CHAPTER 11

STOCHASTIC CALCULUS

§1. Stochastic integration with respect to Brownian motion

In this section we present the basic facts of the theory of stochastic integration
in the case when the integrator is a Brownian motion W. Let (Q, F, {F:},P) be a
filtered probability space satisfying the usual conditions (see §4 Ch. I) and W(t),

€ [0,T], be an Fi-measurable Brownian motion in this space. We also assume
that for all v > t the increments W(v) — W(t) are independent of the o-algebra
Fi. For {F;} one can take the completed natural filtration, i.e., the family of the
o-algebras Gf = a{W(s),s € [0,t]}, generated by the Brownian motion W up to
the time ¢.

The goal is to give some meaning to the stochastic integrals of the type

/f(s)dW(s). (1.1)

Since the Brownian motion W has an infinite variation on any interval, it is not
possible to define such integrals by means of classical approaches of the theory of
integration. The approach proposed here is that the stochastic integral (1.1) can
be defined via an isometry. The notion to which this approach leads us is called the
It6 integral and the theory is called stochastic calculus. For a nonrandom function
f, the integral (1.1) can be considered (see §9 Ch. I) as the integral with respect
to the orthogonal stochastic measure defined by Z(A) := W(b) — W (a), A = [a,b),
and having the structure function G(A) = b — a.

Consider the class H[0,T] of progressively measurable with respect to {F;}
stochastic processes f(t), t € [0,T], satisfying the condition

T

/EfQ(s) ds < 0. (1.2)

0

In the present description we does not exclude the case T' = co. In this case the
interval [0, T is replaced by [0, 00).

Consider the class of simple processes of the form

m—1
fk]I[sk,ek+1) ) CES [O,T}, (]_3)
k=0
where 0 = sp < 51 < -++ < 8, = T, the random variables fj are F,, -measurable,

and Ef? < o0, k=0,...m —1. In the case T' = oo, we set f,,—1 = 0. Obviously,
the function f belongs to Hz[0, T].
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The stochastic integral of f with respect to W is defined to be

T m—1
/ Fs) AW (s) = 3 FulW (sx41) — W(sw)). (1.4)
0 k=0
For arbitrary constants a and (3,
/ (@fi(s) + Ba(s) AW (s) = o / Fi(s) AW (s) + B / fls)dW(s).  (15)
0 0 0

The mean of the stochastic integral defined by (1.4) equals zero, i.e.,

E [ f(s)dW(s) =0. (1.6)
/

Indeed, since fj is Fs,-measurable, the variables f; and W(sp41) — W(sy) are
independent. Therefore, in view of (10.3) Ch. I, we have

E{fi(W (sk41) = W(sk))} = Efi E(W (sg41) — W(sk)) = 0.

Hence the expectation of the sum (1.4) is zero and (1.6) holds.
For the variance of the stochastic integral we have

E Tf(s)dW(s) 2: TEF(s)ds. (1.7)
0 0

Indeed, since fi and W(sg+1) — W(sg) are independent, by (10.3) Ch. I, we have
E{fi(W(skt1) = W(sr))*} = EFE(W (sps1) — W(sr))? = Bfi (sr1 — si)-

For k < [ the random variables fi (W (sgy1) — W (sg))fi are Fs,-measurable and the
increments W (spy1) — W (s;) are independent of Fs,. Therefore,

I = E{fis (W (sk+1) — W(sk)) fi(W (s141) — W(s1))}

= E{fr(W(skt1) — W(sr)) il E(W (s141) — W(s1)) = 0.

Here to prove that the expectation is finite we used the estimate
E|f5(W (sk1) = W(si)) fil <EY2{EV (sp1) — Wsw))*JEV?{f7}

— B2} (511 — 50) 2BV {2} < ox.



§1. STOCHASTIC INTEGRATION 87

Now it is easy to check (1.7):

B( /T (s) dw<s>)2 - E(gmmsm - W(sk>>)2

1

3

E{fZ(W(sk41) — W(si))?*} +2 Z Iy,

0<k<l<m—1

Il
i

3
L

T
Eff (s — sk) = /EF(S) ds.
0

ol
Il
<]

Formula (1.7) is of key importance for the definition of the stochastic integral for
the class of random processes Hz[0, 1.

Let L?(P) be the space of square integrable random variables. Then L?(P) is a
Hilbert space when equipped with the norm (EX?)'/2 X € L?(P).

T 1/2
For a function f € H»[0,T], the norm is (/Ef2 (s) ds) .
0

In view of (1.7), for a class of simple processes f € H3[0,T] the mapping

f— | f(s)dW(s) (1.8)
/

is an isometry from a subset of H3[0,T] into L?(P).

Proposition 1.1. The set of simple processes is dense in the space Ho [OLT],
i.e., for any process f € Hz[0,T] there exists a sequence of simple processes f, €
H2[0,T] such that

lim [ E(f(s) — fu(s))*ds = 0. (1.9)

n—oo

0

Proof. Without loss of generality, we can assume that f is bounded. Otherwise
we set fn(t) := f(t)L_n,n)(f(t)) and use the fact that

T
Jim [ E(f(s) - fn(s)*ds = 0.
0
For a continuous bounded f, set f,(s) := f([ns]/n), where [a] denotes the

largest integer not exceeding a. Then (1.9) follows from the Lebesgue dominated
convergence theorem for integrals of uniformly bounded functions.

Now to prove Proposition 1.1 it is enough to approximate a bounded progres-
sively measurable process f by continuous processes. Such processes are

f/’\n(s) =n / f)dv, n=12....

(s—1/m)*
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where a* = max{0,a}. It is clear that fn, n = 1,2,..., are uniformly bounded
progressively measurable processes, because they are continuous. Set F(s) :=

/lf(v) dv. Then F is a.s. a function of bounded variation. By the Lebesgue dif-
0

ferentiation theorem, for almost all s € [0,T] there exists F'(s) and the equality
f(s) = F'(s) = lim f,(s) holds. By the Lebesgue dominated convergence theo-

rem,

T

lim [ E(f(s) ~ fu(s))” ds = 0.

0

This completes the proof. O

In view of Proposition 1.1, the linear isometry (1.8) can be extended uniquely to
a linear isometry from the whole Hz[0,T] into L?(P), thus defining the stochastic
integral of f € H2[0,T] with respect to the Brownian motion.

This means the following. Consider the sequence {f,} of functions, satisfying
(1.9). Using the inequality

/ E(fn(s) — fu(s)?ds < 2 / E(f(s) — Fn(s))?ds +2 / E(f(s) — Fu(s))* ds
0 0

and formulas (1.5), (1.7), we have
T T s T
0 0 0 e

T
Thus the sequence / fn(s)dW (s) is Cauchy for the mean square convergence.

0
Therefore, there exists a limit, which is assigned to be the stochastic integral of f
with respect to the Brownian motion W.
Thus, for a function f € H3[0,T] such that (1.9) holds we set

T T
/f(s) dW (s) = l.i.m./fn(s)dW(s), (1.10)
0 0

where 1.i. m. denotes the limit in mean square.

By (1.10), the properties (1.5)—(1.7) are valid for all processes from the space
H2[0,T):
1) for any constants « and 3,

T T

T
/af1 )+ Bfa(s) AW (s) = o / f(s)dW(s) + 8 / fo(s)dW(s) s
0

0 0
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2) the mean of the stochastic integral equals zero, i.e.,

E/f(s) AW (s) = 0; (1.11)

3) the variance of the stochastic integral satisfies the relation

E(ff@dww02=]EﬁwMa (1.12)

4) i
T
Jim [ B~ fals)?ds =0,
0
then
T T
/f(s) dW (s) :l.i.m./fn(s) dW (s). (1.13)
0 0

In addition to the first property, from the construction of the stochastic integral
one can deduce that for any bounded F,-measurable random variable £ and any

t>wv
T

[etuo@reave) =¢ [T are  as )

0

§2. Stochastic integrals with variable upper limit

Define a family of stochastic integrals with variable upper limit by setting

t T
/f(s) dW (s) = /]I[o7t)(s)f(s) dW (s), for every t € [0,T]. (2.1)
0 0

Then the following problem arises. Formula (1.10) defines the stochastic integral
uniquely up to a set Ay of probability zero. This set depends on the integrand.
Definition (2.1) involves a whole family of integrands depending on the time pa-
rameter ¢. Therefore, it is possible that the probability of the union of sets Ay, ¢
is not zero. In this case the integrals are not determined as a function of ¢ on a set
of nonzero probability. We overcome this difficulty by proving that the stochastic
integral, as a function of ¢, is a.s. continuous JF;-measurable martingale.

For v < t it is natural to set

t T
/f@dwwkz/ﬁmM$ﬂ$ﬂW$~ (2.2)
v 0
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Then
[reave = [roawe - [ 1w,

since M, 4)(s) = Mjo4)(s) — Lo,y (s) and the linearity property holds.
The following generalizations of the properties 2), 3) of §1 hold: for every v < ¢

E{ /t £(s)dW (s) ]—'U} =0 as, (2.3)

{ ( / 7(s) dW<s>)2

Indeed, for any F,-measurable bounded random variable ¢ we have

E{sE{ / P ()7, | = E{E{s / reaw )|z}

-5{¢ /T T(5)f(3) AW (s) | =B /T €110 (5)/(5) AW (5) = 0,
0 0

fv} = /tE{fQ(s)LE,}ds a.s. (2.4)

v

where (1.14) and (1.11) were used. Since the random variable ¢ is arbitrary, this
implies (2.3).
Similarly, using (1.14) and (1.12), we have

E{gE{ ( / 7(s) dw<s>)2 f}} - E( /T en[v,ﬂ(s)f(s)dvv(s))g

T t

:/E{§2]I[v,t)(s)f2(s)}ds:E{fQ/fQ(s)ds} :E{§2/tE{f2(s)]-'v}ds}.

0 v

This implies (2.4).

t
Theorem 2.1. Let f € H2[0,7]. Then the process I(t) := /f(s) dW (s),
0

t € [0,T], is an a.s. continuous martingale such that for any € > 0

P( sup
0<t<T

t T
L s)ds, )
0/ CLICIEREE / Ef2(s)d (25)
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!ﬂ@ﬂWﬂ <

Proof. The case T = oo can be considered as the limiting case for T;, = n. So
we can assume that T < oo. We first prove the theorem for the simple processes
defined by (1.3). For such processes, for t € [s;, s141), [ =0,...,m — 1, we have

E sup
0<t<T

T
4 [ Ef*(s)ds. (2.6)
/

T

10) = [ Mo (915 w—zn (s141) — W(si)) + AV (D) — W(s). (2.7)

0

Since the Brownian motion is a.s. continuous, the process I(t) is also continuous.

From (2.3) it follows that for v < ¢
b= [ ave
0

E{/f@ﬁmdﬁ
0

i.e., for simple processes I(t) is a martingale. By Doob’s inequality for martingales
(5.11), p=2, Ch. I,
T

(021261ET O/t E) < 512E<0/Tf(5)dw(5)>2 = ;O/EfQ(s) ds

The equality on the right-hand side is due to (1.7). This proves (2.5). Similarly,
from the second Doob inequality for martingales (see (5.12), p = 2, Ch.I) it follows
that (2.6) is also valid. Thus for simple processes the theorem is proved.

For an arbitrary f € H2[0,T], using (1.9) we can choose a subsequence of the
integer numbers nj such that

Then

The process fo,,, () — fn,(s) is simple, therefore, (2.5) applies. We have

J2)

fﬂk+1 dW / fn;C dW

P< sup
0<t<T
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t
1
(OiltlET 0/ Fria (8) = Fri(5)) AW (s)| = k:2>
[ 4
< k4/E(fnk+1(8) o (5)2ds < 32%
0

Since the series of these probabilities converges, the first part of the Borel-Cantelli
lemma, shows that there exists a.s. a number ky = ko(w) such that for all &k > ko

/hm s j

Then the sequence of integrals

/hm s /m]dw +§f(/hm (s /hk(m7>

=0

sup
0<t<T

converges a.s. uniformly in [0, 7] to some limit, which, by definition, is a stochastic

integral I(t), i.e
¢
- [ Fnts aws
0

Since a uniform limit of continuous functions is continuous, the process I(t), t €
[0,7] is a.s. continuous. From (2.3) it follows that I(t) is a martingale and the
estimates (2.5), (2.6) hold. O

sup
0<t<T

as m — OoQ.

A very important property of stochastic integrals follows from (2.5) and (2.6).
Let

T
lim [ B(f(s) = fu(s))*ds =0, fo, [ € H2[0,T].
0
Then
)d n(8)dW .
tes[%%] /f W(s /f (s) (2.8)

in probability and in mean square.
This property enables us to justify the passage to a limit in different schemes
involving stochastic integrals.

Here is a simple example of an interesting class of Gaussian processes expressed
via the stochastic integral. For nonrandom functions h(s) and g(s), s € [0,T], set

t

W(t) :=x+h(t) + /g(s) dW (s).

0
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It is clear that W (t), t € [0,7T], is a Gaussian process with the mean = + h(t) and
the covariance

S

Cov(W(s), W(t)) = /gg(v) dv, for s <'t.
0

This is a process with independent increments, it is identical in law to the process

h(t) + W(/ 72(s) ds), W (0) = z.

0
It is easy to understand (see (11.21) Ch. I) that for h(0) = 0 the process
Wi a(s) = W(s) = 5——(W(t) - 2) (2.9)

is the bridge from x to z of the process W.
t

For every i € R, the process W with h(t) = /L/g2 (s) ds has the same bridge as

0

for p = 0.

Exercises.

t
2.1. Compute the conditional distribution of /s dW (s) given W(t) =
0

2.2. Check whether the following equalities hold true for some € > 0:
t
1) E{/f(s) dW(S)‘fv-‘,—E} == O a.s.

t

2) {(/f ) dW (s )‘fW} /E{f W Forelds  as.

t

3) E{/f(s)dW(s)
1) {(/f ) dW (s ) |7, E}z/tE{fQ(s)U-'va}ds as.

2.3. Prove directly from the definition of the It integral that

7)_5} =0 a.s.

t

/de( /W

0

(the integration by parts formula).
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2.4. Deduce directly from the definition of the It6 integral that

t
Q/W(v) AW (v) = W2(t) — W2(s) — (t — o).
Hint: Use the result about the quadratic variation of the Brownian motion.

§ 3. Extension of the class of integrands

The condition that processes from H3[0, 7] must have a finite second moment
is rather restrictive. Using an approach based on the truncation of integrands,
the definition of the stochastic integral can be generalized to a class of stochastic
processes broader than Hs[0, 7.

Let £2[0,T] be a class of progressively measurable with respect to the filtration
{F:} stochastic processes f(t), t € [0, T}, satisfying the condition

P(/TfQ(s) ds < oo) =1. (3.1)
0

Clearly, H2[0,T] C £2[0,T].

For simple processes from £5[0, 7] of the form (1.3), where it is not supposed
that the second moments of fi, k = 0,...m — 1, are finite, the stochastic integral
with variable upper limit is defined by (2.7).

For further arguments we need the following estimate. For any simple process

f € £5]0,T] and any C > 0, N > 0,
N
>C)<P</f ds>N)+C‘ (3.2)

t
To prove this inequality define fy(t) := f(t)]I[O,N} (/ f2(v) dv). It is clear that
0

t

[ fsaw)

0

( sup
0<t<T

the process fn(t) is progressively measurable with respect to the o-algebras {F;}
T

and /f?\,(s) ds < N. Therefore, fn(t) € H2[0,T] and the estimate (2.5) can be
0
applied. Then
/fN(s) dW (s)

t
Jromsc) (| o)
0<t<T J

0
T
P(f(t) # fn(t) for some t € [0,T]) < % +P</f2(5) ds > N).

0

< sup
0<t<T
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Here the obvious inclusion

{/tfz(s)d8>Nfor some t € [O,T]} g{
0

was taken into account. The inequality (3.2) is proved.

St~

f2(s)ds > N}

Proposition 3.1. The set of simple processes is dense in the space L2[0,T], i.e.,
for any process f € L]0, T] there exists a sequence of simple processes f,, € L2[0,T
such that

lim [ (f(s) = fu(s))*ds =0 a.s. (3.3)

n— 00
0

The proof of this statement is analogous to the proof of Proposition 1.1. It is
only necessary to replace the mean square convergence by the a.s. convergence.

From (3.3) it follows that
T

/(fm(s) — fu(8))?ds — 0, as m — 0o, N — 00,

0

in probability. For every m, n, ¢ > 0 and § > 0, letting in (3.2) C = ¢, N = &2,

we have .
/ fim(s)dW (s / > 5)
0

< P(/(fm(s) — Fu(8))2ds > de ) +6. (3.4)
0

( sup
0<t<T

Letting first m — oo, n — oo, and then § — 0, we obtain that the sequence of
t
processes /fn(s) dW (s), t € [0,T], is Cauchy in the uniform norm sup |- | for
0 t€[0,T]
the convergence in probability.
Therefore, there exists a stochastic process I(t), t € [0, 7], such that

- /tfn(S) dW (s)

in probability. We set I(t / f(s)dW(s).

sup —0

te[0,T

Since according to Proposmon 1.1 in Ch. I the convergence in probability is
equivalent to a.s. convergence for some subsequences, we see that the process I(t)
is a.s. continuous.

Now we can prove by passage to the limit as n — oo in (3.2), applied for the
processes f,, that (3.2) is also valid for all processes f € L5[0,T].
As a result, we have the following theorem.



96 II STOCHASTIC CALCULUS

t

Theorem 3.1. Let f€L2[0,T]. Then the process I(t) = /f(s)dW(s), t e 0,7,

0
is a.s. continuous, and for any C > 0, N > 0,

P(O?ET /tf(s) AW (s)| > c) < P(/TfQ(s) ds > N) + 2 (35)
- 0 0

We conclude by pointing out an important property following from (3.5). Let

im [ (f(s) = fu(s))?ds =0, fn, f € Ls[0,T],

n—oo

0

in probability. Then

/f ) dW (s /fn ) dW (s

sup as n — 00, (3.6)

t€[0,T)

in probability.

In addition to the stochastic integral with variable upper limit, we define an
integral with a random upper limit.

Let p be a stopping time with respect to the filtration {F;,¢ € [0,00)}. Let
f(s), s € [0,00), be a progressively measurable stochastic process satisfying the

condition -
P( fA(s)ds < oo) =1 (3.7)
/

/ F(s)dW (s / o, (5)/(s) W (s). (3.9)

Then

Note that, by the definition of a stopping time, {p < s} € F; for every s. Then
Ty ) (s) = 1 — 1o 4(p) is an Fs-measurable right continuous process. Therefore,
it is progressively measurable and the stochastic integral on the right hand side of

(3.8) is well defined. The variable /f ) dW (s) has mean zero, 1f/Ef2 )ds < 00,

and it is F,-measurable, because the integral as the process of the upper limit is
continuous.

For finite stopping times (P(p < co) = 1) instead of (3.7) it is enough to assume

that for any 7" > 0
T
P(/f2(s) ds < oo) =1, (3.9)
0
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</H[0p ds<oo>:1.
0

since in this case

§4. Ito’s formula

It is often of interest to study the properties of the process f(W (t)), t > 0, where
f is a given smooth function. For the investigation of such processes the technique
of stochastic differentiation is very effective. Here we present some results due to
K. Tto.

Let W (t), t € [0,T], be a Brownian motion adapted to the filtration {F;} and
let for all v > ¢ the increments W (v) — W(t) be independent of the o-algebra F;.

Let the stochastic processes a(s), b(s), s € [0,T], be progressively measurable
with respect to the o-algebras {F;}.

Assume that

T T
/|a(s)| ds < o0, /bQ(s) ds < o0, a.s.,
0 0

Le., vl]a()[ € L2[0,T], b(-) € L2[0,T].
Let X (t), t € [0,T], be a stochastic process such that X (0) is Fo-measurable. If

t t

X(t) = X(0) + / a(v) dv + / b(v) AW (v) (4.1)

0 0

holds a.s. for all ¢ € [0,T], then we say that X (¢t) has a stochastic differential of
the form
dX (t) = a(t) dt + b(t) dW (¢). (4.2)

Formula (4.2) is the brief symbolic notation for (4.1).

Theorem 4.1 (Ité’s formula). Let f(z), x € R, be a twice continuously
differentiable function. Then

dF(W (1) = F(W(£) dW () + 5 f" (W (1)) dt. (43)

Proof. According to the definition of the stochastic differential, it is sufficient to
prove that for all 0 <t < T

FOV(©) ~ v O) = [ Fv@)av @+ [rwe)de  as @)
0 0
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The stochastic integral is well defined because f/(W(-)) € L3[0,T]. If equality (4.4)
holds a.s. for a fixed ¢, then it holds a.s. for all ¢ € [0, T], because all terms figuring
in it are continuous processes.

We first assume that f(z), x € R, is a three times continuously differentiable
function with bounded derivatives f’, f”, f".

Consider an arbitrary sequence of subdivisions 0 = ¢, 0 <t,1 < -+ <tpn, =1
of the interval [0,¢], satisfying the condition

nhﬁn;g onax [tn.k+1 — tnk| = 0. (4.5)

We use the equality

FW @) = FW(0) = > (f(W(tnk41)) — F(W(tnr))).

0

£
Il

Applying Taylor’s formula to the function f(x), x € R, we have that for every
k=0,...,n—1

f(W(tn’kJrl)) - f(W(tn,k)) = fl(W(tn’kD(W(tn,kJrl) - W(tn,k»

o POV ()W (tnie) = W (ti))? + 5 17OV (E k) (W (tgeg) = W (tn 1)),

where fmk is some random point in the interval [ty g, k+1]-
By summing these expressions, we obtain

n—1
FOV(E) = V) = 3 7/ (W (b0 g )W (tp2) = W (b))
k=0
1 n—1 1 n—1
+§ kz f//(W(tmk))(tmk-i-l - tn,k) + 6 kz f”/(W(gn,k))(W(tmk-i-l) - W(tn,k))s
:=0 =0
n—1
+% Z f//(W(tn,k)) [(W(tn,kJrl) - W(tn,k))2 - (tn,kJrl - tn,k)]
k=0
=idn1 + In,Q + In,S + In,4~ (46)
Since .
tn(v) = Z trk L[t ot sn) (V) — 0 as m— oo
k=0

uniformly in v € [0,¢], using the continuity of Brownian motion paths and of f’,
we get

t

/ (f'(W(v)) — f/(W(tn(v))))zdv —0 as n — 0o, a.s.

0
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By the definition of the stochastic integral,

nl—/f ) dw (v H/f W) as nooo,  (47)

in probability.
Since f” is continuous,

/f” ))dv — = /f” as n — oo, as. (4.8)

Using the assumption that |f"/(x)| < C for all z € R, we obtain

n—1
C
|In73| < 6 Z |W(tn,k+1) - W(tn,k)lg
k=0
C
< T omax. |W(tn k1) (tn.k |Z W (tnges1) — W (tn )|

By the continuity of Brownian motion paths and condition (4.5) on the sequence
of subdivisions of {¢,,;}, we have

oJpax  [W(tnper) = Wltnp) =0 as.

Since the Brownian motion W has the finite quadratic variation (see (10.23) Ch. I),

S W tnssr) = Wtnr)> =t as n— oo,

in mean square. Therefore, I, 3 — 0 in probability.
To prove the convergence I,, 4 — 0 in probability we estimate EIELA:

EI?, < ZE{ F OV (g )2 [W (brirn) = W (tai)? = (bngrr — tage)] '}

£ B OV ) [V ) = W)= (s = t,0)] OV (t,0)

0<k<l<n—1

X (W (tni1) = W(tn))? = (tnisr — tna)] }- (4.9)

For k < [ the random variables

fI/(W(tn,k)) [(W(tn,k+1) - W(tn,k)2 - (tn,k+1 - tn,k)]fﬂ(w(tn,l)) (4~10)
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are Fy, ,-measurable and the increments W (t, ;1) — W(t,,) are independent of
Ft,,- Therefore, the expectation after the sign of the double sum is equal to the
product of the expectations of the random variables (4.10), and the expectation

E{(W(tn,lJrl) - W(tn,l))Q - (tn,lJrl - tn’l)} =0.

Thus the second sum on the right-hand side of (4.9) equals zero. Since |f"(z)| < C,
x € R, we obtain

—1
c? g 2
ElL L < o Y Bl(W(tngi1) = W(tnn)® = (tagr — tnp)]
k=0
CZ n—1 9 CZ
=T ; Var{(W (b en) = W(ta)} € G max [t — bl

Here we used the estimate (10.24) Ch. I. Using condition (4.5), we finally have
In,4 — 0 (411)

in mean square and, consequently, in probability.
From (4.6), using the limits (4.7), (4.8) and the convergence of the random
variables I, 3, I,, 4 to zero in probability, we get (4.4).

The convergence (4.11) plays a very important role in the whole theory of sto-
chastic differentiation, because it enables us to replace the second-order increments
(W (tnkt1)— V[/(tmk))2 by the first-order ones t, k+1 —tn i, when applying Taylor’s
formula. In the limiting case this can be expressed as follows: the square of the dif-
ferential of the Brownian motion ((dW(t))?) coincides with dt, i.e., (dW (t))? = dt.

To prove (4.4) without the assumption that the derivatives f’, f”, and f”
are bounded, we can use the approximation of f by a sequence of functions with
bounded derivatives up to the third order.

