 365

10.3.3 Vacuum Character. . .. ......................... 367
References. . ... ... 368
11 Partition Functions and Characters. . . ............. ... ... .... 375
11.1 Rotating Canonical Partition Functions. ... ................ 376
11.1.1 Heat Kernels and Method of Images. .............. 376

11.1.2 Bosonic Higher Spins . . .......... ... .. ... .. ... 378

11.1.3 Partition Functions and BMS; Characters . . ......... 385

11.1.4 Relation to Poincaré Characters. . ................. 386

11.2  Representations and Characters of Flat Wy ....... ... ... ... 388
11.2.1 Higher Spins in AdS; and Wy Algebras. ........... 388

1122 Flat W3 Algebra . ....... ... .. .. ... ... .... 392

11.2.3 Flat W3 Characters . . .......................... 395

11.24 Flat Wy Algebras .. ........ ... ... ... . ... ... 397

11.3 Flat W3 Modules .. .............. .. ... . ... .. 399
11.3.1 Ultrarelativistic and Non-relativistic Limits of W5 .... 400

11.3.2 Induced Modules for the Flat W5 Algebra . ......... 402

11.4  Super-BMS; and Flat Supergravity. . ..................... 404
11.4.1 Fermionic Higher Spin Partition Functions . ......... 405

11.4.2 Supersymmetric BMS; Groups . .................. 409

11.4.3 Supersymmetric BMS3 Particles . ................. 413
References. . .. ... ... 429
12 Conclusion. .. ... ... .. . .. ... 433
References. . ... 436



2 Springer
http://www.springer.com/978-3-319-61877-7

EMS Particles in Three Dimensions
Oblak, B.

2017, XXV, 450 p. 29 illus,, 3 illus, in color., Hardcover
ISBN: 978-3-319-61877-7



	Contents