We first prove (4.4) for a twice continuously differentiable function f with
bounded support. Set

fulz)=n / f(v)dv, n=12....
z—1/n
These functions are three times continuously differentiable. They have bounded

support and bounded third derivative. The first and the second derivatives are
uniformly bounded and

(@) = fl@), fr(@) = f(2),

uniformly in x € R.
Indeed, by the mean value theorem for integrals, we have f,,(z) = f(x,),

"(z) — f"(2), as n — oo

fule) = T = (@), fe) = TE=LE= < ),
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where x,,, Z,,, &, are some points from the interval [z, —1/n|. Using the fact that
f and its derivatives f’, f” are uniformly continuous because they have bounded
support, we obtain the desired approximation.

For the functions f,(z) equality (4.4) holds. Now, taking into account (3.6) and
the continuity of the Brownian motion, we can pass to the limit in (4.4) for the
functions f,(z). This proves (4.4) for twice continuously differentiable functions f
with bounded support.

As the second step we approximate a twice continuously differentiable function
f by the functions

fn(x) = f(x)]I[—n,n] (‘T) + gn(x)]l(n,n-&-l] (SC) + gn(m)]l[—n—l,—n) (ZL’)

with bounded support. Here the functions g,(x) are such that f,(z), z € R, is
twice continuously differentiable function for every n.
From (2.5) for f =1 it follows that

P( sup |W(t)| > n) < (4.12)
0<t<T

Then for any € > 0

as n — o0o. Similarly,

P(/T|f”(W(v)) — (W ()| dv > e> 0 as n— oo (4.14)
0

Taking into account these estimates and (3.6), we can pass to the limit in (4.4) for
functions f,,. Thus (4.4) holds for twice continuously differentiable functions and
this completes the proof. O

Remark 4.1. The main feature of It6’s formula is that the second derivative
appears in the expression for the first differential. This is impossible in the standard
analysis. In stochastic analysis it is the consequence of the properties of Brownian
motion.

The analog of (4.4) holds even if the function f has no second derivative.

Theorem 4.2. Let f(z), € R, be a differentiable function, whose first deriv-

ative has the form
xT

(@) = £(0) + / o(u)dy, (4.15)

0
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where g(x), x € R, is a measurable function bounded on any finite interval. Then
as. forall0<t<T

t

FOV ()~ V) = [ FOV@)aw @+ [aW@)de.  (410)

0

Proof. Tt is sufficient to prove (4.16) for a function g with bounded support. Oth-
erwise g(x), x € R, can be approximated by the functions g,(z) = g(x)1_, ., ()
and we can apply the arguments used before in (4.12)—(4.14) for the proof of The-
orem 4.1.

Assume that {z : g(z) # 0} C [a, b] for some a < b. Set

These are the twice continuously differentiable functions and

ful@) = f@),  fi(z) = (@)
uniformly in z € R. Moreover,

x

fl(@)=mn / 9(y) dy — g(z)

z—1/n
for almost all z.
Then
T
e—(z— z0)?/2s
[ Bl - f: |M<//m DI s 0

0

as n — oo, where W(0) = zo.
For the functions f,(z) equality (4.4) holds and we can pass to the limit. This
proves the theorem. O

Further, we derive It&’s formula for the case when f depends also on the time
parameter t.

Theorem 4.3. Let f(t,x), (t,z) € [0,T]xR, be a continuous function with con-

. . . . 9 0 . . . .
tinuous partial derivatives af(t, x), %f(t’ x) and with continuous partial deriva-

Y ,
tives wf(t,x) for x # x, where rkmg(xkﬂ —xp) > d > 0 for some 6 > 0. Assume
€

that at the points xy, the second order partial derivatives have left and right limits
uniformly bounded in [0,T]. Then

df (8 W (8) = o F( WD) db + 5 F(£, (1) dW (1) + %;—;f(t, W(t)dt, (4.17)
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where at the points xj, the second partial derivatives are treated as the left limits
of the corresponding derivatives.

Proof. According to the definition of a stochastic differential it is sufficient to
prove that for all 0 <t < T,

@f(v,W(v)) dv. (4.18)

We first prove (4.18) for the case when f(¢t,z) = o(t)g(x) and there exists the
continuous derivatives ¢’ and ¢g’. Moreover, we assume that exists the continuous
derivative ¢”(z) for x € R\ {x}rez with bounded left and right limits at the
points xj. Using subdivisions of the interval [0, ], as in the proof of Theorem 4.2,
we can write

a(t)g(W(t))—a(0)g(W(0)) = ) (0 (tnk+1)g(W (tnk41)) =0 (tn ) g(W ()
k=0
3 W 1) 0 brsn) = (b)) + 3 0l i) 9OV (b)) — 9OV (Er)).
= = (4.19)
By Theorem 4.2,
gW (tnt1)) — gW (t k) = g'(W(v))dW (v) + g"(W(v))dv
Set »
tr(v) := Z tn,k+1]I[tn,k,tn,kﬂ)(?})-
k=0
Then using the representation
o(tni+1) —o(tn k) = / o' (v) dv

and the notation ¢, (v) introduced in the proof of Theorem 4.1, one can write (4.19)
in the form
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N | =

n / o(tn(0))g' (W (0)) dW (0) + / o(tn(0)g" (W) dv.  (4.20)
0 0

Since t,(v) — v and }(v) — v uniformly in v € [0,¢], the passage to the limit
in (4.20) proves (4.18) for the special case f(t,x) = o(t)g(z). Here to justify the
passage to the limit for the stochastic integral we can apply (3.6).

It is clear that (4.18) is valid for the functions

) = Zan,k(t)gn,k($)> (421)
k=0

where the functions g, , have the same properties as the function g above.
For an arbitrary smooth function f(¢,z) there exists a sequence of functions
fn(t,x), of the form (4.21), such that for any N > 0

12} 12}
lim sup su t,x)— falt,x +‘— t,r) — — nt,x‘ =0,
W%qgﬂw‘%cﬂ )= falta) + |5 f () = 5 Fault,)])

0 I}
lim sup sup ’ t,x) — —fu(t,x ’20,
M, Sup SUP |3 5 (B2) = 5o fult @)

lim sup sup
n—00<¢<T |z|<N,z¢D

9?2 2
92 f(t,il’) - @fn(t,f)‘ =0,

where D := {z}rez. Using arguments similar to those stated in (4.12)—(4.14), it
is not difficult to complete the proof of the theorem for the general case. O

We now consider the general form of the Itd formula for twice continuously
differentiable functions of several arguments.

Theorem 4.4. Let f(t,7), (t,%) € [0,T] x R%, be a continuous function with
B f) L2 o
continuous partial derivatives f(t ), Tmf(t,x), mf(t, ¥),i,7=1,...,d.
Suppose that the coordinates of the vector process X (t), € [0,T], have the
stochastic differentials

dXi(t) = a;(t) dt + b;(H) AW (t), i=1,....d

gy ooy

where the functions a;(t) and b;(t), t € [0,T], are right continuous and have left
limits. .
Then the process f(t, X (t)), z € [0,T), has the stochastic differential given by

d
df (t, X (1)) = % (t, X (1)) dt+3 ai(t)a%f(t,)?(t)) dt

o2

d d
ZZ t) ozs0m; 4 X(t)dt. (4.22)

L\.')\»—A

d
£ bt FEX (D) d
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Remark 4.2. One can prove (4.22) under the assumption that the second-order

. . . 8?2 . . . .
partial derivatives amamlf(t,x), i, = 1,...,d, do not exist at vector points Ty,
i0Tj

k € Z, with coordinates satisfying for some § > 0 the inequality

min  (x; —2; 1) > 6 >0.
1§i§d,keZ( b+l i) =

Proof of Theorem 4.4. According to the definition of the stochastic differential,
it is sufficient to prove that a.s. for all 0 < ¢t < T

%’\Qﬂ

t d t
£t X @) - 10.X0) = [ 7w Xe) o+ Y [ i) . X ) do

i=1

t 4 a t
o = 1 52 -
+ /bi(v)amif(v,X(v AW (v) + 522/@ (v) 53 (0 X (0) v
=1 0 =1 j=1 0
(4.23)
We prove first (4.23) in the case when the processes a; and b;, i = 1,...,d, are

simple. Without loss of generality we can assume that the intervals of constancy
are the same for all processes a;, b;, i.e.,

,_.

m—

Wik Wy 50010) () bi(s) = Z bi ks, s00)(5), i=1,...,d,
k=0 -

where 0 =59 <81 < -+ <8 <+ <58, =T, and the random variables a; j, b;
are Fg, -measurable, k =0,..m—-1,i=1,...,d.
In this case the coordinate process X; for v € [sg, Sg11) has the form

Xi(v) = Xi(sk) + air(v —sg) + by (W(v) — W(si)), i=1,...,d.

Set for v € [s, Sk+1)

N —

g(v,z) = f(v, X(sk) + dr(v — si) + be(z — W(sg))),

where C_I:k = (alvk, ey ad,k), bk = (bl,ka ey bd,k)'

We can apply Theorem 4.3, although in the definition of the function g we have
the random variables X;(si), W(sg), air, and b; p (however, it is important that
these random variables are F;, -measurable). Since

d d

0 0 0 0 0

%9—%f+2ai,k87if; %g—Ebi,kaTif’ 5229 Zzb’kbﬂkam oz, f
1= 1=

i=1 j=1



106 II STOCHASTIC CALCULUS

for v € [sg, Sk+1), using (4.18) we have

S(Skg1, X (sp41)) = S sk, X (58)) = g(skp1, W s41)) — 9(sk, W(si))
Sk41 Sk41 Sk+1
Io} 0 1 9?2
_ /%Q(U,W(v))dw /%g(v,W(v))dW(v)—kg /@g(v,W(v))dv
Sk Sk Sk
Sk+1 Sk41 d
- [ wte X+ | z;ai(v)aiif(v,X(v))dv
Sk sk T
Sk+1 g Sk+1 g4 5
+/Zb X (v))dW / 1 Zb ) g 0 X (0))do.
" s i= ’L_]
If t € [sy, $141) for some [, then summing these equalities for k = 0,...,l — 1, and
adding the analogous equality for the interval [s;,t), we obtain (4.23) in the case
when a; and b;, i = 1,...,d, are simple processes.
In the general case we can approximate X;, ¢ = 1,...,d, by the processes

t

Xin(t) = X;(0) + /am(v) dv + /bm(v) dw (v),
0

0
where the simple processes a; ,, and b;, are such that

t

/ la;(v) — a; n(v)|dv — 0, /(bi(v) — b n(v))? dv — 0, as n — oo a.s.
0

Passage to the limit as n — oo in (4.23), done for )?n(t) = (X1n(),..., Xan(t)),
completes the proof. O

Notice that for b;(t) =0, ¢t € [0,T], i = 1,...,d, formula (4.22) turns into the
classical formula of differentiation of composition of functions. However, in the case
when the stochastic differential is included, the second derivatives of functions with
respect to the spatial variables play an important role. This is due to the fact that
when computing the principal values of the increments of functions of stochastic
processes one can use Taylor’s formula. Thus, when considering the squares of
stochastic differentials, the term (dW (¢))? has, in fact, the first order equal to dt.

We now give an informal description of the generalized It6’s formula, using the
following rule:
the differential of function of several stochastic processes is computed by applying
Taylor’s formula, where one sets (dt)? = 0, dt dW (t) = 0, (dW(¢))? = dt, and the
differentials of higher orders must be equal to zero.

To illustrate this rule, consider a function with two spatial variables. Let
flt,z,y), t € [0,00), z,y € R be a continuous function with continuous partial

derivatives f/, fo, fys [z S, and
:
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Suppose that the processes X and Y have the stochastic differentials
dX(t) = a(t) dt + b(t) dW(¢), dY (t) = c(t) dt + q(t) AW (¢).
Then according to the rule stated above,
(dX (1) = (a(t)?(dt)* + 2a(t)b(t) dt dW (t) + (b(2))*(dW (t))? = b2(t) dt.
Similarly, (dY (t))? = ¢*(t)dt , dX(t)dY (t) = b(t)q(t)dt. It is clear that the

differentials of higher orders of the processes X, Y are equal to zero.
Applying Taylor’s formula, we obtain

df (¢, X (), Y (t)) = f{(t, X(¢),Y () dt + f,(t, X(t), Y (t)) dX(t)
+ [, (6, X (1), Y (t)) Y (t) + %lev/,r(t7 X(t),Y (£)(dX (t))?
+ fo, (6, X (1), Y (1)dX ()dY (t) + %f{,’,y(tX(t), Y () (dY(1))*.
Therefore,
df (t, X (),Y () = f{(t, X (1), Y (1)) dt + f.(t, X (¢),Y (t)){a(t) dt + b(t) dW (1)}
+ [y (8, X (1), Y () {c(t) dt + q(t) dW (1)} + %fé’,z(t, X(t),Y (1)b*(t) dt
+ foy (6, X (1), Y (£))b(t)q(t)dt + %f{,’,y(t? X (1), Y (8))g*(t) dt. (4.24)

Remark 4.3. One can consider independent Brownian motions Wi(t) and
Wh(t), t > 0. Suppose that the processes X the Y have the stochastic differentials

dX (t) = a(t) dt + b(t) AW, (t), dY (t) = c(t) dt + q(t) dWy(t).

In this case dX (t)dY (t) = 0, since one must set dWy(t)dWs(t) = 0. This is a
consequence of the fact that for any s < ¢

E{(Wi(t) = Wi(s))(Wa(t) = Wa(s))} = E(Wi(t) — Wi(s)) E(Wa(t) — Wa(s)) = 0.

This feature must be taken into account when applying Taylor’s formula for com-
puting the differential df (¢, X (¢), Y (¢)).

As an application of Theorem 4.4, we derive the Burkholder—Davis—Gundy in-
equality for stochastic integrals.

Lemma 4.1. Let h(v), v € [s,t], be a progressively measurable process. Then
for k =1,2,... the inequality

Esil}it (/uh(v) dW(v)) . < 2kk2k<2kgﬁ 1)(2k_1)kE(/th2(v) dv)k (4.25)

S S
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holds.
Proof. Set

Z(u) := /h(v) dW (v), s<u<t,

and 7y = inf{u > s : |Z(u)| = N}, assuming 7n =t for sup |Z(u)| < N. Then
s<u<t
{tn > v} = { sup |Z(u)| < N} € F, for every v € [0, ¢].
s<u<
For a fixed s the process

u

Z(uATN) = /]I{USTN}h(v) dW (v), s<wu<t,

S

is a martingale with respect to the family of o-algebras {F,}. By Doob’s inequality
for martingales (see (5.12) Ch. I),

2k
2k —1

2k
E sup Z%%(u)=E sup Z%*(un1y) §( ) EZ?*(t ATy).  (4.26)

s<u<tATN s<u<t
Applying to the process Z2#(t) Itd’s formula and substituting ¢ A 7 instead of t,
we have
t tATN
Z*(tATN) = 2k/11{vgm}22’“*1(v)h(v) dW (v)+k(2k—1) / Z%5=2(v)h%(v) dv.

S
Since the expectation of the stochastic integral is zero,

EZ?*(t ATn) = k(2k — 1)E< / 7272 (v)h?(v) dv).

S
Next applying Holder’s inequality, we obtain

t

EZ%(t A y) < k(2K — 1)E< sup Z%_2(u)/h2(v))dv)
sSu<tATN

k/(k—1) / k

< k(2k—1)E(k_l)/k( sup Z2k_2(u)) El/k(/hQ(v))dv) .

sSUtATN
s

In view of (4.26), this yields

t

2k—1 k
E sup Z%(u)§2k2( 2k ) E*-D/E sup ZQk(u)El/k</h2(’U))dU>7

s<u<tATN 2k —1 s<u<tATN

S
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or

t
2k—1 k
EYF  sup  Z%(u) < 2k2(i) El/F R%(v))dv ) .
s<u<tATN 2k -1
s

By raising both sides of this inequality to the power k, letting N — oo and applying
Fatou’s lemma (see (5.18) Ch. I), we get (4.25). O

As it was noticed by R. L. Stratonovich (1966), for special integrands it is
possible to define a stochastic integral different from It6’s integral.

Example 4.1. Let f(x), z € R, be a continuously differentiable function. Let
0=tho <tp1 < - <tpn, ="T be an arbitrary sequence of subdivisions of the
interval [0, T, satisfying (4.5). Then the limits in probability

/f ))odW (t :nlLH;to (tn ot 1)) (Wt 1) =W (tnk))s (4.27)
n—1

L/f DedW (o) = lim 37 W (SE L)) (17 (4, 0) — W (1)) (428)

ex1st.

The existence is due to (4.11). Indeed, assuming that f is a twice continuously
differentiable function with bounded second derivative f”’ and applying Taylor’s
formula, we have

i
L

Z FOWV (1)) (W (1) = Wiltng)) = ) FW () (W (k1) = Wt k)

S x>
= o

+Zf'(W(tn,k))(W(tn,k+1) ~W(tar)*+ %an(w(tn,k))(w(tn,k-‘rl) ~W(ta ).
k=0

k=0
The last sum tends to zero in probability analogously to I, 3. In view of (4.11),

T
the second sum on the right-hand side of this equality tends to /f’(W(t)) dt. We
0

conclude that the limit (4.27) exists and

T T
FW@)odW(t)= [ fF(W(@)dW(t)+ | f'(W t. (4.29)
/ = [ rovoraves [rov
Analogously7
n—1 n—1
FOW (2 (G (1 ) =W () = SOV (i) (W (F i) =W (£.2)
k=0 k=0
3 POV ) (W (5 W (610) W i) — W ()
k=0

5 S P ) (W () W (8,10)) 2 (W (1) = W (i)
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The main quantities on the right-hand side of this equality are the first sum, which
tends to It6’s integral, and the term

S W (b)) (7 (2 0 gy, )2,
k=0

T
which tends to % / f/(W(t))dt. Therefore,

0

N | o=

T T T
[rwveyeave = [ weawe -+ [ rove)a. (4.30)
0 0 0

Exercises.

4.1. Use Itd’s formula to prove that for a Brownian motion W with W (0) = 0,
¢ t
/W4(s) W (s) = LW (1) —2/W4(s) ds.
0 0

4.2. Use [t6’s formula to compute the differentials:
t? t
1) d(W3(t) -t /WZ(S) dW(s));
0

et —e "

2) d(W(t)shW(t)), where shz := 5

3) dexp (W2(t) + W3(t)).

4.3. Prove that the process /2 cos W (t), t > 0, is a martingale.

4.4. Use [t0’s formula to compute the differentials:
t

1) dexp (W5(t) + /W4(s) dW(s));
0

2)  d(W3(t) exp (W2(t))).
4.5. Suppose that the process V' has the differential
AV (t) = pV (t) dt + oV (t) dW (t), V(0)=z>0.

Write out In V (¢).
4.6. Suppose that the process Z has the differential

dZ(t) = (no® — 2yZ(t))dt + 20/ Z(t) dW (t).
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Compute d\/Z(t).

4.7. Prove that the following stochastic processes are martingales:

t
1) (c+ %W(t))?’ - %/(c-y %W(s)) ds for any c € R;
0

2) (W(t)+t)exp (— W(t) - 5t).

§5. Brownian local time. Tanaka’s formula

Let X(t), t € [0,T], be a progressively measurable with respect to a filtration
{Fi} stochastic process. The occupation measure of the process X up to the time
t is the measure u; defined by

1e(A) = /HA(X(S))dS, A€BR), 0<t<T, (5.1)
0

where Ta(+) is the indicator function.

In other words, p(A) is equal to the Lebesgue measure (mes) of the time spent
by a sample path of the process X in the set A up to the time ¢ (u:(A) = mes{s :
X(s) € A, s €[0,t]}). This is a random measure that depends on the path of the
process.

If a.s. for every t the measure u; has a density, i.e., there exists a nonnegative
random function £(¢, z) such that

u(A) = /é(t,x) dz (5.2)

A

for any Borel set A, then the density ¢(¢,x) is called the local time of the process
X at the level z up to the time ¢.

In the special case when in (5.2) the process £(t,z) is continuous in z, one has
the following equivalent definition: if a.s. for all (¢,z) € [0,7] x R there exists the
limit .

[ esano(X@)ds as., (5.
0

(t, ) = limlim
(¢, ) 510 el0 6 +¢

then £(t, z) is called the local time of the process X.

From (5.3) it follows that for any fixed x the local time £(t, z) is a nondecreasing
random function with respect to ¢, which increases only on the set {¢t : X (¢t) = z}.
As a rule, the Lebesgue measure of this set is zero and the most natural measure
for such a set turned out to be the local time at the level z.

From the definition of u; it obviously follows that the support of p; is included
in the set

{z : inf X(s) <ax < sup X(s)}.

0<s<t 0<s<t
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If the process X has continuous paths, the support of p; is a.s. finite. Then

/tf ))ds = /f x)pe(dx) a.s. (5.4)
0

for any locally integrable function f. Indeed, by (5.1),

/t]IA(X(S))dS = /OO Ta () e (de)
0 —o00

n
and f can be approximated by the functions ) ¢, x 1A, , (2), Anr € B(R).
k=1
In particular, if the local time ¢(t, x) exists, then

/f ))ds = /f a.s. (5.5)

Let W (t), t € [0,T], be a Brownian motion adapted to a filtration {F;} and
let for all v > ¢ the increment W(v) — W (t) be independent of the o-algebra F;.
Assume that W(0) = xo.

The concept of a local time was introduced by P. Lévy (1939). G. Trotter
(1958) proved that for a Brownian motion there exists a continuous local time (the
Brownian local time). The following result is due to H. Tanaka.

Theorem 5.1 (Tanaka’s formula). The Brownian local time £(t,x) exists.
The local time £(t, z) is an a.s. jointly continuous process in (t,x) € [0, T] x R, and

t
W(O) =) = (W(O0) =) = [ L) W) dW(s) + 300, (50)
0
where a™ = max{a,0}.
Proof. We prove first that for the process

t

Jo(t) = / Wy ey (W(s)) AW (s)

0

there exist a modification that is continuous in (¢,z) € [0,7] x R.
Note first that for a fixed = the process J,(t) is continuous in ¢ by the property
of the stochastic integral as a function of the upper limit. Let us consider J,(-)
as a random variable taking values in the space of continuous functions on [0, 7.
This space is a Banach space when equipped with the norm || f]| := sup |f(¢)].
te[0,T]
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Analogously to the proof of Theorem 3.2 Ch. I for real-valued processes one
can derive Kolmogorov’s continuity criterion for processes with values in a Banach
space.

This criterion implies that for any N > 0 the process J,, € [-N, N] is a.s.
continuous with respect to the norm || - || if there exist positive constants «, 3, and
M such that

E[J, = J,|* < Mylz —y["*7, z|Jy] < N. (5.7)

For any 0 < v < 8/a, the sample paths of the process J,, © € [-N, N] a.s. satisfy
the Holder condition
1T = Jyll < Lny(w)le =yl (5.8)

Indeed, from the proof of the analog of Theorem 3.2 Ch. I it follows that (5.8) is
true for the set D of dyadic rational points. By Cauchy’s criterion, the process
Jy, y € D()[—N, N], can be extended by continuity to the whole interval [N, N].

Since
T

lim [ B (W o0) (W(5)) ~ Do) (W(5))) " ds = 0,
0
we have by (2.8) that for all € [-N, N] the process J,, has the desired form as a
stochastic integral. Moreover, in view of the a.s. continuity of stochastic integrals
for a countable number of particular integrands and the uniform convergence in
t € [0,T], the process J,(t), t € [0,T], is a.s. continuous with respect to ¢ for all x
simultaneously.
We now prove (5.7). We have

t

4
E|J, — J,||* =E sup /I[[xyy)(W(s)) dW (s) for = <uy.
t€[0,T] 0
By (4.25), k = 2,
T 2
B, — 5 < 360E| [ 10y (7(s) s
0
T T
— 720 / ds / QB [Ty, ) (W () Tpy) (W (w))]
0
T T
e—(®1—20)%/25 g—(22—21)%/2(u—s)
=720/ds/d // N O] dxidxs
S 71' u — S

0

360 y|2/ds/du = My|z —y|*

Thus for the process J,, the Holder condition (5.8) holds for 0 < v < 1/4.
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Applying (4.25) for an arbitrary even power, we can prove the estimate
E|J, — J, || < Myrlz —y|*, k=1,2,....

Therefore (5.8) holds for any 0 < v < 1/2.
The continuity of J,(t) in (¢, z) follows from (5.8), because

[J2(t) = Jy(s)] < |Ja(t) = Ju(8)[ + | J2(-) = Jy()]l-

We now prove that for arbitrary » € R there the limit

t

/mwMW@Ms as. (5.9)

0

Lt,r) = 2%11151?7’1 o

exists uniformly in ¢ € [0, 7] and (5.6) holds for x = 7.

Set
Tio
faﬁ / / [ B)

— 00 —O0

By the formula of stochastic differentiation (4.16), a.s. for all ¢ € [0,T],

t

! / R s = fu s (W (1)) — fap (W (0)) / f.5(W(s) dW (s).  (5.10)

0 0

It is clear that

xT ]" 5 S ‘/1:5
Il 5(z) = Mdy: —, a<z<fB, — 1T, (x), forx#r
B B -« g—a’ ’ alr, Blr [r;00) ’ ’
- 0, z < q,
=222 p<,
Tia,8) () ﬂ) (x —a)? X
= < < - .
f&,ﬁ / / Q(ﬁ _ a)? « X ﬂa ()(TTélT (x 7‘)
e 0, z < q,
Since
|]I[T,OO)(x) - f&,ﬁ(x)‘ < ]I[oc”B)('r)a a<r< ﬁa
and, consequently,
[z —7)* ~ fap(@)] <18 —al,
we have
sup ‘ t)—r)*t — fa,g(W(t))‘ <|B-a] — 0 a.s. (5.11)

tel0,T) alr, Blr
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Let us prove that

t B
/ s (W (s) W (5) = 52— / 1,0 dy s, (5.12)
0 «
It is clear that
z B
frp@) = [ 2P0y = L [, @) dy

Then (5.12) can be written in the form

5 a/t/ Tiy,00) (W (s)) dy dW (s) /ﬁ/tll[% ) dW (s) dy
0 0

[ [0

and this is the switching the order of integration formula (analog of Fubini’s theo-
rem) and for the stochastic integral such formula must be proved.

Set
1

(@) =— > Tpmeo)(@)-
B8—a

a<k/n<p

Since

B
1
Qn(x) - 5—a /]I[[yn]/n,oc)(ir) dy‘ < n(ﬂ—a)’

we have

[fos(@) = an(@)] < S5 (5.13)

Using the continuity of J, in z, we obtain

[ anwis)aws) - / Lt o) (W () AW (5) -
0 O

1 1 1
:5—04 Z Jk/n(t);njo)o 68—«
a<k/n<p

This together with (5.13) imply (5.12).
Substituting (5.12) into (5.10), we have

P
-~
=
=
.
<

t

B
%/w ds = fa,ps(W(t)) = fa,s(W(0)) — 3 ! /Jy(t) dy.

0
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Applying (5.11) and taking into account the continuity of J, (see (5.8)), we see
that the limit (5.9) exists uniformly in ¢ € [0,7], and (5.6) holds for z = r. The
statement that equality (5.6) holds for all ¢t and = simultaneously follows from the
continuity of J,(¢) and (W (t) —x)* in (¢,x). This also implies the continuity of
L(t,x) in (t,z) € [0,T] x R.

Moreover, since

sup |(2 — )" — (2 = y) " < |z — .
zeR

from (5.6) and (5.8), it follows that for any 0 <y < 1/2 and N > 0
16C,2) = LC,y)ll < Byy()lz —yl”, @,y € [-N,NI. (5.14)

We can prove that Brownian local time paths with respect to x are a.s. nowhere
locally Holder continuous of order v > 1/2 (see Ch. V §11). In particular, they are
nowhere differentiable in z. The theorem is proved. 0

Since the local time has the finite support

{x: inf W(s) <z < sup Wi(s )}

0<s<t 0<s<t

from (5.5) it follows that for any locally integrable function f and any ¢ > 0,

/tf ) ds = /f ot,z)de  as., (5.15)
0

and the integral on the right-hand side is finite.
From (5.9) we have

t

1 : ]I[(X,B)( ( (z— zg) /2s
E((t, ) = limlim E(iﬁ = —c ds.  (5.16)
0

Here \/2178_(1_'%0)2/23 is the density of the variable W (s), W(0) = x.
s

Using Tanaka’s formula (5.6) one can generalize 1td’s formula (4.16) as follows.

Theorem 5.2. Let b be a function of bounded variation on any finite interval.

Set
(@)= fo+ [ b(y)dy, (5.17)
/

where fy is a constant.
Then a.s. for all t € [0,T],

FOV(1) — FW(0) = / bW (s)) AW (s) + 1 / o(t, ) b(dz), (5.18)
0
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where b(dx) is the signed measure (charge) associated to b via its representation as
a difference of two nondecreasing functions.

Remark 5.1. The differential form of (5.18) is the following formula:

oo

dF (W (1)) = b(W (1)) dW (1) + / ¢(dt, ) b(dz).

Remark 5.2. If b(dz) has a bounded density, then b(dz) = g(z)dz, b(z) =
f/(x) and, in view of (5.15), formula (5.18) transforms into (4.16).

Remark 5.3. Let the function f be twice continuously differentiable except at
the finite number of points x1 < o < -+ < X, in which f is assumed to have the
right and left derivatives. Then from (5.18) it follows that

FWV@) = FW () = [ > F (W () Uiz, ap,0) (W(s)) dW (s)
0 k=0
+3 / D W) Mgy (W(s)) ds
0 k=0
* % ; (@k +0) = f'(we = 0)l(t,xx)  as, (5.19)
where we set xg = —00, Tymp1 = 0.

Proof of Theorem 5.2. Tt suffices to prove (5.18) only for a nondecreasing func-
tion b, since any function of bounded variation is the difference of two nondecreasing
functions.

For the functions

) - ch’kﬂ[rn,kvoo)(x) (520)
k=1

equality (5.18) follows from Tanaka’s formula (5.6).
Now set

_f0+/b7z dy—fO"'chk Tnk+

Then, by (5.6),

FAW(E) = £ W©) = [ bW )W)+ [ dto)balde)  as (521)
0 —0o0
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It is clear that any nondecreasing function can be uniformly approximated on
any compact set by functions of the form (5.20), i.e., for any N > 0

sup |b(z) — by (x)] — 0 as n — oo. (5.22)
lz|<N

One can ensure that b, (N) = b(N) and b, (—N) = b(—N). Of course, the sequence
of functions b,, depends on N. It is clear that

sup |f(z) — fu(@)] < 2N sup [b(z) — by (2)]- (5.23)
|z|<N x| <N
Since, by (4.12),
T
P(Og@ WO = N) < 15, (5.24)

and by the choice of N, this probability can be made sufficiently small, we can

restrict ourselves to the consideration of the set Qn = { sup |W(t)| <N } From
0<t<T

(5.23), (5.22), and (3.6) it follows that

sup [f(W(1)) = fo(W ()] — 0, [f(W(0)) = fn(W(0))] — 0, (5.25)

te[0,T) n—oo n
t
sup / bW (5)) dW (s) — / by (W (s)) AW (s)| — 0 (5.26)
te(0,7] n— o0
0
in probability given the set Q.
Let us prove that
N N
sup /ﬁ(t,z) b(dx) — /ﬁ(t,z) by (dz)| — 0 a.s. (5.27)
te[0,T] N N n—0o0

By (5.14),
N N
sup / 0t ) b(dx) — / o(t, =y p(dar)
telo.7] -N -N

< sup (|6, 2) — 0C, B2 [(b(N) — b(—N)) < 22 () — (=),

mY
Analogously, in view of (5.22),

N

/Ktx (dx) — /e(t,%)bn(dx)

—-N

sup
te[0,T]
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< sup (|60 ) — 00, B[ (b(N) = b (—=N)) < 222l () — p(—)).

|z| <N my

In addition, we have the estimate

N
sup /E wm] b(dx) /(t mly b, (da)
+€[0,T]
N
— sup / 40,22 (0(d) — b))
t€[0,T)
N
[Nm]
< ST BB — b(E) — b (L) 4 by (R
k=—[Nm]

Now letting first n — oo and then m — oo, we obtain (5.27).

Taking into account (5.24)—(5.27) we see that the passage to the limit in (5.21)
leads to (5.18). O

Similarly, we can prove the following generalization of the special case of Theo-
rem 4.3 where f(t,z) = o(t)f(z).

Theorem 5.3. Let f be the function defined by (5.17) and o(t), t > 0, be a
function with locally integrable derivative.
Then a.s. for all t € [0,T],

+/J(s)b(W(s)) 5+ 7/0 ¢(ds, ) b(dz). (5.28)
—oo 0

Proof. We can apply the method used to establish formulas (4.19) and (4.20).
Considering subdivisions of [0,¢], as in the proof of Theorem 4.1, we can write,
according to (5.18), that

FOV (b)) = FOV(taa))= [ SOV W) 5 [ (b )~ Ut M),

tn,k —0o0

The analog of (4.20) is the relation

a(t)f(W(t)) = (0)f(W(0)) /0’(v)f(W(tI(v))dv

0
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N | =

+0/cr(tn(v))f’(W(v)) dw (v) + ZO O/a(tn(v))é(dv,m) b(dzx). (5.29)

The function o(v), v € [0, T}, is uniformly continuous with a modulus of continuity
A(d) — 0 as § — 0. Using this, we have

<A( . ) .
> lrgnkza%{n“n’k tn,k 1| g(t,.’lﬁ)

] / (0(tn(0)) — o (0)) (v, )

The subdivisions of the interval [0, t] satisfy (4.5), therefore in (5.29) we can pass
to the limit and get (5.28). O

Example 5.1. Compute for b > 0 the stochastic differential d| |W (t) — a| — b]|.
It is obvious that

[l —a| =0 =(a =2 = b)M(_ooamt)(®) + (. — a4 )[4 o) ()
+ (CL — T+ b)]I[a!aer)(a:) + (JJ —a— b)][[aer,oo) (Jj)
Applying (5.19), we have
dl W (t) —al = b| = (Tiagb,00) (W (1) = Tig a5y (W () + Tiamp,a) (W (1))

—T(—co,amty (W (t)))dW (t) + £(dt,a + b) — £(dt,a) + £(dt,a — b).

Since the expectation of a stochastic integral equals zero, from (5.16) it follows
that

%EonW(t)—a|—b| _ Le—(a—b—$o)2/2t+;e—(aﬂ—b—zo)z/%_;e—(a—wo)Z/Qt’

V2nrt V2t V2nt

where the subscript in the expectation means that it is computed with respect to
the process W with W(0) = z,.

Exercises.

5.1. Compute the differentials

1) dexp (|W<t>|3 ¥ / W2<s>dw<s>);
0

2) d(|W(t)|e™ O
3) dW)—af -8, O0<b<a
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§6. Stochastic exponent

Let (,F,{F:},P) be a filtered probability space and W(t), ¢ € [0,T], be a
Brownian motion adapted to the filtration {F;}. Let for all v > ¢ the increments
W (v) — W (t) be independent of the o-algebra F;.

For an arbitrary b € L3[0, T}, consider the stochastic exponent

p(t) == exp (jb(s) AW (s) — ;/tzﬂ(s) ds>, te[0,7). (6.1)

Let us compute the stochastic differential of the process p. Applying Itd’s formula
(4.22), d =1, for f(t,z) = e” and the process

X(t) = /b(s) AW (s) — %/b%s) ds,
0 0
we have
dp(t) = p(t) [b(t) AW (t) — SV (1) dt + S03(t) dt] — p(D)b(t) AW (2).
Therefore,

dp(t) = p(Db(t) AW (1), p(0) = 1. (6.2)

The process p is called the stochastic exponent by analogy with the classical expo-

t
nent p(t) = exp (/ b(s) ds), which is the solution of the equation
0

dp(t) = pOp(t) dt,  p(0) = 1.

Equation (6.2) is the simplest form of so-called stochastic differential equation (see
§7). According to the definition of stochastic differentials, (6.2) is equivalent to
the equation

p(t) =1+ /p(s)b(s) dW (s), t €10,T]. (6.3)
0

We will prove that, under some conditions, p(t) is a nonnegative martingale with
respect to the filtration {F;}, with mean value Ep(t) = 1 for every ¢ € [0, 7.

Proposition 6.1. Let b be a continuous stochastic process from L2[0,T]. Sup-
pose that for some § > 0

T
Eexp ((1 + 5)/1)2(5) ds) < 00, (6.4)
0
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or ,
sup Ee?” () < o0 (6.5)
0<s<T
Then for any 0 <ty <to <T,

to (2

Eexp (/b(s) dW(s) — %/b2(s) ds) =1, (6.6)

t1 ty
and, in addition,

to to

E{ exp (/b(s) dW (s) — %/b2(s) ds) ’.7-}1} =1 a.s. (6.7)

t1 ty

Remark 6.1. The relations (6.6) and (6.7) are valid (see Novikov (1972),
Liptser and Shiryaev (1974)) for an arbitrary process from £5[0, 7] under weaker
assumptions than (6.4), (6.5), which are taken from Gihman and Skorohod (1972).
In (6.4) the factor 14§ can be replaced by the factor 1/2, but to improve it to the
factor 1/2 — § is not possible.

Proof of Proposition 6.1. We assume first that b(s) = b(s), s € [0, 7], is a simple
process defined by (1.3) and sup |b(s)| < M, where M is nonrandom. Then

<s<T

to

Eexp (/B(s) dW(s)) < M (t=11)/2,

ty

This means that for every m > 0
Eexp (m/g(s) dW(s)) < M MA(ta—11)/2, (6.8)

Indeed, since on the interval [sg, Sg+1), So = t1, Sm = to, k = 1,. — 1, the
process b is equal to the Fj, -measurable random variable by, using the properties
of conditional expectations, and (10.9) Ch. I we have

ta m—1

Eexp (/b(s) dW(s)) { {exp ( b (W (8k41) W(Sk:))> ’fsm,l}}

b k=0

m—2

{exp ( Z b (W (Sk+1) (sk))) exp (bm 1(Sm — sm_l)/2)}

MS

< eMz(Sm—sm—l)/QEeXp< W (sks1) W(Sk))) < eMz(tz—h)/Q-

k=0
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By (6.3), t t

exp (/b(s) dW(s) — %/52(8) ds) -1

- ]Zexp ( j b(s)dW (s) — 5 /t b2(s) ds)b(t) AW (1).
Since

fE{ (exp (/tb(s)dW(S) - ;71)2(3) ds)b(t))Q}dt < 00,

t1
the expectation of the stochastic integral is zero, and

to to

Eexp ( / B(s) dW (s) — & / 52(s) ds) _1 (6.9)

t1 t1

Thus (6.6) is proved for bounded simple processes. Now, by (2.3), equation (6.3)
and inequality (6.8), we get E{p(t2)|F:,} = p(t1) a.s. Hence, (6.7) holds for the
simple processes.

We turn to the proof of the statement for a continuous process b. Let b(s) =0
for s < 0. We construct for the process b a sequence of bounded simple processes
bn(s), s € [0,T), such that

ba(s) < b3(s — 1/n) (6.10)

and
lim [ (b(s) — b,(s))?dt =0 a.s. (6.11)
For s € [0,1/n), we set b, (s) = 0. For s € [k/n, (k+1)/n), k=1,2,...,[nT], we

set by, (s) := min b(s),n} if b(s) > 0, we set b,(s) =

inf inf
(k—1)/n<s<k/n (k—1)/n<s<k/n

max{ sup b(s), —n}, if sup b(s) < 0, and we set by, (s) = 0 if in
(k—1)/n<s<k/n (k—1)/n<s<k/n
at least one point of the interval [(k — 1)/n, k/n] the process b becomes equal zero.
The simple bounded processes b,, are adapted to the filtration {F;} and (6.10) is
satisfied. Then (6.11) holds, because the process b is uniformly continuous on [0, 7.
In view of (6.11) and (3.6), the sequence of random variables

to ta
exp (/Bn(s) dW(s) — %/Bi(s) ds)
t1 ty
converges in probability to the variable
ta to

exp (/b(s) AW (s) — %/bQ(s) ds).

t1 t1
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If we prove that this sequence of random variables is uniformly integrable (see §1
Ch. 1), then by Proposition 1.3 of Ch. I, we can pass to the limit in (6.9), applied
to the simple processes b,, and get (6.6). Equality (6.7) is proved analogously with
the help of property 7') of the conditional expectations (see §2 Ch. I).

Choose v > 0 such that (1 +v)%(1 +7/2) = 1 + 6. Using Holder’s inequality
and (6.9), we get

t2 t2

E(exp (/En(S)dW(S)_;/Ei(S) dg))lﬂ

1 1

{exp(l-f—’y /b ) dW (s ” /b2 )ds+ XL+ E2+7) 1“ Chr) /b2 )}
1+ 1/(1+7)
< {E(exp( 147) /bn ydW (s) — LEDT /b2 ﬂ

2]

. v/ (147)
X [Eexp ((1+7)22(2+7) /Bfl(s) ds)}

t1

~

taml/n 7/(1+9)
< {E exp ((1 +9) / b2 (s) ds)} < 0.
t1—1/n

By Proposition 1.2 Ch. I with G(z) = 2'*7, this implies that the corresponding
sequence of random variables is uniformly integrable. Proposition 6.1 is proved
under the condition (6.4).

We turn to the proof of this assertion under the condition (6.5).
Since the function g(x) := e” is convex, by Jensen’s inequality for the integral
of the normalized measure (see (1.4) Ch. I), we have that for v < u and § > 0

exp ((1+6)/b2(5) ds) =exp (/(1+6)(u—v)62(s)ud_sv) g/e(1+5)(u—v)b2(s)%_

v

By (6.5), for any 0 < u —v < % there holds the estimate

Eexp <(1 +5)/b2(8) ds) < uiv /Eeébz(s) ds < o0.
v v

This is exactly the condition (6.4), therefore by the assertion proved above, we

0 .
have for any 0 < u —v < T the equality

E{ exp (/ub(s) AW (s) — ;/ubZ(s) ds> ’]—'} =1 (6.12)

v
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Divide the interval [t1,t2] by points t7 = vg < v1 < -+ < vy, = tg such that

max (tp —tgp—1) < L. Under the assumption that (6.12) is proved for v = vy,
1<r<m 1+46

U = Upp—1, we prove (6.12) for v = vg, u = vy,. Since (6.12) holds for v = v,,_1,
U = vU,,, we have

Um Um

B e / bs) I (s) — 1 / #(s)ds ) 7, |
.| /<> v - ! /<> )
<8 e (/ s -4 / poyas) |7 )
o oo /<> v - /<> )7} -

The induction base for v = vy, u = v is also valid. Therefore (6.7) holds. Propo-
sition 6.1 is proved. O

Remark 6.2. Suppose that the process b(s), s € [0,T], is adapted to the filtra-
tion {F,}, and sup |b(s)] < M for some nonrandom constant M. Then for any
0<s<T

m >0
ta

Eexp (m/b(s) dW(s)) < Mt =t)/2, (6.13)

t1

Indeed, according to Proposition 1.1, the process b can be approximated by
a sequence of bounded simple processes b,, such that (2.8) holds. For a simple
processes b, we have (6.8). By Proposition 1.2 Ch. I with G(z) = 2!*7, v > 0,
the corresponding sequence of random variables is uniformly integrable. Therefore,
we can pass to the limit under the expectation sign in (6.8) applied for b,. This
implies (6.13).

Equation (6.3) gives us the iterative procedure

t

p(t) =1+ /t (1 + ]lp(s)b(s) dW(s))b(tl)dW(tl) =1+ / b(t1) dW (t1)
0 0

0

t ty to

+ / / (1+ / p(5)b(s) dW(s)>b(t2)dW(tz)b(tl)dW(tl)
0 0

0
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t t1

=1+ [dwbe) + [ awie)bn) [ )b

0 0

t t1 to
+ [awie ) [aweoe) [avs) v+
0 0 0
Formally, we have the series
= Z pn(t)v (614)
n=0
where po(t) = 1 and
t t1 tn—1
pult) = /dW(tl) b(tl)/dW(tQ) bits) - - / AW (1) b(t).
0 0 0
This is equivalent to the equality
t

0

Of course, we need to prove that the series (6.14) converges a.s. We assume this
first. Therefore, the stochastic exponent is represented as the sum of multiple It6
integrals of the process b(t), ¢t € [0,T].

The usual multiple integral has a simple expression, i.e.,

O/dtl b(tl)o/dtg bi(ts) 0/ by b(ta) = (O/b( )d)

For a multiple stochastic integral p,,(¢) the formula is not so simple. To derive it,
we proceed as follows.

For further purposes we consider the Hermite polynomials

(_1)kzn—2ktk

Tz 0L

([ 4\n 12/2t£ —z?/2t _ )
He, (t,z) := (—t)"e T € =nl Z
0<k<n/2

As to the right-hand side of this equality, see the corresponding example of for-
mula 5 in Appendix 6. We set Heg(t,z) := 1. It is easy to compute that
He; (t,2) = x, Heg(t,7) = 2% — t, Hez(t,z) = a® — 3at, Hey(t,z) = 2t — 62%t + 3t2.

The generating function of the Hermite polynomials is determined by the formula

ZZT n(t,x) = €77 v/2 v €R. (6.16)
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To prove (6.16), we note that the Taylor expansion of the function e~ @+8)?/2t i

oo

_ 2 A" dr 2

R TS )
n=0

Multiplying this equality by e’ /2t and setting A = —~t, we have (6.16):

00
ye—~y2t/2 _ § (=" z2 /2t ar —z? /2t
€ = — € -——€ .
n! dz™
n=0

Using the generating function (6.16), it is easy to derive the formulas

0 n(n—1
aHen(tﬂ):— (2 )Hen,g(t,x)7

e Hen(t x) = He,,_(t, x), k=1,2,.... (6.17)

a (n —.k)!

t t
Substituting z = /b(s) AW (s), t = /1)2(5) ds in (6.16), we have
0 0

t t t t

exp (’y/b(s) dW (s) — g/lﬂ(s) ds) = i%Hen (/b2(s) ds,/b(s) dW(s)).
0

0 0 n= 0 0
(6.18)
The series on the right-hand side converges a.s., since (6.16) converge for all z € R
and t > 0. The left-hand side of (6.18) is the stochastic exponent p (¢) defined
in (6.1) with the function vb(t) instead of b(t). For this stochastic exponent the
equality (6.14) has the form

P ( Zv pnt (6.19)

where p,(t) is defined by (6.15). Comparing (6.19) with (6.18) we come to the
conclusion that the multiple It6 integral p,(¢) must be equal to

pn(t Hen /tb2 /b s)dW (s )) n=1,2,.... (6.20)
0

Below we prove (6.20) directly, using It6’s differentiation formula. Then this implies
that the series (6.19) converges a.s for arbitrary v, since the series (6.18) converges
a.s., and our assumption on the convergence of the series (6.14) will be proved.

We prove (6.20) by induction. It is clear that (6.20) holds for n = 0 and n = 1.
Suppose that it holds for index n—1 and let us prove it for index n. It is also evident
that (6.20) holds for ¢ = 0, since He,(0,0) = 0, n = 1,2,.... The last equality
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follows from (6.16). Now it is sufficient to prove that the stochastic differentials of
both sides of (6.20) coincide.

According to (6.15) and the induction hypothesis, the stochastic differential on
the left-hand side of (6.20) equals

dpn(t) = pr1(£)b(t) AW (t) = ﬁ Hen_1 b(t)dW (t). (6.21)

t

t
Here and in what follows we omit the arguments /bz(s) ds, /b(s) dW (s) in the
0

0
notation of the Hermite polynomials in (6. 20)

Applying Itd’s formula (4.22) for X = (/b2 ) ds, /b )dW (s ) and taking into

account formulae (6.17), we obtain the followmg expressmn for the differential on
the right-hand side (6.20):

_9 2 107 2
dHe, = - Hep b (t )dt+ Hen b(t) dW (t) + 5 552 Hen b (t)dt

= "D He,y () dt +nHe,y b(t)dW (1) + "D He,_y 03() dt

2
—n He,_y b(t)dW (1).

After normalization by n! this stochastic differential coincides with (6.21) and,
consequently, (6.20) is proved, because p,(0) = 0 and He,(0,0) =0 forn > 1. O

Proposition 6.2. Let b(s), s € [0,t], be a stochastic process from L2[0,T].
Then

t t

0.3E(/b2(s) ds>2 < E(/tb(s) dW(s))4 < 30E(/b2(s) ds)Q. (6.22)
0

0 0

Proof. Since Hey(t,z) = x* — 62t + 3t2, we have

24p4(t) /b )4—G(jb(s)dW(s))Q/tb2(s)ds+3(/tb2(s)ds)2.

We can assume that the function b is bounded, otherwise we can apply the trun-

cation procedure. Let sup |b(s)] < M. According to (6.15) and the definition of
0<s<t
the stochastic integral, in order to take the expectation of p4(t) we need to be sure

that /E(pg(tl)b(tl))2 dt; < oo. In view of (6.15) and (1.12), the required estimate

0
follows from the inequalities

t t

/E(pg(tl)b(tl))Q dtl § MQ/E(pg(tl))z dtl :M2/dt1/E(p2(t2)b(t2))2 dtQ
0

0 0 0

ty
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t t1 to t1 to ts
844
§M6/dt1/dt2/E(p1(tg,)) dts < M3 /dtl/dtz/dt3/dt4 M4't )
0 0 0 0 0 0

Since the expectation of a stochastic integral is zero, we have Ep,(t) = 0. Now,
from the expression for 24p,(t) it follows that

o o) ae( rravio)” [} -aw( o)’

Applying Holder’s inequality, we get

t

E(O/tb(s) dW(s))4 < 6E!/? (jb(s) dW(s)>4E1/2 (jb2(s) ds>2 —-3E (O/b2(s) ds>2.
¢ 4 j 2
z:=EY (O/b(s)dW(s)> /E/ (0/1) (s)ds> .

Then the previous inequality can be written in the form 2? — 6z +3 < 0. This
is equivalent to 3 — /6 < z < 3 4 /6. For nonnegative z this is equivalent to
15 — 646 < 22 < 15+ 61/6. Finally this implies 0.3 < 22 < 30, and hence (6.22) is
proved. O

Set

Exercises.

6.1. Let b(s), s € [0,¢], be a stochastic process from L5[0, T]. Prove the estimate

¢ 3 ¢ 6 ¢ 3
c1E<0/b2(s) ds> < E<O/b(s) dW(s)> < c2E<0/b2(s) ds)

for some positive constants ¢; and cs.

§7. Stochastic differential equations

Let (22, F, P) be a probability space. Let W (¢), ¢t € [0,T], be a Brownian motion
with a starting point € R, and £ € R be a random variable independent of W.
Let F; = o{{,W(s),0 < s < t} be the o-algebra of events generated by the
random variable £ and by the Brownian motion in the interval [0, ¢].

Let a(t,z) and b(t,x), t € [0,T], x € R, be measurable functions.

A process X (¢), t € [0,T], X(0) = &, is said to be a strong solution of the
stochastic differential equation

dX(t) = a(t, X (£))dt + b(t, X(£)) dW (),  X(0) =¢, (7.1)



130 II STOCHASTIC CALCULUS

if X is a continuous F;-adapted process such that a.s. for all ¢ € [0, 7

t

/(\a(saX(S))\ +[b(s, X ())[?) ds < o0 (7.2)

0

and

X(t)y=¢&+ /a(&X(s))ds + /b(s,X(s)) dW (s). (7.3)
0 0

Note that due to (7.2) the integrals in (7.3) are well defined. In this section we
follow the presentation in the book Gihman and Skorohod (1972).

1. Existence and uniqueness of solution.

Theorem 7.1. Suppose that functions a and b satisfy the Lipschitz condition:
there exists a constant C such that for all t € [0,T] and z,y € R,

la(t, x) — a(t,y)| + [b(t, x) = b(t, y)| < Crlz -yl (7.4)

and the linear growth condition: for allt € [0,T] and z € R

la(t, z)[ + [b(t, z)| < O (1 + |z]). (7.5)
Let E€2 < oc.
Then there exists a unique strong solution of (7.1) satisfying the condition
sup EX2(t) < oo. (7.6)
0<t<T

Remark 7.1. Condition (7.5) follows from (7.4) if |a(¢,0)| + |b(¢,0)| < Cr for
all ¢ € [0, 7).

Remark 7.2. Conditions (7.4) and (7.5) are rather essential even for determin-
istic equations.

Indeed, the equation

1%, t € [0,1]. Thus it is impossible to find a

solution, for example, in the interval [0, 2].

Generally speaking, condition (7.5) that the functions increase no faster than
linearly guarantees that the solution X of (7.3) does not ezplode, i.c., | X (t)| does
not tend to oo in a finite time.

Another important example concerns the fact that for ¢ € [0, 7] the equation

has the unique solution X(t) =

PO _3x2(1),  x(0)=0,
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has more than one solution. Indeed, for any ¢y € [0, 7] the function

0, for 0 <t <ty,
X(t) = 3
(t_tO) ) for to §t§T7

is a solution. In this case the Lipschitz condition (7.4) is not satisfied.

Proof of Theorem 7.1. We first prove the uniqueness. Suppose that there are
two continuous solutions satisfying (7.3) and (7.6), i.e

Xi(t)=&+ /a(s,Xl(s)) ds + /b(s,Xl(s)) dW (s), l=1,2.
0

Then using the inequality (g + h)? < 292 + 2h?, we get

B(X, () — Xa(t))? < 2E</(a(s,X1(s)) — als, Xa(s))) ds)
0

t

+ 2E< / (b(s, X1(s)) — b(s, Xa(s))) dW(s))Z.

0

Applying the Holder inequality for the first term and the isometry property (1.12)
for the second one, we have

E(X,(t) — <2t [ E(a —a(s, Xa(s))* ds
e e

2/E
0

Now using the Lipschitz condition (7.4) we obtain

SX1
SX1

+

)) — b(s, Xo(s)))? ds.

¢
E(X1(t) — X2()* < L/E(Xl(s) — Xo(s))?ds  forallt€[0,T], (7.7)
0
where L = 2(T + 1)C3.
We will often use Gronwall’s lemma.

Lemma 7.1 (Gronwall). Let g(t) and h(t), 0 <t < T, be bounded measurable
functions and let for some K > 0 and all t € [0,T]

o(t) < h(t) + K / o(s) ds
0
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Then

() < h(t) + K / K=p(s)ds,  tel0,T] (7.8)
0

If h is nondecreasing, then

g(t) < h(t) X, teo,7). (7.9)

Proof. Set

t

b(t) = ht) + K / Kh(syds,  A(t) = b(t) - g(b),

0

and note that the function A(t), ¢t € [0, T}, is bounded. Since

( O/ eK(t_s)h(s)ds) =h(t)+ K O/ K= n(s) ds = (1),

the function ¢ satisfies the equation

and

A(t) > K/A(s)ds, te[0,7T].
0

Since K > 0, by iteration, we get

A(t) > KQ/t/SA(u) duds = K> /t(t —u)A(u) du > K3/t(t — u)]A(s) ds du
0 0 0 0 0
- K3O/t(t‘2“)2A(s) ds> - > KZjlo/t(t — 5)"A(s) ds.

The last term tends to zero as n — oo, consequently, A(t) > 0, ¢t € [0,T], and (7.8)
holds. For a nondecreasing function h inequality (7.9) is a simple consequence of

(7.8), because
¢

g(t) < h(t) + Kh(t) / B9 ds = h(t) K.
0
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Since sup E{X?(t) + X3(t)} < oo, using Gronwall’s lemma for h = 0, we deduce
0<s<

from (7.7) that E(X:(t) — X2(t))? = 0 and, consequently, P(X;(t) = Xo(t)) = 1
for every t € [0,T]. Therefore, the solutions X7, X5 coincide a.s. for all rational

moments of time, and by the continuity of paths P( sup |X;(t)—Xa(t)| = O) =1.
0<t<T
The uniqueness is proved.

To prove that there exists a solution of the stochastic equation (7.3) we apply
the method of successive approximations.
Set Xo(t) = 5,

t

X, (%) :zﬁ—F/a(s,Xn_l(s)) ds—i—/b(s,Xn_l(s))dW(s). (7.10)
0

0

Note that X,,(t) is a continuous Fi-adapted process for every n.
By the linear growth condition (7.5), analogously to (7.7), we have

t t
E(X:1(t) — Xo(1))? < Zt/EaQ(s,f) ds + 2/Eb2(s,§) ds < Lt(1 + E&%) = K Lt.
0 0

We now make the inductive assumption that for k =n — 1

K(Lt)k+

E(Xpi1(t) — Xi(1)? < D for all t € [0, 7). (7.11)

Then analogously to (7.7) we have

t
KLn+1 Lt n+1
B (n+ 1) ’
0

Thus (7.11) holds for k = n and the proof of (7.11) for all k = 0,1,2... is completed
by induction.

The estimate (7.11) will enable us to prove that the processes X, (t) converge
a.s. uniformly in ¢ € [0, 7] to a limit. We apply the estimate

T
02?5T|Xn+1( ‘0/ a(saXn—l(S)” ds
+ sup /(b(s,Xn(s)) —b(s, Xn_1(5))) dW (s)|.
0<t<T
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Then using Doob’s inequality (2.6) and (1.12), we obtain

T 2
EoiltlgT | Xpp1(t) — Xn(t)|2 < 2E(/|a(57Xn(3)) - a(S»Xn—l(S))|d5)
- 0

T t
+8 /E(b(s,Xn(s)) ~bs, X1 (s)))2ds < 4L/E(Xn(s) = X (s))2ds
0 0

KLn+lTn+1
(n+1)!

By the Chebyshev inequality,

Ln+1Tn+1

1
P( sup |Xupalt) = Xu(0)] > 5 ) <an'K T

0<t<T

Since the series of these probabilities converge, by the first part of the Borel-Cantelli
lemma, there exists a.s. a number ng = ng(w) such that for all n > ng

1
sup [ Xpq1(t) — Xn(t)] < .
0<t<T n

This implies that the random variables

n—1
Xn(t) =&+ Z (Xk1(t) — Xi(t)) (7.12)
k=0

converge uniformly in ¢ € [0,T] to

ie.,
P( lim sup |X,(t)—X(#)|= 0) =1
n—00 0<4<T

Therefore X (t), t € [0,T], is a continuous F;-adapted process and, in view of (7.5),
we see that (7.2) holds.

Using (7.4) and the uniform convergence of X,, to X, one can pass to the limit
in (7.10). We have a(t, X,,(t)) — a(t, X(t)) and b(t, X, (t)) — b(t, X (t)) a.s. uni-
formly in ¢t € [0, T, and

/ (b(t, Xn(6) — b(t, X ()2 dE -0 as.

We now can apply (3.6) and, by passage to the limit in (7.10), prove that the
process X is the solution of equation (7.3).
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To complete the proof of Theorem 7.1 it remains to prove that this solution
satisfies (7.6).
n

2 n

From the inequality ( > ck> <nY 3, and (7.11), (7.12) we get that EX2(¢) <
k=1 k=1

C(n+ 1) for some C. From (7.10) we have

2

EX2,(t) < 3E¢? +3E< 0/ a(s,Xn(s))ds> +3E< O/ b(s,Xn(s))dW(s)) .

Applying Holder’s inequality to the second term and the isometry property (1.12)
to the third term, and using (7.5), we obtain

t t
EX?,,(t) < 3B 4 3T / Ea2(s, X, (s)) ds + 3 / Eb(s, X (s)) ds
0 0

t
<3E§2+3L/(1+EX2( ))ds<M+M/EX2 ) ds.
0
for some constant M. By iteration, we get that for all ¢ € [0, T

2 2 3t? nta 1!

Therefore, EX?2_ () < MeM!. By Fatou’s lemma,
EX?(t) < MMt (7.13)

This proves (7.6). O
2. Local dependence of solutions on coefficients.

The meaning of the assertions presented below is the following. If for two sto-
chastic differential equations with the same initial value the coefficients coincide for
all time moments and for the spatial variable from some interval, then the solutions
of these equations coincide up to the first exit time from this interval.

Theorem 7.2. Suppose that the coefficients a1, by and as, by of the stochastic
differential equations

dXi(t) = ai(t, Xy(t)) dt + by(t, Xo() dW (), X1 (0)=¢,  (7.14)

1 = 1,2, satisfy conditions (7.4), (7.5) and a1 (t,z) = az2(t,x), b1 (t,x) = ba(t, z), for
(t,z) € [0,T] x [-N, N] with some N > 0. Let E£? < .

Let X;, I = 1,2, be the strong solutions of (7.14) and H; := max{t € [0,7T] :
sup |X;(s)| < N}. Then P(H; = H3) =1 and
0<s<t

P( sup |X1(s)—X2(s)\:O):1. (7.15)

0<s<H;
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Proof. Set
la if sup |X1(S)| < Na
(t) _ 0<s<t
1 0, if sup |Xi(s)|> N.
0<s<t

It is clear that () = 1 iff t € [0, Hy]. Since given the event {¢1(t) = 1} we have
a1(s,X1(s)) = az(s, X1(s)) and by1(s, X1(s)) = ba(s, X1(s)) for all s € [0,t], one

can write

o () (X () — / as(s5, X1(5)) — as(s, Xa(s))) ds
0

+<P1(t)/(b2(8,X1(8)) — ba(s, Xa(s))) AW (s).
0

Since the equality ¢1(¢) = 1 implies p;(s) = 1 for all s < ¢, using the Lipschitz
condition (7.4), we obtain analogously to (7.7) that for all ¢ € [0, T]

t

E{p1(0(0(0) - X207} <L [ B{a(s)(Xa(o) - Xals)*hds. (7.10)
0

By Gronwall’s lemma, E{gpl (X1(t) — Xo(t } = 0. Since the processes X1(t)
and X,(¢) are continuous, we get

P( sup (pu(t)(Xi(t) = X2(1))?) = 0) = 1.

0<t<T

This implies that in the interval [0, H1] the processes X;(¢) and X(t) coincide a.s.
Therefore, H, > Hy a.s. Switching the indices 1 and 2, we have that H; > Hs a.s.
Consequently, H; = Hs a.s. and (7.15) holds. O

3. Local Lipschitz condition.

In Theorem 7.1 condition (7.4) can be weakened to the local Lipschitz condition.

Theorem 7.3. Suppose that the functions a(t,z) and b(t,x) satisfy the local
Lipschitz condition: for every N > 0 there exists a constant Cy 1 such that for all
t€[0,7] and z,y € [-N, N]

la(t, z) — a(t, y)| + [b(t, 2) = b(t, y)| < On.7le =y, (7.17)
and the linear growth condition: for allt € [0,T] and z € R
la(t, z)| + |b(t, z)| < Cp(1l+ |z]). (7.18)
Then there exists a unique strong solution of (7.1).

Remark 7.3. The condition (7.17) holds if there exists %a(t,x) and %b(t,x)
continuous in (¢,z) € [0,T] x R.
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Proof of Theorem 7.3. The proof involves a truncation procedure. We prove
first the existence of a solution of (7.1).
Set

En = Mg <y + N sign &l vy,
an(t,x) := a(t, x) A Ny (|2]) + alt, N sign )Ty o0 (|2])

and
by (t, @) == b(t, 2) Lo,y (|]) + b(t, N sign ) Ly o) (|])-

Let Xn(t) be a solution of the stochastic differential equation
dXn(t) =an(t, Xn(t))dt + by (t, Xn (1)) dW (t), Xn(0) =&n. (7.19)

For equation (7.19) all conditions of Theorem 7.1 holds. Therefore there exists a
unique continuous solution of this equation satisfying the estimate

sup EX%(t) < cc.
0<t<T

Set Hy := max{t € [0,T] : sup |Xn(s)| < N}. Since for N’ > N we have
0<s<t
an(t,z) = an/(t,z) and by(t,z) = bn/(t,x) for © € [N, N], by Theorem 7.2,
Xn(t) = Xno(t) for all ¢ € [0, Hy] a.s. Therefore,

{Hy =T} C { sup sup |[Xn(t) — Xn(t)| = 0}
N'>N 0<t<T

and, consequently,

P( sup  sup |Xn(t) — Xno(2)] > o) <P(Hy <T)= P( sup | Xn ()| > N).
N’'>N 0<t<T 0<t<T

Next we will prove that
lim P( sup | Xy (t)] > N) =0. (7.20)
N—oo 0<t<T

Once this is done, then from the previous estimate and the first part of the Borel-
Cantelli lemma, it follows that for a sufficiently scarce subsequence N,, there exists
a.s. a number ng = ng(w) such that for all N,, > N,

sup sup |Xn, (t) — Xn/(t)] =0.
N'>N,, 0<t<T

Therefore, by Cauchy’s criterion, the sequence of processes Xy, (t), t € [0,T], is
Cauchy in the uniform norm for the a.s. convergence. Thus, Xy, () converges to
a limit process X (¢) uniformly in ¢ € [0,T]. In the stochastic equation

t t

Xn(t) :fN+/aN(s,XN(s))ds+/bN(s,XN(s))dW(s). (7.21)
0 0
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we can pass to the limit as IV, — oo. The usual integral converges in view of the
estimates (7.17), (7.18). To justify the convergence of the stochastic integral we
can use the same estimates and (3.6). As a result, we see that the process X (t),
t € [0,T], is the strong solution of equation (7.1).

Thus it is enough to prove (7.20). Using (7.21), it is easy to prove that for any
te[0,T)

t

y 2
sup |Xn(s)]? < 3¢% +3T/a?v(s,XN(s)) ds+ 3 sup </bN(u, XN(u))dW(u)> .
0<s<t 0<s<t

We multiply this inequality by (£), where ¥ (z) = H% Then using (2.6), (7.18)
and the estimate £39(€) < 1, we get

t

E{6(©X3 (0} < B{u(©) sup X%(5)} <3+ 37CH [ BU©)(+X3(5)} ds

0<s<t
0

t

+120} [ B{0©(+ X3 ()} ds.
0

By Gronwall’s lemma, we have E{y({)X% ()} < C for t € [0,7] and for some
constant C. Consequently,

B{v(©) sw Xi(9)} <0

0<s<T

for some constant C; independent of N.
One has the estimates

P( s IXn(0)]> N) = P(u(e) smp Xi(r) > Nu(c))

<P(v(6) sup X}(t) > 6N?) +P((€) <) < 50 + P(9) < 9),
0<t<T
for any § > 0. This implies
imsupP( sup |Xn(t)] > N) < P(p() <) = P& = (1 - 6)/9).
N—oo 0<t<T
But 1§ng(§2 > (1—46)/d) = 0. This proves (7.20) and, consequently, the existence

of the solution of (7.1).

We now prove uniqueness of a solution of (7.1). Let X;(¢) and X2 (¢) be two a.s.
continuous solutions of (7.1), satisfying the initial condition X;(0) = X5(0) = &.
Set

en(t) =T ( s [X1()] ) Tow( sup [Xa(v)]).
0<v<t 0<v<t
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Using the local Lipshitz condition, the isometry property (1.12) for stochastic in-
tegrals, and the fact that the equality ¢y (t) = 1 implies the equalities pn(s) =1
for all s < ¢, we can obtain (see the analogous estimate (7.7))

E{on(0(61(0) - Xa(0)?} <2 | B{on(s)(als, Xi(5) — als. Xa(s)))?} ds

+2/E{<pN(s)(b(s,X1(s)) b(s, Xa(s)))?) ds

—

2T+ 1)C% | E{on(s)(X1(s) — X1(s))*} ds.

—~ o

By Gronwall’s lemma, E{¢ny(t)(X;(t) — X2(t))?} = 0. Therefore, for arbitrary N

P( sup \Xl(t)—Xg(t)|>0) gP( sup |X1(t)|>N)+P( sup \Xz(t)|>N).
0<t<T 0<t<T 0<t<T

From the continuity of the solutions X; and X5 it follows that their suprema are
finite. This implies that the probabilities on the right-hand side of this estimate

tend to zero as N — oo. Thus P( sup |X1( )—Xo(t)] = 0) =1, and this means

uniqueness of the solution of (7. 1) O

It is convenient to have estimates for the moments of even order of the solution
of the stochastic differential equation (7.1).

Theorem 7.4. Suppose that the functions a(t,x) and b(t, x) satisfy the condi-
tions of Theorem 7.3. Let E£?2™ < oo, where m is a positive integer. Then

EX?"(t) < (E¢*™ + Kt)e*™!, (7.22)
and for s <t
E(X(t) - X(5)*™ < KT(1+ Kt + E&™)(1 + (t — s)™)(t — 5)™ e, (7.23)

for some constants K and K , depending only on m and Cr.

Proof. We use the notations from the proof of Theorem 7.3. Since, by (7.18), the
variables &y and the functions ax and by are bounded by the constant Cr(1+ N),
then from (7.21) and (4.25) it follows that EX2"(t) < CpN?™(1+t*™). Applying
Itd’s formula to X2 (t), we get

X3 = &

+/ 2mX2m Y )aN(s,XN(s))er(me1)X12Vm_2(s)b?v(s,XN(s))>ds
0
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+ / 2m X2 (s)bn (s, X (5)) IV (s).
0

Then

t
EXF(0) = B + [ (2mE{X3" (s)ax (5, X (s)}
0
+m(2m — DE{X3"2(s)b% (s, X (s))} ) ds
t
< E&*™ + (2m + 3)mC% / E{(1+ XX (s) X" (s)} ds.
0
Applying the obvious inequality 2™ 2 < 1+ 2™, we have
t
EX3"(t) < EE™ + (2m + 3)mCht + 2(2m + 3)mC%. / EX3"(s) ds.
0

By Gronwall’s lemma (see (7.9)),
EXY"(t) < (EE™ + (2m + 3)mC7t) exp (2(2m + 3)mCFt).

Therefore, by Fatou’s lemma this implies (7.22), since Xy (t) — X (¢).
We now prove (7.23). Obviously

BX(t) — X(s))2™ < E(/a(qu(v))dv—k/tb(U,X(v))dW(v)>2m

S S

¢ 2m j 2m
< 92m-l (E(/a(v,X(v))dv) +E</b(v,X(v)) dW(U)) >
2%k (2k—1)k
Using (4.25) with L, = 2’“1@2’“(%_1) , Holder’s inequality, (7.18), and

(7.22), we get

E(X(t)—X(s))Qmg(2(t—s))2m_1/tEa2m(v,X(v))dv—l—LmE(/tbQ(v,X(v))dv)m

< (2(t —s))?mt / Ea®™ (v, X (v)) dv + Ly, (t — s)m_l/Ebgm(v, X(v))dv

s S



§7. STOCHASTIC DIFFERENTIAL EQUATIONS 141

t
< 22 ACT (L + (t— 8)™)(t — 5)™ 1/ (1+EX?*™(v)) dv

t
< 24m=2(t — )M TICEM(L,, + (t — 5)™) / (1 + (BE™ + Kv)ezK”) dv

S

< CZL, K214 (t— s)™)(t — s)™(1 + Kt + E¢*™)e2KE,

4. Multi-dimensional stochastic differential equations.

Consider the vector-valued stochastic differential equations.

Let W(t) = (Wi(t),...,Wn(t)), t € [0,T], be m-dimensional Brownian motion
with independent coordinates, which are one-dimensional Brownian motions with
the initial values W (0) = z, k = 1,2,...,m. Let the random vector ge R” be
independent of the process W and let Fyi = U{f_: VT/(S), 0 < s <t} be the o-algebra
of events generated by Eand the Brownian motions Wy, k =1,2,...,m, in [0,¢].

Let d@(t,Z), t € [0,T], Z € R™, be a measurable function with the state space R"
and B(¢, Z) be an n X m matrix with measurable real-valued functions as elements.

n m 1/2
Denote by |@| the Euclidean norm of the vector @. Set |B| := ( Sy bi_l) for
k=11=1

matrixes B with elements {bx;}; "] ,_;.
Consider the n-dimensional stochastic differential equation

dX(t) =a(t, X (t))dt + B(t, X (t))dW (),  X(0) =& (7.24)
In coordinates this equation becomes the system of stochastic differential equations

ka(t) = ak(ta X1 (t)v ) Xn(t))dt

) bt Xa (1), X (0)dAW(E),  Xk(0) =&k, k=1,2,...,n.

The process X is a strong solution of (7.24) if it is a continuous F;-adapted process
such that a.s. for all ¢ € [0, 77,

(ld(s, X (s))] + [B(s, X ())]?) ds < o0 (7.25)

o—_ .

and

X(t) =E+/a(s,)?(s))ds+/lea(s X (s)) dW (s). (7.26)
0 0
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Theorem 7.5. Suppose that d(t,Z) and B(t, Z) satisfy the Lipschitz condition:
there exists a constant Cp such that for all t € [0,T] and Z,5 € R"

and the condition: for all t € [0,T] and Z € R"
|a(t, ©)| + [B(t, 7)| < Cr(1 + 7). (7.28)

Let E|§_)|2 < o0. Then there exists a unique strong solution of (7.24) satisfying
the condition

sup E|)?(t)\2 < 0. (7.29)
0<t<T

By standard techniques of linear algebra, the proof of this theorem follows es-
sentially the proof of Theorem 7.1 for the one-dimensional case.
Remark 7.4. The m-dimensional Brownian motion Wo(¢), ¢ € [0,T], with

dependent coordinates can be obtained from VT/(t) with independent coordinates
by a linear transformation. This means that there exists an m x m matrix C such
that W, (t) = CW(¢).

_, This is due to the fact that the matrix of variances of the Brownian motion
W, (t) is positive definite, and then

Var(W,(1)) = T C

for some matrix C. Here the symbol T stands for the transposition of matrices. It
is unnecessary to consider the analog of equation (7.24) for the Brownian motion

—

W, since
B(t, X (t)) dWo(t) = B(t, X (£))C dW (t).

Exercises.

7.1. Let W(t), t € [0,T], be an m-dimensional Brownian motion with inde-
pendent coordinates and F; := o{W(s),0 < s < t} be the o-algebra of events
generated by the Brownian motions Wy, k=1,2,...,m, in [0, t].

Let B(t), be an nxm matrix with progressively measurable processes as elements.

Let

dX(t) =Bt dW (),  X(0)=Zo.

Prove that the process

M(t) = X (1) - / IB(s)?ds
0

is a martingale with respect to the filtration F;.
7.2. Under the assumptions of Exercise 7.1, prove for r € N the formula
dIX (6)" = 20| X ()P (X (1)) TB(1) W (1)
+ (2r(r = DIXOP X 0) B + rIX O 2B ) dt.
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§ 8. Methods of solving of stochastic differential equations

1. Stochastic exponent. We already have an example of a stochastic differ-
ential equation and its solution. This is the stochastic exponent (see §6)

plt) = s ( / bs) AW (5) = 5 / #(5)ds ).

which is the solution of the equation

dp(t) = b(t)p(t) W (1), p(0) = 1. (8.1)
The state space of the solution of this stochastic equation is the positive real line.

2. Linear stochastic differential equation. The general form of the linear
stochastic differential equation is

dX (1) = (a()X (1) + r(t)) dt + (b)X (1) + q)) dW (1),  X(0) =zo. (8.2)

This equation also has an explicit solution.
For the product of the stochastic exponent p(t) and the ordinary exponent
t

po(t) = exp (/a(s) ds) we have

0
d(po(t)p(1)) = p(t) dpo(t) + po(t) dp(t) = polt)p(t) (alt) dt + b(t) AW (2))-
Therefore, the solution of the homogeneous linear stochastic differential equation
dY (t) = a(®)Y (t)dt + b(t)Y (t) dW (t), Y(0) =1. (8.3)

is the product of the ordinary exponent and the stochastic one:

t

Y(t):exp(/ +O/t —7b2 ))d).

0

It is well known how the solutions of the ordinary nonhomogeneous linear equations
are expressed via the solutions of homogeneous ones. We can expect that the
solution of equation (8.2) has the same structure. It can be checked by direct
computation that the solution of (8.2) is

t t

X(t) = Y(t){xo + /q(S)Y_l(s) dW(s) + /(r(s) —b(s)q(s))Y 1(s) ds}. (8.4)
0 0

Indeed,

dX(t) = X&) {a(t)dt +b(t) dW ()} + q(t) dW (t) + (r(t) — b(t)g(t)) dt
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+b(t)q(t) dt = (a(t)X () +r(t)) dt + (b() X (t) + ¢(t)) dW ().

Note that for the case ¢(t) = 0 and r(t) > 0, ¢ > 0, the state space of the linear
stochastic differential equation with initial value xg > 0 is the positive real line.

If the ratio q(¢)/b(t) is well defined for all ¢ > 0, then equation (8.2) can be
transformed to the equation with ¢(¢t) = 0 by means of a shift of the variable X.
Indeed, (8.2) can be rewritten in the form

dX(t):{a(t)(X(t)+%)—l—r(t)—a(t)%}dt—i—b(t)(X(t)—i—%)dW(t), X(0)=o.

Setting Z(t) := X(t) + % and assuming that % is a differentiable function, we

have

dZ(t) = {a(t)Z(t)—l—r(t)—a(t)Z(—g—l—(%)/} dt+b(0)Z(1) dW (t),  Z(0) = xo—&—%.

(8.5)
Therefore, by (8.4) with ¢(s) = 0, the solution of (8.2) can be written in the form

t ¢ t
% = %exp </a(s) ds) - /r(s)exp </a(v) dv) ds,
0 0

we have the shifted stochastic exponent

X(t):<o+—8 exp(/tb +/t _,b2 ))d>_28
0 0

as the solution of equation (8.2).

3. Nonrandom time change. For a nonrandom function h(t) that is different
t

t
from zero for all ¢+ > 0 and satisfies /hQ(s) ds < oo, the processes /h(s) dW (s)
0 0
t
and W(/ h2(s) ds), W(0) = 0, are identical in law. Indeed, they are Gaussian
0

processes with mean 0 and the variance / h?(s)ds. Also, these processes have

independent increments.
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Moreover, we can write

t

[ nsraives = w / () ds)

0

for some new Brownian motion ﬁ//(t), t > 0. Indeed,

/ o dw</h2 ).

t
The process W( / h2(s) ds) has independent increments, and there are well-develo-
ped techniques of integration with respect to such processes (see §9 Ch. I).
t
Making the time substitution ¢ — / h2(s) ds in the stochastic differential equa-

tion
dX(t) = a(t, X (t))dt + b(t, X (t)) dW (t), X (0) = xo, (8.7)

t
we have that the process V(t) := X ( / h2(s) ds) satisfies the following stochastic
0

differential equation:

AV (t) = a(

o —_ .

h2(s) ds,V(t)) h2(t) dt+b( / h2(s)ds,V(t)> h(t)dW (t), V(0) = xo.
’ (8.8)

Such a time substitution enables us to change the coefficients a(t,z) and b(t, x) as
functions of the time variable.

4. Random time change. Let W(t), t € [0,00), be a Brownian motion
adapted to the filtration {F;};>9. Suppose that the increments W (v) — W (t) are
independent of the g-algebra F; for all v > ¢.

Let b(t), t € [0,00), be a progressively measurable with respect to the filtration

{Fi}+>0 process such that 6(¢ /b2 )ds < oo a.s. for every ¢t > 0. Consider the

stochastic integral Y (¢ /b )dW (s), t € [0,00). Suppose that /bz(s) ds = 0o
0

Let ¢V (¢) := min{s : (s) = t} be the left continuous inverse function to 6,

defined for all ¢ > 0. Since for every s

S

{0C9(1) > s} = {/b2(v)dv < t} €Fs,
0

the variable 8~ (t) is a stopping time with respect to the filtration {Fs}s>o.
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Theorem 8.1 (Lévy). The process W(t) =Y (0""(¢t)), t > 0 is a Brownian
motion.

Proof For 4 := (71,...,%) € R" and 0 < t; < --- < t, denote B :=

Z nykfyl(tk At;), where s At := min{s,t}. To prove that W(t), t € [0, 00),
k=11=1
is a Brownian motion, it is enough to verify the following formula for the charac-

teristic function:

©(7) := Eexp (2 i%w(tk)) =e P2

k=1

since then W is a Gaussian process with mean zero and the covariance function
Cov( (s), W(t)) = s At, but it is a Brownian motion.

We have
n 01 (ty) n n
N . 1
4,0("/)63/2 = Eexp (ZZ'yk / b(S) dW(S) + 5 ZZ%%(tk /\tl)>
k=1 0 k=11=1

01 (tr) 0 (1) A0 ()

=EeXp(izn:wc / b(s )+ zn:zn:wm / bQ(S)d5>

k=1 o k=1 1=1 4

N | —

where g(s) := b(s) > vkljg g-1) (1, (5). Note that from the above transformations
k=1

it follows that /92(5) ds = B. The process
0

t t

plt)i=Bexp (i [ alaw(s)+} [ o)as)
0

0

is a uniformly integrable stochastic exponent (in formula (6.1) instead of b(s) we
have ig(s)). By (6.3) and (6.4), it is a complex-valued martingale (the real and the
imaginary parts are martingales), and Ep(t) = 1 for every t. Letting here t — oo,
we get Ep(co) = 1. As a result, we have that o(7)eP/2 = 1. This proves the
theorem. O

Consider a nonhomogeneous stochastic differential equation
dX(t) = a(t, X(t)) dt + b(t, X (t)) dW (t), X (0) = xo, (8.9)

with b(¢,x) > 0 for all (¢,2) € [0,00) x R.
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Let (¢ /b2 (s,X(s))ds < oo a.s. for every ¢ > 0 and 0(co) = co. Let

0D (t) = mln{s :0(s) =t}, t >0, be the left continuous function inverse of 6.
(=D (1)
Set Y (t) := X (01 (¢)), W(t) = / b(s, X (s)) dW(s). By Theorem 8.1, the
0
process W is a Brownian motion. In equation (8.9) we can make the random time
substitution. This yields

0= (1) 01 (1)

Y(t) - Y(0) = / a(s, X(s)) ds + / b(s, X(5)) TV (s)

0 0

t t
—~ a(0¢-V(s),Y (s —~
:/a(.9<—1>(s)7X(9(—1>(3)))d9<—1>(s)+W(t):/%ds—&-ww,
0 0

because d d
do(s) = 0(0-D(s))  b2(0C-D(s),Y(s))

Thus in equation (8.9), by the random time substitution, the coefficient before the
stochastic differential is transformed to 1. We get the equation

0=V (t t
dY () = M dt +dW(t),  Y(0) = xo. (8.10)

a(0 (), Y (1))
(0 (1), Y (1))
stopping time 8-V (¢). Since these stopping times are increasing in ¢, there exists
an increasing family of o-algebras A; := Fy-1)(;) connected with them (see §4
Ch. I). The process 8V (t), t > 0, is adapted (see property 8 §4 Ch. I) to the

t

filtration {A¢}+>0. Since the process /b(s, X (s)) dW (s) is progressively measurable
0

A feature of this equation is that the coefficient depends on the

with respect to the filtration {F;}+>0, the Brownian motion W(t) is also adapted
to the filtration {A;}i>0 (see §4 Ch. I). In addition, for all v > ¢ the increments

ﬁ//(v) — W (t) are independent of the o-algebra A;. This can be proved in the
following way. Analogously to the proofs of properties (2.3) and (2.4), we can

verify that a.s.
At} = 07

4

9(_1)(1))
E{WW(v) — W(t)| A} =E / b(s, X (s)) AWV (s)

01 (1)

01 (v)

E{(W(v) - W ()| A} = E{ b(s, X (s)) dW(s)>

0D (t)
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At}dsvt.

Since the process of W is continuous, by Lévy’s characterization (see Theorem 10.1

9(*1)(1,)

E{ / b%(s, X (s))ds

=1 (t)

Ch. I) these two properties guarantee that W is a Brownian motion. This is a
different proof than the one given above in Theorem 8.1. At the end of the proof
of Theorem 10.1 Ch. I it was established that for any 0 <t < v and o € R,

E{eza W(’U ’At} _ e—az(v t)/2 a.s.

This equality is equivalent to the fact that the random variables W(v) = W(t) are
independent of the o-algebra A;.
The adaptivity of the random coefficient of equation (8.10) with the filtration

{A¢}+>0 and the independence of W (v) — W (t) for every v > t of the o-algebra A,
enables us to prove that there exists a unique solution of such an equation.

5. Reduction to linear stochastic differential equations. Consider the
homogeneous stochastic differential equation

dX(t) = a(X (1) dt + b(X(£))dW (1),  X(0) = zo, (8.11)

where the coefficients a and b are independent of the time variable.

For this equation we describe a method of reduction to a linear stochastic dif-
ferential equation. Let f(x), z € R, be a twice continuously differentiable function
which has the inverse f=V(x).

Set X(t) := f(X(t)), t > 0. Write out the stochastic differential equation for
the process )?(t) Applying Itd’s formula, we have

df (X (¢)) = f/(X(1)a(X (1) dt + f/(X(£)b(X (1) dW () + %f”(X(t))bQ(X(t)) dt.

Setting

—~

8.12)
8.13)

(FI@)al(F0 @) + 5 (D @) (@),

f
P @)V (),

—~

and using the equality X (¢) = £V (X(t)), we obtain
X (1) = a(R () dt +BX ) AW (),  X(0) = f(zo).  (8.14)

Therefore, the substitution X(t) = f(X(t)) reduces equation (8.11) to equation
(8.14).

We derive conditions on the coefficients a(z) and b(x), x € R, under which
equation (8.11) can be further reduced to a linear one, i.e., a(xr) = az + r and
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l;(x) = Pz + ¢ for some constants «, 3, r, and q. For these coefficients the linear
stochastic differential equation has (see (8.6)) the solution of the form

v 2
X(t) = ( o) + %)emwu)fvv(o»mfﬁ /2)t

t

4 Br—aq / BV -W () +(a—/2)(t-5) gg _
8 E
0

Using expressions (8.12) and (8.13), for the coefficients a and b, we get

f'(@)a(x) + 5 f" (@) = af(z) + 7, (8.15)
f'(@)b(x) = Bf(x) +q. (8.16)
Suppose that b(x) is a continuously differentiable function such that b(z) # 0 for

all = from the state space of the process X.
In the case 8 # 0 the first-order differential equation (8.16) has the solution

flz) = 5 exp <ﬂ/ ,;Z;) — % (8.17)

T

where c¢ is some constant and xg is the starting point of X.
By (8.16),
f(@)b(z) + V' () f(x) = Bf'(2),
or

F(@)b?(2) = (B = V() (Bf () + q). (8.18)

Substituting this expression in equation (8.15), we have

(Z((g + %(5 - bl(f))) (Bf(z) +q) = af(x)+r, (8.19)

or

In the case § = 0 equation (8.16) has the solution

x

fl@) = f]/ % + h, (8.20)

Zo

where h is some constant, and (8.19) for 8 = 0 is transformed to the equality

x

a(x b (x d ah+r
(@) _ ():a/ﬁ+ xr (8.21)

zo

Thus, we can formulate the following statement.
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Proposition 8.1. For a continuously differentiable coefficient b(x) that is dif-
ferent from zero for all x from the state space of X, the homogeneous stochastic
differential equation (8.11) is reducible to the homogeneous linear stochastic dif-
ferential equation in the following cases.

If for some constants «, v, ¢ and 3 # 0, ¢ # 0

o) =be) (M + 5 - F4 e (<5 [), )

X ()

X(t) = & Ay 4 .
then the process X (t) := 5 exp <ﬁ / b(y)) 5 satisfies the equation

zo

dX(t) = (aX(t) +r)dt + (BX () + q)dW (),  X(0) = =2 (8.23)

If for some constants «, r, h, and q # 0,

q

a(x) = b(x) <b/(;) + a/ bc(l—z) + ah +T), (8.24)

Zo

X(t)
then the process X (t) := ¢ / % + h satisfies the equation
z0

dX(t) = (aX(t) +r)dt+qdW(t),  X(0)=h. (8.25)

6. Reduction to ordinary differential equations. Consider a nonhomoge-
neous stochastic differential equation

dX (1) = a(t, X (1)) dt + bO)X () dW (),  X(0) = xo. (8.26)

Here it is important that the coefficient in front of the stochastic differential is
linear. Let p(t) be the stochastic exponent

plt) = s ( / bs) AW (s) ~ 3 / #(5)ds ).

Compute the stochastic differential of the process X (t)p~1(t). By It6’s formula,
d(X (t)p~ (1)) = p~ (t){alt, X (1)) dt + b(t) X (1) AW (1)}

—X(8)p2(D)b(1)p(t) AW (1) + X (D)~ (DB (£)> (1) dt
—p (OB X (Ob(E)p(t) dt = p~ " (Dalt, X (¢)) dt.
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Setting Z(t) := X (t)p~1(t), we see that this process satisfies the ordinary differen-
tial equation
Z'(t) = p~t(t) alt, p(t) Z(t)), Z(0) = xo. (8.27)

Therefore, multiplying the solution of equation (8.26) by the factor p~1(t), we
transform this stochastic differential equation into the “deterministic” differential
equation, which is valid for each sample path of the process p(t), t > 0.

Equation (8.27) is rather complicated for the investigations, since it has nowhere
differentiable coefficient p(t). An example of the class of functions a(t,z), t > 0,
x > 0, for which it has an explicit solution is

a(t,z) = a(t)x”.
Nevertheless, equation (8.27) can be useful for numerical computations.

Combining the approaches described above and in Subsection 5, we can reduce
an arbitrary homogeneous stochastic differential equation

dX (1) = a(X (1)) dt + b(X () dW (),  X(0) = o, (8.28)

with continuously differentiable coefficient b(x) that is different from zero for all =
from the state space of X, to a “deterministic” differential equation, which is valid
for each sample path of the process.

Consider the function f, defined by (8.17) for ¢ =0, =1 and ¢ =1, i.e.,

F(z) = exp (/b‘g)) (8.29)

Zo

xT

The function B(z) := / bc(% has the inverse B~V (x). This implies that the function

z0
f(z) has the inverse f~Y(z) = B-Y(Inx).
According to (8.12), (8.16), and (8.18), the process X (t) = exp(B(X(t))) satis-
fies the stochastic differential equation

dX (1) = a(X () dt + X (t)dW (),  X(0) =1, (8.30)
where (BD(Inw) | 1 ¥(B(na))
i(z) = x(b(m—n(lnx))) S - - ) (8.31)

Then equation (8.30) takes the form (8.26) with b(t) = 1. Therefore, the process
Z(t) = X (t) V(O -WH)+t/2 gatisfies the ordinary differential equation

Z'(t) = VO -WOH/2 G 7(4) VO=WO=t/2) — 7(0) = 1. (8.32)
Finally,

X(t) = B"V(In X (t)) = BV (In Z(t) + W (t) — W(0) — t/2).
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Exercises.
8.1. Solve the linear stochastic differential equation

AV () = gV () dt + oV () dW (),  V(0) =z > 0.

8.2. Solve the linear stochastic differential equation

dU(t) = —~yU(t) dt + o dW (), U(0) = z¢ > 0.

8.3. Solve the linear stochastic differential equation

dZ(t) = (BZ(t) + o) dW (t),  Z(0) =z > 0.

8.4. Solve the stochastic differential equation

dX (t) = ﬁ dt + BX () dW (1),  X(0) =z > 0.

8.5. Solve the stochastic differential equation

dX(t) = XV(t)dt + BX () dW (),  X(0) =z > 0.

8.6. Solve the stochastic differential equation

dX(t) = aX (t)(1 — gX (1)) dt + bX (£) dW (L),  X(0) =z > 0.

8.7. Let o(x), x € R, be a function with bounded derivative such that the

integral
x

S(x) ::/ﬁdy

Zo

is finite for all z € R.
Let the process X (t), t € [0,7T], be a solution of the stochastic differential
equation

dX (1) = So(X()o' (X (8) dt +a(X (1)) dW (1),  X(0) = x.

Prove that Z(t) := S(X(t)), t € [0,T], is a Brownian motion.
8.8. Solve for v # 1 the stochastic differential equation

dX (t) = (aX(t) — gX7(t)) dt + bX (t) dW (), X(0) = x¢ > 0.
8.9. Solve for integer m # 1 the stochastic differential equation

dX(t) = <%X2m—1(t) + uX’”(t)) dt + X™()dW (),  X(0) =0 > 0.
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8.10. Under what conditions on the parameters a, b, n, for m # 1 is the
stochastic differential equation

dX () = aX™(t) dt + bX™ () dW (),  X(0) = zo > 0.

reducible to the linear one? What is the solution?

8.11. Let X (¢) be a solution of the stochastic differential equation
dX(t) = a(X(t))dt +b(X (1)) dW(t), X (0) = xo,

with a continuously differentiable coefficient b(x) different from zero for all x from
the state space of X.

Compute the function f(z) such that the process X (t) = f(X(t)), t > 0, satisfies
the equation containing only the pure stochastic differential (the factor before dt
is zero).

§9. Dependence of solutions of stochastic
differential equations on initial values

Consider a stochastic differential equation with nonrandom initial value:
dX,(t) = a(t, X, (t)) dt + b(t, X, (t)) dW (1), X.(0) =z (9.1)

The integral analog of this equation is the following:

t t

X, (t) :Q:Jr/a(s,Xm(s)) ds+/b(s,Xz(s))dW(s). (9.2)

0 0

1. Continuous dependence of solutions on initial values. We want to
consider solutions of (9.2) for all # € R simultaneously. Moreover, it is better to
consider them as a process of (t,x).

Then the following problem arises. A solution of the stochastic differential equa-
tion (9.2), as it was proved in §7, exists a.s. It can depend on the initial value.
Therefore, there is a set A, of probability zero, where the solution does not ex-
ists. The probability of the union of the sets A, can be nonzero. In this case the
solutions of (9.2) are not determined as a function of x on a set of nonzero proba-
bility. We had the analogous situation when considering the stochastic integral as
a function of the variable upper limit.

The main approach to overcome this difficulty is to prove that the process X, (¢),
(t,z) € [0,7] x R, can be chosen to be continuous.

Theorem 9.1. Suppose that the functions a(t,x) and b(t,x) satisfy the condi-
tions (7.4) and (7.5). Then there exist a modification X,(t) of a solution of (9.1)
a.s. jointly continuous in (t,z) € [0,T] x R.
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If X (t), t € [0,T, is the solution of the equation

X(1) :g+/a(s,X(s)>ds+/b(s,X(s))dW(s), 9.3)

with a square integrable random initial value & independent of the process W (t),
t € [0,T], then

P( sup |X(t)—X§(t)|:O> =1 (9.4)
0<t<T

Proof. From (9.2) it is easy to derive that

0<v<t

sup [X,(0) = X,(0)| < lo g1 + [ la(s. Xa(s) — als. X, ()] ds
0

v

[ 05, (6)) = bl X, () W ().

+ sup
0<v<t

Applying Doob’s inequality (2.6) and estimating as in (7.7), we get

t

2
B sup (Xo(0) =X, (0)* < 3=yl +38( / als, Xa(s))—als, X, (s))] ds)

+12/E(b(s, X (5))—bs, X, (5)))%ds < 3\m—y|2+3(T+4)C%/E(Xx(S)—Xy(s))st
0 0

t
< 3\m—y|2+3(T+4)C:2p/E sup (X, (v) — X, (v))2ds.
0

0<v<s

By (7.6), from the second inequality it follows that E sup (X,(v) — X, (v))?,
0<v<t

t € [0,T], is bounded. Then by Gronwall’s lemma (see (7.9)),

E sup (X,(v) — X, (0))% < 3|z — y?3TH0CH tc0,T]. (9.5
0<v<t

Now we can apply arguments similar to those used to prove the continuity of
Jx(t), (t,x) € [0,T] xR, in § 5. For every fixed x the process X,(t) is continuous in
t. Let us consider X, (-) as a random variable taking values in the space C([0,T]) of
continuous functions on [0,T]. This space, when equipped with the uniform norm
I/l :== sup |f(t)| is a Banach space. Then (9.5) can be written as

te[0,T]

E|| X, — X, |* < Mr|z —y|*. (9.6)
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Applying Kolmogorov’s continuity criterion in the form (5.7), (5.8), we obtain that
forany 0 <y <1/2and N >0 as.

[Xe = Xyll < Lvy(w)z—yl”,  x,y € DO[-N,N], (9.7)

where D is the set of dyadic (binary rational) points k/2" of R. Since D is count-
able, Theorem 7.1 shows that a.s. for every y € D and for all ¢t € [0, T there exists
a unique solution X, (¢) of the equation

X,(t) =y + / a(s, X, (s)) ds + / b(s, X, (s)) AV (s). 9.8)

Using (9.7) we can a.s. extend the processes X, from the dyadic set D to the whole

real line by setting X,(¢) = lim DXy(t). This limit is uniform in ¢ € [0,77],
y—z,y€
therefore, X, (t) is a.s. continuous in ¢ € [0,7] simultaneously for all z. Due to

this, (7.4), and (3.6), the passage to the limit in (9.8) as y — z, y € D, proves that
X, (t) is a.s. the solution of equation (9.2) for all (¢,z) € [0,T] x R.

From (9.7) we get that for any 0 < v < 1/2 the processes X, a.s. satisfy the

Holder condition

sup |X,(t) — Xy(t)| < Lny(w)|z —y|?, x,y € [-N, N], (9.9)
0<t<T

for all integer N.

The joint continuity of the solution X, (¢) in (¢,«) follows from (9.9) and from
the continuity of X, (¢) in ¢ for all . Indeed, for arbitrary z,y € [N, N] and
s,t €[0,T)

[ Xa(t) = Xy (s)| < [Xe(t) = Xa ()] + [ Xa () = Xy ()] (9.10)

Substituting in (9.2) instead of x the random variable &, satisfying the condition
of Theorem 9.1, we have a.s for all ¢ € [0, T

t t

Xe(t) :f—f—/a(s,Xg(s))ds—k/b(s,Xg(s))dW(s). (9.11)

0 0

To explain this equality we do the following. Set &,(w) := 3 %]Igm(w), where
—o0

Qpn = {w 1 {(w) € [E,EL)}. Then from (9.2), applied for 2 = £ and as. all

n’> n

w € Qp pn, we have for all ¢ € [0, T] the equation

t t

Xe, (2) :§n+/a(s,X5n(s)) der/b(s,Xgn(s))dW(s).

0 0
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Since | — &,| < 1/n, applying (9.9), we can pass to the limit in this equation. As
a result, we have (9.11). This stochastic equation coincides with (9.3), therefore
by the uniqueness of the solution, the processes X¢(t) and X(t), t € [0,T], are
indistinguishable in the sense of (9.4). O

Now we are going to prove a generalization of Theorem 9.1. Consider the family
Xs2(t), 0 <s<t<T, of solutions of the stochastic differential equation

t t

Xoalt) =2+ / a(q, X+ (q)) dg + / b Xoa(@) dW(g),  te[sT) (9.12)

S S

Theorem 9.2. Suppose that the functions a(t,x) and b(t, x) satisty conditions
(7.4), (7.5). Then there exists a modification X ;(t) of a solution of (9.12) a.s.
jointly continuous in (s,t,x), 0 < s <t < T, x € R. Moreover, for the solution
X(t), te[0,T], of equation (9.3) the following equality holds a.s. for all s€[0,T] :

X(t) = X, x(5)(1), tels,T), (9.13)

Proof. The main approach to the proof of this result is the same as for Theo-
rem 9.1, but there are some technical differences. Set as(q,7) := a(q, z)T[5 0 (q),
bs(q, ) := b(q, 7)I[5,00)(q). Consider the stochastic differential equation

t t

Xsa(t) :x+/as(q,fs,m(q))qur/bs(q, Xoo(@)dW(q),  t€[0,T]. (9.14)
0 0

The conditions of Theorem 7.1 and 7.4 are satisfied, so there exists a unique strong
solution of (9.14), obeying the estimate

sup E)}?;L(t) < Kp a1, (9.15)
0<t<T

where m is a positive integer. It is clear that X, ,(t) = ol g (t) + X o (0) Ljs (1),
From (9.14) we deduce the estimate

t

S (%o (0) = K@) < fo =01+ [ Jan(a Feal) - aula. Ko (@) dg
v

- 0

v

+ sup / (s (@, Ke.2(0)) — bulas Koy (@))) AW ().

0<v<t

Note that for s < u

as(qa SU) - au(qa y) = a(qa x)]]:[s,u] (Q) + (a(qa iC) - (l(q, y))]I[u,T] (q)
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Using conditions (7.4), (7.5), we have

|as(g;x) = au(g, y)| < Or((1 + |2) s (g) + |2 = y))-

Then, applying the analogous inequality for bs(g,x), (4.25), (9.15) and the Holder
inequality, we get for z,y € [-N, N] and for ¢ € [0,T] the estimate

E sup (Xs,z(v) - Xu,y(v))Qm

0<v<t

m m > > 2m
<Km,T,N(|x—y|2 a4 [ B(Rale) = Kuy() dq).

o

m m fayd oy 2m
SKm,T,NQxyF Flu—s / E sup (Xon(v) = Kuy(®)) dq>.

0<v<q

0
Finally, by Gronwall’s lemma (see (7.9)),

E sup (Xs.(v) — Xuy(0)?™ < Kopron (|7 — y[>™ + Ju— s|™).
0<v<t

Applying Kolmogorov’s continuity criterion (the analog of Theorem 3.3 for pro-
cesses with values in Banach spaces), we deduce that for every 0 < v < 1/2 and
N >0, as. for all s,u € DN[0,7] and z,y € D()[—N, N]

sup | Xs0(0) — Xuy ()| < Lygq (@) (lu—s|" + |z —y|7), (9.16)

0<v<t

where D is the set of dyadic (binary rational) points.

Using (9.16) we can a.s. extend the processes X, , from the dyadic set D x D
to the whole real plane by setting

Xoo(t)= lim  lim  X,,(t), sel0,T], z€[-N,N].

) y—x,yeED u—s,u€D

This limit is uniform in ¢ € [0, 7], therefore )Z'S’x (t) is a.s. continuous in ¢ € [0, 7
for all s,z simultaneously. Due to this, (7.4), and (3.6), the passage to the limit
n (9.14) as s, — 8, T — &, (Sp,x,) € D x D, proves that )Z'S,I(t) is a.s. the
solution of equation (9.14) for all (s,t,x) € [0,7]?> x R. Analogously to the proof
of Theorem 9.1, one establishes that the process )Es,w(t), (s,t,x) € [0,T)?> x R, is
continuous and, consequently, the same is true for the process X (), 0 < s <t <
T, x € R. The equality (9.13) also holds (see the end of the proof of Theorem 9.1).

0

Remark 9.1. Let 7 be a stopping time with respect to the filtration F; :=
o{&, W (s),0 < s < t}, where £ is a random variable independent of the Brownian
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motion W. Then for the set {7 < ¢t < T} the following stochastic differential
equation

t t

X o(t) =x+/a(q,XT,m(Q))qur/b(q,XT,z(q))dW(q% te[nT], (9.17)

T T
makes sense.

This is due to the fact that for a fixed 2 the processes a-(q, z) := a(q, )1+ 50)(q)
and b-(q,x) := b(q, )1[; ) (q) are adapted to the filtration Fg, ¢ > 0.

2. Differentiability of solutions with respect to the initial value. Con-
sider the question of differentiability of the solution X, with respect to the initial
value z. Since X, is a random function, we should treat the derivative with respect
to z in the mean square sense. If for a random function Z(x), z € R, there exists
the random function V(z) such that

. Z(x+ A) — Z(x) 2
AILHOE(T - V(m)) =0,
we call V(x) the mean square derivative of Z and set %Z(z) =V (x).

The mean square differentiability is important, for example, for the proof that
the function u(z) := Ef(X,(t)) is continuously differentiable, where f(z), z € R,
has a continuous bounded first derivative.

Theorem 9.3. Suppose that the functions a(t, z) and b(t, z), (t,2) € [0,T] xR,
are continuous, and have continuous bounded partial derivatives a’,(t, z) and b, (t, z)
with respect to z.

Then the continuous solution X, (t) of (9.1) has a stochastically continuous in

(t,z) € [0,T] x R mean square derivative XV (t) := %Xw(t), which satisfies the
equation

XO() =1+ / a (5, X, () XD (s) ds + / B (s, X, ()X (5) AW (). (9.18)
0 0

Remark 9.2. Under the assumptions of Theorem 9.3, the functions a and b
satisfy the Lipschitz condition (7.4) and the linear growth condition (7.5).

Remark 9.3. The function XV (¢) satisfying equation (9.18) has the form (see

(8.3))

X“)(t)—exp(/b (5, X /{a (5, X, () — L (0.5, X s )}ds)

(9.19)
This derivative is positive and, therefore for every fixed ¢, the process X, (t) is a.s.
an increasing function with respect to x.

Proof of Theorem 9.3. We start with an auxiliary result.
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Lemma 9.1. Let aa(t) and ba(t), t € [0,T], A € [-1,1], be a family of uni-
formly bounded progressively measurable processes, i.e., |aa(t)] < K, [ba(t)] < K
for all t € [0,T] and some nonrandom constant K. Suppose that for every A a
progressively measurable process Ya(t), t € [0,T)], satisfies the equation

t

Ya(t) =1+ /U,A(S)YA(S) ds + /bA(s)YA(s) dW (s). (9.20)
0

0

Then for any p € R,
EYZ (1) < elpl(pIE+DEL (9.21)

If an(t) — ao(t) and ba(t) — bo(t) as A — 0 in probability for every t € [0,T],
then Ya(t) — Yo(t) in probability and in mean square, where Yy is the solution of
(9.20) for A = 0.

Proof. We note first that Ya(¢) can be represented (see (8.3)) in the form

1@&%=Wp(/$u$dwwr+jﬁm@%—?2@D®) (9.22)

and, consequently, YA (t) is a nonnegative process.
Using the Holder inequality and (6.13), we have

t ¢
EYZ(t) <EYZexp <2p/bA(s) dW(s)) E'/2 exp <2p/aA(s) ds) < P KPtlpIKT
0

Note that the estimate (9.21) is valid for both positive and negative p.
Since the coefficients aan and ba, A € [—1, 1], are uniformly bounded and they
converge in probability, they converge also in mean square. Therefore,

¢ t
. . 2 _ . . _
ilino E(ba(s) —bo(s))*ds =0, ianO/E|aA(s) ap(s)|ds = 0.

0 0
Then, in view of (2.8), we can pass to the limit in (9.22) and get that YA (¢t) — Yy (¢)
in probability.
For arbitrary € > 0, we have

E(Ya(t) — Yo(1)? = E{To([Ya(t) — Yo(t)])(Ya(t) — Yo(t))*}
+ E{T( o) ([Ya(t) = Yo(t))(Ya(t) = Yo(t))?} =: Iy a + I2.A.

Using the convergence Ya(t) — Yp(t) in probability, we see that the first term
on the right-hand side of this equality tends to zero by the Lebesgue dominated
convergence theorem. The second term is estimated by Holder’s inequality as
follows:

I.a < PY2([Ya(t) — Yo(O) > ) EV2(Ya(t) - Yo(1))*.
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This term also tends to zero in view of (9.21), p = 4, and the convergence Ya(t) —
Yo(t) in probability. Consequently, Ya(t) — Yy(¢) in mean square. Lemma 9.1 is
proved. O
We continue the proof of the theorem. Since a(t,x), b(t, x) have bounded deriva-
tives with respect to x, the functions
~ a(t,y) —a(t,z = b(t,y) — b(t,x
lta,y) = MR gy = MEORE gy,
can be extended continuously to the diagonal x = y by setting a(t, z, z) == a’(t, 2),

b(t, z,z) := b, (¢, 2).

For a fixed x and A # 0, set Ya(t) := M

, t €[0,T]. Since

Xoralt) = Xo(t) = A+ [ (als, Xora(s)) — als, Xo(s))) ds

+ [ (0(s; Xara(s)) = bls, Xa(s))) AW (s),

/
/

the process Ya(t) satisfies equation (9.20) with the coefficients

an(t) == a(t, Xppna(t), Xo(t)), ba(t) == b(t, Xopa(t), Xo(1)).
These coefficients are uniformly bounded, because the functions a(t, z) and b(¢, z)
have continuous bounded derivatives with respect to z.
By (9.9), Xz1a(t) — X, (t) as A — 0 a.s. Therefore,
an(t) — al(t, X, (1)), ba(t) — U, (t, X, (1)) as A — 0 a.s.
Finally, applying Lemma 9.1, we have that as A — 0 the variables Y (¢) converge
in probability and in mean square to the limit Yy (¢) which is said to be the derivative
XM(t) = %Xm(t). The limit process X " (t) satisfies (9.19) and (9.18).
In view of (9.9), the conditions on the coefficients a, b, and (3.6),
¢

Jrex,@ants) - [vexoare) —o  asy-e
0 0

sup
te[0,T]

in probability. The ordinary integral in (9.19) is also continuous with respect
to x, uniformly in ¢t € [0,7]. This and (9.19) imply that the process X " (t),
(t,z) € [0,T] x R, is stochastically continuous, and so continuous in mean square.

O

Remark 9.4. Under the assumptions of Theorem 9.3,
E(X;”(t))p < elpl(pIE+D KL (9.23)
for any p € R.
Indeed, (9.23) is a consequence of (9.21) and Fatou’s lemma.

3. Second derivative of a solution with respect to the initial value.
Similarly to the proof of Theorem 9.3, we can prove the following result concerning
the second-order derivative of X, (t) with respect to the initial value z.
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Theorem 9.4. Suppose that the functions a(t, z) and b(t, z), (t,z) € [0,T] xR,
are continuous, and have continuous partial derivatives a’,(t,z), b.(t,2), o (¢, z),
b7 (t, z) with respect to z.

Then the continuous solution X, (t) of equation (9.1) has a stochastically con-
tinuous in (t,z) € [0,7] x R mean square second-order derivative X?(t) :=

d? d . . .
X (1) = aX;”(t), which satisfies the equation

dz?
X2 () :/a'z’z(stz(S))(Xé”(S))Qds*/a/z(s,Xz(S))Xé”(S) ds
0 0
b (5, Xa(5)) (XL (5))? AW (s) + /b'z(S’Xx(S))X?(S) dW(s).  (9.24)

Remark 9.5. The function X{?(t) satisfying this equation has (see (8.4)) the
form

t

X () =Xé”(t){/b;'z(s,Xw(S))Xé”(S)dW(S)

0
t
+/(a/z/z(saXr(S)) — bL(s, Xa ()b (5, Xa(s))) X3 (5) ds}- (9.25)
0
Proof of Theorem 9.4. From (9.18) for A € [—1,1], it follows that

t
XA = X0 = [ (a5 Xara(6) XiLa(6) — alls, Xus)) X2 (5))ds
0

" / (5, Xos () X024 (5) = b (5, Xo(5)) XL (5))dW (). (9.26)
0

Since a(t, z) and b(t, z) have bounded second derivatives with respect to x, the
functions

~ a; (try) - aén (t7m) T b, (t7y) - béc (ta$)
a'(t,z,y) = yTa V(t z,y) = yT’ T F#y,

can be extended continuously to the diagonal z = y by the equalities a'(t, z, z)
=al,(t,2), V(t, 2 2) :=b],(t 2). We also denote

apn(t) = a'(t, Xora(t), Xa (1)), ba(t) =V (t, Xota(t), Xa(t)).
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These coeflicients are uniformly bounded, because the functions a(t,x) and b(t, )

have continuous bounded second derivatives with respect to x.
XA — X0 (1)

For a fixed z and A # 0 we set Za(t) := “Af and, as in the proof
of Theorem 9.3, we set Ya(t) := M’ t e 0,7
Then (9.26) can be rewritten in the form
t t
2a(0) = [ da6Ya(&X a5+ [ Ha(9Val) X1 a(s) W)
0 0
¢ t
T / (5, X, (5)) Za (5) ds + / (5, X, () Za(s) W (s).  (9.27)
0 0

This stochastic differential equation, as equation for the process Za, has the form
(8.2). The coefficients of its linear homogeneous part are of the same form as in
(9.18). Therefore, according to (8.4) and the fact that in this case (8.3) is exactly
(9.18), the solution (9.27) has the form

t

Za(t) = X;”(t){ [ X A6 (X)) aw )
0

—I—/ s) — b (s, X4 (s)) ba () Ya(s) X A (s )(X;l)(s))_l ds}. (9.28)
0

Using this representation, it is not hard to get the estimate

sup sup EZ3"(t) < oo (9.29)
0<A<10<t<T

for any positive integer n.
Indeed, taking into account the boundedness of the functions a, b)x, b}, the
estimate (4.25), and the nonnegativity of the processes Ya, X", we get

t
n 1 R IO AY
Bz () <2 o { / V() (X ()20 ) as)

NP AOPAN / IRE RO
+E</yA )X A(s) (1)(s)ds> }gCn/E(YA( )X A(s )m) ds.
0
Applying Holder’s inequality, we obtain

t
EZX'(t) < C/E1/4YA8"(8)E1/4(X;iA(S))SnEl/“ (X0 ()B4 (XD (s)) T ds.
0
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Now we can use estimates (9.21), (9.23), which leads to (9.29). The estimate (9.29)
guarantees (see Proposition 1.1 Ch. I) the uniform integrability of the family of
random variables {ZZ(??)}A>0 for every ¢ € [0,T].

By (9.9), X.+a(t) — X2 (t) as A — 0 a.s. Therefore,
an (t) — a’l,(t, X, (1)), WA (t) — U, (t, X (1)) asA—0 as.

In turn, Ya(t) converges as A — 0 in probability and in mean square to the
derivative X(V(t), and X7 \(t) — X{V(t). Consequently, in (9.28) we can pass
to the limit as A — 0. Then we see that the processes Za(t) converge as A — 0
in probability and in mean square to the limit Zy(¢), which is called the second-
2

order derivative X(? (t) = %XI (t). The limit process X{» (¢) satisfies (9.25), and
hence it satisfies (9.24). By (9.25) and (9.29), X (¢) is stochastically continuous in
(t,z) € [0,T]x R, and it is continuous in the mean square, since the processes X (t)
and XV (t) are stochastically continuous with respect to z uniformly in ¢ € [0, T].

O

Remark 9.6. Under the assumptions of Theorem 9.4,

sup B(X2(1)*" < 0o (9.30)
0<t<T

for any positive integer n.

Indeed, (9.30) is a consequence of (9.29) and Fatou’s lemma.

§10. Girsanov’s transformation

To clarify the subject of this section we start with a simple example.

Let (Q,F,P) be a probability space. Let ( = ((w) be a Gaussian random
variable with mean zero and variance 1. The characteristic function of this variable
is given by the formula

Ee'*¢ = /eizC(“’)P(dw) = / e"”\/%e_mz/2 do = e /2, zeR. (10.1)
™
Q —00

This equality holds also for a complex z.
Define a new probability measure by setting

B(4) = [ exp (-~ uglw) - %) Plde)

A

for sets A € F. This relation has a brief expression in terms of the Radon—-Nikodym
derivative B ,
dP _ P(dw) _ _ W

Note that P(2) = 1, since by (10.1), for z = iy we have P(Q) = e 2Re1C = 1.
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Proposition 10.1. The random Vz;lriab]e(~ = (4 p with respect to the measure
P is the Gaussian random variable with mean zero and variance 1.

Proof. Denote by E the expectation with respect to the measure P. Then for
an arbitrary bounded random variable 7,

E ::/n(u)) P(dw) :/n(w) exp (— pC(w) — ”;)P(dw) =E{nexp (—u¢ - ”;)}-
Q Q
Using this, we have

Eeiz€ — Beiz(¢tn) — E{eiz(c+u) exp ( -l — “i)}
2

o0
_ H)2 iz(ztp) —pw L —a?/2
e e e me dx
— 00
o0 o0
- iz(atn) 1 —(@+w)?/2 g, iy 1 =v?/2 gy — o—7/2
/e \/276 dx /e me dy=ce .
— 00 —0o0
This proves the statement. O

The main point of Proposition 10.1 can be formulated as follows: a special choice
of the probability measure can compensate the shift of a Gaussian random variable.

The distribution of a random variable is uniquely determined by the character-
istic function or by the family of expectations of a bounded measurable functions
of this variable. The statement that the random variable 6 = ( 4 p with respect
to the measure P is again distributed as ( can be expressed as follows: for an
arbitrary bounded measurable function f we have Ef (¢) = Ef(¢), or, in view of
the definitions of E and ¢,

B{f(C+ ) exp (- uC — )} = BF(Q). (10.2)

As we saw, if instead of the abstract expectation with respect to the probabil-
ity measure P we write (10.2) in terms of integrals with respect to the Gaussian

distribution function dG(x) = \/%e"’”2/2 dx, then formula (10.2) turns to the inte-
™

gration by substitution formula. We can rewrite (10.2) in another way. We apply
(10.2) to the function f(z)e"*=#/2 instead of f(z) and get

2
Ef(¢+p) =B{f(Q)exp (u¢ - £)}
For f(x) = Ta(z), A € F, this formula has the brief equivalent

dPey, s
dT: = exp (MC - 7),

where P¢,, is the measure corresponding to the variable ¢ + p and P¢ is the
measure corresponding to the variable (.
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Results analogous to Proposition 10.1 hold also for some random variables taking
values in functional spaces, i.e., for stochastic processes. The next result concerns
the Brownian motion.

Let (Q,F,{F:},P) be a filtered probability space. Let W(¢), t € [0,T], be a
Brownian motion adapted to the filtration {F;}. Suppose that for all v > ¢ the
increments W (v) — W(¢) are independent of the o-algebra F;.

For an arbitrary b € £2[0,T], consider the stochastic exponent

p(t) = exp (— /tb(s) AW (s) — ;/tbQ(s) ds>, te0,T).
0 0

Here compared with the exponent from § 6 we take the process —b(s) instead of
b(s). The stochastic differential of p is

dp(t) = —p(£)b(t) W (2). (10.3)

Therefore,
t

o) =1~ [ p(e)b(e) W (0).
0

Suppose that for some § > 0

E exp ((1+5)/Tb2(s) ds> < 00,
0

or
sup Ec® () < co.
0<s<T
Then the stochastic exponent p(t), t € [0,T], is (see Proposition 6.1) a nonnegative
martingale with the mean Ep(t) = 1 for every t € [0,T].
Define the probability measure P by setting

for A € F. Note that P(Q) = Ep(T) = 1.
Denote by E the expectation with respect to the measure P. Then

Emz/mmﬁwwz/mwMﬂwaw=Emmn}

Q Q
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Proposition 10.2. For any bounded F;-measurable random variable n the fol-
lowing equalities hold:

En = E{np(t)}, (10.4)
and for s < t, B
B{n|F.) = S5 Blnp(I ). (10.5)

Proof. Indeed, using the martingale property of p(t), ¢t € [0,T], we have

En = E{E{np(T)|F;}} = E{nE{p(T)|F:}} = E{np(t)}.

To prove (10.5) we consider an arbitrary bounded Fs-measurable random variable

&. We compute the expectation E{{n} in two different ways. Using the properties
of the conditional expectation and (10.4), we have

E{én} = E{E{én|7.}} = E{¢E(n|F.}} = E{ép(s)E{n|F.}}. (10.6)

On the other hand, first applying (10.4) and then using the properties of the con-
ditional expectation, we obtain

E{¢n} = E{&np(t)} = E{E{&np(t)|Fs}} = B{EE{np(t)|F:}}. (10.7)

Since ¢ is an arbitrary bounded Fs-measurable random variable, the coincidence
of the right-hand sides of (10.6) and (10.7) implies (10.5). O

The following result is due to I. V. Girsanov (1960) (for nonrandom b see
Cameron and Martin (1945)).

t

Theorem 10.1. The process W (t) = W (t) + /b(s) ds is a Brownian motion
0
with respect to the measure P.

Proof. By the characterization property (10.9) Ch. I, to prove that the process
W is a Brownian motion it is sufficient to verify that for any s < ¢ and z € R,

E{exp(iz(W(t) — W(s))|Fs} = e = 9/2 a4y (10.8)

We prove (10.8). We first assume that sup |b(s)] < M for some nonrandom
0<s<T

constant M. For any fixed s and t > s, we set

t

n(t) := exp (zz(W(t) - W(s))) = exp (zz(W(t) —W(s)) + Zz/b(u) du).

S

Note that n(s) = 1. According to (10.5),

a(t) = B{n(1)| 71} = 5 BO(0)p(1)| o).
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We fix s and for ¢ > s apply Itd’s formula (4.24) for

ft,z,y) = ey, X(t) =iz(W(t) —W(s)) + zz/b(u) du, Y (t) = p(¢).

Then taking into account (10.3), we obtain

d(n(t)p(1)) = n(D)p(t){iz dW (1) + izb(t) i}
= n(Op()(L) AW (1) = 322n(D)p(t) di — izn(D)p(t)b(t) dt

In the integral form this is written as follows: for every t > s,

t t t

n0p(0)=p() + iz [ nw)ota) W (@)~ [n(pbe dW () -5 [nwpta) du.

S S S

Since |n(t)| < 1 and, by (6.13), the estimate E(p(u)b(u))? < M?2e2M*u Jolds, we
can use (2.3) and get

t

E(OpOIF) =p(s) - 5 [E@plF)du s

S

Using the definition of the function g, this can be written in the form
t
Z2
g(t)zl—?/g(u)du, t>s.
S

The solution of this differential equation is g(t) = 6’22(“8)/27 which is the required
result (10.8).

We will prove (10.8) for an arbitrary process b € £5[0, T, satisfying the assump-
tions stated above. There exists a sequence of bounded processes b, € L3]0,T],

such that
T

nan;O (b(s) — bn(s))?ds =0 a.s.

0

t

Then the processes Wn(t) = W(t) + /bn(s) ds converge to the process W. We
0

denote p,(t) the stochastic exponent corresponding to the process b,. Then, in

view of (3.6), pn(t) — p(t) in probability for every ¢. Since Ep,(t) = Ep(t) = 1,
we have

Elpn(t) — p(t)] = E(Ip(t) — pu(®)] + p(t) — pn(t)) = 2E(p(t) — pu(t)) "
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Since (p(t) — pn(t))"™ < p(t), by the Lebesgue dominated convergence theorem,
pn(t) — p(t) in mean. For the processes b, the equality (10.8) has been already
proved, i.e., in view of (10.5),

B{exp(iz(Wa(t) = Wa(s))pn()IF,} = pals)e™="/2072).

By property 7’) of conditional expectations (see §2 Ch. I), we can pass to the limit
in this equality and obtain (10.8) for the process b. O

Remark 10.1. For a nonrandom function b Theorem 10.1 was first proved by
Cameron and Martin (1945).

Girsanov’s theorem can be presented in another form. Let C([0,T]) be the
space of continuous functions on [0,7]. When equipped with the uniform norm
C([0,T]) becomes a Banach space. Instead of an abstract probability measure P
we can consider the Wiener measure Py, which for cylinder sets is determined by
(10.1) Ch. I. Although the Wiener measure is concentrated on the sets of nowhere
differentiable paths, it can be extended to the o-algebra B(C([0,T])) of Borel sets
of the space C([0,T]). This measure can be characterized by the expectations of a
bounded measurable functionals of Brownian motion.

Girsanov’s theorem can be recast as.

Theorem 10.2. Let p(X(s),0 < s < t) be a bounded measurable functional
on C([0,t]). Then

E{p(W(s) —|—O/b(u) du,0 <s < t) p(t)} =Ep(W(s),0 < s <t). (10.9)

Proof. Indeed, the statement of Theorem 10.1 is equivalent to the following: for
any bounded measurable functional (X (s),0 < s <),

Ep(W(s),0 < s <t) = Ep(W(s),0 < s < t).

In view of (10.4), the left-hand side of this equality coincides with the left-hand
side of (10.9). O

Let us consider a very important application of Girsanov’s transformation.
Let X (t) and Y (), t € [0,T], be solutions of the stochastic differential equations

AX(t) = o(t, X (1)) dW () + pa(t, X (1)) dt, (10.10)
dY (t) = o (t, Y (£)) dW (t) + pa(t, Y (1)) dt, (10.11)

with the same nonrandom initial values. Suppose that the coefficients o, p1, s
satisfy the conditions of Theorem 7.1. Assume also that o(t,x) # 0 for all (¢,z) €
[0,7] x R.

Let G& = o(W(s),0 < s < t) be the o-algebra of events generated by the
Brownian motion up to the time ¢. It was proved in §7 that the processes X and
Y are adapted to the natural filtration G¢, i.e., for every t the variables X (t) and
Y (t) are measurable with respect to Gf.
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Theorem 10.3. Let a(t,z) := M, be a continuous function of the

o(t,x)
variables (t,z) € [0,T] x R. Denote

t

[ x o as)

0

N | =

t
plt)i=exp (= [ als X aw () -
0
and suppose that for some § > 0

T
Eexp ((1 + 5)/052(t, X(t)) dt> < 00 or sup Eef” (tX(0) < oo,
) 0<t<T

Then for any bounded measurable functional p(Z(s),0 < s <t) on C([0,t]),

Ep(Y(s),0< s <t) =E{p(X(s),0 <s < t)p(t)} (10.12)

for every t € [0, T).

Remark 10.2. Let Px and Py be the measures associated with the processes
X(t) and Y (), t € [0, T1], respectively. Then from (10.12) for the functional

0(Z(5),0 < s <t)=1Ta(Z(s),0< s < 1), A € B(C0,1]),

it follows that the measure Py is absolutely continuous with respect to Px when
restricted to Qé and there exists the Radon—Nikodym derivative

dPy

Py | g = p(t) a.s. (10.13)

t
0

Proof of Theorem 10.3. Since « is a continuous function, the process a(t, X (1)),
t € [0, 7], is progressively measurable with respect to the filtration {Gf}.
By Theorem 10.1, the process

a(s, X(s))ds

=
I
=
=

o .

is a Brownian motion with respect to the measure P. Since
AX(t) = o(t, X (£)) dW (t) + pa(t, X (t)) dt

and this stochastic differential equation coincides with (10.11), the finite-dimensio-
nal distributions of the process X with respect to the measure P coincide with
those of the process Y with respect to the measure P. This implies that

Ep(Y(s),0 < s <t) = Ep(X(s),0 < s <1).
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In view of (10.4), the right-hand side of this equality coincides with the right-hand
side of (10.12). O

The Radon—Nikodym derivative (10.13) can be rewritten as a functional of X.
Indeed, from (10.10) it follows that

1

W) = Zaxm

dX (t) — pa (£, X (1)) dt).

Then

t t t
[atsxenawes) = [ SeXax(s) - [ OO 4,
0 0 0

As a result, we have

o(s, X(s)) o?(s,

t
o(t) = exp ( / pa(s, X — (oo X(6D) gy L / ;(S,X@))ﬂé(s,;{(s)) ds)

Consider the particular case when o(t,z) = 1, pui(t,z) = 0, pa(t,z) = p(x).
Suppose that for some > 0

T
Eexp <(1 + 5)/M2(W(t)) dt> < o0 or sup B W) < o,
/ 0<t<T

t

Then for the process Y (t) = W(t) + /u(Y(s)) ds, t € [0,T], we have

!ﬁ@ﬂ@mﬁ
W (t)

= eXp( / p(y)dy — ;/MQ(W(S))dS - ;/tu’(W(S))dS) as.  (10.14)
w(0) 0

dPy
dPw

N | =

96

=wp(jMW®DﬂW@—
0

Here the second equality follows from the It6 formula under the assumption that
the function p is differentiable.

In particular, for the Brownian motion with linear drift u(z) = p, i.e., for the
process W (t) = ut + W (t) with W(0) = z, formula (10.14) has the form

Ep(W®(s),0<s<t)= ef“mf“Qt/QE{e“W(t)p(W(s),O <s<t)}. (10.15)
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Exercises.

10.1. Let X (t) be a solution of the stochastic differential equation
dX(t) = a(X(t))dt + dW (¢), X (0) = xo.
Use the Girsanov theorem to prove that for all K, o € R and ¢t > 0

P(X(t) > K) > 0.

10.2. Let Y (t) = W(t) + ut + nt? be the Brownian motion with the quadratic
drift, W(0) = z. Check that

2

t

dP 2 2023

=Y :exp(—;wc— MQt—,untz—nst+(u+2m§)W(t)—2n/W(s)ds).
0

dPyy

9%

10.3. Let Y (¢) be a solution of the stochastic differential equation
dY (t) = —0Y (t) dt + dW (), Y(0) =2 6cR.

dPy
dPw gy’

Compute

§11. Probabilistic solution of the Cauchy problem
Let X (t), t > 0, be a solution of the stochastic differential equation

dX(t) = o(X(t)) dW (t) + u(X(t)) dt, X(0) = =x. (11.1)
Suppose that for every N > 0 there exists a constant K such that

lo(z) —a(y)| + (@) — py)l < Knlz -yl (11.2)
for all 2,y € [-N,N]. Introduce, in addition, the following restriction on the
growth of the coefficients o and pu: there exists a constant K such that

o ()] + (@) < K(1+[z|) (11.3)
for all x € R. Then, by Theorem 7.3, equation (11.1) has a unique continuous
solution defined for all ¢ > 0.

Denote by P, and E, the probability and the expectation with respect to the
process X with the starting point X (0) = «.

Let Hqp := min{s : X(s) & (a,b)} be the first exit time of the process X from
the interval (a,b).
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Theorem 11.1. Let ¢(z), f(x), © € [a,b], be continuous functions, and let
f be nonnegative. Suppose that the coefficients o, u satisfy condition (11.2) for
N = max{|al,|b|}, and o(x) > 0 for = € [a,].

Let u(t, ), (t,x) € [0,00) x [a,b], be a solution of the Cauchy problem

%u(t,m) = %az(x)aa—;u(t,x) + u(m)%u(t,x) — f(2)u(t, z), (11.4)
u(0,z) = &(x), (11.5)
u(t,a) = &(a), u(t,b) = P(b). (11.6)

Then
t/\Hayb

ult,z) = Ez{@(X(t A Hap)) exp (- / F(X()) ds) } (11.7)
0

Proof. We extend the functions ¢ and p outside the interval [a,b] such that
they satisfy (11.2), (11.3), and the condition o(z) > 0 for x € R. In this case,
by Theorem 7.2, the process X is not changed in the interval [0, H,;]. We also
extend f to be a nonnegative continuous function outside [a, b]. One can extend the
solution u of the problem (11.4)—(11.6) outside [a, b] such that it will be continuously
differentiable in (¢,x) € (0,00) x R. Moreover, there exist the continuous second
derivative in = except in the points a — k(b —a) and b + k(b — a), k € N, and this
derivative has the left and right limits at its points of discontinuity. It is not stated
that u(t,z) satisfies the equation (11.4) for = ¢ [a,b]. For example, we can set
u(t,z) == —u(t,2a —z) for x € [2a—b,al, u(t,z) == —u(t,2b—z) for x € [b,2b—al,
u(t, z) == u(t,z + 2b — 2a) for x € [3a — 2b,2a — b] and so on.

For a fixed ¢ set

0ls) = (e = 5. X(9)ex | - / FXO)a ), sl
0

Applying It6’s formula (4.22) for d = 1 in the integral form together with the
Remark 4.2, we have for every 0 < g <t that

q

) = n(0) = [ exp (— / F(X @) dv) [(5-ult =5, X(5))
0

0

+ 503 (X(5)) gt — 5, X(5)) + (X (5)) gt = 5, X ()

— FX(s))ult = 5, X(5)))ds + o(X(s)) 5-ult = 5, X(s)) AW (s)]
Replacing g by the stopping time ¢t A H, 3, we get

t/\Ha,b

WeAHo) 00 = [ exp ( / FX W) dv) [(—putt—s. X(5))
0 0
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(X (8) Sgult — 5. X(9)) + p(X () Dt~ 5, X(s))

—F(X(s))ult — s, X(s)))ds +0(X(s)) -ult — 5, X(s)) dW(s)} .

Using the fact that u(t, ) satisfies equation (11.4) for = € [a, b], we have

t/\Ha,,b

oA Hop) = n(0) = [ exp ( - / f<X<v>>dv)o<X<s>>;u<t — 5, X(s)) AW (s)

0

_ /t ]I[O,Ha,b)(s)exp<— / f(X(v))dv)a(X(s));mu(t—s,X(s))dW(s). (11.8)

It is important that H,; is a stopping time with respect to the filtration G§ =
o(W(s),0 < s < t). This ensures that the stochastic integral is well defined (see
(3.8)). Note also that all integrands are bounded, because the process X does not
leave the interval (a,b) up to the time Hy .

The expectation of the stochastic integral equals zero, and therefore

Ewn(t A Ha,b) = Ea/l(O)

It is clear that
E.1(0) = B{u(t, X(0))|X(0) = 2} = u(t, ).

By the boundary conditions (11.5) and (11.6), we have

U(t - (t A Ha,b)aX(t A Ha,b)) = Q(X(t A Ha,b))a

and so
tAHaq
E.n(t AN Hyp) = EI{QS(X(t A Hgp))exp < - / F(X(v)) dv> }
0
Thus (7.11) holds. O

Remark 11.1. It is very important that in Theorem 11.1 and in the following
results of this section we assume that the solution of the corresponding differential
problem exists.

The following generalization of Theorem 11.1 gives the probabilistic solution for
the nonhomogeneous Cauchy problem.

Theorem 11.2. Let ¢(z), f(z) and g(z), x € [a,b], be continuous functions,
and f be nonnegative. Suppose that the coefficients o, u satisfy condition (11.2)
with N = max{|a|, |b|}, and o(x) > 0 for x € [a, b].
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Let u(t,x), (t,z) € [0,00) X [a,b], be a solution of the nonhomogeneous Cauchy
problem

Dl ) = 20*@) Toult.2) + pe) 2t ) — fayultx) +g(e),  (119)
u(0,z) = &(x), (11.10)
u(t,a) = &(a), u(t,b) = &(b). (11.11)
Then
tAH.
u(t, x) Ez{¢(X(t/\Hab exp ( / f(X )

+ / s - /f D Jas . (1L.12)

Proof. As in the proof of Theorem 11.1, we consider the extension of the solution
of the problem (11.9)—(11.11) outside the interval [a, b], assuming that the functions
f and g are continuously extended outside [a,b] so that g is bounded and f is
nonnegative. For a fixed t, set

n(s)z-u(t—s,X@))exp(— jf(X(v))dv)+ /g< exp( /f dq)dv
0

Applying It6’s formula and then substituting in it the stopping time ¢t A Hgp,
we get

tAHq b

Nt H ) —n(0) = / exo (- / P )[(pute—s. X(9)
0

LX) Zpult = 5, X () + p(X(5) ult — 5, X () FOX())ult — 5, X(s)

+ g(X(s)))ds +0(X(3)) mult — 5, X(s)) dW(s)].

We use the fact that for = € [a, b] the function u(t, z) satisfies equation (11.9). As
a result, we have (11.8). Now the proof is completed analogous to the proof of
Theorem 11.1. g

Taking the Laplace transform with respect to ¢, we can reduce the problem
(11.9)—(11.11) to a problem for an ordinary differential equation.
For any A > 0, set

U(z) = )\/e*Atu(t,x) dt. (11.13)
0
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Then for every z the function u(t, z), t > 0, is uniquely determined by the function
U, X\ > 0, as the inverse Laplace transform.

Applying the integration by parts formula, taking into account the boundary
condition (11.10) and the fact that the function wu(t,x), by virtue of the represen-
tation (11.12), obeys for some K the estimate |u(t, z)| < K(1 +t), we get

(oo}

A/e*”%u(t,x) = -\(z +A2/ = —AP(x) + AU(z).
0

0

In addition, we have

_ g 02
= /\/e a0 u(t, z) dt, U"(x) =/\/e M@u(t,x) dt.
0 0

—At

Now integrating both sides of (11.9) with the weight function A e~ we get

Lo2(@)U" (@) + (@)U () — A+ f @)U () = ~Ab(@) —g(x), x € (a,b). (11.14)
The boundary conditions (11.11) are transformed to the conditions
U(a) = ?(a), U(b) = &(b). (11.15)

One can give a natural probabilistic interpretation to the Laplace transform
(formula (11.13)). Namely, let 7 be an exponentially distributed random time
independent of the Brownian motion W and, consequently, of the process X. Let
the density of T have the form Ae ™ 1[g o) (t), t € R, A > 0. Then applying Fubini’s
theorem, we get

TAHq b

U(z) = Eu(r,z) = Em{sp(X(T A Hap)) exp < / F(X >

TAH, s
T / 9(X(s)) exp (— / f(X(v))dv) ds}- (11.16)

Therefore the function U is equal to the expectation of the same random process
as in formula (11.12), with the random time 7 instead of a fixed time t.

As a result, we can formulate the following analog of Theorem 11.2.

Theorem 11.3. Let &(z), f(z) and g(z), = € [a,b], be continuous functions
and let f be nonnegative. Suppose that the coefficients o and p satisfy condition
(11.2) with N = max{|al, |b|} and o(z) > 0 for x € [a, b].

Then the function U(x), x € [a,b], defined by (11.16) is the unique continuous
solution of the problem (11.14), (11.15).
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§12. Ordinary differential equations, probabilistic approach

The proof of Theorem 11.2 is based on the result that the nonhomogeneous
Cauchy problem (11.9)—(11.11) has a solution. The proof of this result is very
complicated and requires additional conditions on the functions o, u, f and g.
As it was proved, by the Laplace transform with respect to ¢ the problem (11.9)—
(11.11) is reduced to the ordinary differential equation (11.14) with the boundary
conditions (11.15). The ordinary differential problem has a unique solution, which
is not difficult to prove. The solution of (11.14), (11.15) has the probabilistic
expression (11.16). Our aim, in particular, is to give a direct probabilistic proof
for this expression, which is not based on the solution of the Cauchy problem.

We consider first the preliminary results concerning the solutions of ordinary
second-order differential equations.

Proposition 12.1. Let g(z), € (I,r), be a nonnegative continuous function
that does not vanish identically, | > —oo, r < oo. Then the homogeneous equation

¢"(z) = g(z)p(x) =0,  ze(lr), (12.1)

has two nonnegative convex linearly independent solutions v and ¢ such that ¥ (x),
x € (I,7), is increasing, and ¢(z), = € (I,r), is decreasing.

Proof. Without loss of generality, we assume that 0 € (I,r) and ¢(0) > 0.
Consider for z € [0,7) the solution ¢4 of equation (12.1) with the initial values
¥ (0) =1, ¢/ (0) = 1. This solution is a convex function, therefore ¢, (z) > 1+ .
Another linearly independent solution, as is easily seen, has the form

o) = va@) [ 40 <vst) [ 2 el

Since 1, (x) is nondecreasing, the following estimates hold for = € [0,):
dv 1 Yl (v) 1 1

D=0 [ ge T ww < e ww T e ="

x €T

It follows that ¢(x), = € [0,r), is a nonnegative, convex, nonincreasing function,
and ¢’(0) < 0. We continue the solution ¢ to the interval (I,0] so that it satisfies
(12.1). Since the solution is convex, ¢(z) > ¢(0) + ¢'(0)z for z € (I,0]. Another
linearly independent solution in this interval is given by

X X

dv dv

viw) =) [ Gt <o) [ o mmme

l l

Arguing similarly, we find that this solution obeys the estimates

’ _ 1 ’ dv i ©'(v) — L
Vo) =om TP @ / 20 et / 20 = w20
l l
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and ¢’(0) > 0. We continue the solution ¢ to the interval [0,7) so that it satisfies

equation (12.1). Since the solution is convex, it is strictly increasing on the interval.
Proposition 12.1 is proved. g

Consider the homogeneous equation
¢"(x) + q(x)¢' (z) — h(z)p(z) = 0, reR. (12.2)

We set

The function y(z), z € R, is strictly increasing and y(0) = 0; hence, it has the
strictly increasing inverse function ¥~ (y), y € (I,r), where

0 (o)
d d
[;:_/—v > —00, r::/iv < 0.
p(v) p(v)
e 0

By a change of variables, equation (12.2) can be reduced to the form (12.1) with

9@) =W WHrE W),  yedr). (12.3)

Indeed, we change = to y(x). For this choice ¢(y) := ¢(y Y (y)), y € (I,7), i.e.,
we consider the function ¢ such that ¢(x) = ¢(y(z)), = € R. Since (12.2) can be
written as

(p(2)¢(x))" = p(x)h(z)d(x) =0,  x€R,

-/

and p(x)¢'(z) = ¢ (y(x)), equation (12.2) is transformed to the following one

PV b)) =0, weR,

or, equivalently, to the equation

=

¢ (y(x) —p* (¥ (y(@)h(y " (y(z))é(y(x)) =0,  z€R.

This equation for the new variable y is in the form (12.1).

An important question is when does equation (12.2) have nonzero bounded so-
lutions on the whole real line? Since equation (12.1) considered on the whole real
line does not have nonzero bounded solutions, the same is true for (12.2) if | = —c0
and r = oo.

Thus, we have proved the following statement.
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Proposition 12.2. Let gq(z) and h(x), z € R, be continuous functions, and let
h be a nonnegative function that does not vanish identically. Then equation (12.2)
has two nonnegative linearly independent solutions v and ¢ such that ¢(z), xz € R,
is an increasing and p(x), x € R, is a decreasing solution.

If | = —o0 and r = oo, then equation (12.2) does not have nonzero bounded
solutions.

The functions ¢ (x) and ¢(x), x € R, are called fundamental solutions of (12.2).
Their Wronskian w(z) := ¢'(z)p(z) — ¥ (x)¢’(z) has the form

w(w) = w(0) exp ( / a(y) dy>

0

and it is a positive function.
Indeed, from (12.2) it follows that the Wronskian satisfies the equation

w'(z) = —q(z) w(z), w(0) > 0, z € R,

which yields the desired formula.
If either [ > —o0 or r < oo, then the answer to our question depends on the
functions ¢(z) and h(z), z € R. Thus, if | = —oo, r < 0o and li%ng(y) < 00,
yir

where g is defined by (12.3), equation (12.2) has a bounded solution on the whole
real line, because in this case g can be continued beyond the boundary r. Then
the solution () of equation (12.1) is bounded for z € (I,7) and ¥(z) = ¥ (y(z)),
x € R, is a bounded solution of (12.2). If in this case h{n g(y) = oo, the equation

may or may not have a nonzero bounded solution. The left boundary [ is treated
analogously.
Let us give some examples. Consider for o € R the equation

" (x) — ¢ (x) — e*®p(x) =0, z€R.

By the change of variable x = In(y + 1), y € (—1, 00), this equation is transformed
to

&' (y) — (y+1)°"25(y) = y € (~1,00).
) =

If « = 2, there exists the limit hm g(y 1. The fundamental solutions of the

transformed equation have the forrn @(y) = e7¥ and ¥ (y) = €Y. The solutions of
the original equation then are ¢(z) = exp (1 —e ) and ¢ (z) = exp (e“c — 1), x € R.
The solution ¢ is bounded.

If @ = 0, the fundamental solutions are @(y) = (y+1)V>/4T1/2 and 9 (y) = (y +
1)~ V5/4+1/2 "and the solutions of the original equation are @(z) = e*(V?/4+1/2) and
P(x) = e 2V 5/4_1/2), x € R. Hence, there are no nontrivial bounded solutions.

If « = 1, the fundamental solutions of the transformed equation have the

form @(y) = Vy+ 1K1(2y/y+1) and ¥(y) = y + 111(2v/y + 1) (see Appen-

dix 4, equation 6a for p = 1/2). The solutions of the original equation are
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o(r) = e"/2K;(2¢*/?) and ¢(z) = e*/?I,(2¢*/?), € R. The solution ¢ is
bounded, according to the asymptotic behavior of the modified Bessel function
K (see Appendix 2).

The conditions | = —oo and r = oo, which guarantee unboundedness of nonzero
solutions, are not always easy to check. In addition, they do not cover all cases.
We prove the following useful result.

Proposition 12.3. Let ¢(z) and h(z), © € R, be continuous functions and let
the function h be nonnegative. Suppose that for some C' > 0

lg(z)] < C(1 +|z|) for all z €R, (12.4)
lim inf — /h )dz >0, lim inf - /h )dz > 0. (12.5)
y—oo Y y—oo Y

Then the homogeneous equation (12.2) has no nonzero bounded solutions.

Proof. By Proposition 12.2, the homogeneous equation (12.2) has two linearly
independent nonnegative solutions 1 and ¢ such that ¢ (z), z € R, is increasing
and ¢(x), © € R, is decreasing. Assume that ¢4 := lim ¥ (x) < oo. The left

xr—00

condition in (12.5) implies the existence of yo > 1 and hg > 0 such that

)
i/h(a:) dz > ho
0

h . ..
0¥+ where the constant C is taken from condition

for all y > yo. Set € := Sho 1 40"
(12.4). Let yo be so large that

P(z) € (Y4 —&,9y)

Yo
for x > yg. Set y; := ho ¥ 4C /h(x) dz. If y > max{yo,y1 }, then

ho(ho + QC) ]

W (z) do = / (@) () — (o) (2)) da > / ©) — 2021 (2)) de
> / hab(x) dz — 20y () — ¥lw0)) > (s — <) (who — / hx) dz) — 2Cye

Yo
ho + 4C

= yw+7 7w+(2h0+40> /h(x)dm - ¢+%(y—y1) > 0.

0
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Consequently,
y
W) = 00 = [ 6 @)do 2 0y 0 - )
Yo
for y > max{yo, y1}, which contradicts the relation
[y =~ i) < <.
Yo

Therefore, the limit of the function ¥, cannot be finite and the solution v cannot
be bounded. A similar reasoning shows that the solution ¢ cannot be bounded if
the right condition in (12.5) holds. Hence, only the trivial solution can be bounded.

O

We return to the problem (11.14), (11.15). Let X be the solution of the sto-
chastic differential equation (11.1) with coefficients satisfying (11.2) and (11.3).
Suppose that o?(z) > 0 for all z € R. Let H,; := min{s : X(s) & (a,b)} be the
first exit time of the process X from the interval (a,b).

We start with a simpler problem than (11.14), (11.15).

Theorem 12.1. Let ¢(x) and f(x), x € R, be continuous functions. Suppose
that ¢ is bounded and f is nonnegative. Let U(x) be a bounded solution of the
equation

%oz(os)U”(:c) +u(2)U'(z) = (A + f(2)U(z) = —2d(2), z € R. (12.6)
Then -
U(r) =EzqP(X(m))exp | — [ f(X(s))ds] ;. (12.7)
oo (- f o)

Remark 12.1. Under the conditions of Theorem 12.1 equation (12.6) has a
unique bounded solution in R, because it must have the probabilistic expression of
the form (12.7). Consequently, the corresponding homogeneous equation has only
the trivial bounded solution.

Proof of Theorem 12.1. Set

0(t) == U(X (1)) exp (— A / F(X(0)) dv).
0

Applying It6’s formula, we see that

o) =00 = [[exo (=2t~ [ ) a0 ) [0 @) v
0 0
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+(U (X)X (1) + 30" (X)X (1) = A+ FXONUX (1)) )dt]
for any 0 < r. Taking into account (12.6), we can write

T

n(r/\Ha,b)—U(w)=/]I[0Hab)( exp( /f )

X [U'(X(8)o(X (1)) dW (t) — AP(X (t)) dt]. (12.8)

By reasons similar to those given for equation (11.8), one can take the expectation
to the stochastic integral. Now, computing the expectation of both sides of (12.8)
and taking into account that the expectation of the stochastic integral is equal to
zero, we obtain

rAHg

Ulz) = Exn(r AHop) +E, / e MPp(X( exp( /f )dt. (12.9)

Since the diffusion process X is continuous and defined for all time moments,
H,p, — oo as a — —oo and b — oco. By the Lebesgue dominated convergence
theorem, one can pass to the limit in (12.9) as a — —oo and b — oo. Next, we let
r — 00. By the definition of the process 7, the term E,n(r) tends to zero. Hence,
it follows from (12.9) that

U@)=E /DOAe”@( exp< /f )
0

Then, using the assumption that 7 does not depend on the diffusion X and has the
density Ae 1o o(t), we conclude by Fubini’s theorem that the above equality is
identical to (12.7). O

We have the following version of Theorem 12.1.

Theorem 12.2. Let &(z), f(z) and F(x), x € R, be continuous functions.
Suppose that ¢, F are bounded and f is nonnegative. Let U(x), x € R, be a
bounded solution of the equation

S0 (@)U () + p(@) U () = A+ f(2))U(2) = —AB(2) — F(z), =€ R. (12.10)

Then

Ute) =B {2(x(r))exp / FOX() ds ) + / Fx) e / FX ) do)as .
0 0 0

Proof. This result is a corollary of Theorem 12.1. Indeed, since 7 is independent
of X, Fubini’s theorem shows that

B.{ O]F(X(S))exp ( / PO do)ds |
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= Ao/ooe” O/tEx{F(X(s)) exp (—O/sf(X(v)) dv) }ds dt
_ O/e_’\SEw{F(X(s)) exp ( —O/f(X(v)) dv) }ds

g, { FX() exp ( - / (X)) dv) }

Now we can apply Theorem 12.1 with the function &(x) + %F(x) instead of @(z).
O

In the following result we can assume initially that the functions p and o satisfy
condition (11.2) only on the interval (a,b), because one can continue p and o
outside (a, b) in such a way that conditions (11.2) and (11.3) hold. In this case, by
Theorem 7.2, the process X (t) is not changed for ¢ € [0, H, ).

Theorem 12.3. Let &(z), f(z) and F(x), = € [a,b], be continuous functions,
and let f be nonnegative. Let U(x), © € [a,b], be a solution of the problem

%JQ(CU)U”(QS)Jr;L(z)U’(x)—(/\Jrf(x))U(x) =-\P(x)—F(z), x¢€ (a,b), (12.11)

Ua) = d(a),  U(b) = &(b). (12.12)

Then
T/\Ha,b

Uw) =B 2(xX(r A Hopeww (— [ fx(9)as)
0

TAH. b s
+ O/ F(X(s))exp(—(/f(X(v))dv) ds}. (12.13)

Proof. We continue the solution of the problem (12.11), (12.12) to the whole
real line. One can extend the functions @, f and F' to the real line so that the
extensions are bounded and f is nonnegative.

Let ¢(z), z € R, and ¢(z), z € R, be linearly independent solutions of the
homogeneous equation corresponding to (12.11), with ¢ increasing and ¢ decreasing
and nonnegative. Then ¥ (b)p(a) — 1 (a)e(b) > 0.

The extension of the solution of (12.11), (12.12) to the real line can be written
as

U(z) = Up(x) + Aapt(2) + Bapp(z), (12.14)

where U, is a particular solution of equation (12.11) for € R, and the constants
Aa b, Ba,p satisfy the system of algebraic equations

¢(a’) = Up(a’) + Aa,bw(a) + Ba,bgp(a)a
Q)(b) = Up(b) + Aa,bw(b) + Ba,b‘p(b)'
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This system has the following unique solution:

(@)~ Up(0)ela) — (B(a) — Up(@)e()

Aap = B(b)p(a) — Ha)o(D) : (12.15)
P(O)((a) — Up(@) — p(a)(@() — Up(5))

Bas = HD)e(e) — Ba)e(b) (12.16)

We set

Applying 1t6’s formula, we see that
) =10 = [exp (=3~ [ f0x) o) [orceen e awn
0 0

+(U(X )X )+ U (X(6) d2(X (1) = A+ FXONUX (0) + FX (1) ) d]

_A/w/p exp( /f >dsdt

for every r > 0. Taking into account (12.11), we get the equality

a,

n(Hap) —Ulz) = /bexp< At — /f ) (X (1) o (X (t) dW(t)

e*” / exp< / f(X )dsdt.

It is important that the process o g, ,] (t), t > 0, is adapted to the filtration
Gé =0o(W(s),0 < s <t)and for t < H, the functions U’'(X(¢)) and o (X (t)) are
bounded by a constant depending on a, b. Therefore, we can take the expectation
of the stochastic integral and this expectation is equal to zero.

Since sup |P(x)| < oo and sup |F(z)| < oo, the expectations of the other
z€la,b] z€[a,b]
terms of the difference n(H, ) — U(x) are finite. Applying the expectation, we
derive the equality

—AB(X(t))) di] — A

o\m

U(z) =En(Hgp) + AE, / exp < -t — /f(X(v)) dv>€15(X(t)) dt
0
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e*”/ exp< /f )dsdt.

Let us consider each of the terms on the right-hand side of this equality. We use the
equality U(X (Hqp)) = $(X(H,yp)), and the fact that 7 is independent of X and
has exponential distribution. By Fubini’s theorem, these terms can be represented
as follows:

+ AE,

O\E

H,

Bun(tos) = B (Xt exp (— [ FX9)ds )T, |

0

+Ez{ ?’bm( ))exp ( / F(X( >>dv) ds n{wm}
A\E, 7bexp ( A — j FX(0)) dv) B(X (1)) dt
0 0

and

Hgp t s

AE, / e_’\t/ ))exp(—/f(X(v))dv) dsdt
0

0

:Ez{/TF(X(s exp< /f dv) ds gz <m, b}}

Summing these equalities, we see that U takes the form (12.13). O

The analogs of Theorem 12.3 are of special interest in the cases when either
T — 00, or Hy, — 00, and when both limits take place. We begin with the
analysis of the results for the second case.

Theorem 12.4. Let $(z) and f(x), x € R, be continuous functions, with ¢
bounded and f nonnegative.

5

Suppose that there exists the bounded on any finite interval derivative (
xz € R. Then

Ulz) = Em{@(X(T))exp < - /Tf(X(s)) ds) } z€R, (12.17)
0
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is the unique bounded solution of the equation
o (2)U"(x) + p(2)U' (z) — (A + f(2))U(x) = —\®(x), reR. (12.18)

Remark 12.2. In contrast to Theorem 12.1, in this result it is not assumed
that equation (12.18) has a bounded solution; instead, we state that the function
(12.17) is such a solution.

Proof of Theorem 12.4. We set

TAHqg

U s(z) == Em{di(X(T A H, ) exp ( / F(X >} (12.19)

for a < < b. By Theorem 12.3, the function U, 4(z), = € (a,b), is the solution of
(12.11), (12.12) with F' = 0. We extend U, (x) to the whole real line by formula
(12.14).
As it was mentioned above, H,; — 0o as a — —oo and b — oo.
By the Lebesgue dominated convergence theorem,
lim Ugp(z) =U(z), z € R. (12.20)

a— —00,b—00

We can assume that @ < 0 < b. Integrating (12.11), we get the equation

Lo / p(x) 1(0) wy) \'
3 Usa() = Usg(0)) + A2 Usa(a) = 208000 - [ (A2 Vanw)dy
0
/ Hf Ua(y) dy = fA/ i((‘?)dy. (12.21)
0 0

Integrating this equation, we find that for z € R

x

L Ualw) = U (0)) = 2 UL (0) 2+ / M- 10(2) do — A0 01,40
0

[ [ () | A+ i) o oy
_//((02@) " )Uanly) dydz )\// 8 dydz. (12.22)
0 0 0

From (12.19) it follows that the functions U,(x), € (a,b), are bounded by
the same constant as the function @. Using (12.20) and applying the Lebesgue
dominated convergence theorem, we deduce from (12.22) that there exists the limit
Up= lim  U.,(0),and

a— —00,b—00

Q.

%(U(az)fU(O))f%ﬁoer/:Q(z) U(z)dz — 20 07(0)
0
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(Y, A i) [ ew
//((02@) + 210 ayaz = )\//Uz(y)dydz. (12.23)
00 0 0

From this equality it follows that U(x), € R, is a continuous function. In addition,
U is differentiable for all z including zero, and Uy = U’(0). Differentiating (12.23)
with respect to x and applying the integration by parts formula, we see that U
satisfies the equation

Lo g wy) N REPiC)) - _
L@ - v o)+ [ B vy - [ 20 ay -
0

0 0

P(y)
2 W

g

Differentiating this equation with respect to x, we get that U is the solution of
(12.18).

Now the fact that such bounded solution is unique follows from Remark 12.1.

O

Consider the transformation of Theorem 12.3 as 7 — oo and H, — oo simul-
taneously.

Theorem 12.5. Let f(z), x € R, be a nonnegative continuous function. Sup-

/
pose that there exists the bounded on any finite interval derivative ( wz) ) ,z € R.

o?(z)
Then the function
L(z) :=E,exp ( - /f(X(s)) ds>, r €R, (12.24)
0

is the solution of the homogeneous equation

S0%(2)¢" (1) + u(2)¢ (z) — f(x)p(z) =0,  z€R. (12.25)

To prove this result one can repeat the proof of Theorem 12.4 for & = 1, adding
to it the passage to the limit as A — 0. In this case, ;in%T = oo in probability,

since P(1 > t) = e~ for t > 0.
This result has an important consequence.
Corollary 12.1. Let f(z), x € R, be a nonnegative continuous function. Sup-

I
pose that there exists the bounded derivative ( H@) ) ,x€R, and

o?(z)
y 0
...l f(z) ool f(z)
hynig.}f;/ 2(2) dzx > 0, hynilor.}f ” / 2(2) dzx > 0. (12.26)
0 —y
Then -
/f(X(s)) ds = 00 a.s. (12.27)
0

Indeed, according to Proposition 12.3, under these assumptions equation (12.25)
has no nonzero bounded solutions. Therefore, L = 0 and we have (12.27).

Propositions 12.2 and 12.3 imply the following result.
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Corollary 12.2. Let f(z), € R, be a nonnegative continuous function. Sup-
pose that conditions (12.26) hold and

<C(1+ |z|) forall z€R (12.28)

for some C > 0.
Then the homogeneous equation (12.25) has two nonnegative linearly indepen-
dent solutions ¥(x) and p(x) such that ¥ (x) is increasing and lim ¥(x) = oo,

while p(x) is decreasing and lim ¢(z) = oo.
r——00
Another extreme version of Theorem 12.3 is the case when only 7 — oco. As we

have seen, this happens if A — 0. We precede the consideration of this case by the
following important result.

Lemma 12.1. For every x € [a,b],

E,H,, < . (12.29)

Remark 12.3. From (12.29) it follows that P,(H,, < 00) = 1 for = € [a, b].

Proof of Lemma 12.1. We consider the family {U(z), z € [a,b]} >0 of solutions
of the problem

%UZ(CC)U”(I) + u(z)U'(z) — AU (z) = —1, x € (a,b), (12.30)
U(a) =0, U(b) =0. (12.31)
From Theorem 12.3 with f = 0, ® = 0 and F = 1 it follows that Uy(z) =

E, {T AN Hgy} for A > 0.
We will prove that for all = € [a, b]

sup Uy (z) < Up(z), (12.32)
A>0

where Up(z) is the solution of (12.30), (12.31) for A = 0. This estimate is useful for
us due to the following reason. Since /{ir% T = 00 in probability, iin%) {TANHyp} =

H,p. Now from (12.32), by Fatou’s lemma, it follows that

EmHa,b S sup Ea:{T A Ha,b} S UO(x)a
A>0

and this is what we want to prove.
To prove (12.32), we use the following result.

Proposition 12.4. The solution of the problem

S0 @)Q" (@) + w(x)Q (x) = ~F(x),  z € (ah), (12.33)
Qa) = #(a),  Q(b) = B(b), (12:34)
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has the form

S(b) — S()
Q@) = 50 50 (dﬁ(a) + /(S(y) — S(a)F(y) dM(y)>
b
+% (qj(b) + /(S(b) —S(y)F(y) dM(y)), (12.35)
where

S(x) = /exp ( — / ?;Zi dz) dy, dM(z) = ali(x) exp (/ 3158 dz) dz.

In the definition of the functions S(z) and M(z), the lower limit of integration
can be arbitrary, but the same.
Formula (12.35) can be verified by direct differentiation since the function S

satisfies the equation
1

5 o?(2)8" (z) + p(x)S' (z) = 0.
For the derivation of (12.35) see also the proof of formula (15.13) of Ch. IV.

The difference Uy(x) — Ux(x) is the solution of (12.33), (12.34) with F(z) =
AU (z), @(a) = 0 and #(b) = 0. Therefore, this difference is nonnegative. This
proves (12.32) and thus completes the proof of Lemma 12.1. O

It is possible to pass to the limit as A — 0 in the problem (12.11), (12.12) and
in (12.13) and get the following result.

Theorem 12.6. Let f(z) and F(x), x € [a,b], be continuous functions and let
f be nonnegative. Let the function ¢ be defined only at two points a and b.
Then the function

Hgp

o [ rexes (- [ rxona) as)

0
is the solution of the problem

1
L 2@)Q"(@) + n(0)Q (@) - f@)QMa) = —F(@), € (a,b), (12.36)
Qa)=8(@),  QB) =),  w€ab] (12.37)
The proof of this theorem repeats the proof of Theorem 12.3 for A = 0 (7 = c0)
with the function U(z) replaced by Q(z). Here an important point is the finiteness
of the integral /E;c]I[o,Ha,b] (t)dt = E,H, . This enables us to take the expectation

0
of the difference n(H, ) — Q(z), which is expressed as a stochastic integral. As a
result, this expectation is equal to zero, and we get the required equality Q(z) =
Ewn(Ha,b)-

Theorem 12.6 and Proposition 12.4 imply the following assertions.
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Proposition 12.5. The probabilities of the first exit from the interval [a,b]
have the form
S(b) — S(x) S(z) — S(a

oy (@)
S(b) — S(a)’ P, (X(Hap) =b) = T -—2 . (12.38)

Py (X(Hap) = a) = S(b) — S(a)

This corollary is obtained from Theorem 12.6 with F =0, f = 0. For &(a) =1
and @(b) = 0 we have the left equality in (12.38), while for $(a) = 0 and P(b) =1
we have the right one.

Proposition 12.6. The expectation E; H, ;, is expressed by the formula

z b
S(b) — S(=x) S(z) — S(a

(0) ) )
S=em [ - sty + =52 [ (st) - @) amw.

a x

EwHa,b =

(12.39)

To derive this result, we should use Theorem 12.6 with FF =1, f =0, &(a) =0
and @¢(b) = 0. Then Q(z) = E,H, ; is the solution of the problem (12.33), (12.34).

Now we consider another stopping time: the first hitting time of a level z by the
process X, i.e., H, = min{s : X(s) = z}. This stopping time can be either finite
or infinite.

Theorem 12.7. Let f(z), x € R, be a nonnegative continuous function. Then

L.(z) =E {exp( /f ds> My <m}} {w(x), fore <2 1510

o(z), for z <z,

where ¢ is a positive decreasing solution and 1 is a positive increasing solution of
the homogeneous equation (12.25) that satisfy the equalities ¢(z) = ¥(z) = 1.

Proof. 1t is clear that a.s.

lim H,., forz <z,
H, =< “7™% (12.41)
lim H, 4, for z < .
b—oo

Denote

QW () = Ez{lly(W( exp( / F(X )}

Here the presence of the indicator function of a one-point set reduces the expec-
tation to the set of sample paths leaving the interval through the upper boundary
(y = b) or the lower boundary (y = a).

Since a.s.

lim Ty (W(Ha,z:)), foraz <z,

T con =
{H. <00} Jim Ty (W(H.p), forz<u,



190 II STOCHASTIC CALCULUS

the Lebesgue dominated convergence theorem shows that
lim Qt(lz;(x), for z < z,
L.(z)y=¢ “7°7% (12.42)
blim Qfg(m), for z < z.
We apply Theorem 12.6 with F' = 0. The solution of the problem (12.36), (12.37)
has the form

(a) Yo (b)po(x) — ¥ (x)wa(b)
= 12.43
Qa7 = o b ota) — ola)ieold) (12.43)
for (a) =1 and ¢(b) =0, and
(b) — 1/’0(1’)900(‘1) 71/)0(“)@0(1‘,) 12 44
Q™) = o) 0(@) — vola)pol® (1244
for #(a) = 0 and P(b) = 1, where po(x) and ¥o(z), x € R, are fundamental
solutions of the homogeneous equation (12.25) such that ¢g(z) = 1o(z) = 1.
From (12.44) for b = z it follows that lim Q((fg(x) — Yol@) — p—po(®)

1—p_
IRT Yo(a)
== aEI—noo <P0(a)

, where
Yo(a)
vo{a)
, x € R. It is clear that

. This limit exists and it is less than 1, because the ratio

Yo(z) — p—po(z)
1—p_
() is an increasing function. By (12.42) for « < z, we have that L,(z) = ¢(z)

and this function is positive.
We use similar arguments for the domain z > z. In this case from (12.43) for
— i in 0@ () = Po&) — p+tho(2) ¢o(b) -
a = z it follows that blirgo Q. () = . o) This
limit exists and it is less than 1. We set ¢(x) := %’;’%(I), z € R. Then
- P+
L.(x) = p(z) for z > z and the function ¢(z), z € R is decreasing and positive.(]

is an increasing function. We set i(x) :=

, where p; = lim
b—oo

Corollary 12.3. The following equality

S@) = 5200 g < 2,
5(2) = S(=o0)
P,(H, <o0)=
S(0) =S(@) g <y
S(o0) = 8(2)” -
holds, where for S(—oc0) = —oo or S(c0) = oo the corresponding ratio equals to 1.

This follows from (12.40), (12.42) with f =0, and (12.35) with F' = 0.

§13. The Cauchy problem, existence of a solution

As mentioned above, the proof of existence of a solution of the Cauchy problem
is very complicated. In this section we give a probabilistic proof of this existence.

Let the process X, (t), t € [0,T], be the solution of the homogeneous stochastic
differential equation

X () :x+/a(Xx(s))ds+/b(Xm(s))dW(s). (13.1)
0 0

We assume that the coefficients a(z) and b(z), € R, are continuous, bounded,
and have continuous bounded derivatives o' (z), b'(x), a”(z), V" (z).
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Theorem 13.1. Let &(z), x € R, be a continuous bounded function with
continuous bounded derivatives &' (z), &' (x). Then the function

u(t, z) := EP(X,(t)) (13.2)

is differentiable with respect to t, twice continuously differentiable with respect to
x, and it is the solution of the problem

b 0, | 02 b
Su(t,x) = 3 V() sgult,z) + a(z) -u(t, z), (13.3)
u(0,z) = d(x), (13.4)

(t,z) € (0,T) x R.

Remark 1.13. Equation (13.3) is called the backward Kolmogorov equation.
For nonhomogeneous stochastic differential equations the analogue of Theorem 13.1
will be considered in §2 Ch. IV. We also refer to Gihman and Skorohod (1969).

Proof of Theorem 13.1. Clearly, the function u is bounded by the same constant
as the function @.

The initial condition (13.4) is easily verified by passage to the limit under the
expectation sign in (13.2) as ¢ | 0.

Let us verify that for every fixed ¢ the function u(t,x) is twice continuously
differentiable with respect to . By Theorems 9.2 and 9.3, the process X,(t),

€ [0,T], has stochastically continuous mean square derivatives of the first and

the second order with respect to x, which we denote by X" (¢) and X{?(¢).

Denote ul (t,z) := E{®'(X,(t)) X"(t)} and prove that a%u(t,x) = uP (¢, ).

Set Ya(t) := W. We have

u(t,z + A) — u(t,z)
A

— (Xa (1))

_ ug)(t,x)’ < E‘¢(Xw+A(t))

) — (X, (1) X (8)

P(Xepa(t) — H(Xa (1)) o
<E’ Xotalt) — Xo(t) (Ya(t) — X5 (t))‘

+E{) ( X?ﬁg X(w(t)( ) Q/(Xw(t))‘ ’Xa(c”(t)’} —0 as A—0.

This relation is due to the fact that the ratio is bounded and converges

2(y) — 2(z)
— X
to @'(x) as y — =, while the function X,(¢) is continuous in z (Theorem 9.1), and
the fact that E(Ya(t) — Xg(c”(t))2 — 0 (Theorem 9.3).
Thus we proved that the function u(¢,z) has a derivative

Lt x) = B{® (X, (1) X (1)} (13.5)

This derivative is continuous in (¢, z) thanks to the continuity of X (¢) and the mean
square continuity of X{V(¢). Furthermore, according to Remark 9.4, EX("(t) <
eKE+DL therefore the derivative (%u(t,x), (t,z) € (0,T) x R, is a bounded
function.
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Similarly, we can prove that

2
2 ult,r) = B{S" (X, (1)) (X (1)} + B{ &' (X.(t) X (1)}, (13.6)
(t,z) € (0,T) x R. This derivative is a bounded continuous function.
For any 0 < v < ¢, the solution X, (¢) of equation (13.1) can be written in the
form

Xx(t):Xx(v)—F/a(X v+ s)) (X, (v+s) dWU(s), (13.7)
0

O\n

where for a fixed v the process W,(s) = W(s +v) — W(v), s > 0, is a Brownian
motion. Note that the process Wv does not depend on the o-algebra Gj of events
generated by the Brownian motion W(s) for 0 < s < w.

Consider the stochastic differential equation

h h
Xy(h) = m+/a()?v,z(s))dﬁ/b()?v,m(s))d%(s), (13.8)
0 0

which is similar to equation (13.1). It is clear that the process X, , is independent
of the o-algebra G§ and has the same finite-dimensional distributions as the process
Xz (h).

n (13.7) we set t — v = h. Then by the uniqueness of the solution of the
stochastic differential equation, we have (see (9.4)) the equality

Xo(h+v) = Xy x.(0)(h). (13.9)

Let 0 < p <t < qandd:=q—p. Further for a fixed ¢t we let 6 — 0. Using
the fourth property of the conditional expectations and Lemma 2.1 of Ch. I, we
represent u(g, x) as

u(q,z) = BE{E{®(X,(¢))|G5}}

=E{E{%( X(;X (P |g0}} Eu(p, X.(9)). (13.10)

To obtain the last equality we used the fact that the random variable X,(4) is
measurable with respect to the o-algebra G and )~(57Z(h)7 as a random function of
the argument z, is independent of G3. Therefore, we can use Lemma 2.1 of Ch. I
to compute the conditional expectation and to prove the last equality.

Since X, (0) = z, Itd’s formula yields

)
ulp, X (0)) = u(pya) = [ HOX (5)) g, X 5) W)
0
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)
(0 (5 g, Xa5)) + P (X (9) g X)) ) .

Taking the expectation of both sides of this equality, we get

5
Eu(p. X,(6)~ulp,2) = B[ (a(X,(5) oo X (6)+ 25D Pt X, () s,
0

(13.11)
By the mean value theorem for integrals, we have

Bu(p, X.(0))~u(p, ) = B(a(Xo(3)) s ulp, Xa(3)+ 5 P (Xo () g ulp, Xa(3)))6,

where § is some, possibly random, point of the interval (0, ¢).
2

, %u(t,m), (t,z) € [0,T] x R, are continuous

and bounded, X,(5) — x as p — t, ¢ — t, applying the Lebesgue dominated

convergence theorem we obtain

. . . 7]
Since the derivatives au(t,x)

Eu(p, Xz(6)) —u(p,x 1 9?2 0
( ;_”p p2) S V(@) 2 ult,w) + alw) soult, ). (13.12)
Now, by (13.10),
u(q7$) — U(p,it) — EU(;U,XZ (5)) — u(p,m)
q—p qa—p ’
and, thus it is proved that the function u(t, z), (f,x) € (0,t) x R, is the solution of
(13.3). 0

Theorem 13.2. Let &(x), f(x), z € R, be continuous bounded functions with
continuous bounded derivatives &' (z), " (x), f'(x), and f"(x). Assume, in addi-
tion, that the function f is nonnegative.

Then the function

.0y = Bfocsyen( - [socia)} s

is differentiable with respect to t, twice continuously differentiable with respect to
x, and it is the solution of the problem

a 92 ¢
&u(t,w) = %bz(x)@u(t,x) + a(z)au(t,x) — f(x)u(t, ), (13.14)

(t,z) € (0,T) x R.

Proof. Obviously, the function u is bounded by the same constant as the function
.
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The initial condition (13.15) is easily verified by passing to the limit under the
expectation sign in (13.13) as ¢ | 0.

The existence of continuous bounded derivatives is proved similarly to (13.5).

In particular, the function u(t,z) has the continuous bounded first-order partial
derivative

aamu(t,x):E{di’(X())X‘” eXp( /f )}
el (- [roxonn) [rooa)

In addition, the function u(t,z) has a continuous bounded second-order partial
derivative. We use for 0 < p <t < ¢, § := q — p the relation

e (- 5/ PG o)) ds) oo (- / X o) )
/6f eXp( /f ) (13.17)

Multiplying this equality by #(X,(q)) and taking into account (13.9), we have

45()?5,)(00(5) (p)) exp < /pf()zs,xw((s)(s)) d5> — ?&(X,(q)) exp < /qf(Xz(S)) d5>
0 0

— /(Sf(Xx('U))@(jzu,Xw(’u)(q —v)) exp (— / F(Xox.0)(5)) ds)dv.
0 0

We take the expectation of both sides of this equality and use the fourth property
of conditional expectations. Then we get

E{E{@’(Xéx 6Xp< /f 5,x.(5)( )
-B{aCt e (- / e as) |

é q—v

/E{f(Xm('U))E{@(XU,XI(w)(q”U))exp < / f()?@,xw(v)(S))ds)

0 0
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Using for the computation of these conditional expectations Lemma 2.1 Ch. I and
the notation (13.13), the above equality can be written in the form

4
Eu(p, X, (6)) — ulq,z) = / E{f(X.(0)) ulg — v, X, (0)) }do. (13.18)
0

Since f(z) and u(v,z), (v,z) € [0,T] x R, are continuous bounded functions and
the process X, (v) is continuous with respect to v, we have

5
. 1
pleltgllt P /E{f(Xx(v)) u(qg — v, Xy () }dv = f(z)u(t, z).
0
Therefore,
: Eu(erZ((s)) — u(‘]vx) _
pTlggllt i = f(z)u(t, x). (13.19)

We now use the equality

u(0,2) —u(p.2) _ Bu(p, Xo(9) —u(p.2) _ Bulp, Xo(9) — u(a.x) (13.20)

q—p q—-p q—p

We can apply relation (13.12) to the first term in (13.20). Then from (13.20) and
(13.19) we derive that u(t,x), (t,2) € (0,T) x R, is the solution of (13.14). O

Exercises.

In the following exercises all functions u(t, z), (¢,x) € [0,00) x R, have the
corresponding probabilistic representation (13.13).

13.1. Verify that
,YZt?)
u(t,x) = exp(ffy:ct + T)

is the solution of (13.14), (13.15) with b(z) = 1, a(x) =0, f(z) = v, and &(x) = 1.
13.2. Verify that

. 1 . x2y sh(ty)
u(t,z) = NGl exp( Sen(y) )

2
is the solution of (13.14), (13.15) with b(z) = 1, a(z) = 0, f(z) = %zQ, and
&(x) = 1.
13.3. Verify that

. 1 _ 22 (ysh(ty) + 28 ch(ty))
) = Ty T 2mr TR b (=S 1357 Tsh))

is the solution of (13.14), (13.15) with b(z) = 1, a(z) = 0, f(z) = =22, and
d(x) = e=ha*,



196 II STOCHASTIC CALCULUS

13.4. Verify that

t2 2t3
u(t,x) = exp(—yxt — W+ VT)

is the solution of (13.14), (13.15) with b(z) = 1, a(x) = u, f(x) = vz, and &(x) = 1.
13.5. Verify that

1 o pt (2P = p?)sh(ty) — 2uay
u(t,x) = 7\/7011(“/) exp( T 5 2 ch(ty) )

2
is the solution of (13.14), (13.15) with b(z) = 1, a(z) = p, f(z) = %x% and
d(x) = 1.
13.6. Verify that

2.2
ult ) = o= (=) g (1= (27
is the solution of (13.14), (13.15) with b(z) = 020, a(z) = —0z, 0 > 0, f(z) = vz,
and &(z) = 1.
13.7. Verify that

_ Vet __ @*(3% —1)sh(tr0)
) = R0 ) exp( 102 (sh(010) + vch(tvé’)))
is the solution of (13.14), (13.15) with b(x) = 020, a(z) = —fz, § > 0, f(z) =

2
%ﬁ ,v>1,and &(z) = 1.
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